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Abstract

The aim of this paper is to consider the dynamical behaviour for a class of
non-autonomous reaction-diffusion equations in R”, where the external force g(x, t)
satisfies only a certain integrability condition. The existence of

(L2(RM), L2 (R™M)-D-pullback attractors and (L2R"), LP(R™)-D-pullback attractors is
obtained for this evolution equation.
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1 Introduction
In this paper, we consider the asymptotic behaviour of solutions for the following non-
autonomous reaction-diffusion equations defined in the whole space:

Uy — VAU + Au + fi(u) + alx)fz(u) = g(x,£), inR"” x [t,00), (L.1)
ulx, t) = Uy, in R”, '

where v and X are positive constants. Assume that nonlinear terms f; (), fo(u) € C}(R; R)
satisfy the following conditions:

arlul? - Bilul* <fwu < aolul? + Bolul> and  f(u) > -4 (1.2)
withp>2and A > 6,
azlul’ — B3 < folwu <aalul’ + B» and  fy(u) > -1, (1.3)

with p > 2, where «;, 8;,i =1,2,3,4,and [;, i = 1,2 are positive constants. Furthermore, a(x)
is a function in R” and the external force g(x,t) € L2 (R;L*(R")) satisfies the following

loc
conditions:
a(x) e L! (R”) NL>® (R”) and a(x)>0, (1.4)
t
/ e’ ||g(x, s) H;(R,,) ds<oo, forallteR,0 € (0,A-py). 1.5)
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In the last decade, the autonomous and non-autonomous infinite dimensional dynam-
ical systems have been studied extensively by many authors (see, e.g. [1-8] and the refer-
ences therein). The concept of pullback attractors was proposed in [9] when the authors
considered the asymptotic behaviour of random dynamical systems. Such attractors is a
parameterised family {A(£)},cr of invariant compact sets, which attract the trajectories of
the systems when the initial instant of time goes to —oo and the final time remains fixed.
Later on, the pullback attractors were extended to non-autonomous dynamical systems.
In the last two decades, the theory of pullback attractors has been developed for non-
autonomous dynamical systems and random dynamical systems (see, e.g. [10-12] and the
references therein). In [10], the authors introduced the notion of D-pullback attractors,
which requires that the process U(t, T) associated with the systems be D-pullback asymp-
totically compact.

It is well known that the Sobolev embeddings are no longer compact in unbounded
domain, and so it is difficult to verify the process U(t, ) associated with the systems to
be pullback asymptotically compact. To overcome this drawback, in [13], using the idea of
Wang [5], the authors proved the existence of pullback attractors in L2(R”) and H*(R") for
non-autonomous reaction-diffusion equations defined on R”. Recently, motivated by [3],
the authors of [14] gave a new method to prove the existence of D-pullback attractors by
using the technique of non-compactness measure, and this method only needs the process
U(t, t) associated with the systems to be norm-to-weak continuous (see Definition 2.1) in
the phase space.

As we know, the solutions may be unbounded for many non-autonomous systems when
time tends to infinity, and we cannot obtain the existence of a uniform attractor for these
systems. So we prove the existence of a pullback attractor to overcome this drawback. In
this paper, we use a different approach from the article [13] to prove the existence of pull-
back attractors, and we improve the model equation as Eq. (1.1), which amounts to putting
a weight function partially on the nonlinearity. We can also replace the conditions for the
nonlinearity f(u) as given in [13] that f(u) satisfies only a Sobolev growth rate with some
weak assumptions. For Eq. (1.1), the (L2(R"), L2(R"))-global attractor, (L%(R"),L?(R"))-
global attractor and (L2(R"), H'(R"))-global attractor were proved in [15, 16]. Using the
new method in [14], we prove the existence of £ -pullback attractors in L?(R") for Eq. (1.1)
and, motivated by the idea in [17, 18], we obtain the existence of £-pullback attractors in
L?(R") for Eq. (1.1). This new method has been used successfully in many papers (see, e.g.
[14, 17, 19, 20] and the references therein).

