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1 Introduction and the main result
This paper is concerned with the number of positive solutions for the following fractional

elliptic system:

(=A)Su = ()|l T 20 + - h(x)|ul*2ulv|?, in <,

a+p
(Erg) § (~A)2v = g(x)|v|2v + %h(x)|u|°’|v|ﬁ’zv, in Q,
u=v=0, on 0%,

where © C RY is a smooth bounded domain, N > s with s € (0,2) fixed, o, 8 > 1 satisfy
2<qg<a+pf=2F=2, 2% is the fractional Sobolev critical exponent, and (-A)3 is the
fractional Laplacian. Moreover, f, g, /1 are continuous functions satisfying:

(H;) There exist a non-empty closed set M = {z € Q; h(z) = max, g #(x) = 1} and a positive
number p > N such that /(z) — h(x) = O(]x — z|?) as x — z and uniformly in z € M.
(H,) f(2),g(z) >0 for z€ M, and h(x) > 0 for x € Q.

Remark 1.1 Let M, = {z € R¥;dist(z, M) < r} for r > 0. Then by (H;)-(H,), there exist
Co, 19 > 0 such that

f(2),g(2),h(z) >0 forallze M,, C Q
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and
h(z) — h(x) < Colx—z|” forallx € B, (z) C @
uniformly in z € M, where B, (z) = {x € RN; |x — z| < ro}.

In recent years, problems involving fractional operators have received special attention
since they have important applications in many sciences. We limit here ourself to giving a
non-exhaustive list of fields and papers in which these operators are used: obstacle prob-
lem [1, 2], optimization and finance [3, 4], phase transition [5, 6], material science [7],
anomalous diffusion [8, 9], conformal geometry and minimal surfaces [10-12]. The list
may continue with applications in crystal dislocation, soft thin films, multiple scattering,
quasi-geostrophic flows, water waves, and so on. The interested reader may consult also
the references in the cited papers. Setting o + f = p < 2%, f(x) =g(x), h(x) =1 and u =v,
(Ef,¢) reduces to the following fractional elliptic equation:

(~A)3u = AulT2u + |ulP2u, in$,

u=0, on 0%2.

(Ex)

Goyal and Sreenadh [13] studied the existence and multiplicity of positive solutions to
(E>). Moreover, by Nehari manifold and Fibering maps, Chen and Deng [14] obtained the
existence of multiple solutions to (E;) for subcritical case and critical case. For the frac-
tional Laplacian system with 1 < g < 2, He, Squassina, and Zou [15] proved that (E,,,.) ((Ef)
with f(x) = A and g(x) = ) permits at least two positive solutions when A and p are small
enough. Recently, Fan [16] established a relationship between the number of positive solu-
tions of (Ey,) and the topology of the global maximum set of /1 for 1 < g < 2. Similar results
were taken by Chen and Deng [17]. The tool they used is the decomposition of the Nehari
manifold.
There are several existence results for the following problem:

A u+ Vmu=f(u), xRV, 1.1)

where ¢ is a positive parameter, f has a subcritical growth, V possesses a local minimum.
For ¢ =1, we would like to cite [18, 19] for the existence of one positive solution imposing
a global condition on V. For ¢ is a small positive constant, several scholars established the
existence and concentration of positive solutions for (1.1), by imposing different conditions
on V and f (see [20—24]). In particular, with the help of the Nehari manifold and the
Ljusternik-Schnirelmann category, Figueiredo and Siciliano [23] obtained a relationship
between the number of positive solutions and the topology of the minimum set of V.

An interesting question now is how the weight potential /(x) of a critical term affects the
number of positive solutions of (Ef) involving a critical nonlinearity and sign-changing
weight potentials. Furthermore, we wonder if there is a similar relationship between the
number of positive solutions of (E,) and the topology of the global maximum set of /
as that in [23]. In this paper, with the help of the Ljusternik-Schnirelmann category and
Morse theory, we shall give an answer to these questions in the following. The main results
of our work are stated as follows: On the one hand, we arrive at the following result by
means of the Ljusternik-Schnirelmann category.
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Theorem 1.1 Assume (H;)-(Hy) and g > % hold. Then, for each § < ry, there exists As > 0
, 2 _ ,

such that if |f | ) + 1€+ | .a* @) < As (@* = 37, (Erg) has at least caty (M) distinct posi-

tive solutions, where f, = max{f, 0}, g, = max{g, 0}, and cat means Ljusternik-Schnirelmann

category (see [25]).

On the other hand, with the use of the Morse theory we are able to deduce the next
result.

Theorem 1.2 Assume (H;)-(H) and o, > 2 hold. Then (Es,) has at least 2P1(M) — 1

positive solutions, if non-degenerate, possibly counted with their multiplicity.

Remark 1.2 We denote by P;(M;) the Poincaré polynomial of M. It is clear that in general,
we get a better result using Morse theory; indeed, if for example M is obtained by a con-
tractible domain cutting off k disjoint contractible sets, it is catas; (M) = 2 and Py (M) = 1+k.
However, by using the Ljusternik-Schnirelmann category no non-degeneracy condition is
required.

Remark 1.3 Concerning regularity, one can get a priori estimate for the solutions to (Ey,)
and hence obtain, asin [26], Proposition 5.2, u,v € C®(Q) fors =1, u,v e C*(Q)if0 <s <1
and u,v e CH1if1<s<2.

