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1 Introduction
In this paper, we are concerned with the existence of positive solutions for the following
nonlinear Schrédinger-Kirchhoff-Poisson system:

—(a+bfos|Vul*) Au+ u — gK(x)pu = f (%) |ulP'u, xeR?,

(SK)
—Ag = gK(x)u?, x e R3,

by using the variational methods, where a > 0 and b > 0 are constants, 1 < p < 5,4 > 0, and
K,f : R® — R are two nonnegative functions.
The Kirchhoff equation

—<a+b/ |Vu|2)Au+u:f(x,u), x € R3, (1.1)
R3

which is related to the stationary analogue of the equation

2 2
0“u
dx)|— =0, 1.2
x)ax2 (1.2)

ou

9%u P, E [*
ox

—_— _+_
P2 "\ n Tar ),

arises in many mathematical physics contexts. Equation (1.2) was proposed by Kirchhoff
[1] in 1883 as an extension of the classical D’Alembert wave equation for free vibrations
of elastic strings. Kirchhoff’s model considers the changes in the length of the string pro-
duced by transverse vibrations.
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The Schrodinger-Poisson system

—Au+u+qgK(x)pu =f(x,u), xeR3 13)

—Ap = K(x)u?, x e R?, '
describes a charged wave interacting with its own electrostatic field [2]. We also refer the
readers to [3, 4] and the references therein for more mathematical and physical back-
ground of (1.3). The Schodinger-Kirchhoff-Poisson system (SK) is a more generalized
Kirchhoff-type system of (1.3).

In recent years, there have been enormous results on the existence and multiplicity of
solutions of problem (1.3) for g > 0 (see e.g. [5-8]). To the best of our knowledge, there
are a few articles on the existence of solutions to problem (1.3) for g < 0. Recently, in [9],
the author proved that problem (1.3) has a positive ground state solution for g < 0 and
f(x,u) = alx)|ulPu, 3 < p < 5. In [10], the author proved that problem (1.3) has a positive
solution for g < 0. When g = 1, the problem (SK) can be reduced to

—(a+b [53 |Vul®>) Au + u - K(x)pu = f (x)[ulPu, xeR3, L4)

—Ad = K(x)u?, x e RS, '
Liand Ye [11] proved that problem (1.4) has a a positive ground state solution for K(x) =0,
flx)=1,2<p<b5.

Motivated by the works mentioned, we consider system (SK) with the Kirchhoff term
(fgs IVul*) Au, which implies that the equation in (SK) is no longer a pointwise identity
and is different from the classical Schrodinger-Poisson system. We must emphasize that
the combined effects of the nonlocal term it contains and the negative coefficient at ¢u
make problem (1.4) an interesting problem.

To obtain our main results, we first require some conditions on f and K:

(i) f&x) = foo = limy— 400 f (%) > 0, and (%) = f(x) — foo € L%(Rs);
(f) (Vf,x) € L5 (R%)\ {0}, and (Vf, ) = O;

(K1) K e L*(R3);

(Ky) (VK,x) e L*(R3)\ {0};

(K3) K(x) > Koo = limjy— 100 K(x) > 0, and K — K, € L*(R3);

(Ky) K(x) +(VK,x) >0, x € R3.

2 Conclusion
In this paper, we get the existence of a positive solution for all 1 < p < 5. Our main results

are as follows.

Theorem 2.1 Let (f1), (f2), (K1), and (K3) hold. Then there exists qo > 0 such that, for any
0 < g < qo, problem (SK) admits a positive solution (u,¢,) € H(R?) x DV*(R3) for all 1 <
p<b5.

Theorem 2.2 Let (f), (f2), and (Ky)-(Ky) hold. Then problem (1.4) admits a positive ground
state solution (u,¢,) € H'(R3) x DY2(R®) forall1< p <5.
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As a consequence of Theorem 2.2, we have that the problem

—(@a+b[o3|Vul)Au+ u = ulfu, xeR3,

u € H'(R?), xeR3,

has a positive ground state solution for all 1 < p < 5. This can be viewed as an extension of
arecent result of Li and Ye [11] concerning the existence of positive ground state solutions.

The paper is organized as follows. In Section 3, we describe the notation and prelim-
inaries. In Section 4, we give a proof of Theorem 2.1. In Section 5, we give a proof of
Theorem 2.2.

3 Notation and preliminaries

e Leta > 0 is fixed, and let H*(R?) be the usual Sobolev space endowed with the scalar

product and norm

1
2

(u,v):/Rg(aVuVV+uv) and ||u||:</RB(a|Vu|2+u2)> )

o HNR3):={u:uec H'(R?),ulx) = u(|x|)}.
e D'"(R3) is the completion of C{°(R?) with respect to the norm

1

2

||u||Du=( / |w|2> .
]R3

e Forany u € H'(R®) and ¢ > 0, we define u,(x) = th u(¥).

e Foranyz e R?and p >0, B,(z) denotes the ball of radius p centered at z.

e Foranys € [1,+00), | - |s denotes the usual norm of the Lebesgue space L*(R3).
e S is the best Sobolev constant for the embedding of H}(R?) in L®(R3), that s,

o llall
Sl =1n uEHl(]R?’)\{O} m

e S, is the best Sobolev constant for the embedding of D*2(R3) in L8(R3), that is,

ll2l pr.2

Sz = infueDl,Z(RS)\{O} |u|6

e H7I(R®) denotes the conjugate Sobolev space of H'(R?).
e Cand C;, i €N, are various positive constants.
Itis well known that problem (SK) can be reduced to a nonlinear Schrodinger-Kirchhoff

equation with a nonlocal term. For any u € H'(R?), define the linear functional L, in
DY2(R3) by

L,(v)= /RS K(x)u?v.
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Then (K7) or (K3) and the Holder and Sobolev inequalities imply
IL.)| < Cllull® - [Vl pr2. (3.1)
Hence, by the Lax-Milgram theorem there exists a unique ¢, € D'?(R3) such that

/ Vo, Vv=q / Kx)u’v, VveD"(R®), (3.2)
R3 R3

that is, ¢, is a weak solution of —A¢ = gK(x)u?, and

K©y)u*(y)
s =L [ FED g, (3
4 Jrs  |x -yl
Moreover, ||¢M||%)LZ(R3) = qug K(x)¢p,u? and ¢, > 0 when u # 0. Then (3.3) inserted into

the first equation of (SK) gives

—(a + b/ |Vu|2)Au +u—gK@)puu=fx)|ulf'u, xeR3 (3.4)
]R3

Problem (3.4) is variational, and its solutions are the critical points of the functional
defined in H'(R3) by

1 b 2 1
Iytw) = Sl + ( fR 3 |w|2> 4 /R K@ - — /R S, (3.5)

Itis clear to see that I, is well defined on H'(R?) and is of class C', and for any u, v € H*(R?),

(I;(u),v> = <a+b/]RB |Vu|2) /11@3 Vqu+'/]RS uv

- - p-1
a [ Ko [ e, .6

Thus, if u € H'(R?) is a critical point of I, then the pair (&, ¢,) with ¢, as in (3.3) is a
solution of the problem (SK).

