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1 Introduction
In the classical Lidstone expansion theorem [1], an entire function f(x) may be expanded

with respect to the points 0 and 1 in the form

@)=Y (WA x) -7 (0)A(x - 1)),

n=0

where A, is a polynomial of degree 2 + 1 that satisfies
(i) Aolx) =x,

(ii) A,(0)=A,1)=0forneN,

(iii) Aj(x) =Aua1(x).
The polynomial A, is called Lidstone polynomial.

Ismail and Mansour [2] introduced a g-analogue of Lidstone’s theorem where the two
points are 0 and 1. They expanded the function in g-analogues of Lidstone polynomials
which are in fact g-Bernoulli polynomials as in the classical case (see Section 2).
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It is the object of this paper to give a g-analogue of the results of [3] using the terminology
and results given in [2].

This article is organized as follows. In the next section, we state the g-definitions and
present some preliminaries of g-calculus which will play an important role in our main re-
sults. In Section 3, we define the Green’s functions of certain g-differential systems which
are related to g-Lidstone polynomials, and Section 4 gives g-Fourier expansions of these
functions and for g-Lidstone polynomials. Some interesting results and relationships are
obtained. In Section 5, we are interested in the existence of solutions to the following

boundary value problem:

(1D 5(x) = (3,52, Dy 73, D1y, .., D1 y(x), (11)
neNand 0 <k <2n -1, subject to the boundary conditions

Dj{ly(O) = ﬁ,»,Dj’;ly(l) =y (B,y,€Cj=01,...,n-1), 1.2)
with some conditions imposed on y.

2 Preliminaries

In this paper, we assume that ¢ is a positive number less than one with

-4
[x] = 1—
-9
For £ > 0, the sets A, A}, are defined by
Agpi= {tq” ‘ne No}, A;t =Ag: U{0},

where Np :={0,1,2,...}. Notice, if £ = 1, we simply use A; and A7 to denote A, and A7,
respectively.
In the following, we state some of the needed g-notations and results (see [4] and [5]).
The g-shifted fractional is defined by

(@ q)oo = ]_[(1 —aqj) and  (#;q),:= @0 forneZ,acC.
o (aq"; @)oo

~.

The g-gamma function is defined by

(D oo

L=

(1-¢g)'* forzeC\ {-n:neNy).

Let f be a function defined on a g-geometric set A, i.e, gx € A for all x € A. The g-

difference operator is defined by

(x) —f (gx)

D,f(x) ::f A= ifx e A-{0}.
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The g-integration by parts rule (see [4]) is

[ ratvieterdye = e - tim (e - [ Do) do

If X is the set A, or A;t, then for n > 1, CZ(X) is the space of all continuous functions
with continuous g-derivatives up to order #n —1 on X. The space C7(X) associated with the

norm function
n-1
S kX(;ma}} IDif )] (F e Cy(X)

is a Banach space (see [4]).
Ismail and Mansour [2] defined a g-analogue of the Bernoulli polynomials B,(z;q),
z € C by the generating function

tE,(zt) B N
E(t/2)e,(t12) —1 ;B”(Z’ Doy

where the functions E,(z) and e,(2) have the series representation
o0 k 0 k=12 k
< q
= ———; lzl<1 and E( zeC.
>t )= L

The g-Bernoulli numbers are defined by

:3n = Bn(O»Q)

Hence, in terms of the generating function,

P a—— n . 21

E,(t/2)eq4( t/2 Z'B @1)

Also, they defined two g-analogues of the Euler polynomials through the generating

functions

2E,(xt) nd t"

— 2.2

E,(t/2)e,(t/2) + Z 22)

2e,(xt)
2.3
E, (t/2)ey(t/2) + Zo 23)

Notice, Eo(%;q) = eo(x;q) = 1, and E,, := E,(0; ) = e,(0;q) for all € N.

