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Abstract
In this paper, we study strong solutions to the steady compressible heat-conductive
fluid near a non-zero constant flow with the Dirichlet boundary condition for the
velocity on the inflow and outflow part of the boundary. We also consider the
Dirichlet boundary condition for the temperature, and we do not need the thermal
conductivity coefficient κ to be large. The existence of strong solutions is established
for any Reynolds number and Mach number in the framework of perturbation.
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1 Introduction
We will study strong solutions to the steady compressible heat-conductive fluid near a
non-zero constant flow in a -D finite channel � = (, ) × (–, ). As far as the internal
friction (viscosity) and thermal conduction are concerned, the complete system of equa-
tions of steady compressible fluid can be expressed by

div(ρu) = , (.)

div(ρu ⊗ u) + ∇p = divS + ρf + g, (.)

div
(
(E + p)u

)
+ div q = div(Su). (.)

Here, ρ and u = (u, u) denote the density and velocity of the fluid, respectively, E :=

ρ|u| +ρe denotes the total energy, e is the specific internal energy, and q is the heat flux,
p is the pressure, f = (f, f) and g = (g, g) denote the external volume and non-volume
forces, S denotes the viscous stress tensor. In this paper, we will consider the viscous stress
tensor in the form of a Newtonian fluid:

S = μ
(∇u + ∇uT)

+ λdiv uI,

where μ and λ are constant viscosity coefficients which have to satisfy thermodynamic
constraints μ > ,λ + μ/N ≥ , and 

 (∇u + ∇uT ) is the deformation tensor. We will
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consider the physical situation where e, p satisfy the equations of state

e = cV θ , p = Rρθ (polytropic ideal gas), (.)

R and cV are positive constants. The heat flux obeys the Fourier law: q = –κ∇θ with κ

being a positive constant.
Let n be the outward unit normal of ∂�, we are interested in the case when u is a small

perturbation around U = (, ), thus ∂� is divided into the inflow part �in = {x = ,  ≤
x ≤ } (u · n < ), the outflow part �out = {x = ,  ≤ x ≤ } (u · n > ), and the imperme-
able wall � = { ≤ x ≤ , x = } ∪ { ≤ x ≤ , x = } (u · n = ). For simplicity, we will
consider the case when f = g =  in (.), and we point out that our result still holds for
small f and g. More explicitly, we will study the following system in this paper:

div(ρu) = , in �,

ρu · ∇u + ∇p – divS(∇u) = , in �,

CV ρu · ∇θ + p div u = κ	θ + 
 , in �,

u = u, on �in ∪ �out,

ρ = ρin, on �in,

curl u = u · n = , on �,

θ = θ, on ∂�.

(.)


 = μ(∇u : ∇u) + λ(div u) is the dissipation function.
There is rich literature dealing with the theory of steady compressible Navier-Stokes

equations. Concerning the global existence of weak solutions to both compressible isen-
tropic fluids and compressible heat-conductive fluids with large force, one can refer to
[–]. We mention here that the studies above on the existence of weak solutions are all
under the condition u · n =  on the boundary, i.e., the fluid cannot penetrate the wall. If
u · n �=  on some part of the boundary, the existence of stationary weak solutions is essen-
tially an open problem. The existence of strong solutions near equilibrium with different
boundary or free boundary value problem also was investigated in [–], for example,
where the linearized system of the Navier-Stokes equations can be viewed as a perturba-
tion around the Stokes system. Considering the steady compressible fluids with inhomo-
geneous boundary conditions, the authors in [–] study the existence and regularity
of compressible fluids with inflow boundary conditions in different domains when the
Reynolds number is small. When the characteristic set on the boundary satisfies a certain
assumption, the authors in [, ] can show the well-posedness to both isentropic fluids
and heat-conductive fluids containing inflow boundary with small Reynolds number, but
not infinitesimally small, and small Mach number.

In [, ], without the smallness assumption of the Reynolds number and the Mach
number, the authors can obtain the strong solutions to both isentropic fluids and heat-
conductive fluids under inhomogeneous slip boundary conditions when friction coeffi-
cient is large on the boundary. Recently, the authors in [] obtained the existence of strong
solutions to steady compressible isentropic fluids near a uniform non-zero constant flow
in a -D channel under the Dirichlet boundary condition for the velocity on the inflow and
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outflow part of the boundary without the smallness assumption of both Reynolds number
and the Mach number.