For convenience, the letter C denotes a constant which may be different from line to line
and even in the same line. We use || - || and (-, -) for the usual norm and the inner product
of L?(R"), respectively. We denote by || - ||, the norm of LP(R") (1 < p < 00) and by || - ||
the norm of H'(R"). In general, m(e) is the Lebesgue measure of e C R”. || - ||z denotes the
norm of any Banach space E and B(E) is the set of all bounded subsets of E. Let X, Y C E,
denote by dist (X, Y) = sup,y inf,ey d(x,y) the semidistance between X and Y.

2 Preliminaries

In this section, we first recall the basic definitions and theorems.

Definition 2.1 ([14]) Let X be a complete metric space and {U(t,7)} = {U(t,T) : t > T,
7 € R} be a two-parameter family of mappings acting on X: U(¢,7): X — X, t > 7,7 €R.
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We say that {U(¢, T)}. <, is a continuous process (or norm-to-weak continuous process) in
X if

1) U, s)Ues,t)=U(t,t),Vt>s>r1,

(2) U(z,t) = Id is the identity operator, T € R,

(3) x — U(t, t)x is continuous in X
(or U(t,t)x, — U(t,T)x if x, - x, VE > 17, T € R).

Suppose that O is a nonempty class of parameterised sets D= {D(t):t € R} C B(E).

Definition 2.2 ([14]) The process {U(t,7)}:<; is said to be D-pullback asymptotically
compact if, for any ¢ € R and any O € D, and any sequence 7, — —00, any sequence

x, € D(t,), the sequence {U(t, t,)x,} is precompact in X.

Definition 2.3 ([14]) It is said that 8 € D is D-pullback absorbing for the process
{U(t, 7)}r< if, for any ¢ € R and any D € D, there exists To(t, i)) <t such that U(z, 7) x
D(t) C B(t) forall T < 7o(t, D).

Definition 2.4 ([14]) The family A= {A(¢) : t € R} C B(E) is said to be a D-pullback at-
tractor for U(t, 7) if
(1) A(t) is compact for all £ € R,

(2) A is invariant, i.e.
U(t,t)A(t) =A(r) forallt>T,
(3) Ais D-pullback attracting, i.e.

lim dist(L[(t, ‘E)D(‘L’),A(t)) =0 forall D e DandallfeR,

T—>—-00

(4) if {C(¢)}icr is another family of closed attracting sets, then A(t) C C(¢) for all £ € R.

Definition 2.5 ([21]) Let M be a metric space and A be a bounded subset of M. The Ku-

ratowski measure of non-compactness a(A) is defined by
a(A) = inf{8 > 0 | A admits a finite cover by sets of diameter < §}.

It has the following properties.

Lemma 2.1 ([21]) Let B, By,B; € B(E). Then
(1) a(B) =0« a(N(B,¢)) <2& < B is compact;
(2) a(Bi +B;) < a(B1) +a(By);
(3) a(By) < a(B,) whenever B; C By;
(4) a(B1U By) < max{a(B1),a(By)};
(5) «(B) =a(B);
(6) if Bis a ball of radius ¢, then a(B) < 2¢.

Definition 2.6 ([14]) A process {U(t, 7)},<; is called D-pullback w-limit compact if for
any ¢ >0 and D € D, there exists 1o(£, D) < ¢ such that a(lJ U(t,t)D(t)) <e.

<70
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Theorem 2.1 ([14]) Let {U(t,t)};<; be a process on X. Then {U(t,T)}.<; is D-pullback
asymptotically compact if and only if {U(t, )} <; is D-pullback w-limit compact.

Theorem 2.2 ([14]) Let {U(t,7)}:<: be a norm-to-weak continuous process such that
{U(t, 7))} <t is D-pullback w-limit compact. If there exists a family of D-pullback absorb-
ing sets {B(t) :t e R} € D, i.e. for any t € R and D € D, there exists to(t, D) < t such that
U(t,7)D(t) C B(¢) for all T < vy, then there exists a D-pullback attractor A = {A(t) : t € R}
and

A =wB,0) =" Jut1)B).

S<t T=<s

Remark Obviously, a continuous process and a weak continuous process are both norm-
to-weak continuous processes.

