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Abstract
This paper is concerned with the long-time behavior for a class of N-dimensional
thermoelastic coupled structure equations with structural damping and past history
thermal memory

utt +�2u + ν�θ +�2ut –
[
σ

(∫

�

(∇u)2 dx
)
+ φ

(∫

�

∇u∇ut dx
)]

�u + f1(u)

= q1(x), in � × R+,

θt – ι�θ – (1 – ι)
∫ ∞

0
k(s)�θ (t – s)ds – ν�ut + f2(θ ) = q2(x), with 0 ≤ ι < 1.

This system arises from a model of the nonlinear thermoelastic coupled vibration
structure with the clamped ends for simultaneously considering the medium
damping, the viscous effect and the nonlinear constitutive relation and
thermoelasticity based on a theory of non-Fourier heat flux laws. By considering the
case where the internal (structural) damping is present, for 0≤ ι < 1, we show that
the thermal source term f2(θ ) is crucial to stabilizing the system and guarantees the
existence of a global attractor for the above mentioned system in the present
method.

Keywords: thermoelastic coupled structure; internal (structural) damping; thermal
memory; asymptotically smooth; global attractor

1 Introduction
In this paper, we study the N-dimensional nonlinear thermoelastic coupled structure
equations with structural damping and past history thermal memory

utt + �u + ν�θ + �ut –
[
σ

(∫

�

(∇u) dx
)

+ φ

(∫

�

∇u∇ut dx
)]

�u + f(u)

= q(x), in � × R+ ()

θt – ι�θ – ( – ι)
∫ ∞


k(s)�θ (t – s) ds – ν�ut + f(θ ) = q(x), with  ≤ ι <  ()

which arise from a model of the nonlinear thermoelastic coupled vibration structure with
the clamped ends for simultaneously considering the medium damping, the viscous effect
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and the nonlinear constitutive relation and thermoelasticity based on a theory of non-
Fourier heat flux. The system is supplemented with the boundary conditions

u|∂� =
∂u
∂v

∣∣∣∣
∂�

= , θ |∂� =  ()

for every t > , and the initial conditions

u(x, ) = u(x), ut(x, ) = u(x), θ (x, ) = θ(x) ()

for every x ∈ �, where u(x), u(x) and θ are assigned initial value functions.
Here the unknown variables u(x, t) and θ (x, t) represent the vertical deflection of the

structure and the vertical component of the temperature gradient, respectively. The sub-
script t denotes derivative with respect to t. � is a bounded domain of RN with a smooth
boundary ∂�, σ (·) and φ(·) are the nonlinearity of the material and both continuous non-
negative nonlinear real functions, f(u) and f(θ ) are the source terms, k(s) is memory ker-
nel and q(x) is the lateral load distribution, q(x) is the external heat supply, ν is a positive
constant. What is more, the source terms f(u) and f(θ ) are essentially |u|ρu and |θ |
θ ,
respectively, with  < ρ,
 ≤ 

N– if N ≥  and ρ,
 >  if N = , , and the memory kernel
k : R+ �→ R is assumed to be a positive bounded convex function vanishing at infinity and
the assumptions on nonlinear functions σ (·), φ(·), f(·), f(·) and the external force function
q(x), q(x) will be specified later.

Without considering the thermal effect, this problem of the infinite dimensional dynam-
ical systems determined by the elastic structure is based on the one-dimensional uncou-
pled beam equation

utt + αuxxxx –
(

β + k
∫ L


u

x dx
)

uxx + γ uxxxxt – σ

∫ L


uxuxt dxuxx + δut = , ()

which was proposed as a model by introducing terms to account for effects of inter-
nal (structural) and external linear damping, and the stability theory under the clamped
boundary conditions and the hinged boundary conditions was proved by Ball []. Ma and
Narciso [] proved the existence of global solutions and the existence of a global attractor
for the Kirchhoff-type beam equation

utt + �u – M
(∫

�

(∇u) dx
)

�u + f (u) + g(ut) = h(x), ()

with nonlinear external damping but without structural damping, subjected to the condi-
tions

u =
∂u
∂v

=  on ∂� × R+. ()

Without structural damping and thermal effects, this class of structure equations was
studied by several authors, e.g., [–] and so on.

In the following we also make some comments about previous works for the long-time
dynamics of thermoelastic coupled structure equations system with thermal effects.
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As the case ι = , Eq. () becomes the classical parabolic heat equation, thus thermoelas-
tic coupled structure equations system without thermal memory term was considered by
several authors. Giorgi et al. [] studied a class of one-dimensional thermoelastic coupled
beam equations with the classical parabolic heat equation but without structural damping

⎧⎨
⎩

utt + �u – (β + ‖∇u‖
L(,l))�u – �utt + f (u) + �θ = f ,

θt – �θ – �ut = g
()

subjected to the hinged conditions

u = �u = , θ = 

and gave the existence and uniqueness of global weak solution and the existence of global
attractor. Berti et al. [] studied a class of one-dimensional thermoelastic coupled beam
equations with strong external damping and the classical parabolic heat equations

⎧⎨
⎩

utt + uxxxx – (β +
∫ l

 u
x dx)uxx + θxx + uxxxxt = ,

θt – θxx – uxxt = 
()

and proved the existence of solutions and the exponential decay property. In , Fas-
tovska [] considered the existence of a compact global attractor for a nonlinear one-
dimensional thermoelastic equation

⎧⎨
⎩

αutt + kuxxxx – f (ux)x – θx = ,

γ θt – βθxx – θutx = 

with thermally insulated and clamped boundary conditions

u(, t) = u(l, t) = , ux(, t) = ux(l, t) = , θx(, t) = θx(l, t) = ,

and this system arose in phase transitions in rods made of shape memory alloys whose
free energy density had a potential of Ginzburg-Landau form. In addition, Sprekels et al.
[] studied the dynamics of a nonlinear one-dimensional differential equation with the
strain

⎧⎪⎪⎨
⎪⎪⎩

utt – (fθ + f)x – γ εxt + δuxxxx = ,

Cvθt – kθxx – fθεt – γ ε
t = ,

ε = ux

arising from the study of phase transitions in shape memory alloys.
As the case  ≤ ι < , the memory term in Eq. () indicates the heat flux depending on the

temperature gradient and its past history. When  ≤ ι < , Barbose et al. [] studied the
long-time behavior for a class of two-dimensional thermoelastic coupled plate equations

⎧⎨
⎩

utt + �u – M(
∫
�

|∇u| dx) � u – �utt + f (u) + ν�θ = h(x),

θt – ι�θ – ( – ι)
∫ ∞

 k(t – s)�θ ds – ν�ut = 
()
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subjected to the hinged conditions

u = �u = , θ = , x ∈ �.

