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1 Introduction
In this paper, we consider the pullback asymptotic behavior of the following nonau-
tonomous thermoelastic coupled structure equations:

Uy + a2y — |:,3 +0 (/ (Vu)? dx>:|Au +y A0 +g(u) + nug = hix,t) inQ x [1,00),
Q
(1.1)

0, — A6 —y Auy = gq(x,t) inQ x [1,00), (1.2)

in a bounded domain © C RN with smooth boundary. Here «, 8, y, 1 are all positive con-
stants, which arise from a model of the nonlinear thermoelastic coupled vibration struc-
ture with clamped ends for simultaneously considering the medium damping, the viscous
effect, and the nonlinear constitutive relation and thermoelasticity based on a theory of
non-Fourier heat flux. The system is supplemented with the boundary conditions

ou
u(x, t))aq = a(x, Hlaq =0, Ox,t)ye =0, t=>T, (1.3)
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for every t > 0, and the initial conditions
ux,t) =uo(x),  wxT)=10(x),  OlxT)=6(x), xeL, (1.4)

where uy(x), vo(x) and 6y(x) are assigned initial value functions.

Here the unknown variables u(x,¢) and 0(x,t) represent the vertical deflection of the
structure and vertical component of the temperature gradient, respectively. The subscript
t denotes the derivative with respect to t, o (-) is the nonlinearity of the material and con-
tinuous nonnegative nonlinear real function, g(x) is the source term, /(x, ) is the lateral
load distribution, and ¢g(, £) is the external heat supply. Moreover, the source term g(u)

M7 (ki > 0) with 1< p < 25 if N> 3and 1< p <0 if N = 1,2.
Assumptions on nonlinear functions o (-), g(-) and the external force function k(x, t), g(x, £)

is essentially kq (i +

will be specified later.

It is well known the global attractor on autonomous thermoelastic coupled structure
equations has been considered in many papers. We refer the reader to [1-4] and the ref-
erences therein.

However, in the actual life, the real systems are mostly nonautonomous. Recently, the
nonautonomous infinite-dimensional dynamical system attracted attention of many peo-
ple. For example, Chepyzhov and Vishik [5] firstly extended the notion of global attractor
in the autonomous case to the nonautonomous case, which led to the concept of a uniform
attractor. But the uniform attractor [6] was not applicable to nonautonomous systems with
possibly unbounded trajectories as time increases to infinity (see [7—12]). To handle such
problems, some new concepts and theories were brought up for nonautonomous case,
and thus the pullback attractors were developed in [13—17], and they are a useful tool in
understanding the dynamics of nonautonomous dynamical systems.

In this paper, we use the concept of pullback asymptotic compactness given in [7], and
we prove the pullback asymptotic compactness by the method in [14] for nonautonomous
system (1.1)-(1.4). Our fundamental assumptions on o (-), g(-), h(x, t), and g(x, t) are given
as follows.

Assumption 1 We assume that o (-) € C}(R) satisfy
0(2)z2>6(2) 20, Vz=>0, (1.5)

where 6(z) = foz o0 (z)dz. This condition is promptly satisfied if o (-) is nondecreasing with
o(0)=0.

Assumption 2 The nonlinear term g(-) is a C'(R, R) function satisfying the following as-
sumptions:

(Hy) There exists a constant ko such that
lg(u) — g)| < kalu—vI(1 + [l + [v]P7Y). (1.6)

(Ha) If g(s) is the primitive of g(s), that is, g(s) = fosg(‘r)dr, then

liminf‘ij) >0, (1.7)

|s|>00 &
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and there exists a constant k3 such that
|gw) —gW)| <ks(u+v+ul” +vI°)lu—-vl, VYu,veR. (1.8)
(H3) There exists a constant Cy > 1 such that
>0. (1.9)

Assumption 3 Functions h(x,t) and q(x,t) fort € R, x € Q are locally square integrable in
time, that is, h(x,t),q(x, t) € L2 _(R,L*(RQ)), and for any t € R,

loc
¢ 2
/ e ”h(x,s) ” ds < 00 (1.10)
and

t
/ e‘ss||q(x,s)||2ds<oo, (1.11)

where 8 > 0 is a small real number, which will be characterized later.

Under these assumptions, we prove the existence of a pullback attractor for nonau-
tonomous thermoelastic coupled structure equation system (1.1)-(1.4).