Theorem 2.3 ([17]) Let Q be a domain in R", {U(¢,T)}.<; be a process on LP(2) and L1(R2)
(p>qg=>1)and {U(t, 7))} < satisfy the following two assumptions:

(1) {U(t,T)}o<s is D-pullback w-limit compact in L1(Q2);

(2) foranye >0, B € D, there exist M(e, B) and 7, = t1(e, B) < t such that

2p+2

1
p
</ ‘Ll(t,r)uI ’pdx) <27 ¢ foranyu, € B(t) and t > 1.
Q(|U(t,t)|=M)

Then {U(t,T)}r<¢ is D-pullback w-limit compact in LP(S2).

Theorem 2.4 ([13]) Let X, Y be two Banach spaces with the norms | - || x and || - ||y, respec-
tively. Let {U(¢,T)}r<; be a continuous process on X and a process on Y. Assume that the
family By = {Bo(t) : t € R} is (X, X)-D-pullback absorbing for U(t, ), and forany t € R and
any sequence T, — —00, any sequence x, € By(t,), the sequence {U(t, t,)x,} is precompact
in X. Then the family of sets A = {A(t) : t € R}, where

—_—X
A =Jue0)B)

S<t t<s

is a (X, X)-D-pullback attractor for {U(t, t)}r <, where A" denotes the closure of A with
respect to the norm topology in X.

Furthermore, if the family B = (Bi(t) : t € R} is (X, Y)-D-pullback absorbing for
{U(t,T)}r<t, and it satisfies that, for any t € R and any sequence t, — —00, any se-
quence x, € By(t,), the sequence {U(t, t,)x,} is precompact in Y. Then the family of sets
A ={A'(t) : t € R}, where

X Y
Ay =Juen)(Bo(x) NBi(r)) =(|JUE)(Bo(r) NBi(7))

S<t T<s S<t t<s

isa (X,Y)-D-pullback attractors for {U(t, )}, <.

Remark When {U(¢, 7)},< is only a process on Y, we also prove A" = {A'(¢) : t e R} is a
(X, Y)-D-pullback attractor for {U(t, )} <.
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Lemma 2.2 Let {U(¢,T)}.<; be a process on LP(R") (p > 1), B = {Bi(t): t e R} is (X,Y)-
D-pullback absorbing for {U(t, )} <,. Then, for any ¢ >0, t € R and D € D C B(LP(R")),
there exist M(t, €) and 1y = to(t, &) such that

m(R"(|U(t,7T)| = M(t,6))) <& forall u, € D(v) and T < 7.

The proof of the above lemma is identical to the proof of Lemma 5.2 in [18].
Using the standard Faedo-Galerkin method (see [6, 7]), it is easy to prove the following
lemma.

Lemma 2.3 Assume that (1.2)-(1.5) hold and g € L. (R, L*(R")). Then, forany T >0, u, €
L2(R"), T € R and T > t, there exists a unique weak solution u(x,t) for Eq. (1.1) satisfying

loc

ueC([r, TL*(R")) NI (r, T; L7 (R")) N L?(x, T; H'(R™)).
Furthermore, u, — u(t, T;u,) is continuous in L*(R").
Based on Lemma 2.3, we can define a continuous process {L/(¢, 7)}.<; in L2(R") by
Ut,7)u, =u(t) forallt>rt, (2.1)

where u(t) is the solution of Eq. (1.1) with the initial value u(x, t) = u, € L2(R"). Moreover,
we also know that {U(¢, 7)}. <, is a process in L (R").

3 Main results
3.1 (L%(R"), L*>(R"))-D-pullback attractors
Firstly, the following lemma ensures a D -pullback absorbing set in L2(R").

Lemma 3.1 Assume that (1.2)-(1.4) hold and the external force g € LIOC (R, L2(R™)) satisfies
(1.5). Then, for any D e D C BUILA(R")) and any t € R, there exists 7o(t, D) <t such that

|t ©)u|| < Ro(t) forall v < w(t, D) and all u, € D(z), (3.1)

where Ro(t) = (22140l 2222 1 o) g, ) |2 dr)3.