In this paper, we will take into consideration thermal conduction and study strong solu-
tions near a non-zero constant flow with the Dirichlet boundary condition for the velocity
on the inflow and outflow part of the boundary. For simplicity, we will consider the Dirich-
let boundary condition for the temperature. Here we do not need the Reynolds number
and the Mach number to be small, and do not need the thermal conductivity coefficient κ

to be large.
We define

E = |u – U|–/p,p;�in∪�out + |ρin – |,p;�in + |θ – |–/p,p;∂�. (.)

Our main result reads as follows.

Theorem . Let E defined in (.) be small enough, u · n =  on � and  < p < ∞, then
system (.) is uniquely solvable in W ,p(�) × W ,p(�) × W ,p(�) and the solution (u,ρ, θ )
satisfies

‖u – U‖,p;� + ‖ρ – ‖,p;� + ‖θ – ‖,p;� ≤ C(p,�)E. (.)

Notation: We use standard notation for the function spaces, i.e., we denote by Lp(�),
W k,p(�) (p ≥ ) the Lebesgue spaces and the Sobolev spaces, respectively, by Hk(�) the
Hilbert space, by | · | the Lebesgue norm at the boundary, and by ‖ · ‖ the Lebesgue norm
in �. Besides, we denote

V =
{

u ∈ H(�)|u =  on �in ∪ �out, u · n =  on �
}

.

The proof of Theorem . is based on the a priori uniform estimates of the approxi-
mate solutions in Hilbert spaces as well as the improved Lp(p > ) estimates of the so-
lutions to the linearized equations. Comparing with the case of the compressible isen-
tropic fluids in [], here the pressure in momentum equation depends on both den-
sity and the temperature, while the temperature is governed by an elliptic equation. We
shall consider the mixed system together and prove the existence of the approximate
solutions in Hilbert spaces by the a priori uniform estimates and the Leray-Schauder
fixed point theorem. To deal with the nonlinear system, we need the improved Lp(p > )
estimates of the solutions to the linearized equations. We first prove the H(�) esti-
mate of the temperature by the theory of elliptic equations. Then, by the result of the
Lp(p > ) estimates of the mass equation and the momentum equations in [], one has
(u,ρ, θ ) ∈ W ,p(�) × W ,p(�) × W ,p(�). Finally, as the term û · ∇ρ brings the loss of
regularity in the linearized transport equation, we can only obtain the existence of weak
solutions to the original nonlinear system in the first step, and then the regularity of the
weak solutions follows from the a priori uniform estimate above.

The rest of this paper is organized as follows. In Section , we derive the equivalent sys-
tem for the perturbations, i.e., the linearized system for system (.). In Section , we first
obtain the weak solutions to the linearized system by taking to the limit of an approximate
system containing a viscous term in the transport equation. Then we prove that the weak
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solutions are also strong solutions to the linear system (.). Finally, in Section  we prove
our main result Theorem ..

2 Perturbations and linearization of the problem
As Theorem . concerns the problem of small perturbations around a constant flow, it
will be convenient to write the equivalent system for the perturbations (ū, ρ̄, θ̄ ). First, by
the theory of elliptic equations of second order, we can find ũ, θ̃ ∈ W ,p(�) satisfying

ũ = u – U on �in ∪ �out, ũ · n = curl ũ =  on �,

‖ũ‖,p;� ≤ C(p)|u – U|–/p,p;�in∪�out ,

θ̃ = θ –  on ∂�, ‖θ̃‖,p;� ≤ C(p)|θ – |–/p,p;�in∪�out .

(.)

Then denote

ū = u – ũ – U, ρ̄ = ρ – , θ̄ = θ – θ̃ – .

We arrive at the equivalent system for the perturbations (ū, ρ̄, θ̄ ):

∂ρ̄ + (ū + ũ) · ∇ρ̄ + div ū = F(ū, ρ̄) in �,

∂ū + ∇ρ̄ + ∇ θ̄ – divS(∇ū) = G(ū, ρ̄, θ̄ ) in �,

∂θ̄ + div ū – κ	θ̄ = H(ū, ρ̄, θ̄ ) in �,

ρ̄ = ρin –  on �in,

ū =  on �in ∪ �out,

ū · n = curl ū =  on �,

θ̄ =  on ∂�,

(.)

