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Abstract
We consider nonlinear sub-elliptic systems with Dini continuous coefficients for the
case 1 <m < 2 in Carnot groups and prove a C1-partial regularity result for weak
solutions under the controllable growth conditions. Our method of proof for
sub-elliptic systems is based on a generalization of the technique ofA-harmonic
approximation. It is interesting to point out that our result is optimal in the sense that
in the case of Hölder continuous coefficients we get directly the optimal Hölder
exponent on its regular set.
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1 Introduction and the main result
In this paper, we are focused on the nonlinear sub-elliptic systems involving sub-quadratic
( < m < ) controllable growth terms in divergence form in Carnot groups G,

–
k∑

i=

XiAα
i (ξ , u, Xu) = Bα(ξ , u, Xu), ξ ∈ �,α = , . . . , N , (.)

where � is a bounded domain in G, X = {X, . . . , Xk} with Xi (i = , . . . , k) to see (.) below,
u : � →R

N , Aα
i : � ×R

N ×R
k×N →R

k×N , and Bα : � ×R
N ×R

k×N →R
N .

The aim is to weaken assumptions on coefficients Aα
i with Hölder continuity in the vari-

ables (ξ , u) to the assumptions of Dini continuity, and to show a partial regularity result
with optimal estimates for the modulus of continuity for the horizontal derivative Xu; see
[, ] for the case of sub-elliptic systems with Hölder continuous coefficients.

As is well known, even under reasonable assumptions on the coefficients Aα
i , Bα in the

systems, people cannot in general expect that weak solutions of nonlinear elliptic systems
of equations will be classical (i.e., C-solutions) like elliptic scalar equations; see [] by
De Giorgi. Then the goal is to establish partial regularity of weak solutions for systems;
see monographs [–] for more details. Moreover, Duzaar and Steffen in [] introduced a
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new method called A-harmonic approximation technique, which was then simplified by
Duzaar and Grotowski in [], to investigate elliptic systems with quadratic growth case.
This technique avoids proving a reverse Hölder inequality. Later, many results have been
obtained for more general coefficients Aα

i or Bα in the Euclidean setting; see [–] for
Hölder continuous coefficients, and [–] for Dini continuous coefficients.

With respect to sub-elliptic systems in Carnot groups, there are some new difficulties
and challenges which remain due to the lack of commutation and homogeneity of the hor-
izontal vector fields. We list several results for sub-elliptic systems with Hölder continuous
coefficients. Capogna and Garofalo [], and Shores [] considered the quadratic growth
case, whereas Föglein [], Wang and Niu [], and Wang and Liao [] treated non-quadratic
cases. It is remarkable that Zheng and Feng [] showed everywhere regularity for weak
solutions of sub-elliptic p-harmonic systems while p is closed to  in Carnot groups. We
also refer readers to [–] for regularity of weak solutions and to [–] for other in-
teresting topics such as variational principle, uniqueness, existence and nonexistence of
solutions to sub-elliptic equations on Carnot groups.

Recently, Wang and Liao [] considered sub-elliptic systems with Dini continuous coef-
ficients under super-quadratic conditions (m ≥ ). In this paper, we treat the sub-quadratic
case ( < m < ). It is worth mentioning that the key point is to establish a certain excess-
decay estimate for the excess functional �. In the case m ≥ , this functional is given by

�(ξ,ρ, p) =
 

Bρ (ξ)

[|Xu – p| + |Xu – p|m
]

dξ ,

where we have used the notation
ffl

Br(ξ) u(ξ ) dξ = 
|Br(ξ)|G

´
Br (ξ) u(ξ ) dξ . However, in the

sub-quadratic case  < m < , one should establish the excess-decay estimate for the fol-
lowing functional:

�(ξ,ρ, p) =
 

Bρ (ξ)

∣∣V (Xu) – V (p)
∣∣ dξ , (.)

where V (A) = ( + |A|) 
m– for A ∈ R

k×N , which itself leads to the continuity of the hori-
zontal gradient Xu of the weak solution via the integral characterization of continuity by
Campanato. For  < m < , we first have to generalize the approximation lemma directly
(see Lemma  below), and the proof requires a Sobolev-Poincaré type inequality related
to the functions V (see Lemma  below).

In the sequel, let � ⊂ G be a bounded domain in Carnot groups G with general step and
consider weak solutions of the sub-elliptic systems (.), i.e.,

ˆ
�

Aα
i (ξ , u, Xu)Xiϕ

α dξ =
ˆ

�

Bα(ξ , u, Xu)ϕα dξ , ∀ϕ ∈ C∞


(
�,RN)

(.)

with sub-quadratic controllable structure conditions (H)-(H), where:
(H): Aα

i (ξ , u, p) is differentiable with respect to p, with bounded and continuous deriva-
tives, that is, there exists a constant C such that

∣∣Aα

i,pj
β

(ξ , u, p)
∣∣ ≤ C

(
 + |p|) m–

 ,  < m < , (.)

where we denote by Aα

i,pj
β

(·) = ∂Aα
i (·)

∂pj
β

. Furthermore, (H) implies that there exists a con-

tinuously nonnegative and bounded function ω(s, t) : [,∞) × [,∞) → [,∞), where
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ω(s, ) =  for all s, and ω(s, t) is monotonously nondecreasing in s for fixed t; ω(s, t) is
concave and monotonously nondecreasing in t for fixed s such that

∣∣Aα

i,pj
β

(ξ , u, p) – Aα

i,pj
β

(ξ , u, p̃)
∣∣ ≤ C

(
 + |p| + |p̃|) m–

 ω
(|p|, |p – p̃|). (.)

(H): Aα
i (ξ , u, p) satisfies the following ellipticity condition:

Aα

i,pj
β

(ξ , u, p)ηα
i η

β

j ≥ λ
(
 + |p|) m–

 |η|, ∀η ∈R
k×N , (.)

where λ is a positive constant.
(H): There exists a modulus of continuity μ : (,∞) → [,∞) such that

∣∣Aα
i (ξ , u, p) – Aα

i (ξ̃ , ũ, p)
∣∣ ≤ K

(|u|)μ((
dm(ξ , ξ̃ ) + |u – ũ|m) 

m
)(

 + |p|) m
 , (.)

where K(·) : [,∞) → [,∞) is monotonously nondecreasing. Without loss of generality,
we assume K(·) ≥  and that (μ) μ is nondecreasing with μ(+) = μ() = ; (μ) μ is con-
cave, and r → r–γ μ(r) is nonincreasing for some exponent γ ∈ (, ); (μ) Dini condition

H(r) =
´ r



√
μ(ρ)
ρ

dρ < ∞ for some r > .
(H) (Controllable growth condition): The term Bα satisfies sub-quadratic controllable

growth condition

∣∣Bα(ξ , u, p)
∣∣ ≤ C

(
 + |u|r– + |p|m(r–)/r),  < m < , (.)

where C is a positive constant, and r = mQ
Q–m if m < Q; or Q ≤ r < +∞ if m = Q. We note that

Q ≥  is the homogeneous dimension in non-Abelian Carnot groups (see (.) below),
and the exponent m satisfies  < m < . So those infer that m < Q, and then r = mQ

Q–m in our
setting.

We follow the strategy in the Euclidean case used by Duzaar et al. in [] and Duzaar
and Grotowski in [] with the necessary modification to handle the sub-elliptic case in
Carnot groups. First, inspired by [], we choose horizontal variables to construct an aux-
iliary function to establish Caccioppoli type inequality; see Lemma  below. The method
of using Taylor’s expansion in [] cannot be easily adapted to our situation. Instead, we
choose different auxiliary functions and apply the Sobolev-Poincaré type inequality (.)
to obtain the desired excess improvement estimates.

The main result in this paper is as follows.