Potomkin [] studied long-time behavior of thermoviscoelastic Berger two-dimensional
plate equations

⎧⎨
⎩

utt + k() � u +
∫ +∞

 k′
(s)�u(t – s) ds + (� –

∫
�

|∇u| dx) � u + ν�θ = p(x),

θt – ι�θ – ( – ι)
∫ ∞

 k(s)�θ (t – s) ds – ν�ut = 

with boundary conditions

u = k() � u +
∫ +∞


k′

(s)�u(t – s) ds = , v = .

When the case ι = , Wu [] considered the following nonlinear plate equations with
thermal memory effects due to non-Fourier heat flux laws:

⎧⎨
⎩

utt + �(�u + θ ) – �ut + f (u)a = ,

θt +
∫ ∞

 k(s)[–�θ (t – s)] ds – �ut = 
()

subjected to the hinged conditions

u = �u = , θ = , x ∈ �

and gave the existence of a global attractor.
In their works [] and [], they did not show directly that the system had a bounded

absorbing set, because they found some technical difficulty due to the ‘extensibility’ term
and θ . Instead, they showed that the system was gradient. While directly proving the exis-
tence of a bounded absorbing set in the present work, we mainly use Nakao’s lemma. The
presence of f(·) is crucial and guarantees the existence of a global attractor for the above
mentioned system in the present method.

In addition, we also refer the reader to [, ] and the references therein for thermoe-
lastic coupled structure equations.

It is well known that the infinite dimensional dynamical systems determined by the elas-
tic structure are different because of the difference of boundary conditions. However, the
above mentioned systems are all subjected to the hinged boundary conditions. For long-
time dynamics for the thermoelastic coupled structure equations with clamped boundary,
we refer the reader to [].

In this paper, our fundamental assumptions on σ (·), φ(·), f(·), f(·), g(·), and q(x) are
given as follows.

Assumption  We assume that σ (·) ∈ C(R) satisfying

σ (z)z ≥ σ̂ (z) ≥ , ∀z ≥ , ()

where σ̂ (z) =
∫ z

 σ (s) ds. This condition is promptly satisfied if σ (·) is nondecreasing with
σ () = .
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Assumption  We also assume that φ(·) ∈ C(R) satisfying φ() =  and φ(·) is nonde-
creasing and

φ(s)s ≥ , ∀s ∈ R+. ()

Assumption  The function f(·) : R −→ R is of class C(R) and satisfies f () = , and there
exist constants k and ρ >  such that

∣∣f(u) – f(v)
∣∣ ≤ k

(
 + |u|ρ + |v|ρ)|u – v|, ∀u, v ∈ R, ()

–a ≤ f̂(u) ≤ 


f(u)u + a, ()

where f̂(z) =
∫ z

 f(s) ds.

Assumption  The function f(·) : R −→ R is of class C(R) and satisfies f() = , and
there exist constants k and 
 >  such that

(
f(θ ) – f(θ̃ )

)
(θ – θ̃ ) ≥ k(θ – θ̃ )
+, ∀θ , θ̃ ∈ R. ()

Assumption  The assumptions on k(s) are as follows: k is vanishing at ∞; moreover,

–( – ι)k′(s) = μ(s), ()

where μ ∈ C(R+) ∩ L(R+), and there exists a constant δ > , ∀s ∈ R+, such that

μ′(s) ≤ –δμ(s), s ≥ . ()

Assumption  q(x), q(x) ∈ L(�).

Under the above assumptions, we prove the existence and uniqueness of global solutions
and the existence of a global attractor for N-dimensional nonlinear thermoelastic coupled
system ()-() with structural damping and past history thermal memory.

2 Transformed system and basic spaces
Now, we observe that, because of the memory term with past history, problem ()-() does
not correspond to autonomous systems. Then we proceed as in Dafermos [] and Giorgi
[] and Barbose et al. [] and define a new variable χ = χ t(x, s) by

χ = χ t(x, s) =
∫ s


θ (x, t – τ ) dτ , (t, s) ∈ [,∞) × R+. ()

From the definition of χ , for all t ≥ , we have χ t(x, ) = , �, t ∈ R+ and χ(s) = χ(s)
in �, s ∈ R+, where χ(s) =

∫ s
 θ(τ ) dτ , s ∈ R+. Differentiate () with respect to t on both

sides to get

χt = –
(
θ (x, t – s) – θ (t)

)
. ()
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Thus

�χt = –�θ (x, t – s) + �θ (t) ()

and

χt|t= = θ – θ (x, –s) := o(s), ()

where o is the history of θ .
Differentiate () with respect to s on both sides to get

χs = θ (x, t – s). ()

Make the sum with () and () to get

χt + χs = θ (x, t), � × R+ × R+. ()

So

�χt + �χs = �θ (x, t), � × R+ × R+. ()

From () and (), we get

�χs = �θ (t – s). ()

Therefore thermal memory can be rewritten to be

–
∫ ∞


k(s)�θ (t – s) ds = –

∫ ∞


k(s) d�χ = –k(s)�χ |∞ +

∫ ∞


k′(s)�χ ds. ()

Thus, from assumption () of kernel k(s), problem ()-() is transformed into the new
system

utt + �u + �ut + ν�θ –
[
σ

(∫

�

(∇u) dx
)

+ φ

(∫

�

∇u∇ut dx
)]

�u + f(u)

= q(x), ()

θt – ι�θ –
∫ ∞


μ(s)�χ t(s) ds – ν�ut + f(θ ) = q(x), ()

χ t
t (s) = θ (t) – χ t

s (s), in � × R+ × R+ ()

with the initial conditions

u(x, ) = u(x), ut(x, ) = u(x), θ (x, ) = θ(x) in �, ()