Define the operator ® : H'(R3) — D*2(R3) as ®[u] = ¢,. The following lemma shows
that the operator ® possesses the property.

Lemma 3.1 (See [7]) IfK satisfies (K1) or (K3), then
(i) @ is continuous;
(i) @ maps bounded sets into bounded sets;
(i) If u, — u in HY(R3), then ®[u,] — ®[u] in D72(R3).

To obtain the boundedness of (PS) sequences, we recall the indirect approach developed
by Jeanjean [12].

Proposition 3.1 Let (X, || - ||) be a real Banach space, and let ] C R* be an interval. Con-
sider the following family of C' functionals on X:

L (u) = A(u) — AB(u), VYre],
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with B(u) > 0 and either A(u) — +00 or B(u) — +00 as ||u|| — +00 and such that I, (0) = 0.
Forevery A €], set

Ty :={y € C([0,1,X) | y(0) = 0,1, (¥ (1)) < 0} # ¥
and

¢ i=inf,cr, tem[gi(] L(y(®)>o0. (3.7)

Then, for almost every A € ], there is a bounded (PS)., sequence {u,} C X.

Lemma 3.2 (See [13], Lemma 2.3) Under the assumptions of Proposition 3.1, the map ). —
¢, is nonincreasing and left-continuous.

4 A mountain pass solution
In this section, let (1), (f2), (K1), and (K3) hold, and let 1 < p < 5. Using (K3), (3.2), and the
Sobolev inequality, we have

lullpiz < qlKDSy - ulg,  lullpre < qlK12S," 87> lull?, (4.1)
and

[ Kwoal <qBs? it [ KWl <qkBSSE Gt @2
R R

To overcome the difficulty of finding bounded (PS) sequences for the associated function
I, we use the cut-off function x € C§°(R*,R) satisfying

X(S) = 1, se [071]1

0<yx@) =<1 s€(1,2),

<x@)= (1,2) 43)
x(s) =0, s €[2,+00),

|X’|OOS2;

and study the following modified functional 1] : H'(R®) — R:

1 b 2 g (lul® 1
IT i 2 e \v/ 2 _1 ™le /1( MZ__/ p+1‘
1) = Sl + 4(/]1@' ul ) 4)(( 76 ) | Keou == | f@)lul
Letting J = [%,1], we consider the following family of functionals on X = H}(R3):
1 b >
T _ 2 2
1y, (u) = o luell™ + Z(/Rs |Vl )

. (lulg A .
() [ xweai - 25 [ e, @)

Then I, (u) = A(u) — AB(u), where

1 2 b 2 ?
A(u) = = lull” + - [Vu| — +00  as ||y &> +o0
2 4 R3
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and

e 1
B(u) = %x(';—':) /H;S K (%), u* + >a1 /Rgf(x)'”'pﬂ > 0.

Moreover,

((I;,\)/(u),v): (a+b/ IVulz)/ VuVV+/ uv
R3 R3 R3
g1, ( lulg ) .
e (50 [ koo [t

6
—Agx (I;_I;) /R . K(x)uuv — A fR , F @) uP uv. (4.5)

The following lemma implies that / qT, . satisfies the conditions of Proposition 3.1.

Lemma 4.1
(i) Forany qo >0, there exists a constant n > 0 such that ¢, > n >0 forall A € ] and
q € (0» qO];
(i) Tx #D forallr e].

Proof (i) For any A € ] and g > 0, from (f;), (K7), (4.2)-(4.3), and the Holder and Sobolev

inequalities it follows that

1 b 2
L at) = Sllull” + E(/Rs |Vu|2>
qr |”|2 2 A +1
- ZX(F)/SK(?C)%M —?/gf(x)lulp

= -1 / Kbt — —— / F@lup™

1

EIIMII2 C(lle)* + IIMII””); Vg € (0,qo].
Since 1 < p < 5, there exists p > 0 such that 1 ,(u) >0 for 0 < |||l < p. In particular, there
exists n > 0 such that ,\(u) > p for |lul| = p. Now fixAeJandy €T,. Since [ A()/(1)) <0,

lly (Wl > o. By ¥(0) = 0 and the continuity of y we can deduce that there exists ¢, € (0,1)
such that ||y (¢, )| = p. Hence, for any A €/,

¢, > infyer, qk( (t,)) =n>0.
(ii) Set w € H'(R3)\{0} with |w|g = 1. Define y : [0,1] — H!(R®) as

0, ¢=0,
Wt) te (01 1];

y() =
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where w = wy and 6 > 2T. It is clear to see that y is a continuous path from 0 to w. More-
over, for all A € J, it follows from (4.3) that

a 1
[T 1) < _92/ \V4 2 _94/ 2
q,k()/( )) = 2 3 | Wl + 2 &3 w

b 2 1 p+7
—9* vw)? ) - 97/ WP 4.6

As1l<p<5,weget I;A(y(l)) < 0 for 0 large enough. O

Lemma 4.2 For any X\ € ], each bounded (PS) sequence of the functional IqT, , admits a
convergent subsequence.

Proof Let A €/, and let {u,} be a bounded (PS) sequence for I;A, that is,

su§|Iqux(u,,)} < 00, (IqT,k)’(u,,) -0 inH'(R%. (4.7)
ne

Up to a subsequence, we may suppose that there exists u € H'(R?) such that
@) u, —u inH'(R?),

(b) uy > u inLj,

(R®) for s € [2,6),and (4.8)

() u,(x) > u(x) a.e.inR3.