Theorem  Assume that coefficients Aα
i and Bα satisfy conditions (H)-(H) with (μ)-

(μ), and u ∈ HW ,m(�,RN ) is a weak solution to (.) with bounded domain � ⊂ G. Then
there exists an open subset � ⊂ � such that u ∈ C(�,RN ). Furthermore, the closed sin-
gular set � \ � ⊂ � ∪ � of Lebesgue measure zero, where

� =
{
ξ ∈ � : lim

r→+
sup

(∣∣(Xu)ξ,r
∣∣) = ∞

}
,

� =
{
ξ ∈ � : lim

r→+
inf

 
Br(ξ)

∣∣Xu – (Xu)ξ,r
∣∣m dξ > 

}
.
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In addition, for τ ∈ [γ , ) and ξ ∈ � \ �, the derivative Xu has the modulus of continuity
r → rτ + M(r) in a neighborhood of ξ.

It is worth pointing out that the Haar measure in Carnot groups G with the underlying
manifold R

n is just the Lebesgue measure in R
n. Our result is optimal in the sense that

when μ(ρ) = ργ ,  < γ < , we have M(r) =
´ r


μ(ρ)

ρ
dρ = γ –rγ , and C,γ regularity is known

to be optimal in that case; see the reference [] by Wang and Liao.

2 Preliminaries
A Carnot group G of step r is a simply connected, nilpotent Lie group whose Lie al-
gebra g admits a stratification, i.e., g =

⊕r
j= V j such that [V , V j] = V j+, j = , . . . , r – 

and [V , V r] = {}. Let Xl
i be a left-invariant basis vector field of V l with  ≤ l ≤ r and

 ≤ i ≤ ml , where ml is the dimension of V l . For simplicity, we write Xi = X
i , k = m, and

denote by X = (X, . . . , Xk) the horizontal gradient. We say that Xi (i = , . . . , k) are the hor-
izontal vector fields with the form

Xi = ∂i +
n∑

j=i+

aij(ξ )∂j, Xi() = ∂i, (.)

where aij(ξ ) is a polynomial.
We write

ξ =
(
ξ , ξ , . . . , ξ r) =

(
x

, x
, . . . , x

m ; x
 , . . . , x

m ; . . . ; xr
, . . . , xr

ml

) ∈ G,

and the distance from origin is defined by

d(ξ ) =

[ r∑

l=

( ml∑

i=

∣∣xl
i
∣∣

) r!
l
] 

r!

. (.)

For any ξ ,η ∈ G, we set d(ξ ,η) = d(η– ◦ ξ ), where η– = –η = (–η, . . . , –ηr) is the reverse
of η, and ◦ is the multiplication rule in G defined by ξ ◦ ξ̃ = ξ + ξ̃ + P(ξ , ξ̃ ), ξ , ξ̃ ∈ G, where
P : G × G �→ G has polynomial components. Following [], we denote by ωG = |B()|G
the volume of unit ball. Then |Br(ξ )|G = ωGrQ, where

Q =
r∑

l=

lml (.)

is the homogeneous dimension of G.
The non-Abelian Heisenberg groupH

n is the simplest and the most important prototype
of the Carnot group with step r = , which is defined as Rn+ endowed with the following
group multiplication:

(
ξ , t

) · (ξ̃ , t̃
)

:=

(
ξ  + ξ̃ , t + t̃ +




n∑

i=

(xiỹi – x̃iyi)

)
. (.)
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The basic vector fields corresponding to its Lie algebra g can be explicitly calculated by
the exponential map and are given by

Xi =
∂

∂xi
–

yi


∂

∂t
, Xi+n =

∂

∂yi
+

xi


∂

∂t
, T =

∂

∂t
(.)

for i = , , . . . , n. The homogeneous dimension Q in the Heisenberg group Hn is n+ ≥ .
Given the property of the Heisenberg algebra g, one has g = R

n+ = V ⊕ V with V =
R

n × {} and V = {}Rn ×R such that [Xi, Xn+j] = Tδij and [V, V] = V.
Let  ≤ m < ∞ and � ⊂ G be an open set. If u ∈ Lm(�) satisfies

‖u‖HW ,m(�) = ‖u‖Lm(�) +
k∑

i=

‖Xiu‖Lm(�) < ∞, (.)

we say that u belongs to the horizontal Sobolev space. The space HW ,m
 (�) is the com-

pletion of C∞
 (�) under the norm (.).

Throughout the paper, we shall use the functions V , W : Rn →R
n defined by

V (ς ) = ς/
(
 + |ς |) –m

 , W (ς ) = ς/
(
 + |ς |–m) 

 (.)

for each ς ∈ R
n and m > . By the elementary inequality ‖x‖ 

–m
≤ ‖x‖ ≤  m

 ‖x‖ 
–m

ap-
plied to the vector x = (, |ς |–m) ∈R

, we conclude that

(
 + |ς |) –m

 ≤  + |ς |–m ≤ 
m

(
 + |ς |) –m

 , (.)

which immediately yields

∣∣W (ς )
∣∣ ≤ ∣∣V (ς )

∣∣ ≤ 
m

∣∣W (ς )

∣∣. (.)

The purpose of introducing W is the fact that in contrast to |V | 
m , the function |W | 

m is
convex (see []).

The following lemma includes some useful properties of the function V , which can be
found in Lemma . of [].

Lemma  Let m ∈ (, ) and V , W : Rn →R
n be the functions defined in (.). Then there

holds for any ς,ς ∈R
n and t > :

() √
 min(|ς|, |ς| m

 ) ≤ |V (ς)| ≤ min(|ς|, |ς| m
 );

() |V (tς)| ≤ max(t, t m
 )|V (ς)|;

() |V (ς + ς)| ≤ C(m)(|V (ς)| + |V (ς)|);
() m

 |ς – ς| ≤ |V (ς) – V (ς)|/( + |ς| + |ς|) m–
 ≤ C(m, n)|ς – ς|;

() |V (ς) – V (ς)| ≤ C(m, n)|V (ς – ς)|;
() |V (ς – ς)| ≤ C(m, M)|V (ς) – V (ς)| for all ς with |ς| ≤ M.

The inequalities ()-() also hold if V is replaced by W .

Let ς,ς ∈ R
n with |ς| ≤ M, and we mention that the following two estimates can be

deduced from Lemma () and ():

|ς – ς| ≤ C(m, M)
∣∣V (ς) – V (ς)

∣∣ (.)
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for |ς – ς| ≤ , while for |ς – ς| > ,

|ς – ς|m ≤ C(m, M)
∣∣V (ς) – V (ς)

∣∣. (.)

The next lemma is an algebraic fact from [].

Lemma  For every t ∈ (– 
 , ) and η ≥ , it holds

 ≤
´ 

 (η + |p + s(p̃ – p)|)t ds
(η + |p| + |p̃|)t ≤ 

t + 
, (.)

for any p, p̃ ∈R
k×N , not both zero if η = .

The nondecreasing property of μ yields sμ(t) ≤ sμ(t) for all  ≤ t ≤ s. By the nonin-
creasing property of r �→ μ(r)

r and μ() ≤ , we conclude that

sμ(t) ≤ sμ(s) + t, s ∈ [, ], t > . (.)

By (μ), we further obtain for θ ∈ (, ), t > , j ∈N∪ {},


γ

(
 – θγ

)
μ/(θjt

)
=
ˆ θjt

θ(j+)t
τ

γ
 – μ/(θjt)

(θjt)γ / dτ ≤
ˆ θjt

θ(j+)t

μ/(τ )
τ

dτ ,

which implies

∞∑

j=

μ/(θjt
) ≤ γ

( – θγ )
H/(t).

It yields particularly that μ(t) ≤ γ 

 H(t) for all t ≤ , and t �→ t–γ H(t) is also nonincreasing.
In what follows, we denote ρ(s, t) = ( + s + t)–K(s + t)–, and K(s, t) = ( + t)mK(s +

t) for s, t ≥ , and note that ρ ≤  and that s → ρ(s, t), t → ρ(s, t) are nonincreasing
functions.

