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1 Introduction and main result

In this paper, we consider the existence of the solutions for the following problem:

_ ‘u‘2§k(u)—2u

(=A)Yu— u‘z‘% =St AM(x,u), in<Q,
u>0, in Q, (1)
u=0, in RN\ @,

where € is a smooth bounded domain in RN = RF x RN~ with N >3 and 2 < k <N,
0 << ag:= 2251"2(%)”’2("7%), s€(0,1), I'(¢) = [yt e dr. A point x € RV is
denoted as x = (z,w) € RN = R¥ x RN-%, ) > 0 is a real parameter, the number 2¥(a) =
2(N — a)/(N - 2s) is a critical Hardy-Sobolev exponent with s € (0,1) and « € [0, 2s). The
nonlinearity term f is continuous function and satisfies suitable hypotheses. Here, (—A)°

is the fractional Laplace operator (see [1, 2]) defined, up to a normalization factor, by

(A ulx) = / Mdy, xRN,

RN |x _y|N+2s

In recent years, much attention has been focused on the study of the problems involv-
ing fractional operators. The fractional operators appear in several applications to some
models related to probability, mathematical, finances or fluid mechanics, soft thin films,
stratified materials, multiple scattering and minimal surfaces (see [3—6]). When © = 0 and
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a =0, problem (1) reduces to critical fractional equation. Abundant results have been ac-
cumulated (see [7-12]).

For a class of fractional elliptic problems with the Hardy potential

(-AYu-ppm =gxu), inQ,
u>0, in Q, (2)
u=0, in RN\ Q,

Abdellaoui and Medina et al. in [13] gave the solvability of the problem (2) for the linear
case g(x,t) = g(x) and the nonlinear case g(x,t) = t(, , respectlvely For critical case, a pos-
itive solution was obtained in [14] with by the Lagrange multipliers technique. Moreover,
the authors in [15] have studied the solvability of problem (2) for the case g(x, t) involving
concave-convex nonlinearities.

Recently, Jiang and Tang in [16] had considered the problem (1) for the case s = 1, they
supposed the nonlinearity term f € C( x R*,R*) satisfies the following conditions:

(fi) f(x,t) =0 for t < 0 uniformly for x € Q. There exists a nonempty open subset Qo C Q
with (0,u°) € RK x RN=% ¢ Q, such that f(x,£) > 0 for almost everywhere x € Q and
allt>0fx, t) > 0 for almost x € 29 and all £ > 0.

(fa) lim,_ o+ f( f(xt)

£ (@)=

=0and lim;_, ;o =0 uniformly for x € Q.

For A > 0 large enough, they obtained the existence of positive solutions of problem (1)
for s = 1 by using variational methods. For the case s = 1 and A = 1, Ding and Tang in [17]
obtained the existence of positive solutions for problem (1) by the variational methods
and some analysis techniques with f satisfying the (AR) condition. For related papers on
the semilinear elliptic equations with Hardy-Sobolev critical exponents of (1) for s = 1, we
just mention [18, 19] and the references therein.

To the best of our knowledge, there is no result in the literature on the fractional elliptic
problem with Hardy-Sobolev-Maz’ya potential and critical nonlinearities. Motivated by
the above papers, our aim is to study the existence of positive solutions for problem (1)

and our main result of this paper is as follows.

Theorem 1 Assume that conditions (f1) and (f2) hold. Then there exists .* > 0 such that

A > A*, problem (1) admits a positive solution.
2 Functional setting and useful tools

We will denote by H*(RN) the usual fractional Sobolev space endowed with the natural

norm

1
lu(x) - u(y)? 2
ey = sl ey + ( [ S sy

We consider the function space

X = {u eHS(RN) :u=0a.e. in ]RN\Q},
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with the norm

([ )=o) )
”M”X0_<Q lx — |N+25 y I’L/ |z |25 ’

which is equivalent to its general norm due to the Hardy inequality

Ak ‘/RN < M d?Cdy, (3)

|Z|25 Q |x y|N+2s

where Q = RV \ (CQ x CQ) with C2 = RN \ Q. We can introduce the best fractional
critical Hardy-Sobolev constant S, ,, given by

|u)-u(y)| u?
. fQ o= le(iVZs dxdy_/"l/fg de
Spa = inf :
uEX3 RN\ (0,w0)),u70 (f lua() % @)
R}’l |Z‘O(

dx)Z/Zé‘(a)