2 Preliminaries
We first introduce the following abbreviations:

H=1*Q), 1= 1 N2

Let (-,-) denote the H-inner product, and let ||V - || and || A - || be the norms of H3(£2) and
H3(RQ), respectively.
We denote the space

Xo = HX(2) x L*(Q) x L*(R)
equipped with the norm
- 1%, = 1Aull® + [[vII* + 0]

The sign H; << H, denotes compact embedding of H; into H,. For brevity, we use
the same letter C to denote different positive constants.

3 Abstract results
In this section, we recall some definitions and results concerning the pullback attractor for
nonautonomous dynamical systems. These definitions and results can be found in [11-15]
and the references therein.

Let (Xo,d) be a complete metric space, and let (Q, p) be a metric space which is called
the parameter space. We define a nonautonomous dynamical system by a cocycle mapping
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®: R, x Q x Xy — Xp, which is driven by an autonomous dynamical system 6 acting on a
parameter space Q. Specifically, 6 = {6;}cr is a dynamical system on Q, that is, it is a group
of homeomorphisms under composition on Q with the properties that:

(1) 6o(q) =g forallg € Q;

(2) 6:4:(q) = 6:(0:(q)) forall t,t € R;

(3) The mapping (¢,q) — 6:(q) is continuous.

Definition 3.1 ([13-18]) A mapping & is said to be a cocycle on X, with respect to group
0 if

(1) ©(0,q,x) ==« forall (g,x) € Q x Xo;

(2) D(t+s,q9,x) = D(s,0:(q), P(t,q,x)) forall 5, € R, and all (g,x) € Q x Xo;

(3) the mapping ®(t,q,-) : Xo — Xo is continuous for all (¢,g) € R* x Q.

Definition 3.2 ([13-18]) A family of nonempty compact sets A = {A,},¢( is said to be a
pullback (or cocycle) attractor if, for each g € Q, it satisfies
(1) ®(t,q,Ay) = A, forall t € R* (P-invariance);
(2) limy_, o dist(P(t,6_,(q), B),A,) = 0 for any bounded subset B C X (pullback
attracting).

Definition 3.3 ([13-18]) A family D = {D,}4cq € K is said to be pullback absorbing if for
each g € Q and any bounded subset B of X, there exists (g, B) > 0 such that

CD(t, G_t(q),Be_t(q)) cD, forallt=>t. (3.1)

Definition 3.4 ([13]) Let (6, ®) be a nonautonomous dynamical system on Q x Xy, and
let D = {D,}4cq be a family of bounded subsets of Xj. The cocycle & is said to be pullback
D-asymptotically compact if for any sequences ¢, — oo and x, € Dy_, (5, the sequence
D(t,,0_4,(q),%,) is precompact in Xj.

Lemma 3.1 ([17]) Let (6, ®) be a nonautonomous dynamical system on Q x Xo. Assume
that the family D = {D;}4cq is pullback absorbing for ® and ® is pullback D-asymptotically
compact. Then ® possesses attractor A = {A,} 40, and

A =UJ (05 Do g), a€Q

t>0 s>t
For this matter, first we give the following concept and lemma.

Definition 3.5 ([17]) Let X, be a Banach space, and let B be a bounded subset of X,. We
call a function ¢ (-, -) defined on Xy x Xy a contractive function on B x B if for any sequence

{xn}uen C B, there exists a subsequence {x,x}xen C {*,}1en such that

lim lim ¢ (%%, %) = 0. (3.2)
l—00

k—00 l—

Lemma 3.2 ([17]) Let (0, ®) be a nonautonomous dynamical system on Q x Xy. Suppose
that bounded families D = {Dy}4cq and D= {f)q}qu are such that, for any q € Q, there
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exists t; = t(q,D, D) > 0 such that
Cb(t, O_t(q),Dgft(q)) - Eq Sforallt>t,. (3.3)

Assume that, forany ¢ > 0and q € Q, there existt = t(s,f), q) > 0 and a contractive function
b14(-,-) defined on Dy_,(y) x Dy_,g) such that

| ®(2,60-:(a),%) = 2(£,0-1(@).9) ||y, <&+ Prax,y) forallx,y € Do g,
where ¢y, depends on t,q. Then ® is pullback D-asymptotically compact in X,.

4 Global solutions and pullback attracting set

Using the classical Galerkin method, we can establish our main theorem of this section on
the existence and uniqueness of a global solution to problem (1.1)-(1.4).

Theorem 4.1 Assume that h(x,t),q(x,t) € LIQOC(R, L*()) and that assumptions (H,)-(Hs)
on the function g(-) hold. Then for any (uo,vo,0) € Xo, problem (1.1)-(1.4) has a unique
solution (u, u;,0) satisfying (u, us,0) € C°(R; Xo), where R, = [1,00).