3 Caccioppoli type inequality
We first generalize an A-harmonic approximation lemma in our setting. Then a Sobolev-
Poincaré type inequality (Lemma ) and a prior estimate (Lemma ) are introduced for
the sub-quadratic case in Carnot groups, and the detailed proofs can be found in [] by
Wang, Liao and Yu. The last and key point is to prove a Caccioppoli type inequality.

By Bil(Rk×N ) we denote the collection of bi-linear forms defined in R
k×N . Let A ∈

Bil(Rk×N ), we say that a function h ∈ HW ,m(�,RN ) is A-harmonic if h satisfies

ˆ
�

A(Xh, Xϕ) dξ = , ∀ϕ ∈ C

(
�,RN)

. (.)

Similarly to [], one can establish the following A-harmonic approximation lemma for
the case  < m <  in Carnot groups.
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Lemma  Let λ and L be fixed positive numbers,  < m < , and k, N ∈ N with k ≥ .
Suppose that for any given ε > , there exists δ = δ(k, N ,λ, L, ε) ∈ (, ] with the following
properties:

(I) for any bi-linear form A ∈ Bil(Rk×N ) satisfying

A(ν,ν) ≥ λ|ν| and A(ν, ν̄) ≤ L|ν||ν̄|, ν, ν̄ ∈R
k×N , (.)

(II) for any function g ∈ HW ,m(Bρ(ξ),RN ) satisfying

 
Bρ (ξ)

∣∣W (Xg)
∣∣ dξ ≤ ϒ ≤  and (.)

∣∣∣∣
 

Bρ (ξ)
A(Xg, Xϕ) dξ

∣∣∣∣ ≤ ϒδ sup
Bρ (ξ)

|Xϕ|, ∀ϕ ∈ C

(
Bρ(ξ),RN)

. (.)

Then there is an A-harmonic function

h ∈ H =
{

h ∈ HW ,m(
Bρ(ξ),RN)∣∣∣

 
Bρ (ξ)

∣∣W (Xh)
∣∣ dξ ≤ 

}

such that

 
Bρ (ξ)

∣∣∣∣W
(

g – ϒh
ρ

)∣∣∣∣


dξ ≤ ϒε. (.)

Lemma  (Sobolev-Poincaré type inequality) Let m ∈ (, ) and u ∈ HW ,m(Bρ(ξ),RN )
with Bρ(ξ) ⊂ �, then

( 
Bρ (ξ)

∣∣∣∣W
(

u – uξ,ρ

ρ

)∣∣∣∣

Q
Q–m

dξ

) Q–m
Q ≤ CP

( 
Bρ (ξ)

∣∣W (Xu)
∣∣ dξ

) 


. (.)

Furthermore, the analogous inequality is valid with W replaced by V defined in (.), and
in particular, the inequality also holds if we substitute  for Q

Q–m .

Lemma  Let u ∈ HW ,(�,RN ) be a weak solution of the systems with constant coefficients

ˆ
�

Aαβ

ij XjuβXiφ
α dξ = , φ ∈ C∞


(
�,RN)

. (.)

Then u is smooth and there exists C ≥  such that for any Bρ(ξ) ⊂ �,

sup
Bρ/(ξ)

(|u – uξ,ρ | + ρ|Xu| + ρ∣∣Xu
∣∣) ≤ Cρ


 

Bρ (ξ)
|Xu| dξ . (.)

To establish the main result, a crucial ingredient in the local regularity of weak solutions
to systems (.) is a Caccioppoli type inequality. We prove a version which is adapted to
our situation.
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Lemma  (Caccioppoli type inequality) Let u ∈ HW ,m(�,RN ) be a weak solution to sys-
tem (.) under conditions (H)-(H) with (μ)-(μ). Then, for any ξ = (ξ 

, . . . , ξ r
) ∈ �,

and  < t < s ≤ ρ
m

(–m)(m–)
 (|u|, |p|), it holds

 
Bt (ξ)

∣∣V (Xu – p)
∣∣ dξ ≤ Cc

( 
Bs(ξ)

∣∣∣∣V
(

u – u – p(ξ  – ξ 
)

s – t

)∣∣∣∣


dξ + U
)

(.)

with

U =
[
K(·)( + |p|

)]m/(m–)
μ(s(–m)(m–)/m)

+
(
 + M + |p|s

)m/(m–)
sm–

+ μ(s(–m)(m–)/m)[ 
Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r ) m

m–
, (.)

where we denote K(·) = K(|u| + |p|), Cc = Cc(Q, N , m, L,λ, M), and ξ  = (ξ 
 , ξ 

 , . . . , ξ 
k ) is

the horizontal component of ξ ∈ G.

Proof Let η ∈ C∞
 (Bs(ξ)) be a standard cut-off function satisfying  ≤ η ≤ , |Xη| < C

s–t
and η ≡  on Bt(ξ). Inspired by the way of [], we let v = u(ξ ) – u – p(ξ  – ξ 

), and then
define two functions

ϕ = ηv, φ = ( – η)v, (.)

one has

Xϕ + Xφ = Xu – p (.)

and

∣∣V (Xϕ)
∣∣,

∣∣V (Xφ)
∣∣ ≤ C(m)

(∣∣V (Xv)
∣∣ +

∣∣∣∣V
(

v
s – t

)∣∣∣∣

)
. (.)

Using hypothesis (H), Lemma  and the elementary inequality

 + |a| + |b – a| ≤ 
(
 + |a| + |b|), (.)

we have
ˆ

Bs(ξ)

[
Aα

i (ξ , u, p + Xϕ) – Aα
i (ξ , u, p)

]
Xiϕ

α dξ

=
ˆ

Bs(ξ)

ˆ 



∂Aα
i (ξ , u, p + θXϕ)

∂pβ

j
dθXjϕ

βXiϕ
α dξ

≥ λ

ˆ
Bs(ξ)

[ˆ 



(
 + |p + θXϕ|)

(m–)/

dθ

]
|Xϕ| dξ

≥ (m–)/λ

ˆ
Bs(ξ)

(
 + |p| + |Xϕ|)(m–)/|Xϕ| dξ . (.)
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From (.), it follows that

(m–)/λ

ˆ
Bs(ξ)

(
 + |p| + |Xϕ|)(m–)/|Xϕ| dξ

≤
ˆ

Bs(ξ)

[
Aα

i (ξ , u, p + Xϕ) – Aα
i (ξ , u, p)

]
Xiϕ

α dξ

≤ –
ˆ

Bs(ξ)

[
Aα

i (ξ , u, p) – Aα
i
(
ξ , u + p

(
ξ  – ξ 


)
, p

)]
Xiϕ

α dξ

–
ˆ

Bs(ξ)

[
Aα

i
(
ξ , u + p

(
ξ  – ξ 


)
, p

)
– Aα

i (ξ, u, p)
]
Xiϕ

α dξ

–
ˆ

Bs(ξ)

ˆ 



∂Aα
i (ξ , u, Xu – θ (Xu – Xϕ – p))

∂pβ

j
dθXjφ

βXiϕ
α dξ

+
ˆ

Bs(ξ)
Bi(ξ , u, Xu)ϕα dξ

:= I + II + III + IV , (.)

where we have used (.), (.) and the fact that

ˆ
Bs(ξ)

Aα
i (ξ, u, p)Xϕα dξ = .

Noting that ϕ = v on Bt(ξ), m –  <  and (.), the left-hand side in (.) can be
estimated by

(m–)/λ

ˆ
Bt (ξ)

(
 + |p| + |Xϕ|)(m–)/|Xϕ| dξ

= (m–)/λ

ˆ
Bt (ξ)

(
 + |p| + |Xv|)(m–)/|Xv| dξ

≥ C(m)λ
ˆ

Bt (ξ)

[(
 + |p| + |Xu|)(m–)/|Xu – p|

]
dξ

≥ C(k, N , m,λ)
ˆ

Bt (ξ)

∣∣V (Xu) – V (p)
∣∣ dξ

≥ C(k, N , m,λ, M)
ˆ

Bt (ξ)

∣∣V (Xv)
∣∣ dξ , (.)

where we have applied Lemma () in the second inequality and Lemma () for the final
inequality.

