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Abstract

This paper is concerned with the solvability for fractional Sturm-Liouville boundary
value problems with p(t)-Laplacian operator at resonance using Mawhin'’s
continuation theorem. Sufficient conditions for the existence of solutions have been
acquired, and they would extend the existing results. Furthermore, an example is
provided to illustrate the main result.
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1 Introduction

The last two decades have witnessed a wide application of fractional differential equations
in various fields of natural science and engineering technology (see [1-7]). Introduced by
Bagley and Torvik [1], the famous fractional differential model is used to describe radial

vibration of a rigid plate connected to a massless spring immersing vertical in the ideal
fluid:

ay'(8) + BDEy(e) + ey(®) = £ (0),

where a,b,c > 0, and the fractional derivative represents damping. With some theoreti-
cal discussions conducted regarding boundary value problem (BVP for short) of differen-
tial equations so far, valuable results have been obtained for BVP of fractional differential
equations (see [8—18]). For instance, Kosmatov [12] studied the existence of solution for
the following BVP of fractional differential equations using coincidence degree theory:

D*u(t) =f(t,u(t),u'(t)), a-e-te(0,1),
D§Pu(0)=0,  nu(§) = u(l),

where D” is a Caputo fractional derivative, and 1 < o < 2.
It is generally known that the p-Laplacian equations normally derive from nonlinear
elastic mechanics and non-Newtonian fluid theory. However, in view of their significance
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in theory and practice, more and more attention is being paid to the existence of solutions
for fractional p-Laplacian BVP. Consequently, important results have been achieved in
this regard by some researchers (see [19-25]). Chen and Liu [21] discussed the solvability
of the following anti-periodic BVP:

§Dl (S D) =f(tw), tel0,1],
w©0) =-u(1),  §D{u(0) = -§Dfu(l),

where 0 <o, 8 <1, ¢,(-) is a p-Laplacian operator defined by ¢,(s) = Is|P~2s (s #0, p > 1),
¢,(0) = 0. With Schaefer’s fixed point theorem, the existence of solutions for BVP was
obtained.

Mahmudov and Unul [25] studied the BVP

Db ¢,(D%,x(2)) = (¢, x(t), D}, x(t), te[0,1],
2(0) + pax(l) = 0y [, g5, x(s)) s,

x(0) + pax' (1) = 0 [ h(s,x(s)) ds,

Dg.x(0)=0,  Dfx(1)=vD§,x(n),

wherel<a <2,0< 8,y <1,0<n<1,v,u;0;>0 (i=1,2), D, is a Caputo fractional
derivative, ¢,(-) is a p-Laplacian operator, f, g, / are continuous functions. By construct-
ing the Green’s functions of BVP and by using the fixed point theory, the existence and
uniqueness of the solutions were obtained under suitable conditions.

As far as we are concerned, the p(t)-Laplacian operator is a non-standard growth op-
erator by nature, and it mainly derives from elasticity theory, nonlinear electrorheolog-
ical fluids and image restoration. A lot of research regarding BVP of fractional differen-
tial equations with p(£)-Laplacian operator have been quite limited so far (see [26—30]).
Specifically, Shen and Liu [26] studied the existence of solutions for the following BVP with
p(t)-Laplacian operator at nonresonance and resonance by using Schaefer’s fixed point

theorem and Mawhin’s continuation theorem:

Dby 0(0(D%x(8)) + f(£,x(£)) = 0, £ €(0,1),
x(0) =0, DEx(1) = y I3 x(n), Dg, x(0) =0,

where dimKerL =1,1<a <2,0<8 <1,y >1,0<n <1, gyp(-) is a p(f)-Laplacian opera-
tor, p(t) > 1, p(t) € C'[0,1].