Now we prove that
/ K (%), 1> — / K (%) > (4.9)
R3 R3
and
/ K (%), uyw — / K(x)puw, VYwe H'(R?). (4.10)
R3 R3
First, by u,, — u in H*(R?) and Lemma 3.1(iii) we have that
¢u, = ¢u  inD"*(R?). (4.11)
Moreover, in view of the Sobolev embedding theorem and Lemma 3.1(iii), we deduce that

@) u, —~u in L°(R?),
(b) ufl —~u? in L13OC (]R3), and (4.12)

(©) ¢u, = ¢u inL] (R?).

Thus, given ¢ > 0, it follows from (4.11) that

/ Kx)(¢u, — pu)u’| <&, (4.13)
]R3
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and for any fixed w € H*(R3), we have

/ K(x)p, (1, — u)w| < €. (4.14)
R3

Since K e L?(R3), there exists p = p(g) > 0 such that

IKlor3\B,00) <& YP =D, (4.15)
and

|’431 - u2|3,Bp(0) <&, (4.16)

1B, — Pule,B,0) < & (4.17)

for large n. Hence, by (4.12), (4.13), (4.15), and (4.16) we deduce

K6 18— / K)o
R3

R3

< +

/ KX)o, (ufl - uz)
R3

2 2 2 2
< 1burls - 1K lozo8,0) [ty = 1[5 + 1uylo - [Kla - [oty =] ) + e

/ Kb, - bt
R3

<Ce

for large n. Analogously, by (4.12), (4.14), (4.15), and (4.17) we infer

/ K(x)@u, unw — f K(x)p,uw
R3 R3

+

< ' fR K@, - S

/ K%y (uy — u)w
]R3

= |K|2,R3\Bp(o) NDu, — Guls - 1unls - IWls
+ K12 - |@u, — ule,5,(0) * [tnle - [Wl6 + &

<Ceg
for large n. This completes the proof of (4.9) and (4.10). Similarly, we can get
/ o (o) |1 [P fl = / o ()| ulPu? + o(1), (4.18)
R3 R3
/ o ()| P i w = / a(®)|ulPuw + 0(1), VYwe H' (R3), (4.19)
R3 R3

and

/ Iunl”“:/ |ttnl? a1 + 0(1). (4.20)
]R3 ]R3
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Thus, it follows from (4.18)-(4.20) that
[ 7l 5, =) = o0, (4.21)
R3
Moreover, by (4.7)-(4.10) and (4.3) we have
o1) = ((I5,) () = (I1,) (), 1y — u1)
tu =l 4 [ 1V, [ V0,V )
R3 R3
- b/ |Vu|2/ VuV(u, — u)
R3 R3
3qr , (|unl ) 4
~ 576X (? /]RS K(x)u,m, A;@ |26 11 (8 — 1)

3gh ,(|ul®
. %x <Tﬁ6> /R3 K(x)puu® /W || *u(us,, — u1)

|un|6
— g ( T;) fR K@ ety 1)

6
+ i (ﬁ—';) /R Kl 1)

- gA /Rgf(x)|un|pilun(un - u)
+gh f Sl ulun, - u). (4.22)
R3

By (4.8)(a) and (4.3) we deduce

/ |Vu|2/ VuV(u, —u) =o(1), / F @) P u(u, — u) = o(1), (4.23)
R3 R3 R3
6
X/<|;t,—|66> /RS K(x)¢pyu” /RB || u(ua, — 1) = 0(D), (4.24)
and
Ag |Vun|2/R3 Vi, Vi, — ) = /Rg IVun|2/R$|V(un —w)[* +o(1). (4.25)

It follows (4.3), (4.9), and (4.10) that

6
X/< |L;q6|6) /]R?' I<(x)¢unufl \/1;3 |un|4”n(un —u)=o(1). (426)

Therefore, it follows from (4.21)-(4.26) that

nun—un2+bf |Vun|2/ IV (=) = olD).
R3 R3

This implies ||u, — u||> = o(1). Thus, u, — u in H'(R3). O
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Lemma 4.3 For almost every ) € ], there exists u* € H'(R3)\{0} such that

IqT’A(u*) =¢, (IqT,k)/(u’\) =0.

Proof By Lemma 3.1, Lemma 3.2, and Proposition 3.1, for almost every A € J, there ex-
ists a bounded (PS),, sequence {u}} C H'(R?). Up to a subsequence, by Lemma 4.2 we
can suppose that there exists u* € H'(R®) such that #} — u* in H'(R?). Then we have
IqT_A(u)‘) =¢; and (IqT'A)’(uk) =0. O

Lemma 4.4 (Pohozaev identity) If u € H(R?) is a weak solution of

6
—<a + bf |Vu|2>Au +u—qy (ﬂ)l((x)dmu
R3 T6

3qr [ lulg 4 2
~ o6k <F lu|"u R31<(x)¢uu

= M () ul’u,
then we have

0 = P(u)

3 b 2
::f/ |Vu|2+—/ W2 / \Vul?
2 R3 2 R3 2 R3
5qgh ([ |ul§ / 9
J24% (o) [ kg,
2 x( 75 ) Js (*)puu

3gA 6 6
_L%X’(%>f K (%), u*
R3

4 16"\ TS

qr [ |uld / 5
- =E VK, %)y

() [ ok

31 A
——f f(x)lulp”——/ (Vf, %) ul*, (4.27)
p+1Jgs p+1 )

where ¢, is defined by (3.3).
Proof The proof is standard, and we omit it (see [14]). O

Lemma 4.5 Let m; (i = 1,2,3) be positive constants, p > 1, and g(t) = myt*> + myt* -
1
m3t3*%, t > 0. Then g has a unique positive critical point, which corresponds to its max-

imum.

Proof The proof is similar to that of Lemma 3.3 in [6] and is elementary. We omit the

proof. O

Lemma 4.6 Let A, € ], and let u, be a critical point ofIqT,M at level c,,, for every n € N.
Then, for T > 0 sufficiently large, there exists qo = qo(T) such that, for any 0 < q < qo, up to
a subsequence, |u,|l¢ < T for all n € N.
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Proof We argue by contradiction. First of all, it follows from (I ) () = 0and Lemma 4.4

that u, satisfies the following PohoZaev identity:

2
/ |V1/ln|2 /M +_< |Vu,,|2> 5 oY’ n <|Mn|6)/ K(x ¢un 2
R3

3qMu |Mn|6 ’ |Mn|6 2 qhn |un|6
- 16 X\ s /SK(x)qbunun— ) / (VK, %)y, 1>

)P — —1 / (Vf, %) |uu[P*! = 0. (4.28)
+

p+1

Since IT 2 (un) = c;,,, we have

1 b 2
6 =gt 5 ([ 192
qhn |Mn|g 2 An 1
- (2 ) |k - P+l 4.
2 ) [ x-S [ s 429)
Hence, by (4.28) and (4.29) we obtain
b > g 6
o [ v ([ vl ) o+ (e
R3 4~ R3 2 T6
q

3qhn |un|g , |Mn|2 2 A
* = 76 X\ e Rsl((x)¢"”u”+ )

3(3)”1.