Proposition 2.1 For n € N, the q-Bernoulli and q-Euler polynomials satisfy the following
q-difference equations:

D 1B, (% q) = [1]B,1 (% q);

Dq—lEn(x; Q) = [n]E,1(%; Q) and qun(x5 KZ) = [n]e,-1 (% q)'
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Proposition 2.2 The g-Euler polynomials E, (x; q) and e,(x; q) are given by
Eo(x;9) =eolx;q) =1,

and forn € N,

" n] & - " [n] -
E,(x:q) = Z |:k] q ? n—kxk: eq(x;q) = Z |:k] En—kxk'
q q

k=0 k=0

Recall that (see [6]) an entire function f has a p-exponential growth of order k and a
finite type (p, k € R — {0} with p > 1) if there exists a real number K > 0, « such that

k(M)Z
Lf(x)| <Kp?iloer’ |x|%,
The following results from [2] will be needed in the sequel.

Theorem 2.3 Let 0 < g < 1 and f be a function of g~'-exponential growth of order less than
orequal to 1. Then

f@) =) (D2Af (DAL - D4 f(0)B,(2)),

n=0

where A, and B,, are polynomials of degree 2n + 1 defined by

220 Ty 41 :
A= —=> ~2,9)i27 Boms1is
n(Z) [21’[ N 1]' ] q( Z Q)] ﬁ2n+1 j

j=0

22n+1

B,(2) = mBZnH(Z/z; Q-

Furthermore, the polynomials A, are defined recursively by Ao(z) = z and, for n e N, A,
satisfies the second order q-difference equation

D} Ax2) = Apa(2),  Au(0)=A,(1)=0 (neN). (2.4)

The polynomials B, are defined recursively by By(z) =1 — z and, for n € N, B, satisfies the
second order q-difference equation

D;,an(Z) = Bn—l(z)r Bn(o) = Bn(l) =0 (ne N) (25)
Lemma 2.4 Letz€ C. Then
An(z) = 8;—1371(2),

where eZ _, is a q-translation operator defined by

_ _nr-)
sz,lx” =x"(~ylx;q l)n =q T y'(-x/y;q)n.
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3 The Green'’s function of a certain g-differential system
In this section, we consider certain boundary value problems which are related to g-
Lidstone polynomials, and then we define these polynomials by using Green’s function.

Consider the following g-differential equation:
D2y(x) -f(x) =0 (xeAy), 31
subject to the boundary conditions
y(0)=0,  y(1)=0. (3.2)

Theorem 3.1 The boundary value problem (3.1)-(3.2) is equivalent to the basic Fredholm

q-integral equation

1
y(x) = / G(x,q*t)f (4°t) dyt, (3.3)
0
where
-t(1-x), 0<t 1
G| =% O=t<xs (3.4)
—x(g-1t), 0<x<t<l.
Proof Since D;_, y(x) = %(D;y)(q%), Equation (3.1) can be written as
D;y(x) - qf(qzx) =0 (x € A:;). (3.5)
By taking double g-integral for (3.5), we obtain
y(x) = q/ (x— qt)f (4t) dgt + c1x + 2, (3.6)
0

where ¢; and c; are arbitrary constants. Now, using the boundary conditions, we get

€= —q/:(l - qt)f(qzt) d,t and ¢ =0.
Substituting in (3.6), we obtain the required result. O
Now, consider the following equations:
G (x, qzt) = G(x, th),
G, (x, qzt) = /: G(x, qzy) G, (qzy, qzt) dy (n=23,..) 3.7)

1 1
:/ / G(x,qztl)G(q2t1,q2t2)-"G(qztn,l,qzt) dgtvdgty - dgty .
0 0
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Corollary 3.2 The g-Lidstone polynomials A,, and B,, are given by

Ag(x) = x,
1 1 (3.8)
A(x) = / G(x, qzt)Am_l (qzt) dgt= qu Gy (2, qzt) dgt,
0 0
and
BO (x) =1- X,
1 (3.9)

1
Bonl) = / G, 1) Bos (420) dyt = / G, 20) (1= 1) d .
0 0

Proof The proof follows immediately from Theorem 3.1, Equation (3.7), Equation (2.4)
and Equation (2.5). O

Theorem 3.3 Let 0 <q <1and g € C*( 7). Then

-1 1
g(x):Z _1g DA, (x) - Dz_lg(O)Bm(x)]+ fo Gn(x,q%)D;zg(qzt) dyt,

m=0

where A,, and B,, are q-Lidstone polynomials of degree 2m + 1.