χ(x, s) = χ(x, s) in � × R+ ()
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and homogeneous boundary conditions

u|∂� =
∂u
∂v

∣∣∣∣
∂�

= , θ |∂� = , χ |∂� = . ()

Our analysis is based on the following Sobolev spaces. Let

L(�), H
(�), W = H(�), V = H

(�), U =
{
θ ∈ H(�); θ |∂� = 

}
,

and with respect to the new variable χ , we define the weighted space

L
μ

(
R+, H

(�)
)

=
{
χ : R+ → H

(�)
∣∣∣
∫ ∞


μ(s)‖χ‖

H
(�) ds

}
()

which is a Hilbert space with the inner product and the norm defined by

〈χ , χ̃〉 = 〈χ , χ̃〉L
μ(R+,H

(�)) =
∫ ∞


μ(s)

∫

�

∇χ∇χ̃ dx ds,

‖χ‖
μ =

∫ ∞


μ(s)‖χ‖

H
(�) ds.

Then, for regular solutions, we consider the phase space

H = W ∩ V × W ∩ V × U × L
μ

(
R+, U

)
. ()

In the case of weak solutions, we consider the phase space

H = V × L(�) × L(�) × L
μ

(
R+, H

(�)
)
. ()

In H we adopt the norm defined by

∥∥(u, v, θ ,χ )
∥∥
H

= ‖uxx‖ + ‖v‖ + ‖θ‖ + ‖χ‖
μ. ()

3 The existence of global solutions and global attractor
Firstly, using the classical Galerkin method, we can establish the existence and uniqueness
of regular solution and weak solution to problem ()-() as in the work of Cavalcanti et
al. [] We state it as follows.

Theorem  Under Assumptions -, for any initial data (u, u, θ,χ) ∈ H, problem
()-() has a unique regular solution (u, θ ,χ ) with

u ∈ L∞(
R+, W ∩ V

)
, ut ∈ L∞(

R+, W ∩ V
)
, utt ∈ L∞(

R+, L(�)
)
,

θ ∈ L∞(
R+, U

)
, θt ∈ L∞(

R+, L(�)
)
, χ ∈ L∞(

R+, L
μ

(
R+, U

))
.

()

Theorem  Under the assumptions of Theorem , if the initial data (u, u, θ,χ) ∈ H,
there exists a unique weak solution (u, θ ,χ ) of problem ()-() such that

(u, θ ,χ ) ∈ C
(
R+,H

)
, ()

which depends continuously on the initial data with respect to the norm of H.
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Remark  In both cases

‖ut‖ + ‖�u‖ + ‖u‖ρ+
ρ+ + ‖θ‖ +

∥∥χ t∥∥
μ

≤ C, ()

where C is a constant and C denotes a different constant in different expression of this
paper.

Remark  Theorem  implies that problem ()-() defines a nonlinear C-semigroup
S(t) on H. Indeed, let us set S(t)(u, u, θ,χ) = (u(t), ut(t), θ (t),χ t), where u is the unique
solution corresponding to the initial data (u, u, θ,χ) ∈H. Moreover, the operator S(t)
defined in H meets the usual semigroup properties S(t + τ ) = S(t)S(τ ), S() = I , ∀t, τ ∈ R.

To prove the main result, we need the following Lemma  of Nakao and Lemma .

Lemma  ([]) Let ϕ(t) be a nonnegative continuous function defined on [, T),  < T ≤
∞, which satisfies supt≤s≤t+ ϕ(s)+η ≤ M(ϕ(t) – ϕ(t + )) + M,  ≤ t ≤ T – , where M,
M, η are positive constants. Then we have

ϕ(t) ≤
(

M–
 η(t – )+ +

(
sup

≤s≤
ϕ(s)

)–η)– 
η + M


η+
 ,  ≤ t ≤ T .

Lemma  ([]) Assume that for any bounded positive invariant set B ⊂ H , and for any
ε > , there exists T = T(ε, B) such that d(S(T)x, S(T)y) ≤ ε + �T (x, y), ∀x, y ∈ B, where
�T : H ×H → R satisfies, for any sequence {zn} ⊂ B, lim infm→∞ lim infn→∞ �T (zn, zm) = .
Then S(t) is asymptotically smooth.

The main result of an absorbing set reads as follows.

Theorem  Assume the hypotheses of Theorem , then the corresponding semigroup S(t)
of problem ()-() has an absorbing set B in H.

Proof Now we show that the semigroup S(t) has an absorbing set B in H. Firstly, we can
calculate the total energy functional

E(t) =


{‖ut‖ + ‖�u‖ + σ̂

(‖∇u‖) + ‖θ‖ + ‖χ‖
μ

}
+

∫

�

f̂(u) dx –
∫

�

qu dx. ()

Let us fix an arbitrary bounded set B ⊂ H and consider the solutions of problem ()-
() given by (u(t), ut(t), θ (t),χ ) = S(t)(u, u, θ,χ) with (u, u, θ,χ) ∈ B. Our analysis
is based on the modified energy function

Ẽ(t) = E(t) + a|�| +

λ

‖q‖ ≥ 
(
with f̂(u) ≥ –a

)
, ()

where λ >  is the first eigenvalue of the operator � in H
(�). It is easy to see that Ẽ(t)

dominates ‖(u(t), ut(t), θ (t))‖
H

and ‖�u(s)‖ ≤ Ẽ(s).
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By multiplying Eq. () by u and integrating over �

‖�u‖ = –
[
σ

(∫

�

|∇u| dx
)

+ φ

(∫

�

∇u∇ut

)
dx

]
‖∇u‖ –

∫

�

f(u)u dx + ‖ut‖

–
d
dt

(ut , u) +
∫

�

qu dx –
∫

�

�u�ut dx – ν

∫

�

θ�u dx ()

and inserting it into Ẽ(t), then integrating it from t to t, and considering () and (),
we obtain that

∫ t

t

Ẽ(t) ds ≤
∫ t

t

‖ut‖ ds –



∫ t

t

φ

(∫

�

∇u∇ut dx
)