For simplicity, we write y(r) = (u(r), 3,u(r),6(r)) = (u(r), v(r),0(r)), yo = (1o, vo,60). We
denote by X, the space of vector functions y(r) = (u(r), v(r), 6(r)) with the norm ||y||§(0 =
I Aull + 1IvII* + (1611

We can construct the nonautonomous dynamical system generated by problem (1.1)-
(1.4) in X,. We consider Q = R and 6,7 = 7 + t. Then we define

D(t,7,50) =yt + 757, 90) = (u(t + 1), v(t +7),0(t + 7)), TERE>0,5%€Xo. (41)
The uniqueness of a solution to problem (1.1)-(1.4) implies that
Dt +5,7,Y0) = CD(t,s +1,D(s, r,yo)), T €Rt,s> 0,90 € Xo,

and, for all T € R,¢ > 0, the mapping ®(¢,7,-) : Xo — X defined by (4.1) is continuous.
Consequently, for any (¢, 7) € R* x R, the mapping ®(¢, 7, -) defined by (4.1) is a continuous
cocycle on Xj.

Another main result of this section is as follows.

Theorem 4.2 Suppose a > 3y, h(x, t) and q(x,t) € L2 (R; H) satisfy (1.10) and (1.11) with

loc

[rdn2—
8 satisfying0 <8 <gp (0< g < min{#, ‘é‘;}‘—iz, %, V9+3n-3, #}). Then there exist a

family of bounded sets D = {D},cq in Xo which is pullback absorbing for ® defined by (4.1)
and a family of bounded sets D = {Dq}qgQ satisfying (3.3).

Proof Letty € R, Tt >0, and yo = (uo, vo, 0) € Xo be fixed. Define

u(r) = u(r, to — T, up), v(r)=u/(r,to - 7,%), and

0(r)=0(r,to—1,00) forr>ty—1
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and
(u(r),v(r),@(r)) =®O(r—ty+1,t0—1,y) forr>ity—rt.

Multiplying equations (1.1) and (1.2) by p = u; + gou and 0, respectively, and then summing,
we obtain

1d n

5 7 P17 + el bl = neolul + BIVal® + 6 (1Vull®) + 101°]
—eollpll? + ol Aull® + nlipll* = nelllull? + o Bl Vull* + o0 (I Vuel|?) [ Vel
+e0y (Au,0) + VO + e3(u,p) + (g(u), p)

= (hrp) + (61’9)- (4'2)

For simplicity, define ¢ (u) = fQ g(u) dx. By assumption (1.7) on g(-) it is obvious that ¢ (z) >
0. By assumption (1.9) on g(-) we have
&0 2
(g, ) = Copw) + - llull* = =M,

where Cy > 1. So

(¢(), p) = (g(w), us) + £0(g (), u)

d . &2
> / =) dx+ £0Cod )~ 2l - oM
Q r 4
d &, o
> d—¢(u) +e0Cop (1) — — llul|* — eoM. (4.3)
r 4
By Young’s inequality we have
1
| p)| < =112 + Lip)? (4.4)
n 4
and
@6)] < 01012+ — i < 2iver? + = jq1? (4.5)
B 222 -2 22 '

where A is the first eigenvalue of V in L2(Q).
By (4.3)-(4.5) from (4.2) we have

| &

[Pl + all Aull® = neollull® + BIIVUl® + & (IVul®) + 1011 + 26 (w)]

N =
QU

r

3n
—ollpll® + oat || A + 2 Ipll* = nedllull + 0Bl Vull® + oo (I Vuel*) [ Vul|*

1 &
+eoy (8w, 0) + ZIVOI* + 51, p) + 0Cog () = 1l

1 1
< Z k)% + = |1q|I* + eoM. 4.6
_n” [ ug”q” 0 (4.6)
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By Young’s inequality we have

oy (b1,6) = ==L | sul* - 6 (47)
and

&5 (u,p) = —8§<||M||2 + i“lﬂllz) (4.8)
So

3n
(Z —80) IplI* + oat | Auel|® = medllull® + eoBIIVaull* + g0 (I Vatl|?) | Ve

1 &l
+e0y (814,60) + SIIVOI* + &5, p) + 0 Cod () — > sl

3n 8(2) 2 EoY 2 2 55(% 2
> ——-&—-— + | coot — — || Au||” + | —-neg — —
> ( 2 f0T lpll 0@ -~ [ Aul| €~ 4 |zl