Proof Taking the inner product of (1.1) with u in L?(R"), we have

d
%&HMW + V[ Vul® + Alul® + (i), u) + (a(x)fa(u), u) = (g(x,£), u).

Due to (1.2)-(1.4) and Young’s inequality, we get

d lete 02
G+ 0= B0l <265 Ja], + EF2E, (3:2)
d 2 2 2
Nl + G = Bl + 20 Va + 20l + 205 | alwlul dx
R}‘l
x,b)|1?
<28s]aw)], + 18I (33)

A =B
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By (3.2), we obtain

2
llg e )l s

A=p

d
(€ Nl) + (= i~ o) ul> < 25 | alw) €7 +

Integrating over the interval [z, ] and noting that o € (0, A — B;), we have

t
“lue)|” < 2l33”;{(x)”16”‘ s —1,31 / ¢ | g, )| dr + & ue |
T

< 2,33||ﬂ(x)||leat n 1 ft e"ng(x,r)szr+egt||uf||2. (3.4)
)¥_,31 —00

o

Thus, we get

1 _
by emotere a2+

o

e—at t 2
ar , d,
[ letwn)ar

and this implies (3.1). O
Let B = {Bo(t) : t € R}, where
Bo(®) = {ue L*(R") : lull < Ro(8)}. (3.5)

By Lemma 3.1, it is easy to know that the family By is (L2(R"), L*(R"))-D-pullback ab-
sorbing for the process {U(t, 7)},<; defined by (2.1) and

e‘”(Ro(t))2 —0 ast— —o0. (3.6)

Let Fi(u) = fou fi(s)ds and F(u) = fou f2(s) ds. By (1.2)-(1.3), there exist positive constants
i, Bir i =1,2,3,4, such that
alulf - ilul® < Fu(u) < @olul’ + faolul’,  1>2B, (37)

aslul’ — B3 < Fy(u) < aalul? + fa. (3.8)

Lemma 3.2 Assume that (1.2)-(1.4) hold and the external force g € L* (R, L2(R")) satisfies

loc

(1.5). Then, for any D e D C BUILA(R")) and any t € R, there exists 7 (t, D) <t such that

|u@)| + | Va@|* + |u@)|” < (Ri©)?  forallt < u(t, D) and all u, € D(x), (3.9)

where Ry(t) = C(%(")Hl + % f_too e’ g(x, r)||2dr)% and the positive constant C is inde-

pendent of t and D.

Proof Multiplying (3.3) by ¢!, we have

d
E(e‘””u(t) ||2) + (A= B —0)e”"||u(t) ||2 +2ve”" || Vu(t) ||2

+ 200" ||ullh + 20[36"‘/ alx)|ul? dx
Rn

ot g 112
A-p

<2B3e" |alx) ||l +é
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Let t <t—1andr € [7,t — 1], integrating over the interval [r,r + 1], we get

r+l r+l
OV ur+ D[+ (1 - B - 0) / & |uls) > ds + 20 / & |Vuls) | ds
r r
r+l r+l
+2a1/ e‘””u(s) ||§ ds+2oz3/ e‘”/ a(x)|u(s) |p dxds
r r R”
r+l r+l 2
<opafawl, [ edse [ BB b eru)
r r —P1

By (3.4), we find

r+1
[ (101 + 170+ 1w+ [l ax)as

2 1 r+1
oM e, [T gt d e )
—Pl1Jr

<
- o
2 L[
S C<Meat+ear”ut”2+ / eGS”g(x,S)H2d5>-
o )\_/31 —00

Thus, by (3.7) and (3.8), we can obtain

r+l A
/ e°5<KIIVM||2+ Sl + / Fi(u)dx + / a<x>Fz(u)dx> ds
p 2 2 R” R”

< C<M(x)”le‘” + € u || + 1 /t e’ ||g(x,s) H2ds>. (3.10)
/31 —00

o A—

Multiplying (1.1) by u, and integrating on R”, we have

d (v A
||ut||2+—(5||W||2+5||u||2+/R Fl(u)dx+/ a(x)&(u)dx)

dt
1 2 )
= 5 (@D + lell?)-
And then
d 1% A 1 2
E<5||wn2 + 2l + /R Rwdx+ /R ) a(x)Fz(mdx) = 5 lgt " (3.11)