‖∇u‖ ds

+



∫ t

t

‖θ‖ ds +



∫ t

t

‖χ‖
μ ds –




∫ t

t

∫

�

�u�ut dx ds

–



(∫

�

ut(t)u(t) dx –
∫

�

ut(t)u(t) dx
)

–
ν



∫ t

t

∫

�

θ�u dx ds

+ (a + a)|�| +

λ

‖q‖ –



∫ t

t

∫

�

qu dx ds, ()

where t, t ∈ [t, t + ].
Now let us begin to estimate the right-hand side of () to use the above Lemma  of

Nakao.
First, multiplying Eq. () by ut and integrating over �, and multiplying Eq. () by θ

and integrating over �, and taking the inner product with () by χ in L
μ(R+, H

), then
taking the sum and integrating from t to t + , we get

∫ t+

t
‖�ut‖ dτ +

ι



∫ t+

t
‖∇θ‖ dτ +

∫ t+

t
φ

(∫

�

∇u∇ut dx
)∫

�

∇u∇ut dx dτ

+
∫ t+

t

∫ ∞


μ(s)

∫

�

∇χs∇χ dx ds dτ +
∫ t+

t

∫

�

f(θ )θ dx dτ

= E(t) – E(t + ) +
∫ t+

t

∫

�

qθ dx dτ . ()

Using Schwarz’s inequality and Young’s inequality and Holder’s inequality (with 



+ +



+ = ), we get

∫ t+

t

∫

�

qθ dx dτ ≤
∫ t+

t
‖q‖‖θ‖dτ

≤ ε
– 


+ |�| 




‖q‖


+

+ +

ε

|�| 



∫ t+

t
‖θ‖
+ dτ

≤ ε
– 


+ |�| 




‖q‖


+

+ + ε

∫ t+

t
‖θ‖
+


+ dτ .

With




∫ t+

t

∫

�

f(θ )θ dx dτ ≥ k



∫ t+

t

∫

�

|θ |
+ dx dτ =
k



∫ t+

t
‖θ‖
+


+ dτ ,
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as ε ≤ k
 , from () we have

∫ t+

t
‖�ut‖ dτ +

ι



∫ t+

t
‖∇θ‖ dτ +

∫ t+

t
φ

(∫

�

∇u∇ut dx
)∫

�

∇u∇ut dx dτ

+
∫ t+

t

∫ ∞


μ(s)

∫

�

∇χs∇χ dx ds dτ +



∫ t+

t

∫

�

f(θ )θ dx dτ

≤ E(t) – E(t + ) +
ε

– 

+ |�| 





‖q‖


+

+ . ()

Taking into account assumptions () and () of φ(·) and f(·), we have

E(t) +
ε

– 

+ |�| 





‖q‖


+

+ ≥ E(t + ),

then we define an auxiliary function I(t) by putting

I(t) = E(t) +
ε

– 

+ |�| 





‖q‖


+

+ – E(t + ) ≥ .

Since ι

∫ t+

t ‖∇θ‖ dτ is vanishing as ι = , thus with  ≤ ι < , we can only get

∫ t+

t
‖�ut‖ ≤ I(t),

∫ t+

t

∫

�

f(θ )θ dx dτ ≤ I(t),

∫ t+

t

∫ ∞


μ(s)

∫

�

∇χs∇χ dx ds dτ ≤ I(t).
()

So from the first inequality of (), we have

∫ t+

t
‖ut‖ ds =


λ

∫ t+

t

∫

�

�u
t dx ds ≤ 

λ
I(t). ()

Using twice Holder’s inequality with 



+ + 

+ = , combined with assumption () on f(θ )

and the second inequality of (), we have

∫ t+

t
‖θ‖ ds

≤
∫ t+

t

(∫

�



+

 dx

) 


+

(∫

�

θ
+ dx
) 
+


ds

≤ |�| 


+

(∫ t+

t



+

 ds

) 


+

(∫ t+

t

∫

�

θ
+ dx ds
) 


+

≤ |�| 


+

(∫ t+

t


k

∫

�

f(θ )θ dx ds
) 


+

≤ |�| 


+

(

k

) 

+

I(t)



+ . ()
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In fact, as  < ι < , we have ι

∫ t+

t ‖∇θ‖ ds ≤ I(t), thus we can directly get the estimate
on

∫ t+
t ‖θ‖ ds without using assumption () on f(θ ).

Using the mean value theorem with φ() =  and considering the estimate of (), then
using Young’s inequality combined with (), we have




∫ t

t

φ

(∫

�

∇u∇ut dx
)

‖∇u‖ ds

=



∫ t

t

φ′(ξ)
∫

�

∇u∇ut dx‖∇u‖ ds

≤ 


∫ t

t

C‖�ut‖‖�u‖ds

≤ C
η

I(t) + η sup
t≤s≤t+

Ẽ(s), ()

where ξ is among  and
∫
�

∇u∇ut dx.
Considering assumption () on μ(s), we have

∫ t+

t

∫ ∞


μ(s)

∫

�

∇χs∇χ dx ds dτ

= –



∫ t+

t

∫ ∞


μ′(s)‖∇χ‖ ds dτ

≥ δ



∫ t+

t
‖χ‖

μ dτ . ()

Also, from the third inequality of (), we have




∫ t+

t
‖χ‖

μ dτ ≤ 
δ

I(t). ()

Using Schwarz’s inequality and Young’s inequality, we get




∫ t

t

∫

�

�u�ut dx ds ≤ 
η

I(t) + η sup
t≤s≤t+

Ẽ(s). ()

Since (), in view of the mean value theorem for integral, there exist number t ∈ [t, t + 
 ]

and number t ∈ [t + 
 , t + ] such that

∥∥ut(t)
∥∥ ≤ 

λ
I(t) ()

and

∥∥ut(t)
∥∥ ≤ 

λ
I(t). ()
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Thus from Schwarz’s inequality combined with ()-(), noting that ‖�u(s)‖ ≤ Ẽ(s),
we have




(∫

�

ut(t)u(t) dx –
∫

�

ut(t)u(t) dx
)

≤ 

(∥∥ut(t)

∥∥∥∥u(t)
∥∥ +

∥∥ut(t)
∥∥∥∥u(t)

∥∥)

≤ 

√

λ

(∥∥ut(t)
∥∥∥∥�u(t)