The structure condition (H) yields

I ≤
ˆ

Bs(ξ)
K(·)( + |p|

)m/
μ

(|v|)|Xϕ|dξ

≤ 
s(–m)(m–)/m

ˆ
Bs(ξ)

[
K(·)( + |p|

)m/s(–m)(m–)/mμ
(|v|)]|Xϕ|dξ

≤ 
s(–m)(m–)/m

ˆ
Bs(ξ)

[
K(·)( + |p|

)m/s(–m)(m–)/m
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× μ
(
K(·)( + |p|

)m/s(–m)(m–)/m)
+ |v|]|Xϕ|dξ

≤ 
s(–m)(m–)/m

ˆ
Bs(ξ)

[
K(·)( + |p|

)ms(–m)(m–)/mμ
(
s(–m)(m–)/m)

+ |v|]|Xϕ|dξ

≤
ˆ

Bs(ξ)

[
K(·)( + |p|

)m
μ

(
s(–m)(m–)/m)

+
|v|

s(–m)(m–)/m

]
|Xϕ|dξ , (.)

where we have used the inequality sμ(t) ≤ sμ(s) + t for s ∈ [, ] and t > .
To obtain a suitable estimate for I , we need to take the domain Bs(ξ) into four parts:

Bs(ξ) ∩ {|v/s| > } ∩ {|Xϕ| ≤ }, Bs(ξ) ∩ {|v/s| > } ∩ {|Xϕ| > }, Bs(ξ) ∩ {|v/s| ≤ } ∩
{|Xϕ| > }, Bs(ξ) ∩ {|v/s| ≤ } ∩ {|Xϕ| ≤ }, and we will use Young’s inequality, (.) and
(.), repeatedly.

Case : On the part Bs(ξ) ∩ {|v/s| > } ∩ {|Xϕ| > }, we see

[
K(·)( + |p|

)m
μ

(
s(–m)(m–)/m)

+
|v|

s(–m)(m–)/m

]
|Xϕ|

≤ ε|Xϕ|m + ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)]m/(m–) + ε–

∣∣∣∣
v
s

∣∣∣∣|v|/(m–)sm–

≤ ε|Xϕ|m + ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)]m/(m–)

+ ε–
∣∣∣∣
v
s

∣∣∣∣
m

+ ε–|v|m/(m–)
sm

≤ εC(m, M)
∣∣V (Xϕ)

∣∣ + ε–C(m, M)
∣∣∣∣V

(
v
s

)∣∣∣∣


+ ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)]m/(m–) + ε–|M + ps|m/(m–)

sm. (.)

Case : On the set Bs(ξ) ∩ {|v/s| > } ∩ {|Xϕ| ≤ }, it holds

[
K(·)( + |p|

)m
μ

(
s(–m)(m–)/m)

+
|v|

s(–m)(m–)/m

]
|Xϕ|

≤ ε|Xϕ| + ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)] + ε–

∣∣∣∣
v
s

∣∣∣∣
m

+ ε–|v|m/(m–)sm

≤ εC(m, M)
∣∣V (Xϕ)

∣∣ + ε–C(m, M)
∣∣∣∣V

(
v
s

)∣∣∣∣


+ ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)] + ε–|M + ps|m/(m–)sm, (.)

where we have used the inequality (m – )/m < .
Case : On the set Bs(ξ) ∩ {|v/s| ≤ } ∩ {|Xϕ| > }, observing m/(m – ) > , one has

[
K(·)( + |p|

)m
μ

(
s(–m)(m–)/m)

+
|v|

s(–m)(m–)/m

]
|Xϕ|

≤ ε|Xϕ|m + ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)]m/(m–) + ε–

∣∣∣∣
v
s

∣∣∣∣|v|/(m–)sm–

≤ εC(m, M)
∣∣V (Xϕ)

∣∣ + ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)]m/(m–)

+ ε–|M + ps|/(m–)sm–. (.)
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Case : For Bs(ξ) ∩ {|v/s| ≤ } ∩ {|Xϕ| ≤ }, there is

[
K(·)( + |p|

)m
μ

(
s(–m)(m–)/m)

+
|v|

s(–m)(m–)/m

]
|Xϕ|

≤ εC(m, M)
∣∣V (Xϕ)

∣∣ + ε–[K(·)( + |p|
)m

μ
(
s(–m)(m–)/m)] + ε–sm. (.)

Combining these estimations with (.), we get

I ≤ εC(m, M)
ˆ

Bs(ξ)

∣∣V (Xv)
∣∣ dξ + C(ε, m, M)

ˆ
Bs(ξ)

∣∣∣∣V
(

v
s – t

)∣∣∣∣


dξ

+ ε–Km/(m–)(·)( + |p|
)m/(m–)

μ(s(–m)(m–)/m)∣∣Bs(ξ)
∣∣
G

+ ε–( + M + |p|s
)m/(m–) ∣∣Bs(ξ)

∣∣
Gsm–. (.)

Similarly to I , it follows that

II ≤
ˆ

Bs(ξ)
K(·)( + |p|

)(m+)/
μ(s)|Xϕ|dξ

≤
ˆ

B(ξ)

[
ε|Xϕ|m + ε–Km/(m–)(·)( + |p|

)m(m+)/(m–)
μm/(m–)(s)

]
dξ

+
ˆ

B(ξ)

[
ε|Xϕ| + ε–K(·)( + |p|

)(m+)
μ(s)

]
dξ

≤ εC(m, M)
ˆ

Bs(ξ)

∣∣V (Xv)
∣∣ dξ + εC(m, M)

ˆ
Bs(ξ)

∣∣∣∣V
(

v
s – t

)∣∣∣∣


dξ

+ ε–Km/(m–)(·)( + |p|
)m(m+)/(m–)

μ(s)
∣∣Bs(ξ)

∣∣
G. (.)

By (H), Lemma  and (.), it holds

III ≤ L
ˆ

Bs(ξ)

[ˆ 



(
 +

∣∣Xu + θ
[
(Xu – Xφ) – Xu

]∣∣)(m–)/
dθ

]
|Xφ||Xϕ|dξ

≤ L
m – 

ˆ
Bs(ξ)

(
 + |Xu| + |Xu – Xφ|)(m–)/|Xφ||Xϕ|dξ

≤ L
m – 

ˆ
Bs(ξ)

(
 + |Xφ|)(m–)/|Xφ||Xϕ|dξ . (.)

Noting that Xφ ⊂ Bs \ Bt and –/ < (m – )/ < , we split the domain Bs(ξ) into four
parts: Bs(ξ)∩{|Xφ| > }∩ {|Xϕ| > }, Bs(ξ)∩{|Xφ| ≤ }∩ {|Xϕ| ≤ }, Bs(ξ)∩{|Xφ| > }∩
{|Xϕ| ≤ } and Bs(ξ) ∩ {|Xφ| ≤ } ∩ {|Xϕ| > }. Similarly to I , it follows that

III ≤ C(L, m, M)
m – 

(ˆ
Bs(ξ)\Bt (ξ)

∣∣V (Xv)
∣∣ dξ +

ˆ
Bs(ξ)

∣∣∣∣V
(

v
s – t

)∣∣∣∣


dξ

)
. (.)
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Using Hölder’s inequality, one has

IV ≤ C
ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)– 

r |ϕ|dξ

≤ C
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

]– 
r
(ˆ

Bs(ξ)
|ϕ|r dξ

) 
r
. (.)