Proof From Theorem 3.1 we can verify that, for g € (0,1) and g € C**( ;)» the g-integral

equation

1
g(x) = / G, (x, qzt)f(qzt) dgt
0
is the solution of the g-differential system

D2gx) -fx)=0 (xeAy),
Dgﬁg(O) = D;ﬁga) =0 (k=0,1,...,n-1).

Furthermore, the unique solution of the system

iDsnlg(x) ~f@)=0 (xeA), (3.10)

DZ’,‘lg(O) = ay, D;’flg(l) =by (k=0,1,...,n—-1)
is
n-1

1
gx) =aox—1) + box + Zak/ (q2t - l)Gk(x, qzt) dt
k=1 0

1
+ th/ 7tGr(x,q°t) dy t+/ Ga(x g t)f (q°t) dyt.
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Replacing ay, by and f(x) by their values in terms of g(x) as given by the g-differential

system (3.10), we get

n-1

g(x) = g(0)(x —1) + g(1)x + ZDZklg(O) / q*t —1)Gr(x, ¢°t) d,t
1 1
+ ZDz_lg 1)/ TtGi(x, q°t) dyt + / Ga( qzt)D;ﬁ‘lg(qzt) dgt.
0 0
Therefore, according to Equations (3.8) and (3.9), we obtain the required result.

Remark 3.4 By using Theorem 3.3, and from Equations (2.4) and (2.5), we have

n-1

D7,g(x) = ) [Dig)D., An(®) + D2ig(0)D”, B,u(x)]

m=j

1
+ / Goj(%, qzt)D;i’lg(t) dgt
0

n-1

= Y [Dig)A,;(x) + D2ig(0)B,;(%)]

m=j

1
. fo G (5,20 D2, g(0) gt

n—j-1

= Y [DIT7g)Ax) + D2 g(0)B, ()]

m=0

1
+ f Goj(, qzt)D;flg(t) dgt,
0

n—j-1

D g) = Y [DX gD, Ap(x) + D2 g(0) D1 B()]

m=0
/ Dy1,Gj(%,q L‘)sz’lg(t)d L.

4 Certain g-Fourier expansions

O

The purpose of this section is to obtain the g-Fourier series expansions of the following

q-integrals:

1
/ (q2t)kG,, (x, qzt) dgt, k=0,1,n<4,
0

and then to compute the series expansions of some of g-Lidstone polynomials which will

be used to solve the boundary value problem (1.1)-(1.2).



Mansour and Al-Towailb Boundary Value Problems (2017) 2017:178 Page 8 of 18

First, recall that the g-trigonometric functions C,(z) and S,(z) are defined for z € C by

o n(n—1/2)22n

= Z - G 1iq1¢1(0;%q q"72"),
n=0 ’ n

= Z(_1
n=0

n(n+1/2) ,2n+1
q z z 3/2 2)

@D 1-q 191054544

The Fourier series expansion for any function defined on the g-linear grid A, is the fol-

lowing (see [7, 8]):

o0
Sy(f) = 7°+k2_1j [ Cy (4" wiz) + biSy(qwiz)],

where ag = fjlf(t) dgtand, fork=1,2,...,

1
g = _/ Co(q"Pwit)dgt, by = % [1f(t)Sq(qwkt) dgt,
1k = (1= q)Cq(q"wi) S, (i)

on the g-linear grid A,, where {w; : k € N} is the set of positive zeroes of S,(z).

One can verify that

Dy.Cy(wz) = —llsq(wzﬁ) and DS, (wz) = —c (W2 /7).

-9
Lemma 4.1 Letx € A} and n € N. Then
1

n n-1 n-1

| Gl i9) dy = < (55 a7 ) 0 ).

k

Proof By using Equations (3.1) and (3.3), the g-integral

1
y(x) = /0 G1(%,q°)Sq(q"wiy) dgy

is the solution of the g-differential system

D2,y(x) = Sq(q"*wix) =0 (x € Ap), 1)

¥(0) =0, y(1) = 0.

Therefore,
Dyy(x) = —4) Cy (q”‘% ka) + 1,

7 (42)
4.2

_ -(1- 61)2 -1

y(x) = 7Sq(q wkx) + X+ Co.

2m-3 2
q 2wy
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From the boundary conditions, we get

1-g)7*

-3 2
q— 2wy

= S (q”_lwk) and ¢, =0.