1 £0Y
+ §||V9||2 - T||9||2 +e0BlIVull® + goo ([ Vuull*) | Vil * + £0Cogp (1)

3n &2 , (2800 &y 5 [ €oo)? ., 5el )
> (2 gm0 Y T O /N P it S |
> ( 7 %0 el 3 5 | Aue]| 3 e~ flull

A2 ey
+ (7" - 7) 1011 + 0Bl Vull® + soo (1| Vet [ Vie]|* + £0Cogp (1),

where 1 is the first eigenvalue of A in L*(R). Let

1 N
L(u,p,0) = §(||p||2 +allAull® = neollull® + BIVull® + & (IIVull®) + 101* + 2¢(u)) = 0
and
3n g , (280 &y )
Y(u,p,0)=— —e0— = -—la
(u,p,0) (4 €0~ llpll~ + 3 5 | Aul]

g0aA? 562 A2 ey
+ —neg = =2 ) ul*+ | 2 - == )16/?
3 4 2 2

+eoBlIVull® + oo (IVul®) [ Vull* + £0Cogp(w).

2
Then considering 0 < gy < min{%, 64;]?125, 9 +3n-3, %}, a >3y,and Cy > 1, from (1.5)

we get

Y(u,p,0) — eoL(us, p, 0)

goA?  ne2  5g2 A2 ey &
H Garuaiete el | 7 Bt | Gl
3 2 4 2 2 2

+e00 (IIVull®) I Vaull® = £06 (IV1l1?) + £0(Co — Dp(ue) > 0.
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From (4.6) we have

1

2
+ goM.
22 llgll” + &o

d 1
—L(U;P,e) + 50L(M,P; 6) S - ||h||2 +
dr n
Note that
i Sr _ Sr Sr i
e L(u,p,0) =8¢’ L(u,p,0) + € L(u,p,0),
dr dr
so by (4.9) we have

di[e‘”L(u,p,@)] < (8- ¢0)e” L(u, p,0)
¥

1

1
+e [ =llh)* + —
n 2X5

gl + 80M>.
By integrating (4.10) over the interval [¢y — 7, £o], with L(u, p,0) > 0, we obtain
e L(ulto), p(to), 0(to)) <@ L(ulty - 1), p(to — 7),6(to - 7))
to
+(8 - 80)/ e‘ssL(u(s),p(s),G(s)) ds
to-T

f0 Ss 1 2 1 2
+ e\ —Nal”+ s llqll” ) ds
to—-1 n 2)\'0

+ %(eém _ eS(to—‘L’))‘

Since § < &g, from (4.11) we have

|6 |* + | Auuteo) |* = neo | utto)|* + 8] Vusto) |
+6 (| Vul@) ") + [6)|” + 20 (ulto)
< (|plto - )| + o Autto - 1)|)* = meoJutto - 1)) * + B Vastto - )

+6 (| Vutto = )[*) + 00— 1)])” + 20 (ulto - 7)))

fo 2 1 2e0M
+e“”°/ e‘ss<—||h||2 + —2||q||2) ds+ 22 (1-e77).
to—-1 n )"() 8

2
If we take C; = max{2,1 + 2%2"}, then since [|u||?> < & || Au||?, we have

=3z
|2uw)|* + v |* + ||
< || 2ulto)|* + |[vito) + eoulto) - oulte) | + [6(to) |*
< || suteo)|” + 2]lp(to) | + 265 |utto) | + 0120
2 2
< (1452 ) lout |+ 2lpte |+ foteo |

= (|| autto) |* + |pt0) | + [ 0(t0)]*).

Page 8 of 21

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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On the other hand, setting C; = min{l,« — %0}, we obtain

L(u(to), p(to), 0 (to))

néo

> (Iptwl” (o= 25 ) lout |+ 81 9uteo |

o ([Futal) + 00+ 2600w )
> G(|pto)|” + | auto)|” + [ 0(t0) | ). (4.14)
So from (4.13)-(4.14) we get

| 2utto)|* + | vito) |* + [0(t0) |
< (|| autto)|* + [pt) | + [ 0(t0) | )
< %L(M(fo)rp(to):e(to))
2

G

< a{e““(!!p(to — o)+ ]| dutte - )| = neo|utto - )| + B Vasito - 7))

