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Abstract

In this paper, we study the existence of weak solutions for fractional p-Laplacian
equations with sublinear growth and oscillatory behavior as the following

Lou=Afx,u) in€,
u=0 inRY\ €,
where L‘ﬁ is a nonlocal operator with singular kernel, £2 is an open bounded smooth

domain of RN. Our purpose is to generalize the known results for fractional Laplacian
equations to fractional p-Laplacian equations.
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1 Introduction
Recently, a great attention has been devoted to the research of problems involving frac-
tional and nonlocal operators. This type of operators finds many applications in a lot of
fields, such as continuum mechanics, phase transition phenomena, population dynam-
ics and game theory, as they are the typical outcome of stochastic stabilization of Lévy
processes; see, for instance, [1-4] and the references therein. There are many works on
nonlocal fractional operators and their applications which are very interesting; we refer
the interested reader to [5-14] and the references therein. Here we want to generalize the
multiplicity existence results for fractional Laplacian equations in [15] and at the same
time fix some bugs there.

In this paper we deal with the following fractional problem in a bounded smooth domain
QC RN

Lhu=xrf(xu) inQ,

u=0 inRV\ @,

where A > 0,1 < p < +00. L% is a nonlocal fractional operator defined as follows:

Lhe =21im lo(x) — o) [P~ (p(0) - p(0)) K (x — ) dy,

£=0 JRN\B, (x)
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provided that the limit exists and K is a measurable function having the following prop-
erty:

yK e L}(RN) where y (x) = min{|x|?, 1},
there exist A, A >0,

such that A < K(x)|x[N** < A for any x € RN \ {0},
K(x) = K(=x) for any x € RV \ {0}.

(1.2)

Throughout this paper we assume N > ps with s € (0,1). A typical example for K is the

N +ps)

singular kernel |x|~¢ , in which case problem (1.1) becomes

(—A);u =AM (xu) ing,
1.3)
u=0 inRV\ €,

where (~A);, is the fractional p-Laplacian operator defined as

S i o lo(x) — e()IP2(p(x) — 0(9))
R e

dy

for all x € RN, In the case p = 2, problem (1.3) becomes the fractional Laplacian problem

(-AYu=xr(xu) in<,
(1.4)
u=0 in RV \ Q.

Following [16, 17], we present the main structural assumptions on the nonlinear term f.

() f € CRY xR),f(x,0) =0, liminf, .o £55 > —oo.

(2) limp— oo ‘ft(le’_? = 0 uniformly in x.

(fs) Thereexistt™ <0andt* > 0suchthat min{f(x,£) : (x,£) € Q x {t"}} > 0 and max{f(x, ) :
(x,t) e Q x {t}} <0.

(fa) There exist £~ and £*, with £~ < £~ and #* > t*, such that

min{F(x, ) : (x,8) € Q x {£7,2"}} > max{f(x,2) : (v, ) € @ x [¢7,£7]},

where F(x,¢) = [, f(x,&) dt.

A typical example of f satisfying (f1)-(fa) is

[P (1| - 1) sgn(2), [t <1,

,t) =
st (It =1~ sgn(t), [t]>1,

where ¢ is small.

The natural solution space of problem (1.1) is

Xo() ={ueX(RV):u=0ae inRV\ Q}, (1.5)
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where X(RY) is the fractional Sobolev space given by

1/p
X(RY) = {u e 1P (RY) : [ul;y <00}, [ul, = ( f /R o Nu@ )" K @~ y) da dy)
and endowed with the norm

1/p
el = (1l o, + [12,)

For the basic properties of fractional Sobolev spaces, we refer to [18]. We seek the solutions
of (1.1) as the critical points of the functional given by

1
L(u) = —[u]fp —A/ F(x, u)dx.
p Q
Set
o) = inf];\|[tfyt+],

where ¢t~ and t* are the numbers given in (f3).

Theorem 1.1 Assume that (f;)-(fa) hold. Then there exists A > 0 such that, for every ) >
A, problem (1.1) admits two positive, two negative and two sign-changing solutions in Y \
[t,t1], where Y := Xo(Q2) N CY2(Q).