2
X)Pu, U,

) / (VK 2)y 12

(
|Mn|6

/3](
(5

p+1

Moreover, combining (f;), (Ky), (4.1), (4.2), (4.3), (4.30), Lemma 3.1(ii), and the Sobolev
embedding theorem, we deduce

3gA |un|6 |un|6

2 n 6 .,/ 6 2

a /R Val? <30, = === o fR K@,
A

— ("””'6)/ (VK x)¢bu, 142

7, |”n|6 10 2 |”|6
SgcAn+ClﬁX ( T6 >|un|6 +C2q X T6 |u n|6

By the definition of ¢,, and by (4.6) we have

p+l
n

T
an < maxly, (wp)

n

1 b 2
< max f92f |Vw|2+—94/ W+ 2% / Vw2
0>0 2 R3 2 R3 4 R3
Mo (6° An s
s () f o= g o]
R3 p+1 R3
b 2
Smax[ IVw|? + = 94/ lw|? + 94(/ |Vw|2>
6>0 | 2 R3 R3
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A i A 6°
ENRVESS S / [wP*1 | + max 2 x| = / K(x)d)wgwg
p+ 1 R3 6>0 4 Té R3

= Al +A2(T),
where

a 1 b 2
A; = max| -6 |Vw|2+—94/ w2 + —0* / [Vw|?
>0 2 R3 2 R3 4 R3

A p+l
_ n 93+T |W|p+l ,
p+1 R3

Ay 6°
Az(T)=I9n>a(;<[q4 x(ﬁ> /Rs’<(x)¢we””3]'

By Lemma 4.5, A; is a finite number. If 9° > 27%, then A,(T) = 0. Otherwise, it follows
from (4.2) that

A =4 [ Ko
R
< K155 - Iwolg

IK[38,20* < C3¢* T*. (4.30)

We also have

Jotn
Clq_x/( ;66 |un|é0 < C4q2T4,

|uanl§
Czqz)(( o |luals = s’ T,

Then we deduce

ﬂ<[R3 |V, |> <341 + Ceq> T*. (4.31)
By the Sobolev embedding theorem we have

< C [ 1Vl <G G T, (4.32)

We suppose by contradiction that there exists no subsequence of {u,} that is uniformly

bounded by T. Then we can assume that |u,|¢ > T, n € N. Therefore by (4.32) we conclude
that

T < Juy? < c/ Va2 < Cr + Cog? T,
]R3

which is not true for T large and ¢ small enough. Indeed, we can find T > 0 such that
T2 > C; +1and qo = qo(To) such that Cgq>T* <1 for any 0 < g < go. O
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Proof of Theorem 2.1 Let T, qo be as in Lemma 4.6 and fix 0 < g < go. According to
Lemma 4.3, there exist sequences {A,,} C J and {u,} C H'(R?) such that

=1, L () = ¢y, (17,) () =0, (4.33)

where ¢, is defined by (3.7). We will prove that {u,}, is a bounded (PS) sequence for

I,=1F

,1- By Lemma 4.6 we know that

|tnle <T. (4.34)

Using the Holder inequality, we get

p%l 57Tp 3(p-1) ?%p
R3 R3 R3 R3

Since ((IqT’A)/(u,,), uy,) = 0, it follows from (f;), (4.2), (4.3), (4.5), (4.34), and (4.35) that

/ ui = Aq/ I((x)¢unui+)\/ F() |, P
R3 R3 R3

—(a+b/ |Vun|2>/ |V,
R3 R3

<q / K)oy + / () 1y P+ f ol
R3 R3 R3
5-p

2 +1 3D 2\ b
< ng T + C10 TP +foQT 2 u, .
R3

Asl<p<5, ng u? is bounded. Combining (4.31), we deduce that {u,} is bounded in
HY(R3).
On the other hand, by (4.34), (4.3), and (4.4) we have

T 1 . b 2 2 qAn 2 pil
Iq,,\n(un)=§||un|| +Z RB|Vbln| — R31<(x)¢””u”_p+l RBf(x)Wnl .

Since A, — 17, we can prove that {u,} is a (PS) sequence for I, = I; 1 by similar arguments
as in Theorem 1.1 of [15]. We finish as in Lemma 4.3. O

5 A ground state solution

To apply the global compactness lemma to solve problem (1.4), first of all, we need to
consider the existence of ground state solutions of the associated ‘limit problem’ of (1.4),
which is given as

—(@a+Db [os IVul®) A+ u — Kooyt = foolulPu, x €R3,

(5.1)
—A¢, = Kooti?, x e R3,

and the corresponding least energy of the associated limited functional

1 2 b 2 ’ 1 2 1 +1
oot = Sl + (| Vul) = | Kot = o |l (52)
R R R
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Set
Moo = {u € H'(R*)\{0}|Goo () = 0},
where

Goo(u) = %(I;o(u),u> + Py (1)

2
:a/ |Vu|2+2/ u2+b</ |Vu|2)
R3 R3 R3

7 p+7
- [(oo 2 T A/ N e} P+1,
4 _/Rs Putt 2(p+1) /Rsf lul

a 3 b 2
Poo(u)z—/ |Vu|2+—/ u+ = f |Vul?
2 R3 2 R3 2 R3

5 3
——/ 1<oo¢uu2——f Soolul?*t.
4' R3 p+]. R3

We remark that

a 3 p-1
I == vul>+—= | K 2y, = p+1 5.3
wlwin) =5 [ vl 2 [ e 2o [ o 63)
and
p+3 9 p-1 / 9
I = \V4 s
oo Moo () 2(p+7)”/Rs| W 3o+ Jo®
2
p-1 2 7-p 2
b v K, . 5.4
) (/Ra| ”') Y apr7) Jas Kot 64

Lemma 5.1 I is not bounded from below.