Inspired by the above findings, this paper studies the BVP subjected to Sturm-Liouville
type integral boundary conditions for fractional differential equations with p(£)-Laplacian

operator:

€D}, $pio(CDE,x(2)) = £ (£, x(8), %' (1)),
x(0) + bx'(0) = y [3 x(£)dt,

x(1) -mx'(1) =0 [ x(t)de,

D%, x(0) =0,
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where0<f <1l,1<a <2, CDg+, CD%. are Caputo fractional derivatives, b, m, &,1 € (0,1),
0>0,y>0,f:[0,1] x R* - R is continuous. ¢,(-) is the p(t)-Laplacian operator,
p(t)>1, p(t) € C'[0,1], and

1 1
=1, =1, b=-§, =1-—n, 1.2
143 on 5 § m X (1.2)
which leads to BVP (1.1) is resonant. It is also assumed that
C=(a+2)[1-mla+1)]+&(+1)(ma-1)+n*(E —n) #0. (1.3)

It is worth noting that p(f) = p herein, meaning it could be the famous p-Laplacian op-
erator. Since the p(¢)-Laplacian operator is a nonlinear operator, it is more difficult to
construct a projection operator. So our results serve as a further development for the
previous findings in this sense. Furthermore, we also observe that few scholars have ever
considered fractional Sturm-Liouville BVP with p(¢)-Laplacian operator before. The ker-
nel space herein is extended to higher dimensions as well. To be specific, it is assumed that
dimKerL = 2 in the article. In comparison with the case when dimKer L = 1, the system is
more complex.

2 Preliminaries

To facilitate understanding, we would firstly make a brief introduction about the concepts
and lemmas regarding fractional derivatives and integrals in the article. For more details,
please refer to the references hereunder (see [31-33]).

Definition 2.1 ([31]) Let X, Y be real Banach spaces and L : domL C X — Y be a linear
map. If dimKerZ = codimImL < +oo and Im L is a closed subset in Y, then the map L is a
Fredholm operator with index zero. If there exist such continuous projections as P: X —
X and Q: Y — Y, which meet the conditions that ImP = KerZ and KerQ = ImZ, then
Llgominkerp : domL N KerP — ImL is reversible. We denote the inverse map by Kp, set
Kp = Ll‘,1 and Kp g = Kp(I — Q). If Q is an open bounded subset of X and domL N Q # &,
the map N is L-compact on Q when QN : Q — Y is bounded and Kp(I - Q)N : Q — X is
compact.

Theorem 2.1 ([31]) Let L be a Fredholm operator of index zero and N be L-compact on Q.
Assume that the following conditions are satisfied:

(1) Lx # ANx for every (x,1) € [(dom L \ KerL) N d2] x (0,1).
(a2) Nx ¢ImL forevery x € KerL N a2.
(ﬂg) deg(QN|KerLr QN KCI'L, O) #0

Then the equation Lx = Nx has at least one solution in domL N Q.

Definition 2.2 ([33]) The Riemann-Liouville fractional integral of order & (« > 0) for the
function x : (0, +00) — R: is defined as

Ig,x(t) = ﬁ /0 (t - $)*x(s) ds,

assume that the right-hand side integral is defined on (0, +00).
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Definition 2.3 ([33]) The Caputo fractional integral of order & (@ > 0) for the function
x:(0,+00) — R:is defined as

d"x(t) 1

t
CDoz £) =1 _ / t— n-a-1_(n) d )
b0 = BT =y | 9 9 ds

where # = [«] + 1, provided that the right-hand side integral is defined on (0, +00).
Lemma 2.1 ([33]) Letn—1<a <n,if D% x(t) € C[0,1], then

I8,CD% x(t) = x(t) + co + it + Cot> + -+ + ¢t
wherec; € R,i=0,1,...,n-1,n=[a] +1.

Lemma 2.2 ([33]) Let n —1 < «a < n, then the fractional differential CD8‘+9c(15) =0 has the
following form:

x(t)=co+crt+cat® + -+ cpat"
wherec; €R,i=0,1,...,n-1,n=[a] +1.
Lemma 2.3 ([29]) Forany (t,x) € [0,1] X R, @, (x) = %P2 is a homeomorphism from

R to R and strictly monotone increasing for any fixed t. Moreover, its inverse operator ¢, (-)
is defined by

2-p(0)
(0,;(1t)(x) = |x|P01x,  xeR\{0},
P(0)=0, x=0,

which is continuous and sends bounded sets into bounded sets.

Since Mawhin’s continuation theorem is applicable to linear operators, the following
lemma needs to be introduced in this paper.

Lemma 2.4 BVP (1.1) is equivalent to the following problem:

D x(t) = ¢y (14 f(,2(2), %' (), £ €(0,1),
x(0)+bx'(0) =y [Fx(t)dt,  x(1)—mx'(1) = o [ x(t) dt.