It follows from (3.11) that

d A
—e‘"<3||w||2+—||u||2+/ Fl(u)dx+/ a(x)B(u)dx)
dr 2 2 R” R”

< Gearenwnz + %”M”z + /R Fy(u)dx + /R a(x)Fy(u) dx) + %Gr”g(x, D’

By (1.5), (3.7), (3.8), (3.10) and the uniform Gronwall inequality, we obtain
% A
SIVull? + S llul® +f
2 2 .

< C<2,33||6l(x)||1 s

o

Fl(u)dx+/ a(x)Fy(u) dx

Rn

e u | +

e—at t s 9
s /:we ||g(x,s)“ ds). (3.12)



Zhang Boundary Value Problems (2017) 2017:146 Page 8 of 15

It follows from (3.7) and (3.8) that
[u@]” + [Vu@]* + uo)];

2 —ot t
C< ;33||Z(x)”1 + e_”(t_r) 2t ”2 + )Le— . [w eas”g(x’ S) H2 dS>,

and this implies (3.9). O

Lemma 3.3 Assume that (1.2)-(1.4) hold and the external force g € LlOC(R, L2(R")) satisfies
(1.5). Let the family Bo ={Bo(t): t € R} be defined by (3.5). Then, for any ¢ > 0 and any
t € R, there exist k = k(t,€) > 0 and t'(t, &) such that

/ |L[(t, ), |2 dx<e forallk> kT <7'(t,e) and u, € By(z). (3.13)
x| >k
Proof Choose a smooth function 0 such that 0 <6(s) <1 for s € R*,
0, 0<s<l,
0(s) =
1, s>2,

and there exists a constant ¢ such that |6'(s)| < c.
Multiplying (1.1) by 6 (‘x )u and integrating on R”, we have

1d |x|? || ||
SN (kz )|u| dx / 92(k2 )uAudx+A/Rn9 (k >| 2 dx
2 2 2
:_/ <|x| )/l(u) dx / <|x| ) x)fz(u)udx+/ <|k| > (x, t)udx
2 2 2
5,31/ (le )|u| dx — oz/ 92<|x| )|u|Pd +ﬁ/ 92(|x| )a(x)dx
R7
—on [ 92('k'22) (x)|u|de+A‘TmAn92('x'2)| 2
1 ||
+ 26— B /ﬂ;n 92<;:—2)|g(x,t)}2dx.

And so

d 2 |9C|2 2 2 || |x|
o Rn@ (? |u| dx—2v/Rn0 = uAudx + (A — /31)/ |u|? dx

2
<2ﬂ3/ <|/|2) (x) dx + o 51) ( >| (x,1)|" dx. (3.14)

For the second term on the left-hand side of (3.14)), we know

2
—v/ 02(|k|2 )uAudx
RVI
x e %2\ 4w
:v/ 92(|k|2 )quI dx+v/n9 <|k_|2>9<|k_|2>uﬁ -Vudx (3.15)
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and

o % x>\ 4x

4\/§c
k

=

C
lu||Vu|dx < —||ull|Vull. (3.16)
k<lxl<+/2k k

It follows from (3.15) and (3.16) that

d or 2 |x|2 2

eor

C
<28 e"’/ a(x)dx + 7/ (x, 1) “dx + —e7||ul| | Vull.
A (A = B1) Jixi=k g2 k

Integrating over the interval [z, ¢], we get

/n 92<|z—|22> |u(t)‘2dx
e

t t t
<28 e“”/ e”/ a(x)dxdr + / e‘”/ G, r) | dxdr
’ T |x|>k ()‘- - ﬂl) T lx|>k ig |