∥∥ +
∥∥ut(t)

∥∥∥∥�u(t)
∥∥)

≤ 
λ

I(t) sup
t≤s≤t+

‖�u‖

≤ 
λ

η
I(t) +

η


sup

t≤s≤t+
‖�u‖

≤ 
λ

η
I(t) + η sup

t≤s≤t+
Ẽ(s). ()

Also, by Young’s inequality and considering (), we have

–
ν



∫ t

t

∫

�

θ�u dx ds

≤ ν



∫ t

t

‖θ‖‖�u‖ds

≤
∫ t

t

ν

η
‖θ‖ ds +

∫ t

t

η


‖�u‖ ds

≤ ν

η

(

k

) 

+ |�| 



+ I(t)



+ + η sup
t≤s≤t+

Ẽ(s). ()

Finally, using Young’s inequality again, we get that




∫ t

t

∫

�

qu(t) dx ds ≤ 
ηλ

‖q‖ + η sup
t≤s≤t+

Ẽ(s). ()

Inserting ()-(), ()-() and ()-() into (), we obtain

∫ t

t

Ẽ(s) ds ≤
[



|�| 



+

(

k

) 

+

+
ν

η

(

k

) 

+ |�| 



+

]
I(t)



+

+
(


λ

+
C
η

+

δ

+


η
+


λ

η
+

ν

ηλ

)
I(t)

+ η sup
t≤s≤t+

Ẽ(s) + (a + a)|�| +
(


λ

+


ηλ

)
‖q‖. ()

For the left-hand side of (), we use the mean value theorem, then there exists number
τ ∈ [t, t] such that

∫ t

t

Ẽ(s) ds ≥ 


Ẽ(t + ) =


(
Ẽ(t) – I(t)) +

ε
– 


+ |�| 




‖q‖


+

+ . ()
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So we conclude that

Ẽ(t) ≤ I(t) + 
∫ t

t

Ẽ(s) ds –
ε

– 

+ |�| 





‖q‖


+

+ . ()

Inserting () into (), we obtain that

Ẽ(t) ≤ 
[



|�| 



+

(

k

) 

+

+
ν

η

(

k

) 

+ |�| 



+

]
I(t)



+

×
{

 + 
(


λ

+
C
η

+

δ

+


η
+


λ

η
+

ν

ηλ

)}
I(t)

+ η sup
t≤s≤t+

Ẽ(s) + (a + a)|�|

+ 
(


λ

+


ηλ

)
‖q‖ –

ε
– 


+ |�| 




‖q‖


+

+ . ()

Letting  < η < 
 , considering the boundedness of I(t)




+ , then setting

C = 
[



|�| 



+

(

k

) 

+

+
ν

η

(

k

) 

+ |�| 



+

]

+
{

 + 
(


λ

+
C
η

+

δ

+


η
+


λ

η
+

ν

ηλ

)}
C,

from () we get

Ẽ(t) ≤ CI(t)



+ +


 – η
(a + a)|�|

+


 – η

[

(


λ

+


ηλ

)
‖q‖ +

ε
– 


+ |�| 




‖q‖


+

+

]
, ()

then () can be rewritten as

Ẽ(t)+ 

 ≤ C

(
Ẽ(t) – Ẽ(t + )

)
+

{


 – η
(a + a)|�|

+


 – η

[

(


λ

+


ηλ

)
‖q‖ +

ε
– 


+ |�| 




‖q‖


+

+

]}+ 



. ()

Using Nakao’s Lemma , we conclude that

Ẽ(t) ≤
(

C–






(t – )+ + Ẽ()– 




)– 



+


 – η
(a + a)|�|

+


 – η

[(

λ

+


ηλ

)
‖q‖ +

ε
– 


+ |�| 




‖q‖


+

+

]
. ()
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As t → ∞, the first term on the right-hand side of () goes to zero, thus with Ẽ(t) ≥

 (‖�u‖ + ‖v‖ + ‖θ‖ + ‖χ‖

μ), we conclude

B =
{

(u, v, θ ,χ ) ∈H

∣∣∣‖�u‖ + ‖v‖ + ‖θ‖ + ‖χ‖
μ ≤ 

 – η
(a + a)|�|

+


 – η

[(

λ

+


ηλ

)
‖q‖ +

ε
– 


+ |�| 




‖q‖


+

+

]}
()

is an absorbing set for S(t) in H. Theorem  is proved. �

The main result of a global attractor reads as follows.

Theorem  Assume the hypotheses of Theorem , then the corresponding semigroup S(t)
of problem ()-() is asymptotically compact in the space H.

Proof We are going to apply Lemmas  and  to prove the asymptotic smoothness. Given
the initial data (u, u, θ,χ) and (v, v, θ̃, χ̃) ∈ B in a bounded invariant set B ⊂ H,
let (u, θ ,χ ), (v, θ̃ , χ̃ ) be the corresponding weak solutions of problem ()-(). Then the
difference w = u – v, ϑ = θ – θ̃ , � = χ – χ̃ is the weak solutions of

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

wtt + �w + �wt + ν�ϑ

= σ (‖∇u‖)�u – σ (‖∇v‖)�v + J – J,

ϑt – ι�ϑ –
∫ ∞

 μ(s)��t(s) ds – ν�wt + J = ,

�t
t = –�t

s + ϑ ,

w() = u – v, wt() = u – v, ϑ() = θ – θ̃, �() = χ – χ̃,

w|∂� = ∂w
∂v |∂� = , ϑ |∂� = , �|∂� = ,

()

where

J = φ

(∫

�

∇u∇ut dx
)

�u – φ

(∫

�

∇v∇vt dx
)

�v,

J = f(u) – f(v),

J = f(θ ) – f(θ̃ ).