Discussion In recent years, there are many papers considering the relationship between
the number of positive solutions of the elliptic equation and the topology of the global
maximum set of its weight potentials. Our result Theorem 1.1 generalizes this result to
fractional elliptic systems with more general weight potentials. Furthermore, by using
Morse theory, we give a better result about the number of positive solutions in Theo-
rem 1.2 than Theorem 1.1. However, the non-degeneracy condition is used in Theorem 1.2.

This paper is organized as follows: In Section 2, we introduce some notations and pre-
liminaries. In Section 3, we give some technical results which are crucial to the proof of
Theorems 1.1 and 1.2. In Section 4, we give the proof of Theorem 1.1. In Section 5, we
prove Theorem 1.2.

2 Notations and preliminaries
In this section, we collect preliminary facts for future reference. First of all, let us write

the standard notations which we will use in this paper. We denote the upper half-space in
RIJ:HI by

RV = {(x,9); k1, %2,...2x,7) € RN,y > 0.

Denote the half cylinder with base Q2 by Cq = Q x (0,00) C RN*! and its lateral boundary
by 9,Cq = 9Q2 x [0,00). We shall use C (C;, i = 1,2,...) to denote any positive constant.

Let ¢}, A; be the eigenfunctions and eigenvalues of —A in Q with zero Dirichlet boundary
data. The fractional Laplacian (=A)3 is defined in the space of functions

Do

s o0 o0 %
Hy ()= u=) e L (Q; ”u“Ho%(sz) ) (Z“;ZA/ ) <oo}
=1

j-1
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and IIuIIH% @ = ||(—A)%u||Lz(Q). The dual space H~%(Q) is defined in the standard way as
0

well as the inverse operator (~A)"2.

Definition 2.1 We say that (u,v) € Hj () x Hg () is a solution of (Ey,) if the identity

/Q (A (=AY iy + (~A) Fu(=A): gy dx

_ /Q (F60) 201 + g@)IVIT2vips) dix

o

a+p

+

f h(x)|ul*ulvl’ o1 dx + P f () |ul® |v|P v, dax
Q ,3 Q

o+
holds for all (g1, 92) € H () x Hg ().

Associated with (Ef¢) we consider the energy functional

1

Jre(u,v) = = L(‘(—A)%uyz + ‘(—A)iv 2) dx

2

1 1
__ _ o B
p /Q(f(u+)q +g(V+)q) dx 2 Lh(u+) (v.)F dx,

where #, = max{y,0} and v, = max{v,0}. J;, is well defined in HO% () x Ho% (R2), and more-
over, the critical points of J;, correspond to weak solutions of (E,).

To treat the nonlocal problem (Ey,), we will use an extension argument introduced by
Caffarelli and Silvestre [27], which allows us to investigate (Ey,) by studying a local prob-
lem via classical variational methods. We define the extension operator and fractional
Laplacian for functions in HO% ().

Definition 2.2 Given a function u € H (2), we define its s-harmonic extension w = E(u)

to the cylinder Cg, as a solution to the problem

div(yl‘SVa)) =0, inCgq,
=0, on 9;Cq,

w=1u, on 2 x {0},
and
s . 1-s w
(-A)2u(x) = -K; lim y —° —(x,y),
y—07* ay

where K is a normalization constant.

The extension function w(x,y) belongs to the space Xj(Cq) = C§°(C) under the norm

1

2

lwllxscq) = (KS/ ylSIVa)Idedy> .
Ca
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The extension operator is an isometry between Hg (2) and X{(Cq), namely

_ 3
lollxs(cq) = ||uIIHO§ @ Yu € Hy (2). (2.1)

With this extension, we can transform (E; ;) into the following local problem:

- div(yl‘Sle) =0, —div(yl‘SVa)l) =0, in Cq,

w1 =Wy =O, on aLCQ,

(Erg) 4 34 = f(®) | 920 + agh@loi*oi|oy)f,  on Cq x {0},

a — _
22 = g2 |21 + E5h(x)w1|* s P 2w),  on Cq x {0},

w = U, wy =1, on Cq x {0},
where

Ba)i . 1_s 36(),‘

R S

o~

In the following, we will study (Ef ) in the framework of the Sobolev space X = X{(Cq) x
X3 (Cgq) using the standard norm

1

2

(w1, 0)] = (Ks/ Y (IVan? + Voo |?) dxdy> .
Q

An energy solution to (Ef,g) is a function (wy, w,) € X satisfying

I(S/ yl_SVw1Vg01 dxdy+l(3/ yl_st2V<p2 dx dy
Ca C

Q

= (@)1 |" @1 + g(x)|wa] > wr2) dx
Qx{0}

h(x)|w1|* w1 | |P g1 dx + F
a+ B Jaxo a+ B Jaxo

h() |1 |l |P w20, dx,
for all (¢, ¢s) € X. If (w1, wy) satisfies (ff,g), then the trace (&, v) = (w1(-,0),w2(+,0)) is a
solution of (Ey,). The converse is also true. Therefore, both formulations are equivalent.
We define the associated energy functional to (Ef,g) by

Feloron) = 3 [ - }I /Q e gt dx

1
- h(x)(w1)? (w2)F dx,
25 Jaxqo)

where (1), = max{w:(x,0),0} and (w2), = max{w;(x,0),0}. Clearly, critical points of I,
in X correspond to critical points of J;, in Hg ($2) x H ().