Substituting the values of ¢; and ¢, into Equation (4.2), we obtain the required result. [

Lemma 4.2 For x € A, the following q-Fourier series expansion holds:
! Li
/ G(% q*t) dyt = -2./9(1 - ) Z Sy(wi), (4.3)
0 k=1 Wi
where

1-Cyq"*w)
wiCqlq*wi)S) (wi)”

k=

Proof By computing the g-Fourier series expansion of the function f(x) =1 for 0 <x <1,
we get

o0

1- Cy(q"*wy)
1=2 S 1), teA. 4.4
ZWkC @S, oy T ; (44)

Multiplying (4.4) by G, («, ¢*t) and integrating with respect to ¢ from zero to unity, we get
1
f Gy (x, q t dst=2 ZLk/ Gy (x, qzt)Sq(wkqt) dgt, (4.5)
k=1 0
where

1-Cylq"*wi)

= , x€Al.
wiCy(q>wi) S}, (wi) 1
By using Lemma 4.1, we get
1 2
-/4(1-9q)

/ G (x, qzt)Sq(wkqt) dyt = fqu(ka)~ (4.6)

0 k
Substituting from (4.6) into (4.5), we obtain the required series. O

Lemma 4.3 For x € A}, the following q-Fourier series expansion holds:

1 oo
Ly
G(x,q°t) (q*t) dt = —24°*(1 — ¢q)? —S, (W),
| e, > 5
where
fm gwiCy(g"?wi) — (1 - q)S,(qw)

7w, Co(qPwo) S, (wi)
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Proof Considering the function g(¢) = ¢ for 0 < t < 1 and computing the g-Fourier series of

the extension of g as an odd function on [-1,1], we get

o0
t=2 LiSy(qwit) forall0<t<1, (4.7)
k=1
where
- C 1/2 1-9)S
£ a(q" wi) = (1 = q)S,(qwi) (4.8)

P WCo(q Pwi)S, (we)

Hence, the proof can be performed by using (4.7) similar to the proof of Lemma 4.2. So,
we will omit it. O

Throughout the following results, we define the constants L and Ly as in Lemma 4.3
and Lemma 4.3, respectively.
Note that, by using Equation (3.7), we get

1
Ga (% 4°t) :/0 G(x.a*y)G(q*y, 4°t) dyy. (4.9)

Integrating (4.9) with respect to ¢ from 0 to unity and using Lemma 4.2, we obtain

1
/oGz(x,qt) t=-2/q(1- q)ZZ / (%, 4°y)Sq(d° way) dgy.

Again, using Lemma 4.1, we get

' 2 2 1-9)7
| G, air) iy = o (5w - ).
Wi

Hence,

1 pa—
/(; G, (x, qzt) dgt = -2 a-q Z ik (xS (gwk) — Sq(qwkx)).

7 3™
Repeating the process for # = 3 and # = 4, we obtain the following result.
Theorem 4.4 For x € A} and n < 4, the following expansion holds:

1 _l)n—l(l_ )Zn L . .
¢ Gn(x,qzt)dqt:(qnmim)q sz (S, (wie"™) = S, (wig" ™))

k=1 k

00
n i-1

n-2
+2 Z wk)
i=1

k=1

> I . ,
X Z W—% (xS (g 'wi) = S, (q"lwkx))]‘ (4.10)
k=1
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Remark 4.5 In the classical case, Widder [9] concluded a general formula for a Fourier
series of the integral of Green’s functions G, for all # € N. Theorem 4.4 gives a formula
for the g-Fourier series of fol Gn(x, q%t) d,t for n < 4, we could not put it in a closed form
for all n € N. However, we can verify that

1 (_1);1—1(1_ )2n
/ Gul(x,q°t) dyt = Tg,/z)qsk,n (neN),
0

where Sy, denotes a sum of g-series which converge uniformly on A7 and depend on the
g-trigonometric function S, and the constants L and L.

Theorem 4.6 For x € A} and n < 4, the following expansion holds:

1 -1 n-1 1-— 2n 00 E’
/0 Gl q’t)edgt = ()qrx(rl(i—smq) [Z Wan (xS; (wkq"™) = Sy(wig"'x))
k=1 Kk

[ee]

n-2 ~
. . Ly .
2 -1 —i-1
) § :(—l)ll] (n+i-1) § 0 Sq(qn i Wk)
i=1 k=1 Wk

=

23

k=1

M|

w2 (xSg(q" we) = Sq(q“wkx))j|.