C t
+ /—e“”/ e ull | Vulldr + e e [|u ||, (3.17)
K T

where T < 70(¢, D). We now treat each term on the right-hand side of (3.17). For the first

term,

t
2,33@_“/ e‘”/ a(x)dxdr§2ﬁge_‘”e‘”/ a(x)dfoﬂg/ a(x) dx,
T | >k |x| >k

x>k
by (1.4), for any ¢ > 0, there exists kj (¢, £) such that

28; / a(x) dx < 2 for all k > k;. (3.18)
x>k

For the second term, by (1.5), for any ¢ > 0, there exists k, (g, t) such that

1 ¢ 2
- or ; d d
u-m/f /.x.>k|g(x [ ddr

o L s <
<— e (x,7)|"dxdr<— forall k > k. (3.19)
()" - ,31) -0 |x|>k |g | 4
For the forth term, since u, € By(t), by (3.6), for any ¢t € R, we get
e u 2 —> 0 ast — —o0. (3.20)

We now handle the third term on the right-hand side of (3.17). By Young’s inequality, we

know

C t C t C t
—e‘”t/ e ul|| Vu| dr < —e-”/ e ||u||* dr + —e-‘”/ || Vul® dr.
k . 2k . 2k .
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We can find 8o > 0 such that

t t
/ &l dr < / T d,
T T

and by (3.4), we have
! 2
/ glo+dolr || u(r) H dr

t 2 —or r
S / e(a+50)r< ,33||ﬂ(x)”1 + efareo"[ ”Mr ”2 + € / eas”g(x’s) ||2 dS) dr
T A= ,61 —00

o
2 x t 1 t t
< ﬂ3||ﬂ( )||le(g+50)t+ea7:”ut”2/ eﬁordr+ / eSosdsf eGS”g(x,S)HZdS
o . A=pB1Je —0
283 lalx 1 1 t
< ﬂ3” ( )||le(a+50)t+ _e(SQteO"E”uT”2+ e50t/ eo's”g(x’s)szs
o 8o So(A = B1) —00
< 00,
Analogously, we can obtain
t
/ €| Vu||? dr < oo.
T
Thus, for any € > 0, there exists k3 (g, £) such that
c —ot ‘ or &
Ze e \ullIVul| dr < 1 for all k > k. (3.21)
T

It follows from (3.18)-(3.21) that

2
/ k|U(t,t)ur|2dx§/l;{ 92<|Ii—|2>|u(t)|2dx<8.
[x[>2 "

So, the proof is complete. d

Next, we utilise Definition 2.6 to prove that the process {U(¢, 7)}. <; associated with the
initial value problem (1.1) is D-pullback w-limit compact.

Lemma 3.4 Assume that (1.2)-(1.4) hold and the external force g € L* (R, L*(R")) satisfies

loc
(1.5). Then the process {U(t,T)}.<; associated with the initial value problem (1.1) is D-
pullback w-limit compact in L*(R").
Proof Denote B, = B(0,r) NR", we can split u(¢) as

u(t) = x (u(t) + (1 x (x))u(t),

where y () is a smooth function satisfying 0 < x(x) <1, |x'(x)| < co, and it is defined by

0, x€B,
1, x ¢ Br+1~

x(x) =
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And so, we have

u(t), x € B, 0, x € B,,
ui(t) =40, x & Byi1, us(t) = § u(t), x ¢ By,
x (x)u(t), others, (1 - x(x)u(t), others.

Forany D € D C B(L*(R")), {U(t,7)D(x)} = {U(¢, T)u, | u, € D(r)} can be split as
U(t,t)D(t) = x (@)Ut T)D(t) + (1 - x (%)) U(, T)D(7).
By Lemma 2.1, we have
a(U(t,T)D()) < a(x @)U T)D(T)) + a((1 - x (x))U(t, T)D(2)). (3.22)
By Lemma 3.1, we get u;(£) € L*(B,) as T < 7o(t, D) and
x @)U, T)D(z) = { x @)Ut T)u: = i (£) | u, € D()}.
By Lemma 3.2, we have
[ @6, = 1 V1O 125, < RO forall T <72, D).