In the following lemmas, we will list some relevant inequalities from [14, 15].
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Lemma 2.1 Forevery1 <r < 2%, and every w € X}(Cq), we have

2
(/ |w|’dx) §C/ Y5\ Vo dx dy,
Qx{0} Cq

for some positive constant C. Furthermore, the space X(Cq) is compactly embedded into
L"(2), for every r < 2.

<

Remark 2.1 When r = 2}, the best constant is denoted by S(s, N), that is,

fcﬂyl’S|Vw|2dxdy

S(s,N) := inf 3 (2.2)
weX} (C * oF
X3 (Ca)\{0} (fo{O} |w|% dx)%
It is not achieved in any bounded domain and, for all w € X*(RN*),
2
* %
S(s,N) ( / lw|® dx) < / Y5 |\ Vol* dxdy (2.3)
RN x {0} RN+

S(s,N) is achieved for = RN by functions w,, which are the s-harmonic extensions of

(N-s)
g 2
(N-s) ’

— . £>0,xeRVN. (2.4)
(e2 + |x|2) 2

Ug(x) :=

The constant S(s, N) given in (2.2) takes the exact value

2505 M) ()~
FErEF)TC@E)v

S(s,N) =

and it is achieved for 2 = RN by the functions w, = E;(u,).

We consider the following minimization problem:

1-s 2 2

¥ *(IVw1l* + |V |*) dx dy
Seup 1= inf Jeq . 2.5)
(w1,02)€X\{(0,0)}

z
(fQX{O} |w1|a |a)2|ﬁ dx) %
From [15], we have a relationship between S(s,N) and S, g.

Lemma 2.2 For the constants S(s,N) and S; g introduced in (2.2) and (2.5), we have

B _a
()2 o

In particular,the constant S g is achieved for = RN,

As Iy, is not bounded on X, we consider the behaviors of Ir; on the Nehari manifold
setting

Npg = {(@1,02) € X\{(0,0)}; I} (1, s) (1, @3) = 0}.
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Clearly, (w1, ;) € Ny, if and only if

[ )| = /Q e+ o) dr | nenn dx

2x{0}

For any (w;, ;) € Nyg, we have

1 1 1 1
Lg(or,00) = (5 - ;1) (@1 )| + (;1 - 5) /Q o) dx> 0. 26)

Thus I;, is bounded from below on Ny,. Let
wf,g(wlr Cl)2)
1= I (w1, ) (@1, @)

- o) - /Q (e get) ds— fg Hx) o) (o) dx. (27)

x{0}

Then, for (w1, w,) € Nyg,

wf,g(wl» w) (w1, @)

= (2-2) ()|’ + (2 - q) / (F ! +gx)(@n)?) da (2.8)
Qx{0}
=(2-9) || (w1, @7) ||i - (2;‘ - q) / o h(x)(a)l)f(a)z)f dx < 0. (2.9)
Define
e, il o)

Then, analogous to [14, 15], we have the following results.

Lemma 2.3 Suppose that (o), ) is a local minimizer for Irg on Ny,. Then (wy, ;) is a
critical point of Ir,4.

Proof If (), w3) € Ny is a local minimizer of I 4, then (o}, ») is a nontrivial solution of
the optimization problem

minimize Ir (w1, ;)  subject to {(wl,wg); Yrglwp, wo) = 0}.
Hence by the theory of multipliers, there exists a 6 € R such that
L (@), @9) = 097, (], @5).

This implies that 0 = I},g(wf,a)g)(a)f,wg) = Gl/ff/vg(w? ,09)(@?, ®3). Moreover, noting (2.9),

we get 6 = 0, and so ; (), ®3) = 0. This completes the proof. O
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Lemma 2.4 For each (w1, w) € X with fo{O} h(x)(wl)‘jf(wg)f dx > 0, there is a t(,, y) Such
that (t(wl,wz)wl, t(wl,wz)a)z) € Nf,g and

If,g(t(wl,wz)wl: t(wl,a)z)wZ) = Suplf,g(twl: th)
>0
Proof For fixed (wy, w;) € X with fo{O} h(x)(a)l)ﬁ(a)z)f dx > 0, consider

@(t) = I g(twr, ter)
2

t t1
=5 levenl-+ /Q o @+ g w)?) d

%
~or h(x)(w1)% ()" dx.
2s Qx{0}

Because 2 < q < 2, sup,. ¢(t) is achieved at some #(,, ) > 0. This means ¢’ ((w;,0,)) = 0,

ie. (t(wbwz)wl’ t(w1,w2)w2) € ]Vf,g~

Lemma 2.5 We have
apg>dy forsomedy > 0.

Proof Set (wy, ;) € Ny, then we from Lemma 2.1 obtain
[ = C(l @ o]} + @),

1< C(|(@n@) |57 + || (o) |3 7).

We deduce that
2
(w1, w0y = C
for some C > 0 independent of (w;, w;) € Nf,. Thus we have
Irg(w1,w2) > do >0

for some dy > 0 independent of (w1, ;) € Ny4. Consequently, we obtain the desired re-
sult. O

Next we establish that I, satisfies the (PS).-condition under some restriction on the
level of (PS).-sequences in the following.

Lemma 2.6 I, satisfies the (PS).-condition for c € (—00, 55 (KSs.5)N").