where

F(ū, ρ̄) = – div ũ – ρ̄ div(ū + ũ),

G(ū, ρ̄, θ̄ ) = divS(∇ū) – (ρ̄ + )(ū + ũ + U) · ∇ũ – (ρ̄ + )(ū + ũ) · ∇ū

– ρ̄U · ∇ū + R∇ θ̃ + R∇ρ̄(θ̄ + θ̃ ),

H(ū, ρ̄, θ̄ ) = κ�θ̃ – (ρ̄ + )(ū + ũ + U) · ∇ θ̃ – (ρ̄ + )(ū + ũ) · ∇ θ̄ – ρ̄U · ∇ θ̄

– (ρ̄ + )(θ̄ + θ̃ ) div(ū + ũ) – (ρ̄ + ) div ũ

+ μD(ū + ũ) : D(ū + ũ) + λ
(
div(ū + ũ)

).

(.)

Before treating the nonlinear system (.), we will first establish the existence result to
the following linear system:

∂ρ + û · ∇ρ + div u = f in �, (.)

∂u + ∇ρ + ∇θ – divS(∇u) = g in �, (.)

∂θ + div u – κ	θ = h in �, (.)
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ρ = ρ on �in, (.)

u =  on �in ∪ �out, (.)

u · n = curl u =  on �, (.)

θ =  on ∂�. (.)

3 Solutions to the linearized system
As the term û · ∇ρ in the transport equation (.) brings the loss of regularity, it seems
impossible to establish the existence result to system (.)-(.) by the fixed point theory.
Instead, in the first step, we obtain the existence of weak solutions by taking the limit of
its viscous solutions. Then, by the theory of elliptic equations and elliptic systems, we can
prove that the weak solution (u,ρ, θ ) is in W ,p(�) × W ,p(�) × W ,p(�).

3.1 Preliminaries
Definition . (Weak solution) We say that the triple (u,ρ, θ ) ∈ H(�) × L(�) × H(�)
is a weak solution to system (.)-(.) if it satisfies:

() for ∀ϕ ∈ C(�̄) with ϕ|�out = ,

–
∫

�in

ρ(s)ϕ(, s) ds +
∫

�

[
ϕ div u – ρ∂ϕ – ρ div(ϕû)

]
dx =

∫

�

f ϕ dx; (.)

() for ∀φ ∈ V ,

∫

�

[∂uφ + ∇θφ – ρ divφ] dx +
∫

�

[
μD(u) : D(φ) + λdiv u divφ

]
dx =

∫

�

gφ dx; (.)

() for ∀ψ ∈ H
(�),

∫

�

[∂θψ + div uψ + κ∇θ · ∇φ] dx =
∫

�

hψ dx. (.)

Next, we turn to considering the following boundary problem:

∂u – μ	u – λ∇ div u = G in �, (.)

u =  on �in ∪ �out, (.)

u · n = curl u =  on �. (.)

Lemma . Let u = (u, u) ∈ H(�) be the weak solution of system (.)-(.) in the do-
main � = (, ) × (–, ). Then we have u ∈ H(�), and it holds that

‖u‖,;� ≤ ‖G‖;�. (.)

Proof To prove Lemma ., we only need to prove the H regularity of u near the corners
of the domain.

Let u = (u, u) be the weak solution of system (.)-(.). Then, for any subdomain
D ⊂ � away from the corners, it holds that u ∈ H(D), i.e., (.) holds a.e. in �. Let φ(t) ∈
C∞(R) be a cutoff function satisfying φ(t) =  when |t| ≤ /, φ(t) =  when |t| ≥  and
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|φ(t)| ≤  in R. Assume that G∗
 , u∗

 are the even extensions of G, u with respect to x =
, ; u∗

, G∗
 are the odd extensions of u, G with respect to x = , , then u′ .= φ(x)u∗ =

(φ(x)u∗
 ,φ(x)u∗

) satisfy the following elliptic system a.e. in �′ = (, ) × (–, ):

–μ	u′ – λ∇ div u′ = G′ in �′,

u′ =  on ∂�′

with G′ = G – ∂u in �, and

G′
 = φ(x)G∗

 – λφ′u∗
 – μ

(
φ′′u ∗ +φ′u∗

)
,

G′
 = φ(x)G∗

 – λφ′u∗
 – (μ + λ)

(
φ′′u ∗ +φ′u∗

)

in �′\�. Finally, (.) follows from the interior estimate of an elliptic system immedi-
ately. �

3.2 Weak solutions to the linear system
The main result of this section is the following theorem.

Theorem . Let û ∈ W ,p(�) satisfying û · n =  on ∂� and ‖û‖,p;� be small enough.
Then, for any ρ ∈ H((, )), f ∈ H(�), h, g ∈ L(�), there exists a weak solution (u,ρ, θ )
to system (.)-(.) such that

‖ρ‖L(�) + ‖u‖,;� + ‖θ‖,;� ≤ C
(|ρ|,;(,) + ‖f ‖L(�) + ‖g‖H–(�) + ‖h‖H–(�)

)
, (.)

where C = C(μ,λ,γ ,κ).

Proof To prove Theorem ., we first get rid of the term û ·∇ρ using a change of variables
satisfying the identity

∂x̄ = ∂x + û · ∇x.

To this end, we define � : � → �̂ by

⎧
⎨

⎩
x = x̄,

x = x̄ +
∫ x̄


û

+û
(s, x(s, x̄)) ds.

(.)

Then direct computation shows that �̂ = (, ) × (–, ) and

∥
∥∥
∥
∂(x̄, x̄)
∂(x, x)

– I
∥
∥∥
∥

,p;�
≤ ‖û‖,p;�, (.)

where I is the unit matrix. The equivalent system in the new coordinates is as follows (we
have omitted the superscript in the absence of confusion):

∂ρ + div u = f + f̃ (u) in �, (.)
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∂u + ∇ρ + ∇θ – μ	u – λ∇ div u = g + g̃(u) + ĝ(ρ, θ ) in �, (.)

∂θ + div u – κ	θ = h + h̃(θ ) + ĥ(u) in �, (.)

ρ = ρ on �in, (.)

u =  on �in ∪ �out, (.)

u · n = curl u =  on �, (.)

θ =  on ∂�, (.)

where �̂in = �–(�in), �̂out = �–(�out), �̂ = �–(�), ĝ = (ĝ, ĝ), g̃ = (g̃, g̃) and

f̃ (u) = –∂x̄ u
∂ x̄

∂x
–

(
∂ x̄

∂x
– 

)
∂x̄ u +

û

 + û

(
∂x̄ u + ∂x̄ u

∂ x̄

∂x
+

∂ x̄

∂x
∂x̄ u – f

)
,

ĝ(ρ, θ ) = –∂x̄ (ρ + θ )
∂ x̄

∂x
,

ĝ(ρ, θ ) = –∂x̄ (ρ + θ )
(

∂ x̄

∂x
– 

)
,

g̃(u) = –∂x̄ u
∂ x̄

∂x
– (μ + λ)∂x̄ x̄ u

∂ x̄

∂x
– ∂x̄ u

[
μ	xx̄ + λ

∂x̄

∂x


]

– λ

[
∂x̄ x̄ u

(
∂ x̄

∂x
– 

)
+ ∂

x̄ u
∂ x̄

∂x

∂ x̄

∂x
+ ∂x̄ u

∂x̄

∂x∂x

]

–
(

(μ + λ)
(

∂ x̄

∂x

)

+ μ

[(
∂ x̄

∂x

)

– 
])

∂
x̄ u,

g̃(u) = g – ∂x̄ u
∂ x̄

∂x
– μ∂x̄x̄ u

∂ x̄

∂x
– ∂x̄ u

[
μ	xx̄ + λ

∂x̄

∂x


]

– λ

[
∂x̄ x̄ u

(
∂ x̄

∂x
– 

)
+ ∂

x̄ u
∂ x̄

∂x

∂ x̄

∂x
+ ∂x̄ u

∂x̄

∂x∂x

]

– ∂
x̄ u

(
μ

(
∂ x̄

∂x

)

+ (μ + λ)
[(

∂ x̄

∂x

)

– 
])

,

ĥ(u) = –∂x̄ u
∂ x̄

∂x
–

(
∂ x̄

∂x
– 

)
∂x̄ u,

h̃(θ ) = –∂x̄θ
∂ x̄

∂x
– μ∂x̄ x̄θ

∂ x̄

∂x
– μ∂x̄θ	xx̄ – μ

[(
∂ x̄

∂x

)

+
(

∂ x̄

∂x

)

– 
]
∂

x̄θ .