From [20], we know that S,,, is attained by functions

(N-2s)
g 2
U (x) =

(N-2s) *
(&2 +x—x0l2) 7

Let u* = max{u, 0}, the energy functional J, : X§ — R associated to the problem (1) is

defined as
L[ fu(x) - u(y)? ,u/ (u*)?
== | ——————dxdy-— | —d
])‘(M) 2 0 |x_y|N+25 xay Q |Z|2s x
1 (u+)2;‘(ot) /
_ dx— M) | F(x,u")dx, (5)
25a) Jo  lz|* Q ( )

for all u € X§, where F(x, t) is a primitive function of f (x, t) defined by F(x, t) = fotf(x, T)dr.
Obviously, /; is a C}(X3) functional, and it is well known that the solutions of problem (1)
are the critical points of the energy functional J;. In fact, if u is a weak solution of problem
(1), we have

(i(u),¢>=/Q (u(x) ~uO) o) - ¢0)

| — y|N+2s - o lz|»

ut 2% (a)-1
—/ Hiwdx—)»/f(x,bﬁ)wdx
o |z Q
=0, (6)
for all ¢ € Xj. Now, we will give some essential lemmas as follows.
Lemma 1 Let 1 > 0 and f satisfies assumptions (f1) and (f,). We can deduce that:

(i) there exist ¢, p >0 such that J,(u) > ¢ > 0 for any u € X3, with lllxg = p
(ii) there exists e € X3, with e > 0 in RN such that J;(e) < 0 and lellxs > p-
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Proof of Lemma 1 (i) Fixing A > 0, from (f2), for € > 0, there exists C; > 0, one has
[F(x,t)| < elt)? + CLIE> @, V(xt) e 2 x R 7)

It is evident that X§ — L(Q2) for 1 < g < 2¥(«), then there exists C; > 0 such that

[t = catuy, ®)
Q 0

Take u € X,. Combining (4), (5), (7) and (8), we have

1 || @)

2%(s) Jo  lz|*

1
Jo@) =

dx—)»/ F(x,u)dx
2 Q

- 1 2 1 |”|2§(a) 2 2 ()

> —lullys - dx — A (s|u| + Cq|u|*s )dx
2 0 2%a) Jo o |x|* Q
1 2 2% (oz

> §||M||X5 2 )II IIXs )LSC4||M||X: A Csllu s

where C;, i = 3,4,5, are positive constants. For ¢ > 0 small and according to the fact 2 <
2%(s), then there exists p > 0 small enough such that /, (4) > ¢ > 0, for any [|u|lx; = p.
(i) Given A > 0. Take v € X3, with v > 0 in RN and ||v||X(s) = 1. From (f;), we get

1., 1 |tv]% @)
T (tv) = 5||L‘V||X8 2@ Jo |x|“ dx -\ Q1—"(x,tv)dx
S B L
=< —|| ||X0 2*((x) W )

then /5 (tv) - —o0 as t — +00. Choosing e = £, v with ¢, > 0 large enough, we get lellxs > p
and J; (e) < 0. This completes the proof of the Lemma 1. d

We recall that a sequence {u;};en C X is a Palais-Smale sequence for the functional Jj,
at level ¢; if

L) > ¢ and Jj(w)—0 in (X5),

as j — 0o. We say that J, satisfies the Palais-Smale condition if every Palais-Smale se-
quence of /, has a convergent subsequence in X§. Now put

¢ = ;g fen[g)f]]* (g(®),

where
I'={geC([0,1],X;) : g(0) = 0,/, (g(1)) < 0}.

Obviously, ¢; > 0 from Lemma 1. Next, we introduce an asymptotic condition for the
level ;.

Lemma 2 Under the conditions of Lemma 1, lim,_, o ¢; = 0.
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Proof of Lemma 2 Fix A > 0. Since the functional J; satisfies the Mountain pass geometry,
there exists ¢, > 0 verifying J; (t,e) = max;>( J,(te), where e € X{ is the function given in
Lemma 1. Hence, by (6), we have (/; (t,e), t,e) = 0, that is,

25 () (e+)2:(a) d + td
e IIXS =t° T X+ A Qf(x, te )tke x. 9)

From (f;), we have

*(
) ) (€+)2
£ llells = T

which implies that {¢, } is bounded. Hence, there exist a number £, > 0 and a subsequence
of {Aj}jen, which we still denote by {};}en, such that A; — +0o and by, — fo as j — 00. So
by (9) there exists D > 0 such that > ||e||§(6 <D foranyje€ N, then

sy et 2% ()
Aj/S]f(x,tx,e*)t,\je+dx+ti;( )/Q( ) dx <D. (10)

|z|~

If ty > 0, by (f;) and the Lebesgue dominated convergence theorem, we obtain

lim f(x, te )t,\je+ dx = /f(x, toe+)i.‘oe+ dx > 0.
Q

]—)OO

Recalling that A; — oo, we have

. (e*)z*
lim fx,txe tke dx+tps = 00,
j—o00 |z|*

which contradicts (10). Thus £, = 0 for A; — c0. Now, let us consider the path g(¢) = te, for

t € [0,1], which belongs to I". By Lemma 1 and (f;), we get

£2
0<c, < max . (g(0) < Ji(tre) < —*IIeIIXs

Notice that by, —> b= 0 as j — 0o, one has

lim §||e||2 =0
=
r—>+00 2 Xo ’

which leads to limy_, ¢, = 0. This completes the proof of the Lemma 2. O

Lemma 3 Assume that conditions (1) and (f;) hold. If {u;} C X§ is a (PS)., condition of ];,
then {u;} is bounded in X;.