Proof Let {(w1,1, w2,,)} C X be a (PS).-sequence for Ir, and c € (-0, ﬁ(I(SSs,a,,g)N/S). Not-
ing (2.6), it is easy to obtain {(wy,,, w2,)} is bounded in X. Thus, there exists a subsequence
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still denoted by {(w1,,, @2,,)} and (w1, w,) € X such that (w1, w3,,) = (w1, w;) weakly in X.
Furthermore, we get I}'g(wl, @,) =0 and

o Jaxo @@ +g@)(@2,)D) dx = [o 10, F@)(@1)] + g@)(@2)?) dx + 0(1);
o w1,y — 01,2, — )% = (@10 02,0) 1% = (@1, 02) 1% + 0(1);
Moreover, by the Brezis-Lieb lemma, we can obtain

/ () (@10 — 1) (@20 — 02) e = / H() (@10) (@2,0)? dx
Qx{0} Qx{0}

- / ) (@) (@) dx + o(1).
Qx{0}

Since Iy, 4 (w11, w2,4) = ¢ + 0(1) and I}’g(a)l,,,,wz,n) = 0(1), we deduce that

S | 21 /Q o 01010 - 0)]
=c—Ipg(w1, w2) + 0(1) (2.10)
and
0(1) = I (@10, 02,) (@10 = @1, 2,0 — @2)

= (I (@10 02,0) = If g (c0n, w2)) (@10 — W1, 3,0 — W2)

= || (@10 = 1, 20— 00) % - / I(x) (@1 — ) (@ — ) dx 4 0(1).  (2.11)
Qx{0}

Now we may assume that
2
| (@1 — 1,02, —2) |, > I and

/ h(x) (w1, — )5 (w2, — a)z)’f dx—1 asn— 0o,
Qx{0}

for some [ € [0, +00).
Suppose [ # 0 and notice that # < 1, using (2.5), (2.11) and passing to the limit as n — oo,
we have
2
1> KSsupl®,
that is,

l = ([<sSs,a,ﬂ)N/s' (212)

Then by (2.10)-(2.12) and (w1, w) € Ny, U {(0,0)}, we have

1 1 s y
c=Ir (w1, w0) + (5 - 2—:>l > K](Ksss,a,ﬁ)N 5

which contradicts the definition of ¢. Hence / = 0, and the proof is completed. O
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3 Some technical results
In this section, we shall introduce some useful results which are crucial for the proof of
Theorem 1.1.

Lemma 3.1 Let {(w1,,, w2,,)} C X be a non-negative function sequence with
2
f (wl,n)z (w2,n)f dx=1 and || (wl,nv w2,n) HX g 1<sSs,c¢,ﬁ'
Qx{0}

Then there exists a sequence {(y,,,)} C RN x R* such that

N-s N-s
2 2

(Win(%9), Wau(,9)) = (Es(en” @1n(enX + ¥, 0)), Es(en” @2,n(Enx + ¥, 0))
contains a convergent subsequence denoted again by {(W1,,(x,y), Wa,,(x,y))} such that
(Wl,n(x,y)r W2,n(x:y)) - (Wl, WZ) ll’l X.

Moreover, we have ¢, — 0 and y,, — yy € Q as n — o0.

Proof Let Z,,1(x) = w1,,(x,0), Z,,2(x) = wy,,(x,0), we have
[ @ @aiar=1 and 1Zulye + 12y~ KSup asn— oo,
Q

By the proof of Lemma 2.2, we know that {Z,;} and {Z, >} are minimizing sequences
for the critical Sobolev inequality in the form (2.2). Thus from [28], Theorem 3, and
[28], Theorem 5, we deduce that there exist a sequence of points {y,} € RN and a se-
quence of numbers {g,} C (0,00) such that Z,,l(x) = 8:,\%2”,1(8”96 + Yu) — Z(x) and
Z,,z(x) = S%Znyz(enx + V) = 22(x) in H*(RY) as n — 0o. Moreover, we have ¢, — 0
and y, — yo € Q as n — 00. Denote W, = ES(Z,J), Wo, = Es(zqyz) and Wy = ES(Z),
W, = ES(Z), Then we obtain the result. O

Next, we will use w, = E;(u,), the family of minimizers to the inequality (2.2), where u,
is given in (2.4). Let n € C*°(Cgq), 0 < n(x,y) <1 and for small fixed py,

L vy eBj ={xy);lxy)l<3,y>0}
’7(9‘;)/) = 2
0, (xy) ¢&B, ={x);lxy)]>poy>0}

We take pg < ro small enough such that

B;;O(x -2z,9) C Cq

for all z € M, where

B} (x—2z) = {(x%y)|(x-27)]| < po,y=0}.
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For any z € M, we define
Ve = (X — 2,))w, (% = 2,9) = n(x — 2,9) Ey (1 (x — 2)).

From the same argument as in [15, 29] we obtain

el =K [ 91V dsdy O(), (5.1)

N
/ |V8,Z|2;K dx = / |Cl)¢;|2;k dx + O(SN) = / (%) dx + O(EN). (3.2)
Qx{0} RN x {0} RN \ €7 + |x]

A straight calculation shows that

2N-(N-s)q
Ve lTdx>Ce™ 2, (3.3)
Qx{0}

for & small and some C > 0. Then we have the following result.

Lemma 3.2 There exist gy, 0 (g9) > 0 such that, for € € (0,8¢) and o € (0,0 (g9)), we have
suplfg tfvez,tfvsz I(Ssaﬁ)N/s o uniformlyinz e M.