Here, for two real numbers ¢ < s, the symbol [£, 5] denotes either an order interval in ¥
or a usual interval in R. In this paper there will be no ambiguous meaning concerning this
symbol, for example, in Theorem 1.1 Y\ [¢7,¢"] denotes the difference of Y and [¢7,¢"],
where [¢7, "] is an order interval in Y.

Theorem 1.2 Assume that (fi)-(f4) hold and f (x,t) is odd with respect to t. Then, for every
k € N, there exists positive Ay such that, for every . > Ay, problem (1.1) admits a sign-
changing solution u; with I, (14;) < «;. and a sign-changing solution v; with I, (v;) > «;, where

i=1,...,n.

Next consider the case that f(x, £) is not odd with respect to ¢, but oscillates around 0 in

the following manner.

(f5) There exist t; and ¢}, i=1,...,m, with t; <--- <tf <0 < tf <--- < t}, such that
min{f(x,2) : (x,£) € Q x {£7}} >0 > max{f(x,£): (x,£) € Q x {¢/}} foralli=1,...,n.
(fo) min{F(x,2): (x,t) € Q x {t7,t]}} > max{F(x,¢) : (x,) eQ x [ttt ]y fori=2,...,n

Theorem 1.3 Assume that (fi)-(f;) and (fs)-(fs) hold. Then there exists A > 0 such that, for
every .. > A, problem (1.1) admits positive solutions u;, u, negative solutions v;, vy, and
sign-changing solutions wi, wp in [t;, t/ 1\ ¢,/ ], i=1,...,n—-1.

At last, we consider the case of f having infinitely many oscillations in both (o0, 0) and
(0, +00).



Fu Boundary Value Problems (2017) 2017:171 Page 4 of 15

(f7) There exist a decreasing (an increasing) sequence (¢;'); and an increasing (a decreasing)
sequence (t]); such that £7 <0 < ¢/, and f(x,£]) < 0 < f(x,¢;) and max{F(x,1t) : (x,t) €
Q x [t 5,671} <min{F(x,2) : (x,£) € Q x {t;,¢7}} for every i € N.

Theorem 1.4 Assume that (f;)-(f;) and (f;) hold. Then, for every arbitrarily chosen k € N,
there exists Ay > 0 such that, for every . > Ay, problem (1.1) admits at least 2k positive, 2k
negative, and 2k sign-changing solutions.

Theorem 1.4 is immediate in view of Theorem 1.3.

Remark 1.1 Bartsch and Liu obtained Theorems 1.1-1.4 for p-Laplacian Dirichlet prob-
lems in [16]. Fu and Pucci obtained Theorems 1.1-1.4 for fractional Laplacian Dirichlet
problems in [15]. Theorems 1.1-1.4 above are generalizations of the corresponding results
in [15].

This article is organized as follows. In Section 2, we introduce the fractional Sobolev
spaces and some preliminary results. In Section 3, in a suitably chosen framework, we
verify that the conditions in the abstract critical point theorems in [16] are satisfied, then
we generalize the existence of multiplicity solutions for fractional Laplacian problems to
the one for fractional p-Laplacian problems.

2 Preliminaries

Let us now recall some inequalities.

Lemma 2.1 (See [19]) There exist positive constants Ci-Cy such that, for all £,n € RV,

16172 — Ini2n| < Cu(lg 1 + 1)1 = nl, 21)
(161726 = nl”20) (6 — ) = C2(1€] + 1) 1€ = nl?, (2.2)
|[E1772E — 20| < Cslg — 0P, ifl<p=<2, (23)
(IE17~%& = n1P>n)(E —n) = Calé —nlP, ifp>2. (2.4)

The Holder regularity up to the boundary, strong maximum principles and the Hopf
lemma are important in the proof of our results.

Lemma 2.2 (See [20]) Let u € X satisfy |Lhu| < K weakly in Q for some K > 0. Then
|u(x)| < (CoK)"P18(x)°  ae inQ

for some Cq = C(N, p,s, ), 8(x) = dist(x, QC). Furthermore, there exists o € (0,s) such that,
for all weak solutions u € Xy of problem (1.1), u € C*(Q2) and
el gy < Callf 1,7 g

Lemma 2.3 (See [8]) Ifu € X is such that u(x) > 0 a.e. in Q and
/[Rm |u(x) - u()/)‘l"*2 (ux) — u(y)) (p(¥) — 0(»))K(x — y) dxdy > 0

foreach ¢ € Xo,p(x) > 0 a.e. in 2, then u(x) >0 a.e. in Q.
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Lets € (0,1), p € (1,00). Consider the problem

(-A)u= c(x)|ulPu in Q,

(2.5)
u=0 inRN\Q.