Proof On the one hand, by Definition 2.2, we have
Do) (DL x(0) = IS, f (£, %(0), 5 (8) + ¢, ceR.

Based on the boundary condition “DZ, x(0) = 0, we get ¢ = 0. Thus,

¢P(i) (Dg+x(t)) = Ig+f(t’x(t)’x/(t))’

D, x(t) = iy (18.f (£:2(0), 5 (1))
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On the other hand, if D, x(¢) = ¢;(1¢) (1€+f(t,x(t),x’(t))), for t = 0, we have Dg,x(0) = 0.
Multiplying both sides of the equation by the operator ¢,() and Dg . we get

Dg+¢19(t) (Dg+x(t)) :f(t’x(t)’x/(t))'
The proof is complete. 0

3 Main result

Let X = C'[0,1], Y = C[0,1] with the norm [lx]|x = maxyeqo,1) {[1%]l o, 1% [loc}s 1711y = 17 llocs
where ||%||oo = max;ejo1 [#(¢)|. By Lemma 2.4, BVP (1.1) is equivalent to the following prob-
lems:

D x(8) = ¢y 5. f (6,x(0), % (2), £ €(0,1),

(3.1)
x(0) + bx'(0) = y foé x(t) dt, x(1) - mx'(1) = o [ x(¢) dt.
Define the operator L :domL C X — Y by
Lx = Dg,x(¢), (3.2)
where
&
domL = {x € X|Dg,x(t) € Y,x(0) + bx'(0) = y/ x(t) dt,
0

x(1) — mx'(1) :o/ﬂx(t) dt}.

0

Let N : X — Y as the Nemytskii operator
Nx(£) = ¢y (I f (620, (1))), ¥t e[0,1].

Then BVP (1.1) is equivalent to the following operator equation:
Lx=Nx, xedomlL.

For convenience, define the operators 71, 75,Q;,Q2: Y — Yt
3
iy= [ (€ =550 ds
0

1 1 n
Toy=«o ‘/0 1 - 5)* " y(s) ds — ma(a — 1) /o 1-5)"2y(s)ds — o /0 (n—s)y(s)ds,

Q= %(A4 T1y(t) - AsToy(t)),

Quy = %(—A2 Tiy(t) + A Toy(0)),

where

a+l o a+2
i N VS L VL S,
a+1 oa+1 (¢ +1)(x +2)
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A= 1 na+1
4_01+1_m_(ae+1)(oz+2)'
A= A1 Ay
Az Ay
_(a+1)2(a+2){(a+2)[1 mla +1)] + &+ Dma —1) + 0 - )}
Ea+l

@+ DX (a+2)
The following theorem is the main result of this paper.

Theorem 3.1 Assume that the following conditions hold.

(Hy) Ifthe function f :[0,1] x R? — R is continuous, and there exist nonnegative functions
a,b,c € C[0,1] such that

[t uv)] <a@® +b@lul"" +cOWI”?, Vee[0,1],(u,v) eR*1<0 <Py,

where a; = ||all oo, b1 = [|bllo, €1 = ll¢ll o, Pr = minge(o) p(2).
(Hp) There exists a constant B > 0 such that for u € R, if |u| > B, one has either

u-TiNu>0 or wu-TiNu<0.
(Hs) There exists a constant D > 0 such that for v e R, if |v| > D, one has either
v-ToNu>0 or v-ToNu<0.

Then BVP (1.1) has at least one solution provided that

b +1) ) 1

TE+ )T+t 2

(3.3)

In order to prove the above theorem, it is necessary to introduce more relevant lemmas,
as shown hereunder.

Lemma 3.1 Let L be defined by (3.2), then

KerL = {x € X|x(t) = co + a1t,¢o,¢1 € R,Vt € [0, 1]}, (3.4)

ImL={yeY|Tyy=Ty=0} (3.5)
Proof By Lemma 2.2, D§, x(t) = 0 has a solution, i.e.,
x(t) = co + c1t, co,c1 €R.

From (3.1), we can obtain (3.4).
Next, we prove ImL = {y € Y|T1y = Toy = 0}.
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If y € Im L, there exists x € dom L such that y = Lx € Y. By (2.1) ,we get

x(t) = ﬁ /0 (t—s)""y(s)ds + co + crt.