Proof For any u € H'(R®) \ {0}, we have

a 1 b 2
Ino(uy) = =t* |Vu|? + —t4/ u? + —t* / |Vu|?
2 R3 2 R3 4 R3
1 1 +7
- —t7/ Koopy1s® — —t”T/ Soolul?™.
4 R3 p+ 1 R3

Asl<p<5, I(uy) —> —00 as t — +00. O

Lemma 5.2 Let m; (i =1,2,3,4) be positive constants, 1 < p < 5, and g(t) = mt* + myt* —
; 7 . e , ,

mst’ —mat = fort > 0. Then g has a unique positive critical point, which corresponds to

its maximum.

Proof The proof is similar to Lemma 3.3 of [6], and we omit it. O

Lemma 5.3 Forany u € H'(R3)\ {0}, there is a unique t > 0 such that u; € M. Moreover,
Ioo(uf) = maXso Ioo(ut)
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Proof For any u € H(R®) \ {0} and ¢ > 0, we denote

V(t) éIoo(lfit)
a 1 b 2
=—22 | |Vu*+ —t4/ u® + —t4</ |Vu|2>
2 ]R3 2 ]R3 4 ]R3
1 7 |
-t K 2o 7 ulPL,
; /R < =~ Asm |

By Lemma 5.2, y has a unique critical point £ > 0 corresponding to its maximum. Then
y(£) = maxo y (t) and y’(¢) = 0. It follows that I (uz) = max;. Iso (), Goo(uz) = ty'(£) = 0
a.e., and u; € M. O
Set
1 := infyer max Lo (n(2)),

¢ = infy e (m3)) (o) IItlE})XIOO(Mt),
>

¢z = infye pm, Loo (U),

¢y :=inf weH (R3)N Moo I (u),

where
I':={n e C([0,1], H'(R?)) | n(0) = 0, (n(1)) < 0}.

The constant ¢3 turns out to be a nontrivial number, as we will prove in the next lemma,
which contains the statement of the main properties of M.

Lemma 5.4
() There exists o > 0 such that |ul| > o for all u € Mx;
(i) Iso is bounded from below on M, by a positive constant, i.e. c3 > 0;

(iii) u is a free critical point of I, if and only if u is a critical point of I, constrained

on My

Proof (i) Let u € M. By the Holder inequality we see that

2
0O=a |Vu|2+2/ u2+b(/ |Vu|)
R3 R3

7 p+7
_ - Koo 2 - p+1
4/]1@3 Putt” 2(p+1)/f -

> [lull® = C(1laell* + lelP*).
As 1< p <5, there exists o > 0 such that

lul =0 >0, Vue My, (5.5)
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(ii) It follows from (5.4) and (5.5) that

p+3 2 p-1 / 9
Io(u) = a Vul|” + u
(1) 2(p+7) ]R3| | 2(p+7) Jrs

2
p-1 2 7-p / 2
b \vJ Kooy
T ap+7) </Rg| ”') Y ap e 7) Jas Kot
p-1 ,
>
=2p+7)°

> 0.

Thus, c3 > 0.
(iii) The proof consists of two steps.
Step 1. G (u) # 0 for any u € M, and hence M is a C'-manifold.
We will prove this by contradiction. Suppose that G__(«) = 0 for some u € M. Denote

k£ Ino(u), aéa/ |Vul?, ﬁé/ u?,
R3 R3

2
,uéb(/ |Vu|2> ) vé/ Koo ti?, Sé/ Soolul?*.
R3 R3 R3

In a weak sense, the equation G/_(#) = 0 can be written as

-2 (a + 2b/ |Vu|2> Au+ du — 7Kooyt
R3

_p+7

== Sfooltt?PMu, (5.6)

where ¢, (x) = %" ng "f_(i)‘ dy. Combining G (1) = 0, (5.6), and its PohozZave identity, we

have

1 1 1 1 1
2oz+2;8+4,u—4v—p+16—k>0,

a+2ﬂ+u—%v—2$+71)8=0,
20+ 4B +4p-7v - 518 =0,

a+6,3+2u—%v—?2’gﬂ;6=0.

Thus, we can conclude that

3)(p-1
by @D i o,
1+p

which is impossible since v and § are positive. Thus, G, () # 0 for any u € M, and M

is a C'-manifold by the implicit function theorem.
Step 2. Every critical point of I| 1, is the critical point of I, in H*(R?).
If u is a critical point of Ioo| a1, , then there exists a Lagrange multiplier A € R such that

I (u) = MG, (u).
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We claim that A = 0. The equation I’ (#) — LG/ (#) = 0 can be written in the weak sense

as
—(a + b/ |Vu|2)Au + 1 — Koot — foo P 1
R3

+7
:Aﬂa<a+2b/n|VuF)Au+4u—7K@¢ﬂb—€§—fmww4u}
R3
that is, u solves the equations —A¢ = K.u? and

—(@x—na+@A—U@/|VuF>Au+mx—nu
R3

—(7x = 1)Ko pyut

7
:V;x_@kwﬂu

for x € R. Using the notation in Step I, we have that

la+if+1 —ﬁ&ziv+k>0,
p+7 _7
a+2B+u— 2(1“1)8— v (57)

A= Do + (4h - 1B + (4h - D — [Z20 =115 = (72— v,

2A-1 3(4r-1) 4)-1 3(p+7)A-6 ¢ _ 5(7A-1)
et T B T Ty 8= T v

The coefficient matrix of (5.7) is

1 L 1 L
2 2 4 p+l
p+7
1 2 1 -
24-1 4r-1 4r-1 1-Z71
20-1 3(42-1) 4i—-1 _ 3(p+7)A—6
2 2 2 2(p+1)

and its determinant is

CA1-40(p+3)(p-1)

detA
€ 16(p+1)

Asl<p<5,
1
detA=0 << A=0, A:Z.