Lemma 2.4 (see [21]) Let Q2 be bounded and satisfy the interior ball condition on 9%,
0 > c e C(Q), and u € Xy be a weak solution of (2.5), then either u =0 a.e. in RN or

iminf %)

— >0
Brax—xg 8p(x)°

where 8g(x) = dist(x, BS).
In the sequel, for any fixed parameter A > 0, the space X (2) is endowed with the norm
leell = (12, + )™
and, for brevity, we put X; = (Xo(2), || - |l»). The number m > 0 will be determined in
Section 3. Y = X, N C*?(Q) is endowed with the C*>-norm and Z = X, N C*(RQ) with the

C%-norm, where « > 0 is from Lemma 2.2.

3 Multiplicity of weak solutions
We say that u € X; is a (weak) solution of problem (1.1) if

() =1 [ S0 ds
holds for any ¢ € X;, where
thap = [, 1509 =) o) - ) 12) - oK s ) sy
Fix A > 0 and m > 0. Define £(v) = L5 v + Am|v[P~%v and
Ay Xy — Xy, An(w)=v,
where v is the solution of the linear problem

LEv + am|vP~2v = A(f(x, u) + m|ulP2u) in Q,

(3.1)
v=0 inRV\ Q,

which is uniquely determined.
In the following we give a series of lemmas to show that the conditions in the abstract

critical point theorems in [16] are satisfied. First we study the properties of the operator A, .

Lemma 3.1 A; € C(X,,X,) is well defined and A;(Y) C Z.

Page 5 of 15
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Proof First, from
(E(V)’V>X;,xk = (L + Am|v|P~v, v)X;,XA =i, + )Lm/Q [vI? dx,

we know that

(L) v)xz x,

m )
ix, =00 [Vllx,

i.e., the operator L is coercive. Second, from

<£(V1) = L(v2),n1 ~ V2>

XX,

) / f (@ =m0 (1) = 1) - ) - 120
R
x (v2(x) =12())) (1 &) = B)) = (valx) = v2(3)))K(x - y) dx dy
+ Am/ (1P 2wy = [P v) (11 = va) dx
Q
>0, (3.2)
whenever v; # v,, we get that £ is monotone. It is easy to show that £ is weakly continuous.
Thus, by the monotone operator theory, see [22, 23], we conclude that problem (3.1) has
a unique (weak) solution in X; . Therefore, A, is well defined.
Next we prove that 4; € C(X;,X;). By (1) and (f,), we have |f(x, u)| < C(Ju|’* +1) for

some constant C depending only on f. Suppose that u, — u in X;. Then (u,), is bounded
in X;. By (3.1), Holder’s and Young’s inequalities, we have

[V,,]I;p+)»m/ |Vn|pdx:/f(x,un)vndx+kmf P21, v, dc
Q Q Q

—1
< Cllunloigy + 1) vall vy

< CEHVn”[Zn(Q) + C(E)(”unniv(g) + 1)~
Taking & = Am/2C, we conclude that (v,), is bounded in X;. Hence, (v,), admits a weakly
convergent subsequence, still denoted by (v,),. Suppose that v, — v weakly in X,. By
Lemma 2.5 in [7], we have v, — v in L?(Q2) since Q2 is bounded. By [24], we get f(x, u,) —

f(x,u) in LP(S2) by going to a further subsequence if necessary. By (3.1) and Lemma 2.1,
using an argument similar to (3.2), we also have

/ (Af(x, u) + Am|ulP2u — Af(x, u,) — Am|u, |p’2u,,) (Ax(u) - v,,) dx
Q
= (L2 A5 (1) + 2| A5 @) [P 2 A () = L2 v, — AV, P2, Ay () - Vabs x,

= /:/RZN (v - V()’)|p_2(V(x) () = |vu®) = va(y) |1’_2
x (va(®) =) ((v(x) = v(p)) = (va&) = va())) K (x - ) dxcdy



Fu Boundary Value Problems (2017) 2017:171 Page 7 of 15

+ )Lm/ (|V|p_2V — |V |”_2vn)(v —v,)dx
Q

= [ (v -00] + ) =)
X ’(v(x) - v(y)) - (v,,(x) - V,,(y)) ’21((x —y)dxdy

+ Ckm/ (|V| + |v,,|)p72|v—v,,|2dx
Q

> C([V—Vn]ip +Am/ IV—V,,Ide).
Q

Letting # — 00, we obtain
vy —>v=A(u) inX,.