In view of the conditions of (3.1), we have

H
| €-9roas-o
1 1 n
o /0 1 - 5)*y(s) ds — mar(a — 1) /0 1-5)"2y(s)ds — o /0 (n—s)*y(s)ds =0,

i.e., T1y = Toy = 0. On the other hand, if T1y = Toy = 0 for y € Y, let x(¢) = I§,y(¢), then
x € domL and D§,x(t) = (). Thus, y € ImL. O

Lemma 3.2 Let L be defined by (3.2), then L is a Fredholm operator of index zero. The
linear projection operators P: X — X and Q:Y — Y can be defined as follows:

Px(t) =x(0) + X' (0)t, Vte[0,1],

Qyt) =Quy+Qy-t, Vtel0,1].

In addition, Kp : Im L — dom L N Ker P is defined as

Kpy(t) = ﬁfo (t—s)*y(s)ds, Vtel0,1].

Proof Clearly, Im P = Ker L and P*x = Px. By x = (x — Px) + Px, we obtain x = Ker P + Ker L.
After a simple calculation, we get Ker L N Ker P = {0}. Thus, we have

x =KerL & KerP.

The next step is to prove Ker Q = Im L. It is clear that Im L C Ker Q. On the other hand,
ifyeKerQCY,then Qy=Qy=0,1ie,

(AyThy — A3Toy) =0,
(—Ag Tl_)/ + AlTQy) =0.

> =

By (1.3), we have A #0. Hence, T;y = Ty = 0. Thus we get y € ImL and Ker Q C Im L. For
yeY,weget

1 1
Qly= X(A4 T1(Qu) — A3T>(Q1y)) = X(A4A1 - A3A;)Quy = Quy,
Q2(Quy) = %(—Az T1(Qw) + MTH(Quy)) = %(‘A2Al +A1A2)Qy =0,
1
Qu(Qoy - 1) = —(AsTi(Qey - 1) = AsTH(Quy - 1)) = X(A4A3 —A3A4)Qy =0,

Q(Quy 1) =

SN

1
(A2 Ti(Qay - ) + M To(Qay - 1)) = X(‘A2A3 + A1A4)Q2y = Qoy.
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Therefore, we have

Qy=Q(Qy+Qy )+ Q(Qy+ Qy )t =Qiy+ Qoy-t=Qy.

IfyeY,lety=(y—Qy) + Qy, where y — Qy € KerQ = ImL, Qy € ImQ. It follows from
KerQ = ImLZ and Q?y = Qy that InQNImL = {0}. Then we get Y = ImL & Im Q. Thus,

dimKerL = dimImQ = codimImL = 2.
It implies that L is a Fredholm operator of index zero.

The last step is to prove that Kp is the inverse operator of L |4om znker p- In fact, for y € Im L,
we have

LKpy =D{ I5,y = . (3.6)

Additionally, for x € dom L N Ker P, we have x(0) = x'(0) = 0 and KpLx(¢) = I§, D§, x(t) =
x(t) + co + ¢c1t. With the boundary condition x(0) = 2'(0) = 0, we get

KpLx = x. (3.7)

Combining (3.6) with (3.7), we obtain Kp = (L|gomzrkerp) . The proof is complete. O

Theorem 3.1 is proved by the following three steps.
Step 1. Let

Q= {x € domL \ KerL|Lx = ANx, . € (0, 1)}.

For any x € Q, x ¢ KerL, we have Nx € Im L = Ker Q, then QNx = 0. By (3.5), we get
o= [ 65105 (x5, 16) ds =0,
T)Nx = « /0 1 (1= )"t (15 f (5,%(5), ' (5)) ) ds
— mo(a —1) fo 1 (1— )"y (10, f (5, x(5), %' (5))) dis
—o [ 0= 50y 1. 5:5906) s =

From (H) and (H3), there exist two constants £1,&, € (0,1) such that |x(e;)] < B and
|%’(€3)] < D. Furthermore, by x(£) = I§, D, x(t) + co + c1t, we get

/ o— o 1 ‘ o— o
x(t) = I 1D0+x(t) +¢ = m /0 (t-s) 2D(,er(s) ds+c¢.