Now we prove that A = 0 by excluding the other two possibilities:
1) Ifa= i, then the last equation of (5.7) is

1 15 3p-1)
—a+—V+ S =
4 16 8(p+1)

This is a contradiction since® > 0,8 >0, v >0,and 1< p < 5.
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(2) FA#0, 1+ %, then the linear system (5.7) has a unique solution. We obtain

B (p +1)(32k + 15v)
p+3)p-1)

Asl<p<5,k>0andv >0, wehave § <0. This is impossible since § > 0. O
Lemma5.5 c2 ¢ =¢y=c3 = 4.
Proof (i) ¢1 = ca = c3. The proofis similar to the argument of Nehari manifold method [16].
(ii) ¢ = cq. It is clear that ¢; = ¢3 < c4. We next prove that ¢, > c,. For any u € HY(R3) \
{0}, it follows from (5.3) that there exists a unique £ > 0 such that uz € M, and I (uz) =

maxyso loo (u;). Similarly, for u*, the Schwarz symmetric arrangement of u, there exists a
unique ¢* > 0 such that u}, € My, that is, u. € M N H!(R?). Note that

[vaf < [war, [l [ we [t [ e
R3 R3 R3 R3 R3 R3

and (see [17])

/¢uu2§/ ¢u*(u*)2'
R3 R3

Then we have that
L) > Lo ().
By the preceding we deduce that

¢a = infyc 1 w3y, (0) r?j)xloo(ut) > oo () > Ino (u;i) > inf, 11 r3)n Mo Io(u) = 4. O

Lemma 5.6 (See [6]) Let {u,} be a sequence satisfying u, — u in H'(R®). Then

2 2
/ ¢un”n—>/ duu”.
R3 R3

Theorem 5.1 Problem (5.1) admits a positive ground state solution (u,¢,) € H'(R?) x
DY (R3?).

Proof By Lemmas 5.4-5.5 we only need to prove that c is attained at some u € H*(R3) N
M. Letting {u,,} C H(R®) N M, be a minimizing sequence for I, it follows from (5.4)
that

p+3 9 p-1 / 3
a \Y +
2p+7) .[1@' vl 2p+7) Jgs

p-1 2\ 7-p / )
Vu, Kooty
+4(p+7)b</Ra' “ ') Y A7) Jo KocPmtn

c+1>
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for n large enough. Therefore, {u,} is bounded in H!(R?). Passing, if necessary, to a sub-
sequence, we may assume that there exists a function # € H! (R?) such that

U, — 1 in H}(Rg),
U, — i in LS(RS) for s € (2,6),and (5.8)

u,— i ae. inR>.

Now we show that u,, — % in H'(R?). Indeed, it follows from (5.8), Fatou’s lemma, and
Lemma 5.6 that

a |V£z|2§hminfa/ |V,
R3

R3 n—00

7% < liminf/ lut,]%,
3 n—00 R3

R

2 2
b(/ |v5¢|2) gliminfb(/ |Vu,,|2),
R3 n—00 R3

and

/ |z/P* = liminf / |2, [P+,
Rg n—0o0 R3

¢zit* = liminf / b, 1>
R3

R3 n—00

Clearly, we have G () < 0. Therefore, by Lemma 5.3 there exists a unique £ € (0,1] such
that #;, € M. If £, € (0,1), then it follows from (5.3) that

Ioo(ﬁto) < hm Ioo(un) =q
n—00

which is impossible. Thus ¢y = 1, and c is attained at z € M.
By the standard regularity arguments as in the proof of Theorem 1.4 of [11] we see that
7 is a positive ground state solution for problem (5.1). d

Assume that (f1)-(f2) and (K3 )-(K4) hold. We apply Proposition 3.1 to prove Theorem 2.2.
Set] = [%, 1]. We consider a family of functionals on H'(R3),

b 2
L(u) = %nun2 + Z( fR i |Vu|2) - % /R . K(x)guu® — ﬁ /R 3f(x>|u|*’“. (5.9)

Then I, (1) = A(u) — AB(u), where

I, b %
A(u) = —llull” + — [Vu|?) — +00 asu— +00
2 4 R3

and

= l 2 L +1
B = /R K+ /R S 20,
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Lemma 5.7 Assume that (f;)-(f2) and (K3) hold. Then
(i) there exists v.e H'(R3)\ {0} such that I,(v) < 0 forall » € ];
(ii) ¢y :=inf,cr, maxecpon) Ln(y (£)) > O for all 1 € J, where
Ty ={y € C([0,1], H'(R?)) | y(0) = 0,y (1) = v}.

Proof The proof is similar to those of Lemma 3.1 and Lemma 3.2, and we omit it. O

By Proposition 3.1 we see that, for any A € [%, 1], the associated limit problem

—(@+b [ VU Atk + 1~ \Koopth = Mool 1, x € R, (5.10)
“A¢ = Kooti?, *eR%, |
has a positive ground state solution (u3, ¢, ) € H'(R?) x D"?(R?), that is, for any A € [3,1],

m3° = inf{I°(u), u € M7} (5.11)

is achieved at u; € M$° £ {u € HY(R?)\{0} : G°(u) = 0}, where

2
GX(u)=a |Vu|2+2/ u2+b(/ |Vu|2)
R3 R3 R3

7
X f Soolu P (5.12)
]R?’

p+7
_ = K 2 _
L TP

Lemma 5.8 Assume that (f1)-(f2) and (K3)-(K3) hold and that K # Ky or f # fo. Then
¢, <ms forany d €.

Proof Let u, be the minimizer of m}°. By Lemma 5.3 we see that I}°(u,) =

max;so Ifo(t% u;(%)). Then, choosing v(x) = (u;), for £, large enough in Lemma 5.7(i), we
have that, for any € J, there exists £ € (0, £) such that

¢, = infyer, tgl[g)l(] L(y(@®)

< max I ((«
= O<t<ty )L(( )»)t())

= L,((un)).
By the assumptions on K and f, since u; >0, we derive
L((u)) < 12 ((un)z)-
Thus, we conclude that
o <2 ((up)g) < P (u3) = m5°. O

To prove that the functional /), satisfies (PS)., condition for a.e. A € J, we need the fol-
lowing global compactness lemma, which is suitable for Kirchhoff equations.
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Lemma 5.9 Assume that (f,), (f2), and (K3) hold. Then for ¢ > 0, A € ], and a bounded (PS),
sequence {u,} C H'(R®) of I, there exist u € H'(R®) and A € R such that J|(u) = 0, where

bA? 1
Jilw) = 22 f|wM+—/’f
2 ]R3 2 R3

S Ry W (5.13)
R3 p+1 Jg3

4

Moreover, there exists a finite (possibly, empty) set (wh,w?,..., W c H(R?) of nontrivial
positive solutions of

—(a+bA*) A+ 1 — MK ooyt = Mo |lulP ' u (5.14)
and {yL,y2,...,y,} C R such that
7] = o0, lyk =9k = 00, k#K,n— o,
c+ b%ﬂ =J(u) + ili" (wh),
k=1
and

— 0,

l
un—u—Zwk(-—yﬁ)
k=1

l
A= |Vul}+ ) |Vt

k=1

2
2’

where

bA? 1 A A
J2 () = 27 / |Vu|2+—/ uz——/ Kooq&uuz——/ FfolulP'.  (5.15)
2 R3 2 R3 4 R3 P+1 R3