+6 (| Vutto = D)) + [0t - D[ + 20 (uto - 1))

to 2 1 2eoM
w0 [ (S s S gl ) ds+ o (1- ) . (4.15)
2 14
to-T n )\’0 8

Let f)g,xo (Dg,xo denotes the class of all families D = {D;};cr) be given. For all y(¢y — 7) =
yo € D(ty — 1), t € R, and 1t > 0, from assumption (1.8) on g(-) we know that ¢ (u(ty — 7))
is bounded. Using the midvalue theorem of integration, from the assumption that o (-) €
C(R) we have that & (|| Vu(ty — 7)||?) is bounded, too. So from (4.15) we easily obtain

| (et - 7,301,
= %{e““(Hp(to — o)+ ]| dutte - )| = neo|utto - )| + B Vasito - 7))
+6(|Vulto - 0)|)?) + |60 - 0| + 26 (ulto - 7))

fo 2 1 2e0M
_— / eﬁs(—||h||2+—2||q||2)ds+ = (l—e‘”)} (4.16)
- n Ao 8

o0

for all yo € D(ty — 7), tp € R, and T > 0. Set

4C1 80M
Cyé

2 G s ! ss [ 2 2 1 2
@y =2gte [ eS(EHh(s)H + 1) )ds+ (.17)
. 7

and consider the family D of closed balls in Xy defined by D, = {y € Xy, llyllx, < R¢}. Itis
easy to check the family D = {D;};cr is a bounded family of pullback absorbing sets in Xj.
Choose a number § such that

/
S<min{g,2kg,2n—58,,8, } (4.18)
+ 0¢&
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o O340 2 -(9+32 . . .
where 0 < &’ < min{ Orlo) +;lgn>»0 (9M°), n}. Then, reasoning as before, (4.16) is also true if
we replace 8 by §.

Now, we letting yo € D(f — ), we deduce that

| ot - .30,

=L TC(R, + Rigr) €70 (2« Ligir)a
=51 to-z T &) + € _ooe 7 32 q $ (4.19)
2eoM N
il (l—e‘”)}.
8
If we set
~ C1 _3 o 2 2 1 2 4C180M
2 3 3s
(R) =2 e r/ﬁe (;”h(S)H +}L—%Hq(S)H )ds+ o
and
Dy ={y € Xo, Iyllx, < Re},
then the familyD = {D;}cr satisfies (3.3). The proof is finished. O

5 The pullback attractor in X,
In this section, we prove the pullback attractor in Xj.

Theorem 5.1 Assume that assumptions (Hy)-(Hs) of g(-) hold and that h(x,t),q(x,t) €
L2 (R,H) satisfy (1.10) and (1.11) with some § satisfying 0 < § < min{Z,213 1= 81 (0 <

07 2+5¢"?
O AL 9+32
& < min{ Orho) +3§"A° (9“\0), n}). Then there exists a pullback attractor A = {A;}ier in Xo

for the nonautonomous dynamical system (0, ®) defined by (4.1).

Proof Fix ty € R. Let y;(£) = (u;(2), vi(¢),6:(¢)) (i = 1,2) be the corresponding weak solution
to yé = (uf), vi),@é) c ZNDtO_I, where 7 > 0, and let w(¢) = u; (¢) — u»(2), 0(¢) = 61(¢) — 65(¢). Then
(w,0) satisfy

We + aA2w— BAW - (o (/ (Vuy)? dx)Am -0 </ (Viy)? dx> Auz)
Q Q

+y A0+ Ag+nw, =0, (5.1)
O, — NG —y Aw, =0 (5.2)
with the initial condition (w(0), w;(0),6(0)) = (u}, v}, 68) — (u3, v2,62), where Ag = g(u;) —
8(uy).
Define
E,(t) = ! el + 1 Aul® + 1101%) = ! ot —to+ 7,80 —7,%)|;
2 2 Xo

and

1 -
E(t) = E(nwtnz +allAwl® + BIVWI? + o (Vi |I?) VW + 16]).



Wang and Wang Boundary Value Problems (2018) 2018:5 Page 11 of 21

First, we have

F(@) = = (Iwell? + al awl* +116]1%)

C(Iwell* + l1aw|* + 11611%)

[\
G l\?ll—‘ w|>—~

'E.(2), (5.3)

where C! = min{1, a}.
Multiplying (5.1) by e®'w; and (5.2) by ¢'/d and then summing, we obtain

d . : < ~
E[e‘”F(t)] + e (nlwell> + V0%

0

_egf(/ Agwtdx—o/(HVulHZ)/ Vu1Vuudx||Vw||2—/ Aawtdx), (5.4)
Q Q Q

where Ao = o (|| Vuy|1?) - o (|| Vuz||?), and § satisfies (4.18).