Let ¢ = &5, then

/ _ # 2 _ a—2 o
x'(e2) = Fa—1) /0 (82 — )" Dg,x(s)ds + ci.
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Since |¥'(&;)| < D, we have

leal < [%/(e2)] +

1 "2 a— o
F(a—l)/o (82 —5) 2’D()er(s)’ds

=D+ m”D s

<D+

Then

1 t
(B -~ Fa—1D / (t-5)*7*|Dg,x(s)| ds + |y

al

I8l

Let ¢ = ¢, then
= | -9 Dt
x(g1) = —— &1 -8 x(s)ds + ¢ + c161.
1 r@) Jy 1 0+ 0 +C1€1
From |x(g;)| < B, we have

lcol < |x(e1)| + ﬁ/o 1 (e1 - 97D, ()| ds + ||

<B+

o 1 o
<o sl ¢ D s 06

B+D+ﬁ” 0+X H

Then

1 ! o— o
ol = i |, (6=97 D409 ds+ el + e
0

< D8]+ B 2D+ —— DS+ | DS ]
T (a+1) e r() " T(a+1) Do.rloe
<520+ 2D ]

Furthermore, by Lx = ANx, we have

D§,x(t) = A9, o (15 +f(zr x(t),%'(1))),
Bp0 (D5,%(0)) = i (i (16, (6:2(0),2'()))
= Bty W, f (6:%(0), % (1))
-8 £ (£, x(8), ' (1))
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Combining (H;) and A € (0,1), we have

| D&, %) _F(ﬂ/(t s f (8 x(2), 4 (2))] ds

)(ul + by |||

<—
“Ir(B+1

P (B2 2 D pe g )
“rp+1) arm\Pr +F(Ol+1) 0+¥llo

ve (F(a)”D "y +D)61:|.

According to (|a| + |b])? <2P(|al’ + |bP), p > 0, we get

rald)

|D§,%(2) ’WH <A1 +4A, ”D‘5+x||i;1,

where

0-1 0-1
o +bi(2B+ 4D)?1 4 ¢;(2D)? ! A= bl(?((zﬁ))) 1(767)

1o T(B+1) ’ 2

')

rp+1)

Hence, we have

D, ], < 27 (AT 4 AT | D 2] 5.

,1] that

|95, 5], = AN + A (|35, +1).

By (3.3), there exists a constant M; > 0 such that || D§, x|« <M. Thus,

I%llec <B+2D + 7M1:=M2, E4 <D+

—M; ;= M3,
- Mo +1) ! 3

2
(@)
this proves that €2; is bounded.
Step 2. Let

Q, ={x|x € KerL,Nx € ImL}.

If x(t) € Q,, then x(£) = ¢ + c1t, cg,c1 € R and Nx € Im L. Thus, we have T1Nx = To,Nx = 0.
When it is combined with (Hs), we get |x'(¢)| = |c1] < D. According to (H;), there exists
&1 € (0,1) such that |x(e1)| = |co + c161] < B.Itisclearthat |co| < B+ D.So [|x]lcc <B+2D:=
Ms. Thus, 2, is bounded.

Step 3. Let

Q3 ={xeKerL,AJx + (1-1)QNx =0, € [0,1]},
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where J : Ker L — Im Q is a homeomorphism mapping:
J(co +c1t) = %(A;;co - Asc) + %(—Agco +A1a)t, ¢, €R.

Let x € Q3, then x(£) = ¢g + c1t, cg,¢c1 € Rand AJ(co + c1t) + (1 — A)QN(co + c1t) = 0, i.e.,
M(co + c1t) + (1 - M)[QiN(co + c1t) + QoN(co + c1t)t] = 0.

Then

)\,(A4C() - A3C1) + (1 - )\,)[A4 TlN(C() + Clt) — A3 TzN(CO + Clt)] = 0,

)\(—A2C0 + AlCl) + (1 — )\)[—Az TlN(C() + Clt) + AngN(CO + Clt)] =0.

Thus,
}\-CO + (1 - )x)TlN(CO + Clt) =0, (38)
Acy+ (1= A)TyN(co + cit) = 0. (3.9)

According to (3.8) and the first part of (Hy), we have |¢o| < B. Otherwise, if |¢o| > B, by the
first part of (Hy), we have

Ac(z) + (1 =A)coT1N(co + c1t) > 0,

which is contradictory to (3.8). Similarly, by (3.9) and the first part of (Hs), we have
lc1] < D. Otherwise, if |¢1| > D, by the first part of (Hs), we have

)»cf + (1 =A)e1ToN(co + ¢1t) > 0,

which is contradictory to (3.9). Hence, Q23 is bounded.
Let

Q= {x € X, ||%]lo < max{My, M3} + 1}.