>~

Proof The proof is similar to the proof of Theorem 4.4 and is omitted. O
The following corollary follows immediately from Theorems 4.4 and 4.6.

Corollary 4.7 Forx € A} and n < 4, the following expansion holds:

1
/ Ga(%q*t) (1 - g°t) dyt
0

_ ) a—g™ [ .

1 ~
| Doy (L= L 8w ™) = Sy g )
k=1 "k

n-2 e

(i Salq" " wi) ~
+2 Z(_l)qu(nH 1) Z 512W (Lk _ quk)
i=1 k=1 Wk

<3 Bl ) -5, ) |

k=1

Corollary 4.8 For x € A} and n < 4, the q-Fourier series for the q-Lidstone polynomials
A,(x) and B, (x) are given by

1)1 = g)2" o E
Aylx) = ()qn(n(73/2)q) [Z W_; (xSg(wig"™) = Sq(wiq"'x))
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1)1 = g)2n o 1 -
BA@=S—%ﬁgm@—{z:Wwa¢—¢%ou&0wf*»ﬁ%0wf4@>
k=1 "k

n-2 oo

| i Sqlq"" i) ~
#2) (V@Y I (L - L)
i=1 k=1 Wk

<X o) - |

k=1

B

]

w
Proof It follows immediately from Theorem 4.6, Corollary 4.7, Equations (3.8) and (3.9). [J

Proposition 4.9 There exists a constant C such that

_(1-gq*
— qn(n—3/2)

1
0< (—1)”/ G, (x, qzt) dgt
0
Proof By using Equations (3.4) and (3.7), we get
1
(—1)”/ G, (x, tq_l) dst>0.
0

Another inequality follows from Theorem 4.4 together with the result that the series in
(4.10) converges uniformly at each fixed point x € A7. g

Proposition 4.10 There exists a constant C such that

1 ) 1- q)Z(n—l) -
/0 |D1,Ga(% q°t)| dgt < P =) C.

Proof By using (3.7), we have
1 1 1
/ |Dq*1,xGn (% qzt) | dgt = / [Dqux/ G(x, qzy)(—l)"_lGn_l (qzy, qzt) dqy:| dgt
0 0 0
1 px
- /0 A (-1 (qzy) Gy (qzy, qzt) dgydgt
1,1
- / / (1" (g - 4°9)Gu1(4°7.4°) dyy dyt.
0 Jx
Interchanging the order of the double g-integrations and using Proposition 4.9, we get
1 x 1
/0 D14 Gal.q°t) | dyt = fo (a°) [ fo |G-y 4°0)] dqt} dyy
1 1
- / (a-4°) [ fo |Gr(4%9,4°t) | dqt] dqy
x

-9 1", ' 2
< oz C| | @y)dy~ | (a-a°y)dyy
q LJO x
1-g?" P 7
= 45 ¢ _61(1 —x)+ q+1)
A—g T . T
= g - | Ty |
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Hence, if we define the constant C as

~'_ qz
= (‘“(uq))c’

we get the required result. O

We end this section by computing the g-Fourier expansion of the g-Euler polynomials
of degree 2. We start by the following lemma.

Lemma 4.11

Lo 4 V4
Tk __~NT d _ N1
; we 20— Z we~ 2Bl-g)

Proof By computing the g-Fourier series for the function f(x) = |%|, we obtain

1 2(1-gq) i 1-C,(g"*wy) (@ wex).

Cilg “wix

(x) =
4 l+q NZ B wiCqlq"*wi)S, (wi) 1

In particular, when x = 0, this implies

1/2

1 2(1—q)§: 1 - Cylq"*wy)

0= - .
l+qg V4 wiCy(q'?wi) S (wi)
Therefore,
Le V4
—wie 201-q%)

Similarly, computing the g-Fourier series for the function g(x) = |x|2, we obtain

1 gy
lx|” = Z Cylq"?wix).
EN 2
At x = 0, we have

=S} l’z‘k B ﬁ
21: we  2[8]I0-¢q) O

Theorem 4.12 For x € A, the q-Fourier series for q-Euler polynomials e;(x; q) is given by