This shows that A; € C(X;, X)), as claimed.

If u € Y, then by (f1) and (f2) the solution v of (3.1) is in L*°(£2) thanks to Lemma 2.4.
Therefore, Q 3 x > g(x) = A(f(x, u(x)) + m|u(x)|P2u(x)) is in L*(Q) by (f), () and the
fact that u € L>(2). Hence, v € C%(Q) by Lemma 2.2, since v € X;, and so v € Z by the
definition of Z. a

Second, we show that conditions (J;) and (J5) in [16] are satisfied.

Lemma 3.2
(i) If1<p <2, then the functional I, satisfies

2 p-2
(L (w),u— V)X;,X,A > Cillu =V, (lulx, +1Ivilx;,)

’

|12 ()

-1
X = Collu — V||'§(~A .
(i) Ifp > 2, then the functional I, satisfies

(L) = vy o = Cllu=vIk,,

|12 ()

e < Callu=viix, (Il + vl )
Proof Let u € X;. Thus v = A, (u) implies that
(5,00, 1= v)ye
- / /RZN () = () [P (1) — 1 (9) () — 4(9)) — (v(x) ~ v(5)))K (x — 9) de dly
- A/Qf(x,u)(u —v)dx
= / /Rm (Ju@) = ut)|" ™ () = u()) - [vx) v () = v(2)))

X ((u(x) - u(y)) - (V(x) - v(y)))K(x —y)dxdy

+ km/ (1l = [VP2v) (1 = v) dix.
Q
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If p > 2, it follows by Lemma 2.1 that
(B u=v)y = Collu=vil,.
If1 < p <2, then from Lemma 2.1 we have
(L (), u - V)x;,xA
=G [ (19 = )]+ o) = 0| (65) - ) = (509 = )
x K(x —y)dxdy + Cyhm /Q (|u@)| + [v@)|)" > |ux) - v(x)|” dx.
By Hélder’s inequality

)

14 (1-%2)
= I, = CCop 001 = )3 . (sl + I )2

and therefore
(0, =)y, = Gl = v, (sl + I, )
For w € X;, we have
0w, = [ 1509 = 40P ) - ) (w6s) - )5~ ) ey
Y /Q f, wywdsx
= [, (9= )P ) - ) - [ = O (013 - )
x (w(x) — w(y))K (x - y) dxdy + Am /Q (1ulPu — [vP2v)wdsx.

If1 < p <2, then by Lemma 2.1

|15 (1)

x < Callu =i
If p > 2, then by Lemma 2.1 and Hoélder’s inequality, we have

14 ).

xx = Callu— Vi, (lllx, + Vi,

Now we conclude the result. O
Third, we establish the regularity of the critical points of ;.

Lemma 3.3 Let K = {u € Xo(RQ): I, (u) =0}. Then K C Y.

Proof Let u be fixed in K. Then u € L*(2) by (1), (f2) and Lemma 2.2. Hence, Q2 >
x> Af (%, u(x)) is in L°(2) again by (f}), (f2) and the fact that u is in L>°(2). Therefore,
Lemma 2.2 gives u € C%(Q2) since u € X;,andsou € Y. (]

Page 8 of 15
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Forth, we get a comparison principle for the operator L.

Lemma 3.4 If u,v € X,, withv>u in RN\ Q, are such that Lv > Lu in Q, i.e., (Cv -
Lu, W)X;,Xk >0 forallwe X;,withw>0in Q, thenv>uin Q.