As indicated by Lemma 3.2, L is a Fredholm operator of index zero. Based on the Arzela-
Ascoli theorem, we obtain that N is L-compact on Q. Then, by Step 1 and Step 2, we get

(a1) Lx # ANx, (x,1) € [(dom L\ KerL) N d2] x (0,1).
(a3) Nx¢ImL,x € KerLN oK.

Let
H(x,\) = AJ(x) + (1 — A)QNx.
According to Step 3, we have H(x, 1) # 0 for x € Ker L N 92, then

deg(QN|kerr, 2 NKerL,0) = deg(H(~, 0),2 N KerlL, 0)
=deg(H(-1), 2 NKerL,0)

=deg(l,2NKerL,0) #0.
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Condition (a3) of Theorem 2.1 is thus met. Through Theorem 2.1, we get that Lx = Nx has
at least one fixed point in dom L N Q. Hence, BVP (1.1) has at least one solution.

Remark 3.1 The proof process would be similar to that of Step 3 if the second inequality
of both (H,) and (H3), or the first of (H,) and the second of (H3), or the first of (H3z) and
the second of (H,) hold. It is hence omitted herein.

Corollary 3.1 Assume that the conditions of Theorem 3.1 hold. If n < &, BVP (1.1) has at

least one solution.

Proof Here we just need to verify the condition C # 0.
By (1.2), we have

C=(a+2)[1-mla+1)]+E&(+1)(ma—1)+n*E -n)
:(a+2)+(a+1)(“§a—a—2—%San+ %an+n—§> +0%(E - 1)
:2(a+1)—a+(a+1)<§o{—a—2—%San+ %an+n—$) +n%(& -n)

0 ae-(1-5n) + 09|+ [r - -a].
Obviously, by 1 < <2 and 0 < < & <1, we obtain C < 0. The proof is complete. 0

4 Example
Example 4.1 Consider the following BVP:

CDg, b CDEx(0) = & + L sinx(0) + & sin (), £ € (0,1),
2(0) + 1/(0) =2 i x(0) dt,

x(1) - 3x'(1) = Zfo% x(t) dt,

¢Dg,x(0) =0,

where p(t) =2 +2,a = %, B = %, 0 =2,f(t,x(2),x'(t)) = % + % sin(x(¢)) + % sin(x'(¢)), a1 =
%, blz%,clz%,b:%,é:%,n:%,m:%,y=2,o=2,PL=2.Itiseasytoverify
that (1.2) and (1.3) hold. Let B =30, D =90, C = —% < 0, if x(¢) > 30, &'(¢) > 90, then

f(t,x(t),x'(t)) > 0. Clearly, (H;) of Theorem 3.1 holds. By (3.3), we get

49 (b (o + 1) + o) 2 1
= < =,
FrB+)I(@+1)""  5rGreE) 2

Ni(t) = gy (10, f (6:2(0,5'(9)) = B3y (0 (6.2(0),% (1)) > 0.

So, (H;) of Theorem 3.1 holds. Furthermore, by the definition of T,y, we have
1 1
ToNu(t) = o / (1 - $)* " Nu(s) ds — ma(a — 1) / (1 —5)*2Nu(s)ds
0 0

-0 ./o" (n —8)*Nu(s)ds
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Thus, (H3) of Theorem 3.1 holds. Hence, there exists at least one solution.

5 Conclusions

The solvability for fractional Sturm-Liouville BVP with p(¢)-Laplacian operator is dis-
cussed in the article by using Mawhin’s continuation theorem, and the existence of so-
lutions has been obtained (see Theorem 3.1). The kernel space is expanded to higher di-
mensions on condition that dim Ker L = 2, and the system is more complex in comparison
with the case when dimKer L = 1. Moreover, when p(f) = p, the p(t)-Laplacian operator
will evolve into the famous p-Laplacian operator. Therefore, our results would develop
previous findings to some extent.
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