Proof The proof is similar to that of Lemma 3.4 in [11]. Since {u,} is bounded in H*(R3),
there exist u € HY(R?) and A € R such that

U, —~u in HI(R3) and /}1@ |Viu,|> — A2 (5.16)
Moreover, using (f1)-(f2) and (K3)-(K3), we have

Ky, uy — Koyu and  flu, P u, — flulPu in H_I(RS). (5.17)
Therefore, I (u,) — 0 implies that

/RB (aVuVe + ug) + bA? /R3 VuVe - A /R3 K(x)p,uep

—dkwwwwavMMW%
R3
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that s, /; () = 0. Since

a + bA? 1
Ji(uy) = / |VL£,,,|2 + _/ |Lt,,|2
2 R3 2 R3

A A
_ _ K 2 _ p+l
JRS (), 1 pHASf(x)Iunl

a 1 b 2
:—/ |wn|2+—/ unl? + 2 / Viey?
2 ]R3 2 ]R3 4' R3
A

A 2
1 /]R3 Kx)py,u,

A bA?
- / F@Nur + 2 / Vital? + o(1)
p + 1 R3 4 R3
bA*

=L (u,) + e +0(1)

and

(I (n), ) = (a+ bAz)/

R

Y / Kb, o — 1 / F@unl g
R3 R3

:a/ Vuano+/ un<p+b/ |Vun|2/ Vu, Ve
R3 R3 R3 R3

— - p-1
A/RSK(x)cpunungo A/]Rsf(x)lunl 1y +0(1)

= <I),\ (#n), (p> +0o(1),

Vu,,V(p+/ /1)
3 R3

we conclude that

bA* , .
Ji(u,) — c+ R Ji(uy,) >0 inH (R )

We next show that

l

== Y WA h)

k=1

— 0,

where either /=0 or /> 0.

Step 1: Set ul, = u, — u. By (5.15) and the Bresiz-Lieb lemma we obtain that

(A1) |Vubl3 = |Vu,|3 - Vul3 +0(1),
(B.1) |upl3 = lunl3 — ul3 +0(1),

(C1) JPud) > c+ % — J,.(1), and
(D.1) (2°)(ul) — 0 in H-1(R3).

Let

ol :=limsup sup / |u;|2
By (y)

n—+00 yelR3

Page 22 of 28
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Similarly to (4.10), we have that

/ %) u,p — 0. (5.18)

Vanishing: If 0! = 0, then it follows from Lemma 1.21 of [12] that u} — 0 in L*(R3) for
s € (2,2%). Thus, fs [ublPul, — 0 in H'(R?). Since (J;°)'(u},) — 0, we get that &}, — 0 in
H'(R?), and the proof is completed.

Nonvanishing: If o' > 0, then there exists a sequence {y} € R? such that

e o
/w|u|>2

Set w! = ul(- + y1). Then {w!} is bounded, and we may assume that w} — w! in H*(R?).
Hence (J°) (w!) = 0. As

12 ‘7_1
/Bl(o)|wn{ >

we see that w! # 0. Moreover, 4}, — 0 in H*(R®) implies that {y}} is unbounded. Hence,
we may assume that |y}| — +oo.

Step 2: Setting u? = u, — u — w'(- — y.), we can similarly get that

(A2) |Vurls = |Vuls = [Vulz = VW3 +o(1),

(B2) |upl3 = lunl3 - |u|§ w3 + (1),

(C2) J°(u2) — c+ 2o — i (w) - (wh),

(D2) (2°)Y@?)— 0 mH L(R3).

Similarly to the arguments in Step 1, let

. 2
0% :=limsup sup/ ‘ufl| .
n—+00 yER3 Bi1(y)

If vanishing occurs, then ||u2|| — 0, that is, ||z, — u —w'(- —y1)|| — 0. Moreover, it follows
from (5.16) and from (A.2) and (C.2) that

= |Vu|§+

bA 4
C+T—]A(u)+],\ (wh).

If nonvanishing occurs, then there exist a sequence {y?} € R? and a nontrivial w* €
H'(R3) such that w2 £ 12(-+52) — w? in HY(R?). Then by (D.2) we have that (/°)'(w?) = 0.
Furthermore, #2 — 0 in H'(R®) implies that |y2| — oo and |2 - y}| — oo.

We next proceed by iteration. Recall that if wX is a nontrivial solution of I°, then
I°(wX) > 0. So there exists some finite / € N such that only the vanishing case occurs in
Step L. Then the lemma is proved. d

Lemma 5.10 Assume that (f;)-(f,) and (Ky)-(Ky) hold. For ) € ], let {u,} C H'(R®) be a
bounded (PS)., sequence of I,,. Then there exists a nontrivial u; € H L(R3) such that

U, — U, in Hl(]R?’).
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Proof By Lemma 5.9 we know that, for A € J, there exist u; € H'(R?) and A; € R such that
u, —w, inH'(R%), / [Vu,|* — A2, T (u3) = 0.
R3

Now we prove that u, — u; in H'(R3), that is, {w1, w, ..., w;} = 8. By contradiction we
assume that there exist a positive integer / and {y’;}izl C R3 with [y%| — 0o as n — oo for

each 1 < k <[, and nontrivial positive solutions w', w?,...,w of problem (5.14) such that

l

bA?
. + TX =Ju(w) + Y T2 (wh),
k=1
I
U, — U, —Zwk(- - =0,
k=1
and
!
A= Vi 3+ Y |V, (5.19)

k=1

In the weak sense, the equation /; () = 0 can be written as

—(a+bA3) Awy + wy, — MK (%), 15, = A () |3 [P~ 1z, (5.20)
2
where ¢,,, = ﬁ I K(Tgf;‘(y) dy. Denote

a= a g5 IV |2, B Jgs lurl?s 1= bA? Jes IV |2,
vE [ K®)puu2, 82 [oaf@)|up
VE [0a(VK,X)pu, u?, 82 [oa(Vf, ) us Pl

It is clear that «, 8, ;t are nonnegative. Then (f1)-(f2) and (K3) imply that §, 8, v are non-
negative too. Then the Pohozaev identity of (5.20) and (/; (), u,) = O can be written as

follows:
1 3 1 5L 31 =
Ea+§ﬂ+§“_f‘}_ia_1‘)_?8 0,
1 1 1 A A 1
5a+ §ﬂ+ Z,bL— Z\)— ?3—})L(MA - —4//L.