Proof of Lemma 3 By (f2) and the boundedness of €2, for any ¢ > 0, there exists T > 0, such
that

|F,t)| <elt>®, xeQt>T;  |[Fx,0)|<Csle), te(0,T];

[fr o)t <elt>@, xe@t>=T;  |fx)t]<Cile), te(0,T],
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for C;(¢) >0, i = 6,7. Furthermore, for any (x, £) € Q2 x R*, we have
[E(x,t)] < Cole) +elt*,  |f(x,0)t] < Crle) +elt> @,

Then, for & € (2,2} («)), one has

1 1 "
Flo 1) = 3 (o0t < F(0) = f (0 < Cale) + ele* @, (11)
for Cg(e) > 0 and any (x,£) € Q x R*. Set I(x,¢) := “lz‘i(lz)_l + Af(x, t), we claim that /(x, )

satisfies the (AR) condition. By (11), one easily gets

2§ ()
EL(x, ) — I y)t = (2*1) - 1) 't|'z|a + M(EF G 1) —f (5, 0)0)

& |t|2§(a) 2(a)
< -1 +AECg(e) + AEelt]™s

2¢(a) |z|*
_ § _ - 2¥(a)
= ((2;‘(0;) l)lzl +A$£)|t| + AECg(e),

where L(x,t) = fot [(x, ) dt. Thus, for a fixed A > 0 and ¢ > 0 sufficiently small, there exists
T} > 0, such that

0<&L(xt) <lxt)t, t>T,.

Moreover, by (f2), we obtain

L(x,t) - él(x, )t < max (F(x, t)— éf(x, t)t) =T,

x€Q,0=t<T}

for any 0 < ¢ < T;. Notice that £ < 2¥(«), we obtain T, > 0. It follows from the above

inequalities that
1 _
L(x,t) - gl(x, Ht<T,, forallxe Q\{(O, wo)},t >0. (12)
Combining (f), (6) and (12), it follows that
1 !
e +1>(u) - g(]k(uj)» ;)
5 (@)
11 ) (1 1 >/(u,~*)25
>l === Mullys + | - - dx
ol (2 %_)” 1||X0 %- 2;‘((1) o |Z|a
1
—A/ F( ,u;) - —f(x ul*)ul*> dx
Q §
1 1 + 1 +\,,+
= (5 - g) Iz 1% —L(L( f) = gl u)uj ) dx

1 1
> (— - —)IIujllf(s - T5%2].
2 & 0

Hence, we obtain {u;};cy is bounded in X§. This completes the proof of Lemma 3. O
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Lemma 4 Assume that conditions (fi) and (f;) hold. Then ], satisfies the (PS)., condition

25—

N-a
Z(Nfa)Sﬁf&“ — T, |2|, where T, is a bounded constant given in Lemma 3.

with ¢, <

ProofofLemma4 Let{u;}jen C X bea (PS)., sequence of J,. From Lemma 3, we know that
{#j}jen is bounded. Thus there exist a subsequence (still denoted by {u;}jen) and u; € Xj
such that

uj — uy, weaklyin X,
uj — uy, stronglyinL?,2 < p < 2¥(a), (13)
uj — uy, weaklyin LE@O(Q, |2]7),

uj— uy, a.e. inR”

Due to the continuity of embedding X — H*(Q2) — L"(f2) and the boundedness of
{#4j}jen, there exists a constant C, such that [Ju||, < lullxy < Cy forall u € X§ and v €

[2,2¥(«)]. Now, according to (f;), for any ¢ > 0, there exists a a(¢) > 0 such that
1 2¥(a) +
|F(x,t){§2—8|t| s\ 1+ a(e) for (x,t) € 2 x R,

G

Set § = %(8) > 0. When E C 2, meas E < §, one gets

+ i +]25 (@)
/j;F(x,uj)dx E/Ea(e)daﬁ— ZCS/,;|uj| dx

eC, <e.