Furthermore, there exists t, > 0 such that

(ton/ Ve s b/ BVez) € Npg forallze M.
Proof At first we shall show that

suplfg (tvav, tfvg 2) K sSs ﬁ)N/S for & > 0 small enough.

It follows from 2 < g < 2¥ that

}in(l)ljf,g(tﬁvg,z, t\/Bvez:) =0 and tlim Iro(t/av, ty/BVez) = —00
— —+00

Thus, for all ¢ sufficiently small, there exist £y > 0 and # > 0 such that

Iy o (t/ave oyt By < %(Kss&a,ﬂ)ms forall £ € (0, £] (3.4)

and

Iy otV oyt Vi) < ﬁ(zgss,a,ﬂ)ms for all £ € [£,, +00). (3.5)
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By the definition of v, ,, we get
/ h(x)(ve ) dx = / h(x)(n(x — 2, 0)ue (x — z))zz dx
Qx{0} Bry (2)

= / hx + 2)(n(x, ())bls(x))2;k dx
RN

= / hix + 2)n* (x, 0)(’48(’6))2? dx
RN
N

—dx.
e+ N

= / h(x + z)nzz (x,0)
RN
Thus, noting the condition (H;), we obtain
0= [ Pide- [ hew. de
Qx{0} Qx{0}
- [ o e [ v
RN RN

N (1-h(x+2)n% (x,0) 1= hx+2) )
- (/RN\B,,O (& + PN d“/g%o @+ P

<8N(/ de+‘/‘ La’x)
- RN\B X2V Bop (82 + [x[2N
2 2

% r,o+N—1
<N C+C8p_Nf dr
o ([@+r2N

for all z € M. It follows from Remark 1.1 and the definition of v, , that
h(x)>0 forallxeB,(z) and v.,=0 forallx¢ B, ().

From (3.1)-(3.7) and ¢q > % we deduce that

If,g(t\/avs,z; t\/,gvs,z)

2 - B / h)(ve ) dx—Ce™ 3
< =t Werllys ooy — s X)(Ve)s dx— Ce™ 2
) ezllX5(Cq) 2? 2x(0) £,z

(e + A)lIvel I~
- 251\[ ezllxs (cg) ) B C82N (g\l $)q

2
o0y @ % B2 h@)(ve2)¥ dn)%

s (((a)afﬂ (ﬁ)&)&fwﬂylS|sz|2dxdy+0(eNS))A!
= s +(F i
2NANAB o (o (g N e+ O(eN In 1)) %

e24|x|2

2N-(N-s)q
e

- Ce

Page 12 of 23

(3.6)
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IN—(N—s)
= i(KSSS,a,,gﬁ +0(eN7) = Ce™ 2 !
2N
N N
< ﬁ([{ss‘g,a’ﬁ) s (38)

for ¢ sufficiently small and ¢ € [to, #1]. Note the compactness of M; it follows from (3.4)-
(3.5) and (3.8) that there exist &g, o(g) > 0 such that, for & € (0,&) and o € (0,0(¢)), we
have

s
SUp L, o (£5/@Ve 2y ty/ BVe z) < E(I(SSS,Q,,@)N/S —o uniformly in z € M.
=0

By Lemma 2.4, we conclude that there exists ¢, > 0 such that

(to/QVe gt/ BV ) € Ny, forallze M. O
Related to I, and Ny, we define

1

1
Julon o) = = |@n )] - = f o) (wn) dx
2 25 Jaxio)

and

N, = {(601,602) € X\{(O, 0)};(]11)/(601,602)(@1,&)2) = 0}'
Then we have the following.
Lemma 3.3 We have

N

inf  Jp(wr,@2) = ——(KSsa )"

(w1,w2)EN), 2N
Proof Let (w1, wy) € N, then

[ )| = /Q o o @) (3.9)

By (2.5), we see

2 2
25 25
KiSsap ( f ) (@) (@2)? dx) < KSup ( / (@) ()" dx)
Qx{0} x{0}

= || (wl:w2)|§(,
ie.
2
2 *
a B 2
[ PRCIOANES ( . SM) o). 510

From (3.9) and (3.10) we deduce that

|| (a)ll 0)2) ||§( > (I(sSs,a,ﬁ )N/S'
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Then
S 2 S s
Jn(wr, ws) = N (w1, @2) |y = ﬁ(l(sss,a,ﬁ)lw )
and thus
s
inf  Ju(wn,02) > —(KSa ). 3.11
it (w1, w2) 2N( 8) (3.11)
Since

a, b , s a \M?
r?>ag( Et —2—*ts =N 5TH foranya>0and b >0,
- S

by (3.1)-(3.2) and (3.6), we deduce that

s( (o + B) Joo IVVeel* dxdy )N/S

SUp Ju(tv/@Ve sy t/Be) = — | —
=0 T AN\ S [ g ) d)

- %(Ksss,a,ﬁ)N 5 1 O(eN).

Then we obtain

s
inf ,@9) < —— (KSup)V, 0. -
(wl'gzl)eNh]h(wl a)z) = ZN( s s,a,ﬁ) as &€ —> ( )
The desired result follows from (3.11) and (3.12). 0

4 Proof of Theorem 1.1
In this section, we use the idea of category to get positive solutions of (Ef,) and give the
proof of Theorem 1.1.

Initially, we give the following two propositions related to the category.