2 Sy 4
es)= 2 [—zm 3 B+ (5 - g)}

k=1 Kk

Proof By using Proposition 2.1, we have

1=eo(x;q) = Dyer(x;9).
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Therefore, for x € A7, the g-Fourier expansion of the function Dye; (x; q) is

S 1 C 1/2
Dyer(x;q) = 22 wiC (ql,z(ka);k()w )Sq(qux)- (4.11)

Integrating (4.11) from O to x, we obtain

_2(1_q) > Lk 1/2
e1(x;q) = 7 Z e —C, (q ka) +Cy, (4.12)
k=1

where C is a constant of integration. This constant is obtained by putting x=0in Equation

(4.12) and then using Lemma 4.11 and the result e;(0; q) = El(()) =—= We getCy = —5 + liq
Hence,
“2(1-9) = Lk /1 11
e(x;q) = — —C (q wkx) —_ . (4.13)
Ja = Wk l1+qg 2

Again, using Proposition 2.1 with n = 2, we get

ex(x;q) = [2] f ei(x,q)dgx + C. (4.14)

Substituting Equation (4.13) into Equation (4.14) gives us

ex;q) = 2]|: -2(1- q)ZLk/ q1/2wkx qx+/<ﬁ—%)dqxi|+cz.

This implies
20-9? X L
ex(x;q) = (2] 7612 kS 7 (Wiex) + 4 _T)yl+c,
JVa — wy 1+g 2
In the last equation putting x = 0, we get C; = 0, and hence the theorem. g

Corollary 4.13 For x € A7, the following holds:

2 1
ex(x;q) = %[/(; G(x,qzt) dgt + (é - g>x:|

Proof The proof follows immediately from Lemma 4.2 and Theorem 4.12. g

Remark 4.14 From Equation (3.9), we have

1 1
B,(x) = / G, (x, qzt) dgt—q* / tG, (x, T t)dyt.
0 0

Thus, by using Corollary 4.13 and Equation (3.8), we obtain the following relation:

Bi(x) + qul(x) = q[eg([;c;]q) + <% — ﬁ)x} (4.15)
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If g — 1, Equation (4.15) coincides with the result which is given by Agarwal and Wong

[3] in the classical case.

5 An application: g-boundary value problems
The g-difference equations are important in g-calculus. This subject initiated in the first
quarter of the twentieth century [10-13], and it has been developed over the years. Re-
cently, many authors have studied the existence and uniqueness of solutions for some
problems of g-difference equations, for instance, see [7, 14—20].

The goal of this section is to solve the boundary value problem (1.1)-(1.2) by using the g-
Lidstone expansion theorem. The results here attained are the g-analogue of those given
by Agarwal and Wong [3], where they studied the existence of solutions for

(-1)"x@(t) = £ (£, x(£), %/ (2), ..., xP (1)),
x(2i)(0) =a;
x(Zl)(l) = bix

where 0 <k <2m-1andi=0,1,...,m—1 with some conditions imposed on f and x.
For our purpose, let us define two constants C and C asin Proposition 4.9 and Propo-
sition 4.10, respectively, and we introduce the following assumptions:
Hi: Kj, 0 <j < k are given real numbers, and define the nonzero constant M to be the

M *
maximum of |¢(x, Yo, ¥1, Y2, - --,¥k)| on the compact set Aq x E, where

= {(y07ylry27-~'lyk): |J’1| = 21(/10 S/ = k}
(1-g)* k-

H2mMCS[<2], j=0,1,2,...,§,
(1-g)*"7V . k-1

Hg:mMCEI(ng, ]:0,1,2,...,7;

gy (1-g)*
Hy:max{|yl, 181} + Y max{|yijl, 1Bisjl} = o € <Ko

i=1

n—j-1 1 q)z(z 1)

Hs: ly;+ B+ C ) max{|yjl, |ﬂl+,|}75,2 < Ky

i=1

The proof of the existence results for boundary value problem (1.1)-(1.2) depends on g-
Lidstone polynomials and the Arzela-Ascoli theorem [21].

Theorem 5.1 Letqg € (0,1)andy e C:;_l (A;) be a real or complex-valued function. Assume
that assumptions Hy, Hy, Hs and Hy hold. Then the boundary value problem (1.1)-(1.2) has

a solution in E.