Next we consider the following approximate system to (.)-(.):

∂ρε – ε	ρε + div uε = f + f̃ (uε) in �̂,

∂uε + ∇ρε + ∇θε – μ	uε – λ∇ div uε = g + g̃(uε) + ĝ(ρε , θε) in �̂,

∂θε + div uε – κ	θε = h + h̃(θε) + ĥ(uε) in �,

ρε = ρ on �̂in,

∂ρε

∂n
=  on �̂out ∪ �̂,

(.)

uε =  on �̂in ∪ �̂out,
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uε · n = curl uε =  on �̂.

θε =  on ∂�.

Here, ε >  is a small constant.
We define two operators S : v ∈ H(�̂) → ρε ∈ H(�̂) and S : v ∈ H(�̂) → θε ∈ H(�̂)

by letting ρε = S(v) and θε = S(v) be the solutions of the following two elliptic problems:

∂ρε – ε	ρε = – div v + f + f̃ (v) in �̂, (.)

ρε = ρ on �̂in (.)

∂ρε

∂n
=  on �̂out ∪ �̂ (.)

and

∂θε – κ	θε + h̃(θε) = – div v + h + ĥ(v) in �̂,

θ =  on ∂�̂.
(.)

As for v ∈ H(�̂) one has – div v + f + f̃ (v), – div v + h + ĥ(v) ∈ L(�̂), then for any subdo-
main D ⊂ �̂ away from the corners, it holds that ρε , θε ∈ H(D), i.e., (.) and (.) hold
a.e. in �̂.

To proceed further, we define the operator T : v �→ uε by the following elliptic system:

∂uε – μ	uε – λ∇ div uε – g̃(uε)

= –∇[
S(v) + S(v)

]
+ g + ĝ

(
S(v), S(v)

)
in �̂, (.)

uε =  on �̂in ∪ �̂out, (.)

uε · n = curl uε =  on �̂. (.)

We want to prove Theorem . by showing that T has a fixed point in H(�).
First of all, since for any v ∈ H(�̂), the term on the right-hand side of (.) belongs

to L(�), then uε ∈ H(D) in any subdomain D ⊂ �̂ away from the corners. Then, by
changing of variables �– : �̂ → � and Lemma ., one has uε ∈ H(�̂), which implies
that T is a compact mapping from H into H.

Now, by Leray-Schauder fixed point theory ([], Chapter ), we only need to prove
that there exists a constant M such that for all u ∈ H and σ ∈ [, ] satisfying u = σTu, it
holds that

‖u‖H < M, (.)

i.e., for any σ ∈ [, ], the solutions to the problem

∂uε – μ	uε – λ∇ div uε – g̃(uε)

= σ
[
–∇[

S(uε) + S(uε)
]

+ g + ĝ
(
S(uε), S(uε)

)]
in �̂, (.)

uε =  on �̂in ∪ �̂out, (.)
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uε · n = curl uε =  on �̂ (.)

satisfy the uniform estimate (.).
To this end, we first test (.), (.) and (.) by ρε , θε , uε , respectively, to obtain




∫ 



[
ρ

ε (, x) – ρ
ε (, x)

]
dx + ε

∫ 


ρε∂ρε(, x) dx

+ ε

∫

�̂

|∇ρε | dx +
∫

�̂

ρε div uε dx

=
∫

�̂

ρε

(
f + f̃ (uε)

)
dx (.)

and
∫

�̂

θε∂θε dx +
∫

�̂

θε div uε dx + κ

∫

�̂

|∇θε | dx

=
∫

�̂

(h + ĥ(uε) – h̃(θε)θε dx (.)

and

–σ

∫

�̂

(ρε + θε) div uε dx +
∫

�̂

[
μ|∇uε | + λ(div uε)]dx

=
∫

�̂

[
g̃(uε) + σ

(
g + ĝ(ρε , θε)

)]
uε dx. (.)

Besides, since (.) holds a.e. in �̂, it is convenient to multiply (.) by ∂ρε to obtain

∫

�̂

(∂ρε) dx +


ε

∫ 



[
(∂ρε)(, x) + (∂ρε)(, x)

]
dx

=


ε

∫ 


[(∂ρε)(, x) dx +

∫

�̂

[
– div uε + f + f̃ (uε)

]
∂ρε dx,

which implies that

‖∂ρε‖L(�̂) +
√

ε
[∣∣∂ρε(, ·)∣∣L +

∣
∣∂ρε(, ·)∣∣L

]

≤ C
(‖f ‖L(�̂) + |ρ|H + ‖uε‖H

)
. (.)