()

Let us define

Ew(t) = ‖wt‖ + ‖�w‖ + σ
(‖∇u‖)‖∇w‖ + ‖ϑ‖ + ‖�‖

μ. ()

We can assume formally that w is sufficiently regular by density. Then, multiplying the first
equation in () by wt and integrating over �, and multiplying the second equation in ()
by ϑ and integrating over �, and taking the inner product with � for the third equation
in () in the space L

μ(R+, H
), then taking the sum, we get




d
dt

Ew(t) + ‖�wt‖ + ι‖∇ϑ‖ +
∫ ∞


μ(s)

∫

�

∇�s∇�dx ds +
∫

�

Jϑ dx

= –σ ′(‖∇u‖)‖∇w‖
∫

�

�uut dx + J

∫

�

�vwt dx +
∫

�

Jwt dx –
∫

�

Jwt dx, ()
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where

J = σ
(‖∇u‖) – σ

(‖∇v‖). ()

Let us estimate the right-hand side of ().
Considering the continuity of σ ′(·) and estimate (), we have

–σ ′(‖∇u‖)‖∇w‖ ≤ C‖∇w‖. ()

Applying the mean value theorem combined with estimate (), by Young’s inequality we
get

J

∫

�

�vwt dx ≤ C

λ
‖∇w‖ +




‖�wt‖. ()

Also use the mean value theorem combined with estimate () and Young’s inequality to
get

∫

�

Jwt dx

=
∫

�

φ

(∫

�

∇u∇ut dx
)

�wwt dx

–
∫

�

[
φ

(∫

�

∇u∇ut dx
)

– φ

(∫

�

∇v∇vt dx
)]

�vwt dx

=
∫

�

φ′(ξ)
∫

�

∇u∇ut dx�wwt dx –
∫

�

φ′(ξ)
∫

�

∇w∇wt dx�vwt dx

≤ C‖∇w‖ +



‖�wt‖, ()

where ξ is among  and
∫
�

∇u∇ut dx, and ξ is among
∫
�

∇u∇ut dx and
∫
�

∇v∇vt dx.
By Holder’s inequality, Minkowski’s inequality combined with the estimate of (), then

by H
(�) ↪→↪→ L(ρ+)(�) (with  < ρ,
 ≤ 

N– if N ≥  and ρ,
 >  if N = , ) and Young’s
inequality, we obtain

∫

�

Jwt dx ≤ C‖∇w‖‖wt‖ ≤ C

λ
‖∇w‖ +




‖�wt‖. ()

On the other hand, combining with assumption () on μ(s), we obtain

∫ ∞


μ(s)

∫

�

∇�s∇�dx ds

= –



∫ ∞


μ′(s)‖∇�‖ ds

≥ δ


‖�‖

μ. ()

Considering assumption () on f(·), we have
∫

�

Jϑ dx ≥ k‖ϑ‖
+

+. ()
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Thus, by inserting ()-() into (), we get that




d
dt

Ew(t) +



‖�wt‖ + ι‖∇ϑ‖ +
δ


‖�‖

μ + k‖ϑ‖
+

+ ≤ C‖∇w‖. ()

Then, integrating from t to t +  and defining an auxiliary function F(t), we get




∫ t+

t
‖�wt‖ ds + ι

∫ t+

t
‖∇ϑ‖ ds +

∫ t+

t

δ


‖�‖

μ ds + k

∫ t+

t
‖ϑ‖
+


+ ds

≤ 

(
Ew(t) – Ew(t + )

)
+ C

∫ t+

t
‖∇w‖ ds

= F(t). ()

As ι = , ι
∫ t+

t ‖∇ϑ‖ dτ is obsolescent, thus with  ≤ ι <  we can only get




∫ t+

t
‖�wt‖ ds ≤ F(t),

∫ t+

t

δ


‖�‖

μ ds ≤ F(t),

k

∫ t+

t
‖ϑ‖
+


+ ds ≤ F(t).
()

Then, multiplying the first equation in () by w and integrating over � again, we obtain
that

‖�w‖ + σ
(‖∇u‖)‖∇w‖

= –
d
dt

∫

�

wtw dx + ‖wt‖ –
∫

�

�wtw dx + J

∫

�

�vw dx

–
∫

�

Jw dx +
∫

�

[
φ

(∫

�

∇u∇ut dx
)

– φ

(∫

�

∇v∇vt dx
)]

�vw dx

– φ

(∫

�

∇u∇ut dx
)

‖∇w‖ – ν

∫

�

ϑ�w dx. ()

Integrating from t to t, we get

∫ t

t

(‖�w‖ + σ
(‖∇u‖)‖∇w‖)ds

=
∫

�

wt(t)w(t) dx –
∫

�

wt(t)w(t) dx +
∫ t

t

‖wt‖ dt

–
∫ t

t

∫

�

�wt�w dx ds +
∫ t

t

J

∫

�

�vw dx ds –
∫ t

t

∫

�

Jw dx ds

+
∫ t

t

∫

�

[
φ

(∫

�

∇u∇ut dx
)

– φ

(∫

�

∇v∇vt dx
)]

�vw dx ds

–
∫ t

t

φ

(∫

�

∇u∇ut dx
)

‖∇w‖ ds – ν

∫ t

t

∫

�

ϑ�w dx ds. ()
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Now let us estimate the right-hand side of (). Firstly, from the first inequality of (), we
infer that

∫ t+

t
‖wt‖ ds ≤

∫ t+

t


λ

‖�wt‖ ds ≤ 
λ

F(t). ()

Thus there exist t ∈ [t, t + 
 ] and t ∈ [t + 

 , t + ] such that

∥∥wt(t)
∥∥ ≤ 

λ
F(t) and

∥∥wt(t)
∥∥ ≤ 

λ
F(t), ()

then we can deduce that
∫

�

wt(t)w(t) dx –
∫

�

wt(t)w(t) dx

≤ √
λ

F(t) sup
t≤σ≤t+

‖�w‖

≤ 
λ

F(t) +



sup
t≤σ≤t+

Ew(σ ). ()

Use Schwarz’s inequality and Young’s inequality to obtain

∫ t

t

∫

�

�wt�w dx ds ≤ 


sup
t≤σ≤t+

Ew(σ ) + F(t). ()

Apply the mean value theorem combined with estimate () to get

∫ t

t

J

∫

�

�vw dx ds ≤ C
∫ t

t

‖∇w‖ ds. ()

Assumption () on f(·) and the estimate of () imply that

∫ t

t

∫

�

Jw dx ds ≤ C
∫ t

t

‖∇w‖ ds. ()

Using the mean value theorem and considering the assumption on φ(·) and the estimate
of (), we have