Analogously to I , we take the domain Bs(ξ) into two parts.
Case : For Bs(ξ) ∩ {|Xv| > }, by Sobolev type inequality, Young’s inequality and (.),

it follows that

[ˆ
Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

]– 
r
(ˆ

Bs(ξ)
|ϕ|r dξ

) 
r

≤ C
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

]– 
r
(ˆ

Bs(ξ)
|Xv|m dξ

) 
m

≤ C(ε)
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r ) m

m–
+ Cε

(ˆ
Bs(ξ)

|Xv|m dξ

)

≤ C(ε)
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r ) m

m–

+ C(m, M)ε
(ˆ

Bs(ξ)

∣∣V (Xv)
∣∣ dξ

)
, (.)

where we have used |ϕ|r < |v|r .
Case : On the set Bs(ξ) ∩ {|Xv| ≤ },

[ˆ
Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

]– 
r
(ˆ

Bs(ξ)
|ϕ|r dξ

) 
r

≤ C(ε)
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r )

+ C(m, M)ε
(ˆ

Bs(ξ)

∣∣V (Xv)
∣∣ dξ

)
, (.)

where we have used (.).
Combining these estimates in IV , we have

IV ≤ C(m, M)ε
(ˆ

Bs(ξ)

∣∣V (Xv)
∣∣ dξ

)
+ C(ε)

[ˆ
Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r ) m

m–

+ C(ε)
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r )

. (.)

Substituting (.), (.), (.), (.) and (.) into (.), we finally arrive at

[
(m–)λC(m, M) +

C(L, m, M)
m – 

]ˆ
Bt (ξ)

∣∣V (Xv)
∣∣ dξ

≤
[

C(L, m, M)
m – 

+ εC(m, M)
]ˆ

Bs(ξ)

∣∣V (Xv)
∣∣ dξ
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+ C(ε, L, m, M)
ˆ

Bs(ξ)

∣∣∣∣V
(

v
s – t

)∣∣∣∣


dξ

+ C(ε)
[
K(·)( + |p|

)]m/(m–)
μ(s(–m)(m–)/m)∣∣Bs(ξ)

∣∣
G

+ C(ε)
(
 + M + |p|s

)m/(m–) ∣∣Bs(ξ)
∣∣
Gsm–

+ C(ε)
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r ) m

m–

+ C(ε)
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r )

.

We let ε = [m–λC(m, M)]/. ‘Filling the hole’ with θ =
C(L,m,M)

m– +εC(m,M)
C(L,m,M)

m– +m–λC(m,M)
<  yields

ˆ
Bt (ξ)

∣∣V (Xu – p)
∣∣ dξ ≤ C

(ˆ
Bs(ξ)

∣∣∣∣V
(

v
s – t

)∣∣∣∣


dξ + Û
)

+ θ

ˆ
Bs(ξ)

∣∣V (Xu – p)
∣∣ dξ ,

where C = C(N , L,λ, m, M), and

Û =
[
K(·)( + |p|

)]m/(m–)
μ(s(–m)(m–)/m)∣∣Bs(ξ)

∣∣
G

+
(
 + M + |p|s

)m/(m–) ∣∣Bs(ξ)
∣∣
Gsm–

+
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r ) m

m–

+
[ˆ

Bs(ξ)

(|Xu|m + |u|r + 
)

dξ

](– 
r )

. (.)

The proof is completed by taking mean values of integral and noting that [m(r – )/r(m –
) – ]Q = m/(m – ) and sm/(m–) ≤ s(–m)(m–)/m ≤ μ(s(–m)(m–)/m). �

4 Proof of the main result
This section will proceed to the proof of Theorem  by Lemmas -. We first give a lin-
earization strategy for nonlinear systems.

Lemma  We claim that if ρ ≤ ρ
m

(–m)(m–)
 (|u|, |p|) and ϕ ∈ C∞

 (Bρ(ξ),RN ) with
supBρ (ξ) |Xϕ| ≤ , then there exist some constants C = C(L, m, M, CP, K) >  such that

 
Bρ (ξ)

Aα

i,pj
β

(ξ, u, p)(Xu – p)Xϕα dξ

≤ C sup
Bρ (ξ)

|Xϕ|[ω 

(|p|,� 

 (ξ,ρ, p)
)
�


 (ξ,ρ, p)

+ �(ξ,ρ, p) + μ(
√

ρ)F
(|u|, |p|

)]
, (.)

where we denote F(s, t) = K/(–m)(s + t)( + t) + ( + s + t)r–.
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Proof Noting the fact

ˆ
Bρ (ξ)

[ˆ 


Aα

i,pj
β

(
ξ, u, θXu + ( – θ )p

)
(Xu – p) dθ

]
Xϕα dξ

=
ˆ

Bρ (ξ)

[
Aα

i (ξ, u, Xu) – Aα
i (ξ, u, p)

]
Xϕα dξ

=
ˆ

Bρ (ξ)

[
Aα

i (ξ, u, Xu) – Aα
i (ξ , u, Xu)

]
Xϕα dξ

+
ˆ

Bρ (ξ)
Bα(ξ , u, Xu)ϕα dξ , (.)

we have

ˆ
Bρ (ξ)

Aα

i,pj
β

(ξ, u, p)(Xu – p)Xϕα dξ

=
ˆ

Bρ (ξ)

[ˆ 


Aα

i,pj
β

(ξ, u, p) dθ (Xu – p)
]

Xϕα dξ

≤
ˆ

Bρ (ξ)

[ˆ 



∣∣Aα

i,pj
β

(ξ, u, p) – Aα

i,pj
β

(
ξ, u, θXu + ( – θ )p

)∣∣|Xu – p|dθ

]

× sup
Bρ (ξ)

|Xϕ|dξ

+
ˆ

Bρ (ξ)

∣∣Aα
i (ξ, u, Xu) – Aα

i
(
ξ , u + p

(
ξ  – ξ 


)
, Xu

)∣∣ sup
Bρ (ξ)

|Xϕ|dξ

+
ˆ

Bρ (ξ)

∣∣Aα
i
(
ξ , u + p

(
ξ  – ξ 


)
, Xu

)
– Aα

i (ξ , u, Xu)
∣∣ sup

Bρ (ξ)
|Xϕ|dξ

+ C
ˆ

Bρ (ξ)

(|p|m(– 
r ) + |u|r– + 

)|ϕ|dξ

:= I ′ + II ′ + III ′ + IV ′. (.)

Using (H) and estimate (.) yields (note that m –  < )

I ′ ≤ C(L) sup
Bρ (ξ)

|Xϕ|
ˆ

Bρ (ξ)

{ˆ 



[(
 + |p|

) m–
 +

(
 +

∣∣p + θ (Xu – p)
∣∣) m–


] 



× [(
 + |p| +

∣∣p + θ (Xu – p)
∣∣) m–

 ω
(|p|,

∣∣θ (Xu – p)
∣∣)] 

 dθ

}
|Xu – p|dξ

≤ C(L, m) sup
Bρ (ξ)

|Xϕ|
ˆ

Bρ (ξ)

(
 + |Xu – p|

) m–
 ω



(|p|, |Xu – p|

)|Xu – p|dξ

≤ C(L, m) sup
Bρ (ξ)

|Xϕ|
ˆ

Bρ (ξ)

(
 + |Xu – p| m–


)|Xu – p|ω 


(|p|, |Xu – p|

)
dξ . (.)