Combining (.)-(.), we can arrive at the following estimate:

σε

∫

�̂

|∇ρε | dx + σκ

∫

�̂

|∇θε | dx +
∫

�̂

|∇uε | dx + σε

∫ 


ρε∂ρε(, x) dx

≤ C
(
δ‖ρε‖

L + ‖g‖
H– + |ρ|

)

+ σ

∫

�̂

[
ρε

(
f + f̃ (uε)

)
+ (h + ĥ(uε) – h̃(θε)θε

]
dx, (.)

where δ >  is a small constant and C = C(μ,λ,γ ,κ).
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Then it follows from (.) and (.) that

‖ρε‖L(�̂) + σ
√

ε‖∇ρε‖L + ‖uε‖,;�̂ + ‖θε‖,;�̂

≤ C
(|ρ|,;�̂in

+ ‖f ‖L(�̂) + ‖g‖H–(�̂) + ‖h‖H–(�̂)
)
. (.)

Thus by Leray-Schauder fixed point theory ([], Chapter ), there is a solution
(ρε , uε , θε) ∈ L(�̂) × H(�̂) × H(�̂) to system (.) satisfying (.). Moreover, (.)
implies that there are ρ ∈ L(�̂), u ∈ V and θ ∈ H(�̂) such that

ρε ⇀ ρ weakly in L(�̂); uε ⇀ u weakly in H(�̂);

θε ⇀ θ weakly in H(�̂),

and for any ϕ ∈ H(�̂),

(ε	ρε ,ϕ) = –
∫

�̂

ε∇ρε∇ϕ dx → , as ε → , (.)

and

‖ρ‖L(�̂) + ‖u‖,;�̂ + ‖θ‖,;�̂ ≤ C
(|ρ|,;�̂in

+ ‖f ‖L(�̂) + ‖g‖H–(�̂) + ‖h‖H–(�̂)
)
. (.)

Finally, returning to the original domain � by the mapping �–, we obtain that (ρ, u, θ )
is a weak solution to system (.)-(.), and we can obtain (.) from (.). �

3.3 Regularity of the weak solutions
The main result of this section reads as follows.

Theorem . Assume that all the conditions in Theorem . are satisfied and (u,ρ, θ ) ∈
H(�) × L(�) × H(�) is a weak solution to system (.)-(.) established in Theorem
., then (u,ρ, θ ) ∈ W ,p(�) × W ,p(�) × W ,p(�), and it holds that

‖ρ‖,p;� + ‖u‖,p;� + ‖θ‖,p;� ≤ C
(‖f ‖,p;� + ‖g‖p;� + ‖h‖p;� + |ρ|,p;(,)

)
, (.)

where C = C(μ,λ,κ , p,‖û‖,p;�).

Proof Let (u,ρ, θ ) be a weak solution established in Theorem ., then θ satisfies the fol-
lowing boundary problem:

⎧
⎨

⎩
�θ = h – ∂θ – div u � h̄ in �,

θ =  on ∂�,
(.)

in the weak sense. Thanks to the homogeneous boundary condition θ =  on ∂�, we can
make the odd extension of θ and h̄ with respect to x = –, . Then, by a similar argument
as in the proof of Lemma ., we can improve the regularity of θ in � including the corners,
i.e., we have the following estimate:

‖θ‖,;� ≤ C
(‖h̄‖;� ≤ ‖u‖,;� + ‖θ‖,;� + ‖h‖L(�)

)
. (.)
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Then, by (.) and the Sobolev imbedding inequality, one has

‖∇θ‖p;� ≤ C
(‖f ‖,p;� + ‖g‖p;� + ‖h‖p;� + |ρ|,p;(,)

)
, (.)

which implies, by Theorem . in [] as well as the structure of linearized momentum
equation (.), that

‖ρ‖,p;� + ‖u‖,p;� ≤ C
(‖f ‖,p;� + ‖g‖p;� + ‖∇θ‖p;� + ‖h‖p;� + |ρ|,p;(,)

)

≤ C
(‖f ‖,p;� + ‖g‖p;� + ‖h‖p;� + |ρ|,p;(,)

)
. (.)