∫ t

t

∫

�

[
φ

(∫

�

∇u∇ut dx
)

– φ

(∫

�

∇v∇vt dx
)]

�vw dx ds

=
∫ t

t

φ′(ξ)
∫

�

∇w∇wt dx
∫

�

�vw dx ds

≤ C
∫ t

t

‖w‖‖wt‖ds

≤ C
∫ t

t

‖∇w‖ ds + C
∫ t

t

‖wt‖ ds

≤ C
∫ t

t

‖∇w‖ ds +
C
λ

F(t) ()
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and

∫ t

t

φ

(∫

�

∇u∇ut dx
)

‖∇w‖ ds ≤ C
∫ t

t

‖∇w‖ ds, ()

where ξ is among
∫
�

∇u∇ut dx and
∫
�

∇v∇vt dx.
Finally, using twice Holder’s inequality with 
+


+ + 

+ = , combined with the third in-

equality of (), we have

∫ t+

t
‖ϑ‖ ds

≤
∫ t+

t

(∫

�



+

 dx

) 


+

(∫

�

ϑ
+ dx
) 
+


ds

≤ |�| 


+

(∫ t+

t



+

 ds

) 


+

(∫ t+

t

∫

�

ϑ
+ dx ds
) 


+

≤ |�| 


+

(

k

) 

+

F(t)



+ . ()

Thus, by Schwarz’s inequality and Young’s inequality, we get

ν

∫ t

t

∫

�

ϑ�w dx ds ≤ ν|�| 


+

(

k

) 

+

F(t)



+ +



∫ t

t

‖∇w‖ ds. ()

By inserting () and ()-() and () into (), we obtain that




∫ t

t

[‖�w‖ + σ
(‖∇u‖)‖∇w‖]ds

≤ C
∫ t+

t
‖∇w‖ ds +

ν


|�| 



+

(

k

) 

+

F(t)



+

+
(


λ

+  +

λ

+
C
λ

)
F(t) +




sup
t≤σ≤t+

Ew(σ ). ()

Then from the definition of Ew(t) combined with (), () and (), we obtain that




∫ t

t

Ew(s) ds ≤ C
∫ t+

t
‖∇w‖ ds +

(
ν


+

ι



)
|�| 



+

(

k

) 

+

F(t)



+

+
(


λ

+  +

λ

+
C
λ

+

δ

)
F(t) +




sup
t≤σ≤t+

Ew(σ ). ()

For (), by using the mean value theorem, there exists t∗ ∈ [t, t] such that

Ew
(
t∗) ≤ C

∫ t+

t
‖∇w‖ ds + 

(
ν


+

ι



)
|�| 



+

(

k

) 

+

F(t)



+

+ 
(


λ

+  +

λ

+
C
λ

+

δ

)
F(t) +




sup
t≤σ≤t+

Ew(σ ). ()
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From (), we see that

Ew(t) ≤ Ew(t + ) + F(t). ()

Let Ew(τ ) = supt≤σ≤t+ Ew(σ ) with τ ∈ [t, t +], then integrate () over [t, τ ] and over [t∗, t +
] to have

sup
t≤σ≤t+

Ew(σ ) = Ew(τ )

≤ Ew(t + ) + F(t) + C
∫ t+

t
‖∇w‖ ds

≤ Ew
(
t∗) + F(t) + C

∫ t+

t
‖∇w‖ ds. ()

Inserting () into (), we obtain

sup
t≤σ≤t+

Ew(σ ) ≤ C
∫ t+

t
‖∇w‖ ds + 

(
ν


+

ι



)
|�| 



+

(

k

) 

+

F(t)



+ + CF(t). ()

Therefore, from the boundary of F(t)



+ , we have

sup
t≤σ≤t+

Ew(σ ) ≤ CF(t)



+ + C sup
≤σ≤T

∫ σ+

σ

‖∇w‖ ds. ()

Therefore

sup
t≤σ≤t+

Ew(σ )+ 

 ≤ C

(
Ew(t) – Ew(t + )

)
+ C sup

≤σ≤T

∫ σ+

σ

‖∇w‖ ds. ()

From Nakao’s Lemma , there exist CB >  and CT >  such that

Ew(t) ≤ CB
[
(t – )+]– 


 + CT

(
sup

≤σ≤T

∫ σ+

σ

(‖∇w‖)ds
) 


+
,  ≤ t ≤ T . ()

From the definition of Ew(t), we have

∥∥(w, wt ,ϑ)
∥∥

H
≤ CB

[
(t – )+]– 


 + CT

(
sup

≤σ≤T

∫ σ+

σ

(‖∇w‖)ds
) 


+
. ()

Given ε > , we choose T large such that

CB
[
(t – )+]– 


 ≤ ε, ()

and define �T : H ×H → R as

�T
((

u, u, θ,χ),
(
v, v, θ̃, χ̃)) = CT

(
sup

∫ σ+

σ

(‖∇w‖)ds
) 


+
. ()
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Then from ()-() we get

∥∥S(T)
(
u, u, θ,χ) – S(T)

(
v, v, θ̃, χ̃)∥∥

H

≤ ε + �T
((

u, u, θ,χ),
(
v, v, θ̃, χ̃)) ()

for all (u, u, θ,χ), (v, v, θ̃, χ̃) ∈ B.
Let (u

n, u
n, θ

n ,χ
n ) be a given sequence of initial data in B. Then the corresponding se-

quence (un, utn, θn,χn) of solutions of problem ()-() is uniformly bounded in H, be-
cause B is bounded and positively invariant. So {un} is bounded in C([,∞), H

(�)) ∩
C([,∞), L(�)). Since H

(�) ↪→↪→ H
(�) compactly, there exists a subsequence unk

which converges strongly in C([, T], H
(�)). Therefore

lim
k→∞

lim
l→∞

∫ T



(∥∥∇uk(s) – ∇unl(s)
∥∥)ds =  ()

and

lim
k→∞

lim
l→∞

�T
((

u
nk , u

nk , θ
nk ,χ

nk
)
,
(
u

nl, u
nl, θ


nl,χ


nk

))
= . ()

So S(t) is asymptotically smooth in H. That is, Lemma  holds. Thus Theorem  is
proved. �

Theorem  The corresponding semigroup S(t) of problem ()-() has a compact global
attractor in the phase space H.