Proof Let u,v € X;, with v > u in RN \ @, be such that £Lv > Lu in Q. Take p =u —v =
[u—v]* —[u—-v]",w=[u-v]" =[¢]". Clearly, w € X; and w > 0 in Q. As

1
|bIP2b — |alP2a=(p-1)(b-a) / |a +tb- oz)|p_2 dt,
0
we have
(ﬁV - Eu, W)X:,X)L
- / /R = 1)((40) ~ v0)) ~ (o)~ (2))) Q) () ~ W) K — ) ey
+ Am/ - -u)Rx)wdx
Q
= //Rm(p ~D)Q[-(¢*®) - ¢* 1))’ — ¢~ W (1) — ¢~ W' W ]K(x - y) dxdy
_ Amf (p —1R(x) ((p")2 dx
Q
>0,

where
1
Qx,y) = A |(M(X) - u(y)) + t((v(x) - V(y)) _ (u(x) _ u(y))) |p72 dt,
1
= — w7 dt.
R(x) /0 |+ (v —u)| t

We see that Q(x,y) > 0 and Q(x,y) = 0 only if v(y) = v(x) and u(y) = u(x), and R(x) > 0.
Thus ¢* =0in Q,i.e,v>uin Q. O

For u,v € Y, define u < v provided u(x) < v(x) for any x € 2 and

u(x) —v(x
liminf M <0
x=x0—-dveR,d—0 de’?
for any x¢ € 92, where v is the unit outward normal vector of 92 at . If # < vin €, then
[z, v] denotes the order interval {we Y :u <w <v}.

By (f1)-(f3), we can choose suitable positive m so that

tfx,t) +m|t)’ >0 fort#0,

| mie P fort>t,
flx,t) + m|tfP~'t (3.3)
<m|tt Pt fort <tt.

Fix such an m from now on.
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Fifth, we give the following three technical lemmas which are necessary to verify that
the conditions in the abstract critical point theorems in [16] (especially (P;)-(Ps) there) are
satisfied.

Lemma 3.5 Assume that (f;) and (fy) also hold. Then there exist ¢, v € Y having the
following properties.

D)t <p<kK0Ky <t

(2) Foreveryu e X; NL®(Q) with ¢ <u, p K A (u).

(3) Foreveryu e X; NL®(Q) withu <, A (u) K ¢.

(4) Foreveryu € X, NL®(Q) witht™ <u, p K A;(u).

(5) Foreveryu e X; NL®(Q) withu <t*, Ay (u) K V.

(6) max{F(x,1): (x,) € 2 x [l ple(ey, 1Vl (]} < min{F(x,0): (5,0) € @ x (57,5},

Proof Let y be the solution of

Lru+ amlulPu = Am|t* |p_2t+ in ,
u=0 inRV\Q.
Thus 0 « ¥ < t* again by Lemma 3.4 and the strong maximum principle Lemma 2.3

since E‘Z(lﬁ) > 0. By Lemmas 3.4 and 2.4, we also have liminfg,s,, Bi'((—;‘))s > 0. Let ¢ be
the solution of

_ -2, .
Lhu + am|ul? 2uzkm|t |p t~ ing,

u=0 inRV\Q.

Therefore t < ¢ < 0 by Lemma 3.4 and by the strong maximum principle Lemma 2.3
since L"I’((—q)) > 0. By Lemmas 3.4 and 2.4, we also have liminfg,s,_x, gR‘”(—i’;l > 0.

Next we prove the results on A4,. By (3.3), we can choose § € (0,1) small enough such
that

Flot) + mitit >8m|t [Pt fort>1t,
x%,t)+m
<Sm|tr|)P7ltt fort <t

Let u € X; N L*®(L2) such that ¢~ < u. Denote v = A, (u). Then
Lhv+ Am|vP2y = Af(x, u) + Am|ulPu > 8km|t_|P72t_ = 8[£§’<¢ + Am|¢|p_2¢].

1
Hence, v> §71¢ > ¢ by Lemma 3.4.
1
Similarly, if u € X; N L*>°(2) with u < t*, then v < §7 1y < . This completes the proof

of (1)-(5).
Conclusion (6) follows directly from (f;) and properties (1)-(3). O

Lemma 3.6 Suppose that (f3) and (fi) also hold. Then there exists A > 0 such that, for
every A > A, there exists h € C([0,1], Y) satisfying h(1) < 0 < h(0) and

max J; (h(¢)) < inf J; (u), (3.4)
0<t<1 uelg,y]
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where Y = X N CY(Q), ¢ and  are the ones in Lemma 3.5. Furthermore, if f(x,t) is odd
with respect to t, then, for every k € N, there exists Ay > 0 such that, for every » > Ay, there
exists an odd map hy € C(SX,Y) satisfying

max J; ((0)) < inf (). (3.5)
fesk uelg,y]

The proofis a minor modification of the corresponding argument given in order to prove
Lemma 3.2 of [16].