Proposition 4.1 Let R be a C™' complete Riemannian manifold (modeled on a Hilbert
space) and assume F € C'(R,R) bounded from below. Let —c0 < infr F < a < b < +00. Sup-

pose that F satisfies (PS)-condition on the sublevel {u € R; F(u) < b} and that a is not a
critical level for F. Then

#{u € F;VF(u) = 0} > catpa (F),
where F* = {u € R; F(u) < a}.
Proof See [30], Theorem 2.1. O
Proposition 4.2 Let Q, 2t and Q2 be closed sets with Q- C Q*;Letp: Q — Q*, ¢ : Q™ —

Q be two continuous maps such that ¢ o ¢ is homotopically equivalent to the embedding
j: 2~ — Q. Then catg(Q) > catg+(27).
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Proof See [30], Lemma 2.2. O

The proof of Theorem 1.1 is based on Propositions 4.1 and 4.2. Next, we define the con-
tinuous map @ : X\G — RN by

fo{O] x(wl)ﬁ (Cl)z)?. dx

O (w1, ) = )
Joxioy (@)% (@) dx

where G = {(1,02) € X; [ 0)(@1)? (@)} dx = 0}.

Lemma 4.1 For each 0 < § < ry, there exists 8o > 0 such that if (w1, w2) € Ny, Ju(wnr, w2) <
ﬁ([(sSs,a,ﬁ)N/S + 8o, then
<I>(a)1,w2) € M,;.

Proof Suppose the contrary. Then there exists a function sequence {(w1,,, w2,,)} C Ny such
that Jj, (@10, @2,1) = 55 (KsSs0,6)N + 0(1), and

(w1, w2,) & Ms  for all n.

It is easy to see that {(w,,, w2,)} is bounded in X. Furthermore, by Lemma 3.3 we have

s N/s : : s 2
ﬁ (1<sSs,ot,ﬁ) < nll)ngo]h (wl,m w2,n) = nlinc;lo w || (wl,m wZ,n) HX
S S
= lim — h W) (2P dx < — (K, Ss05)V5. 4.1
am o o) () @1,n)5 (@2,0)) dx < 2N( a.8) (4.1)
Define
(W W )_ < (wl,n)+ (a)Z,n)+ )
Lns 2,n) — ) ’
e o) (@) ()} A1) ([ o (@1,0) (@) d)V8)

we see that fo 0) (W,m)%( Wz,n)f dx = 1.1t follows from (4.1) and the definition of S, , g that

” (wl,m a)Z,n) ”%(
2
S o) (@1 (@2,)f d) %

|| (wl,m w2,n)||§(

KiSsap < | (Wi Wa)||% =

S 2
(fo{O} h(x)(w1,)? (wr,)? dx)

2s
= || (wl,m a)Z,rz) ”)I(\; = I<sSs,a,/3'

Hence we obtain

. 2
nlinczo ” (Wl,n: W2,n) ”X = I(sSs,ot,ﬂ (42)
and
lim h(x)(a)l,n)f(a)z,n)f dx = lim (a)l’n)‘i(a)zyn)f dx. (4.3)
n—00

=00 JQx{0} Qx{0}
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By Lemma 3.1, there is a sequence {(yny64)} € RN x R* such that e, — 0, y, — yo € Q and
wmmwu”mm-wef\mmw+%»Ew2Wﬂ@mumneuhwnnX%
n — oo. Then by (4.1)-(4.3), we have

1= o(1) + fg WL (V) d
x{0

_ o _ B
=&, f h(x) (Ul,n (x n ) 0)) (UZ,n (x I , 0)) dx +0(1)
Qx{0} &n . &n .

= h(.y0)1

as n — oo, which implies yo € M. Considering ¢ € C5°(RN) such that ¢(x) = x in Q, we
infer

CD(C()L,,, (UZ,n)

fo wln 602 n) dx

fo{O (wl,n)+(w2,n)+ dx

f]RN 1 (%) (@1,0) (w2, WF dx
fRNx{O}(a)l,n)+ (G)z,n)+ dx

N

f]RNx 0} p(enx +yn)|Es( Wln(gnx +J’n))|°‘|E (En Wln(gnx +yn))|ﬁ dx
= N=s
fRN {0} |E (8 ’

—>yo €M, asmn— 00,

Wi, n(€nx +yn))|a|E (8n2 wi, n(Enx +yn))|ﬂ dx

as n — 00, which is a contradiction. 0
Lemma 4.2 There exists As > 0 small enough such that if ||fi |, + g ll,¢+ < As and
(w1, w2) € Npg with Irg(w1, ) < ﬁ(I(SSs,‘,,Ig)N/S + %0 (80 is given in Lemma 4.1), then
D(wy, wy) € Ms.