Then, by the same extension above and the Lp interior estimate of elliptic equations, one
has

‖θ‖,p;� ≤ C
(‖h̄‖p;� + ‖u‖,p;� + ‖θ‖,p;� + ‖h‖Lp(�)

)

≤ C
(‖f ‖,p;� + ‖g‖p;� + ‖h‖p;� + |ρ|,p;(,)

)
, (.)

and (.) follows from (.) and (.) immediately. �

4 Proof of Theorem 1.1
In this section we will prove the main result Theorem .. To this end, we first consider
the following solution sequence:

∂ρ
n+ +

(
un + ũ

) · ∇ρn+ + div un+ = F
(
un,ρn) in �,

∂un+ + ∇ρn+ – ∇θn+ – divS
(∇un+) = G

(
un,ρn, θn) in �,

∂θ
n+ + div un+ – κ	θn+ = H

(
un,ρn, θn) in �,

ρn+ = ρin –  on �in,

un+ =  on �in ∪ �out,

un+ · n = curl un+ =  on �,

θn+ =  on ∂�,

(.)

where F , G and H are defined in (.) and (u,ρ, θ) = (, , ). By Theorems . and .,
we can obtain a solution sequence {(un,ρn, θn)} in W ,p(�)×W ,p(�)×W ,p(�) to system
(.) with the following estimate:

∥∥un+∥∥
,p;� +

∥∥ρn+∥∥
,p;� +

∥∥θn+∥∥
,p;�

≤ C
(∥∥F

(
un,ρn)∥∥

,p;� +
∥
∥G

(
un,ρn, θn)∥∥

p;�

+
∥∥H

(
un,ρn, θn)∥∥

p;� + |ρin – |,p;�in

)
, (.)

where C = C(μ,λ, p,κ).
Because of the term (un + ũ) · ∇ρn+ in (.), we are not able to show directly the con-

vergence of the sequence {(un,ρn, θn)} in W ,p(�) × W ,p(�) × W ,p(�) to the strong so-
lution of system (.) by the fixed point theory. To overcome this, we first show that the
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sequence {(un,ρn, θn)} is bounded uniformly in W ,p(�) × W ,p(�) × W ,p(�). Besides,
the sequence is also a Cauchy sequence in H(�) × L(�) × H(�) and thus converges to
some (ū, ρ̄, θ̄ ) in H(�) × L(�) × H(�). On the other hand, the uniform bound implies
that (ū, ρ̄, θ̄ ) ∈ W ,p(�) × W ,p(�) × W ,p(�), such that the solution is strong.

Lemma . Let {(un,ρn, θn)} be the solutions to system (.), then it holds that

∥∥un∥∥
,p;� +

∥∥ρn∥∥
,p;� +

∥∥θn∥∥
,p;� ≤ M

(‖ũ‖,p;� + |ρin – |,p;�in + ‖θ̃‖,p;�
)
, (.)

where M >  is a constant depending only on p.

Proof We will prove (.) by an induction argument.
When n = , since (u,ρ, θ) = (, , ), we have from (.) that

∥
∥u∥∥

,p;� +
∥
∥ρ∥∥

,p;� +
∥
∥θ ∥∥

,p;� ≤ C
(‖ũ‖,p;� + ‖θ̃‖,p;� + |ρin – |,p;�in

)
,

and we can obtain (.) by choosing M ≥ C.
Now, if for ∀ ≤ k ≤ n,

∥∥uk∥∥
,p;� +

∥∥ρk∥∥
,p;� +

∥∥θ k∥∥
,p;� ≤ M

(‖ũ‖,p;� + ‖θ̃‖,p;� + |ρ – |,p;�in

)
,

and denoting Ak = ‖uk‖,p;� +‖ρk‖,p;� +‖θ k‖,p;� and B = ‖ũ‖,p;� +‖θ̃‖,p;� + |ρ –|,p;�in ,
we obtain by (.) and the definition of F(un,ρn), G(un,ρn, θn) and H(un,ρn, θn) that

An+ ≤ C
(
A

n + AnB + B
)
.