Lemma 3.7 Forany bounded set B C Y and any order interval (¢, V], there exist ¢,y € Y

such that

BUIg,y] Cintldy, ], (3.6)
and

A, () € [p1,¥n)  for every u € X satisfying ¢y < u < y. (3.7)

Proof By (f,) there exist ¢, C > 0, which depend on A, such that
)»[f(x, t)’ <M -28)|tfP+C foreveryxe Q,teR,

where 1 is the first eigenvalue in © of £} with zero Dirichlet boundary condition. By the

monotone operator theory, see [22, 23], there exists a unique solution ¥ to
p o _C
Liu— M —&)uf“u=— ing,
I
u=0 inRV\Q,

where

M-—2&+Am
AM—€&+Am

Let ¢; = —yr;. Then we get ¢ <« 0 < 91 by Lemma 3.4 and the strong maximum principle
lemma. Provided that C > 0 is large enough, (3.6) follows.
Next, fix u € X, which satisfies ¢; < u < ;. Denote v = A, (1). We have

ACI]'}V +am|vP 2y = A[f(x, u) + m|u|p_2u]
< (= 26)[Yn P2y + C+ dm|yn P2y
= u[(m = &)Y P>y + Am|y P2y + Clu
= u[ Loy + Amlyn P>y ).

Hence, v < ;u% Y1 < Y1 by Lemma 3.4. Similarly, v > ¢;. This completes the proof of
(3.7). |
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At last, we show that I, satisfies the Palais-Smale condition which is crucial to guaran-

teeing the existence of critical points.

Lemma 3.8 Let (u4,), C X, be a Palais-Smale sequence of I, i.e., (I, (4,)) is bounded and

I (u,) - 0 as n — oo. Then (u,), admits a strongly convergent subsequence in X;.

Proof By (f1)-(f2), for € > 0 small enough,
1
[f(x, t)‘ < C(e) + =gt ’F(x, t)’ < C(e) +&|t]’. (3.8)
V4
By Lemma 2.3 in [7],

”u”LP(Q) <G [u]s,p: (39)

since Q2 is bounded.
Let (u,), be a Palais-Smale sequence of I, in X;. Then there exists C > 0 such that, for
all i,

1 1
C2 1) 2 - lually =3l = CNI 2 o il = Co

where ¢ = 1/2pC? in (3.8). Thus (u,,), is bounded in X; by (3.9). So, up to a subsequence,
still denoted by (u,,),,, we have u,, — u weakly in X;. Then (I'(u,), u, — u) — 0, and further
we obtain

(1't), 140 — )
- //RW |1403) = 1 ) [P~ (t0(%) = 282 9)) [ (1) = 0(2)) = () — (1)) ]

X K(x—y)dxdy—)»ff(x,u,,)(u,, —u)dx
Q

S0 (3.10)

as n — 0o. Moreover, by Lemma 2.5 in [7], up to a subsequence, u,, — u strongly in L7 (<)
and a.e. in Q. Thus, f(x, u,)(u, — u) — 0 a.e. in Q as n — oo. It is easy to show that the
sequence (f(x, u,)(u, — u)), is uniformly bounded and equi-integrable in L!(2). Hence, by

the Vitali convergence theorem (see Rudin [25]), we get

lim [ f(x, u,)(u, —u)dx=0.
Q

n—00

Therefore, by (3.10), we have

o =0 a0 000 0 ) (1) )~ ) sy

—0
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as n — 00. Thus, by the weak convergence of (i,), in X;, we get

//Rzzv [|”n(x) = un(y) ip_z (“n (%) - un()’)) - |u(x) —u(y) |p_2 (u(x) - M()’))]
X [(un (x) — u(x)) - (u,,(y) - u(y))]]((x —y)dxdy

—0

as n — 00. By Lemma 2.1, we obtain, for p > 2,

/ /R . | (0 (%) — () = (s (y) — u()) 'K (x — ) dc dly

<G [, [ = 0,0 00 = 1,00) i) = ) u) - )]