Proof By using Theorem 3.3, we conclude that the boundary value problem (1.1)-(1.2) is
equivalent to the following Fredholm g-integral equation:

n-1

1
y@) =Y [1iAix) + BiBix)] + /0 (% a*t)$(6,5(2), ..., D1 y(0)) dyt. (5.1)

i=0
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Hence, this problem can be interpreted as a fixed point for the mapping 7T : C’q‘,1 A;) —
C;f’l (A}) which is defined by

n-1 1
(T3)) = D _[1iAix) + BiBi(x)] + /0 |G *0)[@(6,30),... Dy 1y(@) dgt. (5.2)
i=0
We define the set

LA k *\ . i .
J(4;) = {y@ e Cha(az) s D)o = max |D/ 1y(@)] <26,0<) < k.
Notice that J (A;) is a closed subset of the space C]{;,l (A;;). We prove that T maps ] (A;‘) into
itself.
Lety(x) €] (A;;). Then, from Equation (5.2), Remark 3.4, Proposition 4.9 and hypotheses
Hi, Hy and H,y, we get

) n—j-1 1
‘D;z_’;(Ty)(x)| < Z |VisjAi (%) + BiajBi(%)| +M/(; |Guej(x,q°t) | dyt
i=0
n—-j-1 1
<lyx| + ’,3,»(1 —x)| + Z y,»+j/0 (qzt)Gi(x,qzt) dgt + Bisj
i-1
1 1
x/ (1-4°t)Gi(x, q°t) dyt +M/ |Gy (3, 7t) | dygt
0 0

n—j-1

< sup[lyl + [BA-2)|] + Y max{|yi;l, |Bisl]}
xeA;

i=1

1 1
X / |Gi(x, qzt)|dqt+M[ |Gy (%, ) | dgt
0 0

& (1-g)*
< max{|yl, 18} Zmax Yisils 1B} = o C
(1-g)*) . k
+ WMCS 2](2], J= 0,1,2,..., E. (5.3)

Similarly, from Equation (5.2), Remark 3.4, Proposition 4.10 and hypotheses H; and Hs,

we get
n—ji-1
21+1 & 1-¢?*
D)) < Ly + B+ C Y max{lyl, nw}m
i=1
(1 _ q)Z(n—]—l -
- D(—7-512) MC
, k -
< Kyju1 + Kyjg = 2Kyi1,  j=0,1,2,..., - (5.4)

This completes the proof of T'(J (AZ)) cJ (A;). Furthermore, from the inequalities (5.3) and
(5.4) we conclude that the set

{D_(T)y@): y@) (A7)0 <j < k)



Mansour and Al-Towailb Boundary Value Problems (2017) 2017:178 Page 17 of 18

is uniformly bounded and equicontinuous on ](A;;). Therefore, from the Arzela-Ascoli

theorem T(J (Ajl)) is compact. It means that we can find a fixed point of 7 in E which
satisfies the boundary value problem (1.1)-(1.2). |

Corollary 5.2 Assume that the function ¢(x,Y0,1,...,Yx) satisfies the following condition
on A% x RE:

k
’d)(x,yo,yl,...,yk)’ §L+ZL}-|y/|°‘i, (5.5)

j=0

where L, L; are nonnegative constants, and 0 < a; < 1. Then the boundary value problem
(1.1)-(1.2) has a solution.

Proof By using (5.5), for y(x) € J(A7), we get
|6 (%,5(x), Dyay(x), D21 y(), ..., D 1y(0) | < N,

where N := L + Z/];o Li(2K;)% . Hence, the result follows by observing that the hypotheses
of Theorem 5.1 are satisfied and replacing M by N such that K; (0 <j < k) are sufficiently
large. g

6 Conclusion
The goal of this paper is to study some properties of g-Lidstone polynomials by using
Green’s function of certain g-differential systems and then to solve the following boundary

value problem:

(1" D21y(x) = ¢ (%, y(x), Dg1y(x), D% 15(x), .., D 15(x)),

D;’;ly(O) =B Dz’;ly(l) =y By eCj=0,1,..,n-1),

wheren e Nand 0 <k <2m-1.

Funding
This research is supported by King Saud University, Saudi Arabia.

Abbreviations
Not applicable.

Availability of data and materials
Not applicable.