Since B is small enough, we obtain (.) immediately. �

Lemma . Let {(un,ρn, θn)} be the solutions to system (.), then

∥
∥un+ – un∥∥

,;� +
∥
∥ρn+ – ρn∥∥

;� +
∥
∥θn+ – θn∥∥

,;�

≤ 

(∥∥un – un–∥∥

,;� +
∥∥ρn – ρn–∥∥

;� +
∥∥θn – θn–∥∥

,;�

)
. (.)
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Proof A straightforward calculation gives

∂
(
ρn+ – ρn) +

(
un + ũ

) · ∇(
ρn+ – ρn) + div

(
un+ – un)

= F
(
un,ρn) – F

(
un–,ρn–) –

(
un – un–) · ∇ρn in �,

∂
(
un+ – un) + ∇(

ρn+ – ρn) + ∇(
θn+ – θn) – μ	

(
un+ – un)

– λ∇ div
(
un+ – un)

= G
(
un,ρn, θn) – G

(
un–,ρn–, θn–) in �,

∂
(
θn+ – θn) + div

(
un+ – un) – κ	

(
θn+ – θn)

= H
(
un,ρn, θn) – H

(
un–,ρn–, θn–) in �,

(
ρn+ – ρn)|�in = ,

(
un+ – un)|�in∪�out = ,

(
un+ – un) · n|� = curl

(
un+ – un)|� = ,

(
θn+ – θn)|∂� = .

(.)

Then, by (.) and Lemma .,

∥∥un+ – un∥∥
,;� +

∥∥ρn+ – ρn∥∥
;� +

∥∥θn+ – θn∥∥
,;�

≤ C
[∥∥F

(
un,ρn) – F

(
un–,ρn–)∥∥

L +
∥
∥G

(
un,ρn, θn) – G

(
un–,ρn–, θn–)∥∥

H–

+
∥
∥H

(
un,ρn, θn) – H

(
un–,ρn–, θn–)∥∥

H– +
∥
∥(

un – un–) · ∇ρn∥∥
L

]

≤ C(An + An– + B)
(∥∥un – un–∥∥

,;� +
∥
∥ρn – ρn–∥∥

;� +
∥
∥θn – θn–∥∥

,;�

)

≤ 

(∥∥un – un–∥∥

,;� +
∥
∥ρn – ρn–∥∥

;� +
∥
∥θn – θn–∥∥

,;�

)
,

thus the lemma follows consequently. �

Proof of Theorem . Lemma . implies that {(un,ρn, θn)} is a Cauchy sequence in
H(�) × L(�) × H(�). Thus there is unique (ū, ρ̄, θ̄ ) ∈ H(�) × L(�) × H(�) such
that

lim
n→∞

[∥∥un – ū
∥∥

,;� +
∥∥ρn – ρ̄

∥∥
;� +

∥∥θn – θ̄
∥∥

,;�

]
= . (.)

On the other hand, in Lemma ., we have proved that {(un,ρn, θn)} have a uniform bound
in W ,p(�) × W ,p(�) × W ,p(�), which implies combined with (.) that (ū, ρ̄, θ̄ ) is also
in W ,p(�) × W ,p(�) × W ,p(�), and the sequence {(un,ρn, θn)} converges strongly to
(ū, ρ̄, θ̄ ) in W ,p′ (�) for ∀ < p′ < p.

Now we can take limit on both sides of (.) and conclude that (ū, ρ̄, θ̄ ) satisfies system
(.), i.e., u = ū + ũ + U,ρ = ρ̄ + , θ = θ̄ + θ̃ +  satisfy system (.). Moreover, estimate
(.) follows from (.) and (.) immediately.

Finally, if (u,ρ, θ ) and (û, ρ̂, θ̂ ) are two solutions of system (.), then by a process similar
to that used in Lemma ., we have

‖u – û‖,;� + ‖ρ – ρ̂‖;� + ‖θ – θ̂‖,;� ≤ 

(‖u – û‖,;� + ‖ρ – ρ̂‖;� + ‖θ – θ̂‖,;�

)
.
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Consequently, we obtain the uniqueness of the solutions. This completes the proof of The-
orem .. �

5 Conclusions
In this paper, we have established strong solutions to the steady compressible heat-
conductive fluid near a non-zero constant flow with the Dirichlet boundary condition for
the velocity on the inflow and outflow part of the boundary, and the Dirichlet boundary
condition for temperature on ∂�. For our result, we do not need the Reynolds number and
the Mach number to be small and do not need the thermal conductivity coefficient κ to be
large. To the best of our knowledge, it is first result to establish the strong solutions to the
steady compressible heat-conductive fluid near a non-zero constant flow considering the
Dirichlet boundary condition for the velocity on the inflow part of the boundary without
the smallness assumption of the Reynolds number and the Mach number.
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