Note that (K4) implies that v + V is nonnegative. Then we conclude

A

§>0.
p+1

1 1 A
3<]A(M/\) - ZM> =+t ZM + E(U +V) +

Hence, we derive

1
Ji(uy) = beﬁ/ |V, |2 (5.21)
R3
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On the other hand, for each nontrivial positive solution w* (k = 1,2,...,1) of problem
(5.14), we have the following Pohozaev identity:

2
ﬁf(wk)é%/ |ka|2+%/ WA
R3 3

54

S Y

It follows from (5.19) that

0 = {0 (), ) + B2 ()
_ (a+bA§)AB|W|2+szs|wk\2

2 12 (P+7))~ p+l
-4 R31<Oo¢wk\w] “ 2D Rafww
ZG;O(W]{).

Then there exists t; € (0,1] such that (wk)tk € M5, that is, Gio((wk)tk) = 0. By direct cal-
culation we obtain

o) = SB[ ot B [P D [ (o

T 2(p+7) Jrs 2(p+7) R3 4(p+7)
(7=p)r
+4(pf7) I(oo¢wk|wk| + /|Vwk|
a(p +3) 2 -1 iy bp-1) "
2 Sen i Jo VL 2(p+7>k T a 7)k</ |W|)
(7 P))\ k2, DAY k|2
Tapn /4’ i+ 25 4 /RJVM
2 bA?
= 52(),) - 5256 (04),) + 2 [ et
2
> mse +b% v WP, (5.22)

By (5.19)-(5.22) we have

hA% !
.+ TA = Li(w) + Z/fo

bA2 A2 l )
/ [Vu | + Im° + 4*](2:1:/]RS|VWI‘|

ba}
>m+ —2
4
Hence we get that ¢; > m}°, which contradicts to Lemma 5.8. So u, — u; in H'(R?). Asa
consequence, we obtain that I; (#;) = 0 and I, (1,) = c;.. O
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To prove that problem (1.4) has a positive ground state solution, we define
m:= inf{]l(u), uc S}, where S := {u € HI(R3)\{O},I{(L¢) = O}.

Proof of Theorem 2.2 We complete the proof in three steps.

Step1. S #0.

By Lemma 5.7, Lemma 5.10, and Proposition 3.1, for a.e. A € J, there exists u, €
H'(R?)\{0} such that I} (4;) = 0 and I, (1;) = ¢;.. Choosing a sequence {A,} C J satisfying
An — 17, we have a sequence {u;,} C H'(R?)\{0} such that I;\n(u)\n) =0and [, (u,) =cs,.
For simplicity, denoting {u,} instead of {u;,,}, we next show that {u,} is bounded in H*(R3).

Denote

Oy £ ﬂfRa |VM,,|2, B = /]RB |un|2! Mn £ b(fR3 |Vu,,|2)2,
Vu £ f]R3 1<(x)¢unufp O £ f]RSf(x)lun |p+1’
V2 [o3 (VK %)y, 12, 8 = [oa (V) |uuPH.

Then we have

1 3 L, _ 5wy, B _huy g
20+ 3Bt g = 2V = 00 = Ve = 156, =0,

1 1 1 A A
70, + 2’3” + zMn— Tnvn - p_:llfsn =Cy>

oy +ﬂn + Un _)‘nvn _)\nan =0.

Hence, we have

)‘Vl (p - 1))\}1 )\n — }Ln
ZU Sp+ —(vy +Vy) +

~ 77 8, =4c, <4ci. 5.23
"+ 2 palonT MO =5 (5:23)

o, +
" 2

Note that «,,, B,,, i, are nonnegative. Conditions (f;)-(2), (K3), and (K3) imply that §,,, 8,,,
Vy, Uy + Uy, are nonnegative too. Then we conclude that §, and v, are bounded. Moreover,
by the third equation we have that a,, + 8, is bounded, that is, {x,} is bounded in H!(R3).
Therefore, we get

lim Il(u,,)
n— 00

tim (5,0 + 6,05 [ KOs [ sme))

lim ¢, =¢;
n—00

and
Jim (7 (1), )

= Jim (1, 0]+ G =D [ K+ [ )

=0,
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that is, {u,} is a bounded (PS)., sequence for I;. By Lemma 5.10 there exists uy €
H'(R3)\{0} such that I} (1) = 0 and I; (1) = ci.

Step 2. 0 < m < 00.

It is clear that m < ¢; < 0o. Next, we prove m > 0. For all u € S, we have (I} (u),u) = 0.
Then by a standard argument we get that ||«|| > § for some § > 0 (see Lemma 5.4(i)). On
the other hand, by the Pohozaev identity of problem (1.4),

0 = Py(u)

N 2. 3 2 b 2 25 2
=—f |Vul*+={ u"+-= |Vu| - = K(x)p,u
2 R3 2 R3 2 R3 4- R3

1 3 1
_ VI(, 2__ p+1__/ V , p+11
445 X)p p+14gumn pﬂ»w(fwm

where ¢, (x) = ;- ng K(‘Q_”yl dy, we have

L(u) = L(u) - %[(I{(u), u) + 2Py (u) ]

f( )luefP*t

a 1 p-
=— Vul® + = K(x)p,u® +
4 R3| | sza ()b 8(p+1

+1
T3 (K(x)+(VK X)) purt” + ———— 2 (p D / (V) lulP™.

From (f1), (f2), and (K3)-(K4) we infer
M@z%AJwﬁ. (5.24)

Therefore, we obtain that m > 0. In the following, we will prove that m > 0. By contradic-
tion, let {u,} be a (PS)o sequence of ;. Inequality (5.24) implies that lim,,_, « |Vu,|? =
This conclusion, combined with (Z;(«), u) = 0, implies that lim,,_, », #2 = 0. Therefore, we
obtain lim,,_, o, ||#,| = 0, a contradiction with ||| > § > 0 for all n.

Step 3. m is is attained at some u € S.

Let {u,} C S satisfy I (u,,) = m. Using the same arguments as in Step 1, we can deduce
that {u,} is bounded in H'(R3), that is, {u,} is a bounded (PS),, sequence of ;. Similarly to
the arguments in Lemma 5.10, there exists a nontrivial point u € H'(R3?) such that [; (1) = m
and I{(u) = 0. By the standard regularity arguments as in the proof of Theorem 1.4 of [11]

we see that u is a positive ground state solution for problem (1.4). O
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