Proof For A,B > 0, consider

h(t)=A —Bt>, t>0

Then

— 2% -2 2A \ %2
max h(t) = =—A — 00, asB— 0"
>0 2% 2*B

Hence for (w1, ;) € Ny with Ir g (w1, w7) < 55 (KSsa ﬁ)N/S 0 we have

/ h) (@) (@2)] dx > 0,
Qx{0}
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when ||f ||, + llg: |l ¢ is sufficiently small. Thus we see that there exists the unique posi-

tive number

_1
t = ( Il (w1, @) II% ; )2§2>0
fo h(x (,()1 ((,()2) dx

such that (¢,w1, tywy) € Nj,.
We claim that ¢, < C for some C independent of (w1, ;) € Ny if |Ifill o+ + lIgell o is

small enough. Indeed,

S 80
gt (1<sSs,a,/3 )N/S + E > If,g(a)lx wZ)

2N
- (% - }1) | n)|2 + (; - 2i) fﬂ o o))

q- 2
> 22 (00
Thus
2 2q s s S0
||(601,602)||X = qj (ﬁ(1<sss,a,ﬂ)]\[/ + E) (4.4)
Moreover,
1 2 1
Irg(wr, @2) = - || (w1, @) ||X - / (f(wl)z +g(wz)‘i) dx
2 q Jaox{o}
1
- h(x)(1)% ()" dx,
a+B Jaxo
1 1
_(=_Z q q
1 1
Z__ o B
(5-3) /Q o )
Therefore,

Qx{0}
2N 1 1
- T(If'g(wl’wz) - <E - 6_1) QX{O}(f(wl +glen); )dx)
2 1 1
> 22 (- (3 7 ) SR + 1) [ 00}, @)

where the last inequality follows from Lemmas 2.1 and 2.5. By (4.4) and (4.5), we get, for

Ifella* + I+ ]l 1+ small enough,

/ ) o) (@) dix > C >0,
Qx{0}
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where C is independent of (wy, ;) € Ny,. Then we obtain the claim. Now,

S é
—— (K Ssa ) + 2> It (w1, w2) = sup I g (tewy, ta)
2N 2 >0

> Iy g(thwr, than)

(o
> Ju(thwr, thea) — — (fel@)? + gu(@2)?) dx,
q Jax{o)

which leads to

S ) C
Ttrn, 502) = S (Ko + 2 4 = / (Fu(@)? +g.(@)?) dx
q Jax{o}

3
= i(1<sSs,ot,/3)N/s + 50 + C(”ﬁ-”Lq* + ||g+||LtI*) |((,()1,C()2)H;1(.

2N

Therefore, by (4.4) there exists As > 0 such that, for ||f. ]|, + Ig-ll .+ < As,

s
Tu(tpon, than) < K](Ksss,a,ﬂ)ms + 8o.
Since Lemma 4.1, we obtain ®(¢,w1, tyw,) € My or ®(wy, wy) € Ms. O
Below we denote by Iy, the restriction of /s, on Ny,.

Lemma 4.3 Any sequence {(win,w2,)} C Ny, such that INf’g(wl,,,,wQ,,,) — ¢ € (o0,

o5 (KsSsa,8 WIsY and I ]’\,f,g (1,1, wa,,) — O contains a convergent subsequence.
Proof By hypothesis there exists a sequence {8,} C R such that
L (@1 02,) = 0,1 (@10, @2,) + 0(1),
where v, is defined in (2.7). Recall that (w14, @3,,) € Nf4 and so
Ut o (@10, ©2,) (@1, 2,) < 0.
If w]ﬁ,g(wl,n,wzyn)(wl,n, wy,,) — 0, we from (2.9) obtain
||(a)1,n,a)2,n) ||§( — 0, asn— oo.

On the other hand, it follows from (@, @2,,) € Ny, that

i)
X

1=C(] (a)l,y,,wz,n)H;I(_z + || (@10, @2,) )—>0, asn— .

That is,

__2
||(a)1,n: wz,n) ||§( > Cl %2 + 0(1)
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Hence, we arrive at a contradiction. Thus we may assume that lﬁ},g(wl,n’ W2, ) (W1, W2,) =
[ <0 as n— oo. Because If”g(wl,,,,a)g,,,)(a)lyn,a)zy,,) = 0, we conclude that 8,, — 0 and, con-
sequently, IJQ g(wly,,, wy,,) — 0. Using this information we have

S
If,g(wl,nr W) —> CE (—OO, ﬁU(sSs,ox,ﬁ)N/S) and [J/f,g(wl,m wZ,n) — 0,

so by Lemma 2.6 the proof is over. O
Denote
s
Co = ﬁ(lgss,a,ﬂ )N/S -0 (4-6)
and

Ny g(co) := {((1)1:0)2) € Ny gi Iro(w1, ) < Co}-

Lemma 4.4 Suppose (H,)-(Hy) hold, and e ll g () + 1€+ 1l 1 () € (0, As), Ing, has at least
catyr, (M) critical points in Ny ,(co).

Proof For z e M, by Lemma 3.2, we can define

F(Z) = (tz\/&vs,z: tz\/avs,z) € AN},g(CO)'

By Lemma 4.3, Iy, satisfies (PS)-condition on Ny,(co). Moreover, it follows from
Lemma 4.2 that ®(Ny,(co)) C Ms for |[fillo¢ + g+l ¢+ < As. Define & : [0,1] x M — M
by

5(9’2) = qD(tz\/aV(l—G)a,zr tz\/EV(l—H)a,z) € A/},g(CO)~

Then straightforward calculations show that £(0,z) = ® o F(z) and limg_,;- £(6,2) = z.
Hence ® o F is homotopic to the inclusion j : M — Mjs. By Propositions 4.1 and 4.2, I,
has at least caty, (M) critical points in Nyg(co). O

Lemma 4.5 If (w1, w,) is a critical point of In;,» then it is a critical point of Iy in X.