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Consent for publication
Not applicable.

Authors’ contributions
The authors read and approved the final manuscript.



Mansour and Al-Towailb Boundary Value Problems (2017) 2017:178 Page 18 of 18

Author details

'Department of Mathematics, Faculty of Science, King Saud University, Riyadh, Kingdom of Saudi Arabia. ?Department of
Mathematics, Faculty of Science, Cairo University, Cairo, Egypt. *Department of Natural and Engineering Science, Faculty
of Applied Studies and Community Service, King Saud University, Riyadh, Kingdom of Saudi Arabia.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 19 August 2017 Accepted: 14 November 2017 Published online: 22 November 2017

References

1.
2.
3.

10.
1.
12.
13.

16.
17.

18.
19.

20.

Boas, RP, Buck, RC: Polynomial Expansions of Analytic Functions, 2nd edn. Springer, Berlin (1964)

Ismail, ME, Mansour, ZS: g-analogues of Lidstone expansion and Bernoulli polynomials (2017, submitted)
Agarwal, RP, Wong, PJY: Lidstone polynomials and boundary value problems. Comput. Math. Appl. 17, 1397-1421
(1989)

. Annaby, MH, Mansour, ZS: g-Fractional Calculus and Equations. Lecture Notes in Mathematics, vol. 2056. Springer,

Berlin (2012)

. Gasper, G, Rahman, M: Basic Hypergeometric Series. Cambridge University Press, Cambrdge (2004)
. Ramis, JP: About the growth of entire functions solutions of linear algebraic g-difference equations. Ann. Fac. Sci.

Toulouse 1(6), 53-94 (1992)

. Ahmad, B, Nieto, JJ: Basic theory of nonlinear third-order g-difference equations and inclusions. Math. Model. Anal.

18(1), 122-135(2013)

. Cardoso, JL: Basic Fourier series: convergence on and outside the g-linear grid. J. Fourier Anal. Appl. 17(1), 96-114

(2011)

Widder, DV: Completely convex functions and Lidstone series. Trans. Am. Math. Soc. 51, 387-398 (1942)

Adams, CR: On the linear ordinary g-difference equation. Ann. Math. 30, 195-205 (1928)

Carmichael, RD: The general theory of linear g-difference equations. Am. J. Math. 34, 147-168 (1912)

Jackson, FH: On g-difference equations. Am. J. Math. 32, 305-314 (1910)

Mason, TE: On properties of the solutions of linear g-difference equations with entire function coefficients. Am. J.
Math. 37,439-444 (1915)

Ahmad, B, Alsaedi, A, Ntouyas, SK: A study of second-order g-difference equations with boundary conditions. Adv.
Differ. Equ. 2012, Article ID 35 (2012). doi:10.1186/1687-1847-2012-35

Annaby, MH, Mansour, ZS: g-Taylor and interpolation series for Jackson g-difference operators. J. Math. Anal. Appl.
344, 472-483 (2008)

Bangerezako, G: Variational g-calculus. J. Math. Anal. Appl. 289, 650-665 (2004)

Dobrogowska, A, Odzijewicz, A: Second order g-difference equations solvable by factorization method. J. Comput.
Appl. Math. 193, 319-346 (2006)

El-Shahed, M, Hassan, HA: Positive solutions of g-difference equation. Proc. Am. Math. Soc. 138, 1733-1738 (2010)
Ferreira, R: Nontrivial solutions for fractional g-difference boundary value problems. Electron. J. Qual. Theory Differ.
Equ. 2010, Article ID 70 (2010)

Ma, J, Yang, J: Existence of solutions for multi-point boundary value problem of fractional g-difference equation.
Electron. J. Qual. Theory Differ. Equ. 2011, Article ID 92 (2011)

. Rudin, W: Principles of Mathematical Analysis, 3rd edn. McGraw-Hill, New York (1964)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.1186/1687-1847-2012-35

	q-Lidstone polynomials and existence results for q-boundary value problems
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	The Green's function of a certain q-differential system
	Certain q-Fourier expansions
	An application: q-boundary value problems
	Conclusion
	Funding
	Abbreviations
	Availability of data and materials
	Ethics approval and consent to participate
	Competing interests
	Consent for publication
	Authors' contributions
	Author details
	Publisher's Note
	References