Let

B =: Bρ(ξ) ∩ {|Xu – p| ≤ 
}

, B =: Bρ(ξ) ∩ {|Xu – p| > 
}

. (.)
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Then it follows that, by first Hölder’s inequality and then Jensen’s inequality, we have

I ′ ≤ C(L, m) sup
Bρ (ξ)

|Xϕ|
[ˆ

B

|Xu – p|ω 

(|p|, |Xu – p|

)
dξ

+
ˆ

B

|Xu – p| m
 ω



(|p|, |Xu – p|

)
dξ

]

≤ C(L, m) sup
Bρ (ξ)

|Xϕ|
(ˆ

B

|Xu – p| dξ

) 

(ˆ

Bρ (ξ)
ω

(|p|, |Xu – p|
)

dξ

) 


+ C(L, m) sup
Bρ (ξ)

|Xϕ|
(ˆ

B

|Xu – p|m dξ

) 

(ˆ

Bρ (ξ)
ω

(|p|, |Xu – p|
)

dξ

) 


≤ C(L, m) sup
Bρ (ξ)

|Xϕ|∣∣Bρ(ξ)
∣∣
G

( 
Bρ (ξ)

∣∣V (Xu) – V (p)
∣∣ dξ

) 


×
( 

Bρ (ξ)
ω

(|p|, |Xu – p|
)

dξ

) 


≤ C(L, m) sup
Bρ (ξ)

|Xϕ|∣∣Bρ(ξ)
∣∣
G�


 (ξ,ρ, p)

× ω



(
|p|,

( 
B

|Xu – p| dξ

) 


+
(ˆ

B

|Xu – p|m dξ

) 
m
)

≤ C(L, m, M) sup
Bρ (ξ)

|Xϕ|∣∣Bρ(ξ)
∣∣
G�


 (ξ,ρ, p)ω



(|p|,� 

 (ξ,ρ, p)
)
, (.)

where we have used estimates (.) and (.) in the last inequality.
By employing (H), estimates (.) and (.), Young’s inequality, and noting the fact

that K(·) is monotone nondecreasing and K(·) >  and that ρ ≤ , we deduce

II ′ ≤
ˆ

Bρ (ξ)
K(·)μ(ρ)

(
 + |p|

)(
 + |Xu|) m

 dξ

≤ K(·)μ(ρ)
(
 + |p|

)+ m

∣∣Bρ(ξ)

∣∣
G +

ˆ
B+B

K(·)μ(ρ)
(
 + |p|

)|Xu – p| m
 dξ

≤ K(·)μ(ρ)
(
 + |p|

)+ m

∣∣Bρ(ξ)

∣∣
G +

[
K(·)μ(ρ)

(
 + |p|

)]|B|G

+
[
K(·)μ(ρ)

(
 + |p|

)] 
–m |B|G +

ˆ
B

|Xu – p|m dξ +
ˆ

B

|Xu – p| dξ

≤ ∣∣Bρ(ξ)
∣∣
G�(ξ,ρ, p) + 

[
K(·)( + |p|

)]∣∣Bρ(ξ)
∣∣
Gμ(ρ), (.)

where we have used /( – m) < ,  + m/ <  and μ(ρ) ≤  for ρ ∈ [, ].
Similarly to (.) to estimate III ′, the domain Bρ(ξ) is divided into four parts as previ-

ously mentioned. Then we obtain that, by Lemma () and Lemma ,

III ′ ≤ sup
Bρ (ξ)

|Xϕ|
ˆ

Bρ (ξ)
K(·)( + |Xu|)m/

μ
(|v|)dξ

≤ sup
Bρ (ξ)

|Xϕ|
ˆ

Bρ (ξ)

[ |v|
ρ

√
ρ + K(·)( + p)mμ(

√
ρ) + K(·)|Xu – p|mμ(

√
ρ)

]
dξ
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≤ sup
Bρ (ξ)

|Xϕ|
[

C(m, M)
(
CP + K(·))

ˆ
Bρ (ξ)

∣∣V (Xu – p)
∣∣ dξ

+ K/(–m)(·)( + p)mμ(
√

ρ)
∣∣Bρ(ξ)

∣∣
G

]

≤ sup
Bρ (ξ)

|Xϕ|[C(m, M)
(
CP + K(·))�(ξ, p,ρ)

∣∣Bρ(ξ)
∣∣
G

+ K/(–m)(·)( + p)mμ(
√

ρ)
∣∣Bρ(ξ)

∣∣
G

]
. (.)

With the help of the assumptions that supBρ (ξ) |ϕ| ≤ ρ ≤ , Hölder’s inequality, Sobolev
type inequality and Young’s inequality, we get

IV ′ ≤ C
ˆ

Bρ (ξ)

(|Xu|m(– 
r ) + |u|r– + 

)|ϕ|dξ

≤ C
(ˆ

Bρ (ξ)
|Xu|m dξ

)(– 
r )(ˆ

Bρ (ξ)
|ϕ|r dξ

) 
r

+ Cρ
∣∣Bρ(ξ)

∣∣
G

[
 +

(|u| + |p|
)r–]

+ C
(ˆ

Bρ (ξ)

∣∣u – u – p
(
ξ  – ξ 


)∣∣r dξ

)(– 
r )(ˆ

Bρ (ξ)
|ϕ|r dξ

) 
r

≤ C
(ˆ

Bρ (ξ)

(|Xu – p|m + |p|m
)

dξ

)(– 
r )(ˆ

Bρ (ξ)
|ϕ|r dξ

) 
r

+ C
(ˆ

Bρ (ξ)
|Xu – p|m dξ

) r–
m

(ˆ
Bρ (ξ)

|ϕ|r dξ

) 
r

+ Cρ
∣∣Bρ(ξ)

∣∣
G

[
 +

(|u| + |p|
)r–]

≤ C
(ˆ

Bρ (ξ)
|Xu – p|m dξ

) r–
r

(ˆ
Bρ (ξ)

|ϕ|r dξ

) 
r

+ C
(ˆ

Bρ (ξ)
|p|m dξ

) r–
r

(ˆ
Bρ (ξ)

|ϕ|r dξ

) 
r

+ C
(ˆ

Bρ (ξ)
|Xu – p|m dξ

) r–
m

(ˆ
Bρ (ξ)

|ϕ|r dξ

) 
r

+ Cρ
∣∣Bρ(ξ)

∣∣
G

[
 +

(|u| + |p|
)r–]

≤ C
(ˆ

Bρ (ξ)
|Xu – p|m dξ

) r–
r

(ˆ
Bρ (ξ)

|ϕ|r dξ

) 
r

+ Cρ
∣∣Bρ(ξ)

∣∣
G

[
 +

(|u| + |p|
)r– + |p|m(– 

r )]

≤ C
ˆ

Bρ (ξ)
|Xu – p|m dξ + Cρr∣∣Bρ(ξ)

∣∣
G

+ Cρ
∣∣Bρ(ξ)

∣∣
G

[
 +

(|u| + |p|
)r– + |p|m(– 

r )]. (.)

On the case B =: Bρ(ξ) ∩ {|Xu – p| ≤ }, by (.) and Young’s inequality, one gets

|Xu – p|m ≤ |Xu – p| +  ≤ ∣∣V (Xu) – V (p)
∣∣ + ,



Liao et al. Boundary Value Problems  (2017) 2017:150 Page 17 of 24

and then

(.) ≤ Cμ(
√

ρ)
∣∣Bρ(ξ)

∣∣[( + |u| + |p|
)r– +

(
 + |u| + |p|

)m]

+ C
∣∣Bρ(ξ)

∣∣
G�(ξ,ρ, p). (.)

On the other hand, on B =: Bρ(ξ)∩{|Xu – p| > }, by (.) and Young’s inequality, one
has

(.) ≤ Cμ(
√

ρ)
∣∣Bρ(ξ)

∣∣[( + |u| + |p|
)r– +

(
 + |u| + |p|

)m]

+ C
∣∣Bρ(ξ)

∣∣
G�(ξ,ρ, p). (.)

Thus we infer that, by combining these estimates and noting the definition of F(s, t), we
have

IV ′ ≤ C�(ξ,ρ, p)
∣∣Bρ(ξ)

∣∣
G + CF

(|u|, |p|
)∣∣Bρ(ξ)

∣∣
Gμ(

√
ρ). (.)

Combining the estimates I ′, II ′, III ′ and IV ′ with (.), we immediately conclude (.).
�

We next establish an initial excess improvement estimate assuming that the excess � is
initially small enough. Precisely,

Lemma  (Excess improvement) Let u ∈ HW ,m(�,RN ) satisfy the conditions of Theo-
rem . Assume that Lemma  and the following smallness conditions hold:

ω


(|uξ,ρ | +

∣∣(Xu)ξ,ρ
∣∣,� 


(
ξ,ρ, (Xu)ξ,ρ

))
+ �/(ξ,ρ, (Xu)ξ,ρ

) ≤ δ


, (.)