Since H}(B,1) <> L*(B,,1) is compact, x (x)U(t,7)D(t) is compact in L?(B,,;). By Lem-
ma 2.1, we obtain

a(x(x)U(t,r)D(t)) =0. (3.23)

By Lemma 3.3, for any ¢ > 0, we can choose r large enough such that

/ lul*> <e.
[x[>r

And then
lusl <& forallt <t'(te). (3.24)
We know
(1-x@) U6 T)D(T) = {(1 - x ) Ut T)ur = up(2) | u, € D(1)}.
By (3.24), we obtain
a((1-x@)U@E1)D(r)) <e forallT <7'(t¢). (3.25)
It follows from (3.22), (3.23) and (3.25) that
a(U(t,7)D(x)) <& forall T <min{ro(t, D), ui(t, D), 7' (t, )}

By Definition 2.6, we obtain {U(¢, 7)},<; is D-pullback w-limit compact in L2(R"). (]
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Using Theorem 2.2 or Theorem 2.4, it is easy to prove the following theorem by
Lemma 3.1 and Lemma 3.4.

Theorem 3.1 Assume that (1.2)-(1.4) hold and the external force g € L2 (R, L*(R")) satis-

loc

fies (1.5). Then the process {U(t, T)}. < associated with the initial value problem (1.1) has a
D-pullback attractor A = {A(¢t) : t € R} in L>(R").

3.2 (L2(R"), LP(R"))-D-pullback attractors
In this subsection, we prove the existence of D-pullback attractors in L (R"). We set B, =
{B:1(¢) : t € R}, where

Bi(t) = {u e L*(R") N LP(R") : lu|l + |lull, <Ri(t)} forallteR, (3.26)

and Ry (¢) is defined in Lemma 3.2. So by Lemma 3.2, we obtain the family B = {Bi(t):t e
R} is (L2(R"), LP(R"))-D-pullback absorbing for the process {Li(t, T)},<s, i.e. for any De
D C B(L*(R")), there exists 11(¢, D) < ¢ such that U(¢,7)D(t) C By(¢) for all T < 71(¢, D).
We also know

e”t(Rl(t))2 —0 ast— —oo. (3.27)

Based on Theorem 2.4, we only prove that the process {U(t, 7)}.<; associated with the
initial value problem (1.1) is O-pullback w-limit compact in L?(R"). Firstly, we prove the
following lemma.

Lemma 3.5 Assume that (1.2)-(1.4) hold and the external force g € L? (R, L*(R")) satisfies

loc

(1.5). Let the family B ={Bi(t): t € R} be defined by (3.26). Then, for any ¢ > 0, any D €
D C B(L2(R")) and any t € R, there exist M = M(t, &) > 0 and t"(t, &) such that

/ !U(t,r)uf‘pdxgs
RE(|U(tT)ue |=M)
Jorallu, € D(t),t <1"(t,¢) and M > 2M,. (3.28)

Proof For any ¢ > 0 be given, by (1.5), there exists §; > 0 such that

t
/ e’ / |g(x, s)|2 dxds < ¢, (3.29)
—00 el

where e; C R” and m(e;) < 8;. By Lemma 2.2 and Lemma 3.2, we know that there exist
M = M;(t,¢) and 15 = 15(¢, &) such that

m(R”(|LI(t, r)ut| > Ml)) <8, forallu, e D(r)and T <15. (3.30)
By (1.2) and (1.3), we can choose M, large enough such that

arulP™ = Bilul < fi(w) < calul™ + Balul  inR” (Ut T)u, > Mp), (3.31)

aslulP™ < fo(u) <aglulP™  inR" (UL T)u: = M,). (3.32)
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Let My = max{M;, M,} and 7 < 7,. Multiplying Eq. (1.1) by (u —Mo)lff1 and integrating on

R”, we have
1 d )4 —1 -1
-— |(u—M0)+‘ dx—v Au(u— Mol dx + A u(u— Mo dx
P dt R” R” R~

+ / Sfi(w)(u — Mo)? ™ dix + / a(x)fo(u)(u — Mo)? ™ dx = / g, ) (u — Mo dx,
R7 R7 R7
where (4 — My), denotes the positive part of u — M, that is

u-My, u=>My,

(u— M), =
0, u <M0.