Proof Assume (w;,w;) € Ny, then If’ w1, w7)(w1,w;) = 0. On the other hand,

o
I (w1,02) = 0y (w1, 02) (4.7)

for some 6 € R, where vy, is defined in (2.7).
Remark that (w;, ;) € Ny, and so 1/ff"g(a)1, w;)(w1, ) < 0. Thus by (4.7),

0= QWf,g(wh ) (@1, w2),
which implies that 6 = 0, consequently If’,g(a)l, wy) = 0. d

Finally, we can give the proof of Theorem 1.1.
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Proof of Theorem 1.1 It follows from Lemmas 4.4 and 4.5 that Iy, admits at least cat,y, (M)
non-negative critical points. Thus we see that J;, has at least catys, (M) non-negative crit-

ical points. By the maximum principle [31], we obtain the conclusion of Theorem 1.1. [J

5 Proof of Theorem 1.2
In this section, we use the Morse theory to get positive solutions of (Ef,) and give the
proof of Theorem 1.2.

Let @ >2 and 8 > 2, then I, is of class C? and for (w1, w2), (@1, ¥2), (Y1, ¥) € X,

If (1, ) (01, 02), (Y1, Y1) ]

=Ks/ Y (Vo1 Vi + Voa Vi) dacdy
Cq

-(g-1) }(f(x)(wl)z_zwl Y +g(x)(a)2)‘j_2<p21/f2) dx

Qx{0
a(a—1)
- a+f Qx{0}
af
C o+ B Jaxo
B(B-1)

_PP-D / h(x) (@) (@) 0a i dx
a+B Jaxio

h(x) (1) (@2)? o1y dx

h(x) (1) Hw2)? 1Yy d

ap

a+ B Jaoxo

h(x) (@) w2)? oty dx.
Hence Iji/ g(a)l, @) is represented by the operator
L(wy, ) := R(wy, @) — K(wy,02) : X — X7,
where R(w, w,) is the Riesz isomorphism and K (w1, w;) is compact. For a € (0, +00], set

If”,g = {(wl,a)z) € X;Iro(w1,wy) < a}, Nyg(a) := Ny, ﬂlf",g,

K= {(a)l,a)z) e X;If/lg(a)l,a)z) = O}, K*:=Kn Iﬁg,

ICH = {(a)l,a)z) (S ’C;If,g(wlwa) > ﬂ}'

Then I, satisfies the Palais-Smale condition on Ny4(co), where ¢y is defined in (4.6). For
a pair of topological spaces (X, Y), Y C X, let H.(X;Y) be its singular homology and

P(t)(X,Y) = dim He(X, )¢
k

the Poincaré polynomial of the pair. If Y = §J, it will be always omitted in the objects which
involve the pair. In the remaining part of this section we will follow [32, 33]. We are going
to prove that I, restricted to Ny, has at least 2P (M) — 1 critical points. Then Theorem 1.2
will follow from Lemma 4.5.
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For any z € M, by Lemma 3.2, we can define

V:zeMe (tz\/&‘/s,z: tz\/gve,z) € ]\/},g(co))

for some ¢ > 0 small enough. Since WV is injective, it induces injective homomorphisms in
the homology groups, then dim Hy (M) < dim Hy(Ny,(co)) and consequently

Py(Npg(co)) =P:(M) + Q(2), QEeP, (5.1)

where P denotes the set of polynomials with non-negative integer coefficients.
The following result is analogous to [33], Lemma 5.2, and we omit the proof.

Lemma 5.1 Letr € (0,ar,4) and a € (r,+00] a regular level for Iy 4. Then

Pt(ﬁg’lﬁg) = tpt(N;,g)' (5.2)
In particular we have the following.

Lemma 5.2 Letr € (0,0y,). Then

P12, 17 ) = t(PM) + Q®)), QEeP,

Pi(X,I,) = t.

Proof The first identity follows by (5.1) and (5.2) by choosing a = ¢¢. The second one fol-
lows by (5.2) with 4 = +00 and noticing that Ny, is contractible. d

To deal with critical points above the level ¢y, we need also the following.

Lemma 5.3 We have
P(X,If) = *(P(M) + Q) - 1), Q€EP.

Proof The proof is purely algebraic and goes exactly as in [33], Lemma 5.6; see also [32],
Lemma 2.4. O

As a consequence of these facts we have the following.

Lemma 5.4 Suppose that KC is discrete. Then

Y Tlwnm) = t(P(M) + Q1)) + (1 + )Q(8),

(w1,)€C0

Y Lw,w) = 2(PM) + Q1) - 1) + (1 + DQ(0),

(01,02)€K¢

where Z,(wy, w,) denotes the polynomial Morse index of (wy, wy) and Q, Q1,Q, € P.
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Proof Indeed Morse theory gives

Y Tlonw) =PI I,) + 1+ Qi)

(w1,@7)€K0

> o) =P(X,I5) + 1+ HQ ().

(@1,02)€K ¢y
By using Lemmas 5.2 and 5.3, we obtain the result. O

Finally, it follows from Lemma 5.4 that

> e, ) = tPM) + £ (Py(M) - 1) + (1 + )Q(),

(w1,02)€ }Cco

for some Q € P. We easily deduce that, if the critical points of I, are non-degenerate, then
they are at least 2P, (M) — 1, if counted with their multiplicity. Thus we see that (J;,) has
at least 2P; (M) — 1 non-negative solutions, which, if non-degenerate, are possibly counted
with their multiplicity. By the maximum principle [31], we complete the proof of Theo-

rem 1.2.
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