CF(|uξ,ρ |,
∣∣(Xu)ξ,ρ

∣∣)μ(
√

ρ) ≤ δ, (.)

with C = C
 C, together with the condition

ρ ≤ ρ
m

(–m)(m–)


(
 + |uξ,ρ |,  +

∣∣(Xu)ξ,ρ
∣∣). (.)

Then the following growth inequality is valid for τ ∈ [γ , ):

�
(
ξ, θρ, (Xu)ξ,θρ

) ≤ θτ�(ρ) + K∗(|uξ,ρ |,
∣∣(Xu)ξ,ρ

∣∣)μ(ρσ
)
, (.)

where σ = min{( – m)(m – )/m, (m – )/}, and K∗(s, t) = CF
m

m– ( + s, M + t).

Proof For simplicity, we will use the abbreviation �(ρ) = �(ξ,ρ, (Xu)ξ,ρ) in the sequel.
For ε >  to be determined later, we take δ ∈ (, ) and ϒ ∈ [, ] to be the corresponding
constant from the A-harmonic approximation lemma (Lemma ), and set

w = u – (uξ,ρ – ϒhξ,θρ) – (Xu)ξ,ρ
(
ξ  – ξ 


)

and

ϒ = C(m, M)�(ρ), �(ρ) = C

√
�(ρ) + δ–μ(

√
ρ)F

(|uξ,ρ |,
∣∣(Xu)ξ,ρ

∣∣).
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Noting (.) and (.) yields

ω/(∣∣(Xu)ξ,ρ
∣∣,�/(ρ)

)
+ �/(ρ) ≤ δ


, (.)

and by (.), we derive (note the definition of ϒ and �(ρ))

∣∣∣∣
 

Bρ (ξ)

[
Aα

i,pj
β

(
ξ, uξ,ρ , (Xu)ξ,ρ

)
Xw

]
Xiϕ

α dξ

∣∣∣∣

≤ ϒ
ω/(|(Xu)ξ,ρ |,�/(ρ))�/(ρ) + �(ρ) + μ(√ρ)F(|uξ,ρ |, |(Xu)ξ,ρ |)

C(m, M)�(ρ)
sup

Bρ (ξ)
|Xϕ|

≤ ϒ

[
ω/(∣∣(Xu)ξ,ρ

∣∣,�/(ρ)
)

+ �/(ρ) +
δ



]
sup

Bρ (ξ)
|Xϕ|

≤ ϒδ sup
Bρ (ξ)

|Xϕ|. (.)

Then from the definition of ϒ , Lemma () and (.), we have
 

Bρ (ξ)

∣∣W (Xw)
∣∣ dξ ≤

 
Bρ (ξ)

∣∣V (Xw)
∣∣ dξ ≤ C(m, M)�(ρ) ≤ ϒ. (.)

Inequalities (.) and (.) fulfill the conditions of A-harmonic approximation
lemma, which ensures than we find an A = Aα

i,pj
β

(ξ, uξ,ρ , (Xu)ξ,ρ)-harmonic function

h ∈ W ,m(Bρ(ξ),RN ) such that

 
Bρ (ξ)

∣∣W (Xh)
∣∣ dξ ≤ ,

 
Bρ (ξ)

∣∣∣∣W
(

w – ϒh
ρ

)∣∣∣∣


dξ ≤ ϒε. (.)

Using Lemma () and (), we have

�(θρ) =
 

Bθρ (ξ)

∣∣V (Xu) – V
(
(Xu)ξ,θρ

)∣∣ dξ

≤ C
 

Bθρ (ξ)

∣∣V
(
Xu – (Xu)ξ,θρ

)∣∣ dξ

≤ C
 

Bθρ (ξ)

∣∣V
(
Xu – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)

)∣∣ dξ

+ C
∣∣V

(
(Xu)ξ,θρ – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)

)∣∣, (.)

where the constant C depends only on m, k and N .
Next, we proceed to estimate the right-hand side of (.). Decomposing Bθρ(ξ)

into two parts: B = Bθρ(ξ) ∩ {|Xu – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)| ≤ } and B = Bθρ(ξ) ∩
{|Xu – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)| > }. Then by Lemma () and Hölder inequality, we ob-
tain

∣∣(Xu)ξ,θ ρ – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)
∣∣

≤
 

Bθρ (ξ)

∣∣Xu – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)
∣∣dξ
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≤ √

 

B

∣∣V
(
Xu – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)

)∣∣dξ

+ m√
 

B

∣∣V
(
Xu – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)

)∣∣/m dξ

≤ m√
(
�/ + �/m)

, (.)

where we have denoted

� =:
 

Bθρ (ξ)

∣∣V
(
Xu – (Xu)ξ,ρ – ϒ(Xh)(ξ,θρ)

)∣∣ dξ .

Using Lemma (), we deduce that V (�/ + �/m) ≤ C(� + �/m). So we get

�(θρ) ≤ C
(
� + V (�/ + �/m)) ≤ C

(
� + �/m)

, (.)

where the constant C depends only on m, Q and N . Then it remains for us to estimate �.
By considering the cases |Xh| ≤  and |Xh| > , separately and keeping in mind (.), we
obtain

 
Bρ (ξ)

|Xh|dξ ≤ 
√


 

Bρ (ξ)

∣∣W (Xh)
∣∣ dξ ≤ 

√
, (.)

where we have used Lemma ().
Note that the smallness conditions (.) and (.) imply Cϒ

 ≤  with C =
max{C

, (θ )–Q}, where we have assumed 
 C

 Cδ
 ≤ , which is no restriction. Then

it follows by applying the priori estimate for constant coefficients sub-elliptic systems (see
Lemma )

ϒ
∣∣(Xh)(ξ,θρ)

∣∣ ≤ ϒ sup
Bρ/(ξ)

|Xh| ≤ ϒC

 
Bρ (ξ)

|Xh|dξ ≤ 
√

ϒC ≤ . (.)

Caccioppoli type inequality applied on Bθρ(ξ) with u = uξ,ρ , and p = (Xu)ξ,ρ +
ϒ(Xh)ξ,θρ , θ ∈ (, /] yields

� ≤ Cc

[∣∣Bθρ(ξ)
∣∣–
G

ˆ
Bθρ (ξ)

∣∣∣∣V
(

u – uξ,ρ – ((Xu)ξ,ρ + ϒ(Xh)(ξ,θρ))(ξ  – ξ 
)

θρ

)∣∣∣∣


dξ

+ U
]

, (.)

where

U =
[
K

(|uξ,ρ | +
∣∣(Xu)ξ,ρ + ϒ(Xh)(ξ,θρ)

∣∣)( +
∣∣(Xu)ξ,ρ + ϒ(Xh)(ξ,θρ)

∣∣)]m/(m–)

× μ((θρ)(–m)(m–)/m)

+
(
 + M +

∣∣(Xu)ξ,ρ + ϒ(Xh)(ξ,θρ)
∣∣)m/(m–)

(θρ)m–

+ μ((θρ)(–m)(m–)/m)[ 
Bρ (ξ)

(|Xu|m + |u|r + 
)

dξ

] m
m– (– 

r )

.
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By Lemma (), one gets
ˆ

Bθρ (ξ)

∣∣∣∣V
(

u – uξ,ρ – ((Xu)ξ,ρ + ϒ(Xh)(ξ,θρ))(ξ  – ξ 
)

θρ

)∣∣∣∣


dξ

≤
ˆ

Bθρ (ξ)

∣∣∣∣V
(

u – (uξ,ρ – ϒhξ,θρ) – (Xu)ξ,ρ(ξ  – ξ 
) – ϒh(ξ )

θρ

+
ϒh(ξ ) – ϒhξ,θρ – ϒ(Xh)(ξ,θρ)(ξ  – ξ 

)
θρ

)∣∣∣∣


dξ

≤ C
[ˆ

Bθρ (ξ)

(∣∣∣∣V
(

w – ϒh(ξ )
θρ

)∣∣∣∣


+
∣∣∣∣V

(
ϒ

h(ξ ) – hξ,θρ – (Xh)(ξ,θρ)(ξ  – ξ 
)

θρ

)∣∣∣∣
)

dξ

]
. (.)