Let Q; = R"(U(¢, T)u, > M), we get
(= Mo)P2 < |ufP™Mu—- Mol and (u—Mo) < u(u —Mo){'fl in Q;.

It follows from (3.31), (3.32), Young’s inequality and Holder’s inequality that

_V/ Au(u—Mo¥rdx=v(p-1) | |Vul*(u-Mo)*dx>0, (3.33)
n Q

/ fl(u)(u—Mg)’j_ldxz/ a1|u|p_1(u—Mo){i_1dx
R” Q

— | Bulul(u— Mo} dx, (3.34)
Q1

f a(x)fs (u)(u - Mo)“f1 dx > a3 f a(x)|uP ™ (u - Mo){’1 dx >0, (3.35)
Rn

Q

1
/ g, t)(u — Mo)? ' dx < — / }g(x, t)|2dx s / (u— Mo) ¥ dx
R” 20[1 o 2 o
1
<5 / lgto ) dx+ =L / |ul?™ - Moo dx. (3.36)
2(11 Q1 2 oht

By (3.33)-(3.36), we get

1d

1
=) s ) [ (-t P e < [ gt an
pdt Jo, o 201 Jg,

which implies that

i(t-z)ef’f |(u—M0)+|pdx+coe‘”/ |(u — My). | dx
dt Q1 Q

_pt=7)
- 20{1

e‘”/ |g(x,t)|2dx, (3.37)
1931

where 1 >0 in ©; and ¢g = (p(A — 1) —0)(t — t) — 1. Since o € (0,A — 1) and p > 2, there
exists 13 = 13(t, €) < 0 such that

(p(h=B1)-o)(t-7)=1 forallt <t3.
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So integrating (3.37) over the interval [z, £], we have

t
/ |~ M) |" dx < zie“”/ e‘”/ |g(x,s)|2dxds.
Q1 (231 —00 (931

By (3.29), we can obtain
’(u - My), |p dx < Ce forall t <13 and u, € D(1), (3.38)
Q1

where C > 0 is a constant independent of M. Set 5 = R*(U(¢, T)u, < —M). Likewise,
replacing (u — M), with (u + My)_, we can also obtain that there exists 74 = 74(¢, ) such
that

/ |(u +M0)_|p dx <Ce forall t <174 andu, € D(1), (3.39)
2
where (u + My)_ is the negative part of u + My, that is

u+Mo, u<=<-Moy,
(u+Mo)- =
0, u > —Mo.

Then it follows from (3.38) and (3.39) that

/ |(lul = Mo) [’ dx <e forallT < 7"(t,) and u, € D(x),
RA(|U(tT)uc |>Mo)

where (¢, £) = min{t3, 74}. Hence, we get
/ ’U(t,r)ur ‘p dx
RE(|U(tT)uc |22Mp)

:/ (lul = Mo + Mo)" dx
RA(|U(t,T)ur|=2Mp)

<2t (/ (Jul —Mo)pdx+/ (MO)de)
RA(U(t7)ur [22Mo) (Ut 7)ue | 22M0)

<ol (/ (Iul —Mo)pdx+/ (Iul —Mo)pdx) <2P¢.
RA(JU(t7)ur |>Mo) R(|U(tT)uc |2Mo)

Finally, we obtain (3.28) and the proof is complete. g

By Theorem 2.3, Lemma 3.4 and Lemma 3.5, we can obtain that the process {U(¢, )} <
associated with the initial value problem (1.1) is D-pullback w-limit compact in L?(R").
So it is easy to prove the following theorem.

Theorem 3.2 Assume that (1.2)-(1.4) hold and the external force g € leoc (R, L*(R™)) satis-
fies (1.5). Then the family of sets A' = {A'(t) : t € R} is (L2(R"), LP(R"))-D-pullback attrac-
tors for {U(t, )} <.
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Proof We know that the family B = {Bi(t) : t e R} is (L*(R"), LP(R"))- D -pullback absorb-
ing for the process {U(¢, T)}.<;, where B;(t) is defined by (3.26). Thus, by Theorem 2.4, we
can deduce that the theorem is true. O
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