X [(un(x) - u(x)) — (u,,(y —u(y) )]K x —y)dxdy
—0 (3.11)

as n — 00. For 1 < p <2, we have
/ /R » | (40 (%) — () = (s (y) — u()) [ K (x — ) dxc dly
<G [ / / [ |40 () = 2" (100®) = 1 () — |18(x) — ()| (1) — () ]
R2N
pl2
X [(u,,(x) - u(x)) — (u,,(y) - u(y))]K(x —y)dx dy]
2-p/2
X [// un(x) - un(y)| - |u(x) - u(y)|p1((x—y)dxdy}
[ / f [[1600) = 1) (1600) = 100 9) — |1) = 2e3) P () — we3)) ]
pl2
X [(u,,(x) - u(x)) - (u,,(y —u(y) )]K x—y dxdy]
0 (3.12)

as n — 00. Combining (3.11) and (3.12), we get that u,, — u strongly in X, as n — oo.
Therefore, I, satisfies the (PS) condition. O

Taking inspiration from [16], we apply Lemmas 3.5-3.8 in order to prove Theorems 1.1-
1.3. Let intp, (D5) refer to the Y-topology on D;.

Proofof Theorem 1.1 Let ¢, ¥ and A be the ones in Lemma 3.5 and Lemma 3.6. Fix A > A.
Let % be the one in Lemma 3.6. Choose B = h([0,1]) sothat BC Y C Y by Lemma 3.6. Let
the corresponding ¢; and y; be the ones stated in Lemma 3.7.

Define D = [0,y,] and Dj = [0, ¢]. Then

intp; Dy ={ueY:0 <u<y},
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where intp; (D;) refers to the Y-topology on Df. By Lemmas 3.5 and 3.7 and Lemma 2.4,
conditions (P;)-(Ps) in Section 2 are satisfied for D C Df and A = A, . By Lemmas 3.6-3.8
and Theorem 2.1 in [17], there are two positive and two negative solutions of problem (1.1).
Choose D = [¢1,Y1], Dy = [¢, ¥11], D3 = [¢1, V], and Dy = [¢, ¥]. By Lemmas 3.5-3.8, D;,
i=1,...,4,and A = A, satisfy all the assumptions of Theorem 2.2 in [17]. So there are two
sign-changing solutions of problem (1.1).
At last, in view of (3) of Lemma 3.5, we complete the proof. d

Proof of Theorem 1.2 Let D;, i =1,...,4, be the ones in the proof of Theorem 1.1. First, in
view of Lemmas 3.5-3.8, all the assumptions of Theorem 2.3 in [17] are satisfied. Second,
by (2) and (3) of Lemma 3.5,

it 1) < inf 1, () (3.13)
and

A; ([£7,¢]) Cinty(Dy). (3.14)
Hence, (3.13)-(3.14) and Proposition 2.4 of [16] yield the result. O

Proof of Theorem 1.3 Define fi(x,t),i=1,...,n—1, as in [16]. Consider

LPu=rfi(x,u) ingQ,

it =M1 (3.15)
u(x) =0, inRY\ Q.

By Theorem 1.1, problem (3.15) admits two positive, two negative and two sign-changing

solutions. Replacing ¢~, t* by ¢/, ¢/, respectively, the six solutions are outside of the order

interval [, £]. According to the choice of m, we have

’mtl;l |pizmti_+1 <f(x,t) + mt = fi(x, t) + m|t|P~t < m|t;1 |1772L‘+

- +
i forg, <t<tl,

Thus, by the definition of f;, we get

P2, = £he + amle, P08

» -2 -
Lou+ Am|ulP~ > )»m|tr " T "

i+1

in ,

u=0>t;, in RN\ Q.
Furthermore, by Lemma 3.4 the six solutions of problem (3.15) are inside the order interval
[t;,1,t/,1] and are obviously solutions of problem (1.1). In this way, we manage to get 2(n—1)

positive, 2(n — 1) negative and 2(n — 1) sign-changing solutions of problem (1.1). O

4 Conclusions

The purpose of this paper is to study the existence of multiplicity solutions for fractional
p-Laplacian equations with sublinear growth and oscillatory behavior. The key point is the
choice of the framework to study the existence of weak solutions. In the suitably chosen
framework, we are able to fulfil our strategy and generalize the corresponding results for
fractional Laplacian equations.
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