To estimate the right-hand side, we employ (.), Lemma () (note that 
θ

≥ ) and (.)
to infer

 
Bθρ (ξ)

∣∣∣∣V
(

w – ϒh(ξ )
θρ

)∣∣∣∣


dξ ≤ C(θ )–Q–
 

Bρ (ξ)

∣∣∣∣W
(

w – ϒh(ξ )
ρ

)∣∣∣∣


dξ

≤ C(θ )–Q–ϒε. (.)

Using Lemma , Sobolev-Poincare type inequality (.), Lemma , (.) and (.) leads
to

 
Bθρ (ξ)

∣∣∣∣V
(

ϒ
h(ξ ) – hξ,θρ – (Xh)(ξ,θρ)(ξ  – ξ 

)
θρ

)∣∣∣∣


dξ

≤ C
Pϒ

 
Bθρ (ξ)

∣∣V
(
Xh(ξ ) – (Xh)(ξ,θρ)

)∣∣ dξ

≤ C
P(θρ)ϒ

 
Bθρ (ξ)

∣∣V
(
Xh

)∣∣ dξ

≤ C
P(θρ)ϒ sup

Bρ/(ξ)

∣∣Xh
∣∣

≤ CC
P(θ )ϒ

 
Bρ (ξ)

∣∣(Xh)
∣∣ dξ

≤ CCC
P(θ )ϒ

 
Bρ (ξ)

∣∣W (Xh)
∣∣ dξ

≤ Cθ
ϒ, (.)

where we denote C = CCC
P .

Using (.), we get
[
K

(|uξ,ρ | +
∣∣(Xu)ξ,ρ + ϒ(Xh)(ξ,θρ)

∣∣)( +
∣∣(Xu)ξ,ρ + ϒ(Xh)(ξ,θρ)

∣∣)]m/(m–)

× μ((θρ)(–m)(m–)/m)

≤ [
K

(|uξ,ρ | +
∣∣(Xu)ξ,ρ

∣∣ + 
)(

 +
∣∣(Xu)ξ,ρ

∣∣)]m/(m–)
μ(ρ(–m)(m–)/m)

≤ Fm/(m–)( + |uξ,ρ |,
∣∣(Xu)ξ,ρ

∣∣)μ(ρ(–m)(m–)/m)
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and

(
 + M +

∣∣(Xu)ξ,ρ + ϒ(Xh)(ξ,θρ)
∣∣)m/(m–)

(θρ)m–

≤ (
 + M +

∣∣(Xu)ξ,ρ
∣∣)m/(m–)

μ(ρ(m–)/).

Applying Sobolev type inequality, we have

[ 
Bθρ (ξ)

(|Xu|m + |u|r + 
)

dξ

]m(r–)/r(m–)

≤
[

m–
 

Bθρ (ξ)

(∣∣Xu – (Xu)ξ,ρ
∣∣m)

dξ

]m(r–)/r(m–)

+
(
m–∣∣(Xu)ξ,ρ

∣∣m)m(r–)/r(m–)

+
[ 

Bθρ (ξ)
r–(∣∣u – uξ,ρ – (Xu)ξ,ρ

(
ξ  – ξ 


)∣∣r)dξ

]m(r–)/r(m–)

+
(
r–∣∣uξ,ρ + (Xu)ξ,ρ

(
ξ  – ξ 


)∣∣r + 

)m(r–)/r(m–)

≤ (
m–)m(r–)/r(m–)

[
(θ )–Q

 
Bρ (ξ)

∣∣Xu – (Xu)ξ,ρ
∣∣m dξ

]m(r–)/r(m–)

+
(
m–∣∣(Xu)ξ,ρ

∣∣m)m(r–)/r(m–)

+
(
r–)m(r–)/r(m–)

[
(θ )–Q

 
Bρ (ξ)

∣∣Xu – (Xu)ξ,ρ
∣∣m dξ

](r–)/(m–)

+
(
r–∣∣uξ,ρ + (Xu)ξ,ρ

∣∣r + 
)m(r–)/r(m–)

≤ C(m, M, Q)
[
(θ )–Q�

(
ξ,ρ, (Xu)ξ,ρ

)]m(r–)/r(m–)

+ C(m, Q)
(
 + |uξ,ρ | +

∣∣(Xu)ξ,ρ
∣∣)m(r–)/(m–). (.)

The smallness conditions imply

(θ )–Q�
(
ξ,ρ, (Xu)ξ,ρ

) ≤ .

And then it follows

[ 
Bθρ (ξ)

(|Xu|m + |u|r + 
)

dξ

]m(r–)/r(m–)

μ((θρ)(–m)(m–)/m)

≤ CF
m

m–
(|uξ,ρ |,

∣∣(Xu)ξ,ρ
∣∣)μ(ρ(–m)(m–)/m)

,

where we have used the definition of F in the first step.
Combining all the above estimates with (.) and letting ε = θQ+, we arrive at

� ≤ C
[
θϒ + F

m
m–

(
 + |uξ,ρ |, M +

∣∣(Xu)ξ,ρ
∣∣)μ(ρσ

)]
, (.)

where σ = min{( – m)(m – )/m, (m – )/}, C depends only on Q, N , m, M, L, λ and
CP . For given τ ∈ [γ , ), choosing θ ∈ (, 

 ) suitable such that CCθ
 ≤ θτ , we easily find
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(note the definition of ϒ )

�(θρ) ≤ θτ
[
�(ρ) + CF

m
m–

(
 + |uξ,ρ |, M +

∣∣(Xu)ξ,ρ
∣∣)μ(ρσ

)]

:= θτ�(ρ) + K∗(|uξ,ρ |,
∣∣(Xu)ξ,ρ

∣∣)μ(ρσ
)
, (.)

where we have used that ( – m)(m – )/m ≤  – 
√

 < /, K∗(s, t) = CF
m

m– ( + s, M + t),
and the constant C has the same dependencies as C. �

For T > , we find �(T) >  (depending on Q, N , λ, L, τ and ω) such that

ω


(
T , �



 (T)

)
+ �



 (T) ≤ 


δ, and (.)

( +
√

Cp)
√

�(T) ≤ θQ/( – θτ
)
T . (.)

With �(T) from (.) and (.), we choose ρ(T) ∈ (, ] (depending on Q, N , λ, L, τ ,
ω, η and κ) such that

ρ(T) ≤ ρ
(–m)(m–)/m
 ( + T ,  + T), (.)

CF(T , T)μ(ρ(T)
) ≤ δ, (.)

K(T)μ(ρ(T)σ
) ≤ (

θγ – θτ
)
�(T), and (.)

( + Cp)K(T)H
(
ρ(T)) ≤ θQ(

 – θγ
)(

θγ – θτ
)
T, (.)

where K(T) := K∗(T , T).
The rest of the process to obtain Theorem  is very similar to []. We omit it here.

5 Conclusion
For ELLIPTIC systems in Euclidean spaces, there are many literature sources to study
partial regularity of weak solutions by the so-called A-harmonic approximation method.
With respect to SUB-ELLIPTIC equations and systems in Heisenberg groups, or gen-
eral Carnot groups, there are some new difficulties and challenges which remain due
to the lack of commutation and homogeneity of the horizontal vector fields. This work
is concerned with nonlinear sub-elliptic systems (.) with Dini continuous coefficients
which are weaker than Hölder continuous coefficients. Under sub-quadratic controllable
growth conditions, a C partial regularity result is obtained by adapting the technique of
A-harmonic approximation to our setting. The new result generalizes the corresponding
result for elliptic systems in Euclidean spaces and enriches regularity theory for nonlin-
ear sub-elliptic systems in Carnot groups. The authors also believe that this work helps
further study nonlinear sub-elliptic systems structured on Hörmander vector fields.
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