Proof In view of Theorems ,  and , we directly get Theorem . �

4 Conclusion
In this paper, we gave the existence and uniqueness of global solutions and the existence
of a global attractor in H for an N-dimensional nonlinear thermoelastic coupled system
with structural damping and past history thermal memory

utt + �u + ν�θ + �ut –
[
σ

(∫

�

(∇u) dx
)

+ φ

(∫

�

∇u∇ut dx
)]

�u + f(u)

= q(x), in � × R+,

θt – ι�θ – ( – ι)
∫ ∞


k(s)�θ (t – s) ds – ν�ut + f(θ ) = q(x), with  ≤ ι < ,

u|∂� =
∂u
∂v

∣∣∣∣
∂�

= , θ |∂� = ,

u(x, ) = u(x), ut(x, ) = u(x), θ (x, ) = θ(x).

By considering the case where the internal (structural) damping is present, for  ≤ ι < ,
we show that the thermal source term f(θ ) is crucial and guarantees the existence of a
global attractor for the above mentioned system in the present method. This main result
may provide the design basis for the thermoelastic coupled structure in engineering. The
relevant results have been mentioned in Introduction of [] and [].



Wang and Zhang Boundary Value Problems  (2017) 2017:136 Page 21 of 21

Funding
The project is supported by the National Natural Science Foundation of China (Grant No.11172194, the role of the
funding lies in the collection of data and the analysis of the paper), and the Natural Science Foundation of Shanxi
Province, China (Grant No. 2015011006, the role of the funding lies in writing the manuscript).

Competing interests
This paper does not involve conflict of interests between the authors, and all authors declare that they have no
competing interests.

Authors’ contributions
This paper is mainly completed by DX. JW deals with the structural damping term as proving the existence of a bounded
absorbing set. All authors read and approved the final manuscript.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 22 May 2017 Accepted: 26 August 2017

References
1. Ball, JM: Stability theory for an extensible beam. J. Differ. Equ. 14, 399-418 (1973)
2. Ma, TF, Narciso, V: Global attractor for a model of extensible beam with nonlinear damping and source terms.

Nonlinear Anal. 73, 3402-3412 (2010)
3. Yang, ZJ: On an extensible beam equation with nonlinear damping and source terms. J. Differ. Equ. 254(9), 3903-3927

(2013)
4. Ma, TF, Narciso, V, Pelicer, ML: Long-time behavior of a model of extensible beams with nonlinear boundary

dissipations. J. Math. Anal. Appl. 396(2), 694-703 (2012)
5. Wang, DX, Zhang, JW: Attractor of beam equation with structural damping under nonlinear boundary conditions.

Math. Probl. Eng. 2015, 1-10 (2015)
6. Pazoto, AF, Perla Menzala, G: Uniform stabilization of a nonlinear beam model with thermal effects and nonlinear

boundary dissipation. Funkc. Ekvacioj 43(2), 339-360 (2000)
7. Ma, TF: Boundary stabilization for a non-linear beam on elastic bearings. Math. Methods Appl. Sci. 24(8), 583-594

(2001)
8. Giorgi, C, Naso, MG, Pata, V, Potomkin, M: Global attractors for the extensible thermoelastic beam system. J. Differ.

Equ. 246(9), 3496-3517 (2009)
9. Berti, A, Copetti, MIM, Fernandez, JR, Naso, MG: Analysis of dynamic nonlinear thermoviscoelastic beam problems.

Nonlinear Anal. 95, 774-795 (2014)
10. Fastovska, T: Global attractor for thermoelasticity in shape memory alloys without viscosity. Math. Methods Appl. Sci.

39(1315), 3669-3690 (2016)
11. Sprekels, J, Zheng, S: Maximal attractor for the system of a Landau-Ginzburg theory for structural phase transitions in

shape memory alloys. Physica D 121, 252-262 (1998)
12. Barbosa, ARA, Ma, TF: Long-time dynamics of an extensible plate equation with thermal memory. J. Math. Anal. Appl.,

416 143-165 (2014)
13. Potomkin, M: Asymptotic behavior of thermoviscoelastic Berger plate. Commun. Pure Appl. Anal. 9, 161-192 (2010)
14. Wu, H: Long-time behavior for a nonlinear plate equation with thermal memory. J. Math. Anal. Appl. 348, 650-670

(2008)
15. Giorgi, G, Naso, MG: Modeling and steady analysis of the extensible thermoelastic beam. Math. Comput. Model. 53,

896-908 (2011)
16. Fatori, LH, Ma, TF: A thermoelastic system of memory type in noncylindrical domains. Appl. Math. Comput. 200(2)

583-589 (2008)
17. Chueshov, I, Lasiecka, I: Long time dynamics of von Karman evolutions with thermal effects. Bol. Soc. Parana. Mat. 25,

37-54 (2007)
18. Dafermos, CM: Asymptotic stability in viscoelasticity. Arch. Ration. Mech. Anal. 37, 297-308 (1970)
19. Giorgi, C, Munoz Rivera, JE, Pata, V: Global attractors for a semilinear hyperbolic equation in viscoelasticity. J. Math.

Anal. Appl. 260, 83-99 (2001)
20. Cavalcanti, MM, Domingos Cavalcanti, VN, Soriano, JA: Global existence and asymptotic stability for the nonlinear

and generalized damped extensible plate equation. Commun. Contemp. Math. 6, 705-731 (2004)
21. Nakao, M: Global attractors for wave equations with nonlinear dissipative terms. Far East J. Math. Sci. 227(1), 204-229

(2006)
22. Chueshov, I, Lasiecka, I: Long-Time Behavior of Second Order Evolutions with Nonlinear Damping. Mem. Amer. Math.

Soc., vol. 195, no. 12. Am. Math. Soc., Providence (2008)


	Long-time dynamics of N-dimensional structure equations with thermal memory
	Abstract
	Keywords

	Introduction
	Transformed system and basic spaces
	The existence of global solutions and global attractor
	Conclusion
	Funding
	Competing interests
	Authors' contributions
	Publisher's Note
	References