< a(s)measE +

v

Obviously, {[, F(x, uj)dx,j € N} is equi-absolutely continuous. It follows from Vitali’s

convergence theorem that
‘/QF(x, ) dx — /;ZF(x, uj)dx, asj— oo. (14)

Similarly, we get

/f(x, u]*)u, dx — /f(x, uj)u; dx, asj— oo. (15)
Q Q
By (13) and (15) we obtain

im )

=/ (.(%) —u, (1) (v(x) = v()) dxdy—,u/ u; v
Q

| — y|N+2s q lz|*

+)25 (er)-1
—/ (u’\)iavdx—kff(x,u,{)vdx
o 2 Q

=0,
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for any v € Xj. That is, (J; (u,),v) = 0 for any v € X§. Then u, is a critical point of /,, thus
u;, is a solution of problem (1). It follows from (6) and (12) that

J(w) = Ji(us) - é(/,/\(ux),ux)

(1 )Ilun +<1 1) Ll

2 &) T\ 2@ o 1
<F(x, uy) — — (x, uk)u1> dx

= (% é) ””[AHXS - (L(x) MA) - él(x’ ul)u}») dx

1 1
Pl ||MA||X6 T;12|

= _TA|Q|)

for & € (2,2} (a)). Now, let w; = u; — u,, by the Brezis-Lieb lemma [21], we have

2
7“4’ L;;(g/” dx dy
2 | — y|N+2s
. — . 2 - 2
Q lx—yN+ o |lx—yN=
/ % / / dx +o(1), (17)
X = X+ 0
Q lzl® alz |25 |z|*
ut 2 (e) wi 2 (Ol) +12% (@)
/(’) dx:/(] /‘(u) dx +o(1). (18)
Q |Z|a Q |Z|a

Since /;.(1;) = ¢;, + 0(1), by (14) and (16)-(18), we obtain

wh)Z @

1
Do) = Jo(3) + 5 w3 dx =c; +o(1). (19)

2¥(a) Jo  lz|®

According to {/; (1)), u;) = o(1), (15) and (16)-(18), we get

(wp)=@
Iy - [ = ds= o). (20)

|Z|2s

Assume that [|w;| x5 = [, it follows from (20) that

W2(o¢)
/Ld —>l2
Q

|Z|25

as j — oo. From (4), one has

2
( +)2 *(@)
112 s
”W} ”)(8 > S/L,a (‘/;2 |Z|23 dx> .
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N-a
We get [ > Si5% . It follows from (19) and (20) that

+128 ()
(Wj )

|z|¥

1 1
a+o(1) = L(u) + §||wj||§(8 - W/Q dx +o(1)

25—«

N-«a
> _SFX_T,|Q 1),
ol Z(N—O[) L0 A| |+0( )

N-a
which contradicts ¢; < 2(2;,‘_";)8,%3“ — T,|R2|. Therefore, we have [ = 0, which implies that

uj — u, in Xj. This completes the proof of the Lemma 4. g

3 Proof of Theorem 1

Thanks to Lemmas 1, 2, 3 and Lemma 4, the functional J; satisfies all the assumptions of
the mountain pass theorem for any A > A*, with 1* > 0. This guarantees the existence of a
critical point u; € X{ for J; at level c,. Since J; (1) = ¢, > 0 =J,(0) we have u; # 0. By [22,
Lemma 8], we have u; € Xj and we let ¢ = 1} in (6), we get

[ G o, [0,
RN Q

|x_y|N+2s |Z|23

=)2%(s)
=f (4;) dx+)\'/f(x,uk)u;dx.
Q Q

|z|*

Moreover, for a.e. x,y € RY, one has

(1 (%) = 15,9) (165, (x) - ;)
= —u W) - w; @ () — (w5 () — 15 ))°

< —|u; () - 50" (21)

From (3) and (21), we have

(4. (%) — u, () (5. (%) — 15, () ~ (;)?
-/Q |x_y|N+23 d‘xdy M/Q |Z|23 dx

lyy— oy 2
“(1-* / |5 (%) — u; ()] dy <0,
Ak,s ) JRN |x —y|N*23

by the fact that < axs. Hence, according to (1), f (x, u; (x))u; (x) = 0 for x € RN, we obtain

which implies that «; = 0. Hence, u, > 0. It implies (—A)u; > 0. Then, by the strong
maximum principle, we obtain u, is a positive solution of problem (1). This completes the
proof of Theorem 1.

4 Conclusion

In this paper, we devoted our study to the existence of solutions for a fractional elliptic
problems with the Hardy-Sobolev-Maz’ya potential and critical nonlinearities. The ap-
proach of this paper is by the well-known mountain pass theorem. The nonlinear term

Page 9 of 11
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f satisfies assumptions (f1), (f2) without the (AR) conditions. We established a new term
I(x, t), which satisfies the (AR) conditions combined with the critical term % by us-

ing some analysis techniques. Then we overcame the compactness and obtained a positive
solution of problem (1). Our results are new and the work established in this paper is of
quite a general nature.
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