Integrating (5.4) from s to ¢y, we have

- - o . -
e*F(to) — € F(s) + / e (nllwell> + VO *) d

=(§/t0 eSEF(E)dé —/to B (/ Agwwlx) dé
s s Q

o
+ / e (a’(||w1||2) / Vi Vi dx|| Vw||* + / Aawtdx) dt. (5.5)
s Q Q2

Integrating (5.5) from £y — T to £, with respect to s, we obtain

T F(ty) — / 53F(S)d$+/ / (nlwell +11V8)|%) dé ds
to-1 Js

/ / ‘SSF(E)déds—/ f &%t (f Agwtdx) dé& ds
+/ / e55<a/(||w1||2)/ wlwudxann%/ Aawtdx> deds. (5.6)
to-t Js Q Q

Similarly, multiplying (5.1) by e*‘w, we have

d - -
E[e‘”(wt, w)] + e (al Awll* + BIVWI? + o (IIVur 1) I Vw]1?)

= (5 = me (wy, w) + & lw, >

—e‘gt</ Agwdx—y/ Aéwdx—/ AGAuzwdx>. (5.7)
Q Q Q
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First, integrating (5.7) over [s, %], we get that

to -
/ e (all awll® + BIVWI? + o (I Vur|1?) IVw?) d& + 7 (we(to), wlto))

to

= & (wy(s) wis)) + (5= n) f " € gy w) d + f 5 w2 di

to - to .
—/ /e‘szgwdxd“g‘—y/ /‘e‘SEAewdxds
s Q s Q

to -
—/ / 5 Ao Auywdx dE. (5.8)
s Q

Then integrating (5.8) over [£, — 7, to] with respect to s, we obtain
. [t o .
5/ f e (allawl? + BIVWI? + o (IIVur|1?) I VwI|®) d& ds
to—-t Js

= —Stegto(wt(to),w(to)) +c§/t0 & (Wr( ), w(s )) ds

. to to - to o .
+8(6—n)/ / & (wy, w) dt ds+8/ / & |\, |? de ds
to—-t Js to—-t Js
" to to - - to to ~ -
—8/ / /e‘séAgwdxdéds—y(S/ / /e‘séAOwdxdEds
to—-T Js Q to—-T Js Q

. [t to -
—8/ / / e Ao Auywdx dE ds. (5.9)
to-T Js Q

Substituting (5.9) into (5.6), we deduce that

N to to .
"0 F(t,) — / S F(s) ds+/ f S(nllwell* + 1IVO1*) dt ds
to-t Vs

~ o<1 -
=5/ f E§(||Wt||2+OtIIA14/||2+/3||VWII2+0(IIV141||2)|IVWII2+||9||2)dt*§ds
to-T Js

to
/ / 5( Agw, dx—o/(||Vu1||2)/ Vuy Vi, dxl| Vwl|
to—-17 Js Q

Aawt dx) d& ds
1
2

o
e
o—T Js

+;S f N BS(Wt(s) w(s)) ds + 5(5 1)

- 1. ;
(Iwell® + 161%) de ds — ESTB‘”O (we(t0), wito))

/ e’ (wg, w) dE ds

to—-1

1
- / / 5s||wt|| déds——zS/ / / 6‘EAgwdxa,’éa’s
2 -t Js to-T Js
1 - T - B
- = / f feaSAGdedes——8/ / /eBSAoAuzwdxdéds
2 to-1 Js Q 2 to-t Js Q
to o .
—/ / e </ Agwtdx—a'(HVulHZ)/ Vur Vg, dx|| Vwl||?
to-1 Js Q Q

—/ Ao w; dx) dE ds. (5.10)
Q
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Second, integrating (5.7) from £, — 7 to £y, we have

o . ~
/ & (Iwell + all awl® + BIVWI? + o (I Ve [1P) [V + 116]1%) d
-7

= &0 (wy(to — 7), Wity — 7)) — €0 (W ko), wlko))

- to o .
G- n)/ & i )ds+/ & w1 de
/ / ‘SEAgwdde y/ / 55A9wdxd$
to—t to-T

/ / SEAoAuzwdxd§+/ % (lwell? + 1611%) de. (5.11)
to—-1 to—-T

Substituting (5.11) into (5.10) and noting that 5 <1, we have

< to o
re‘”OF(to)+/ " F(s) ds + / e VO|? de ds

to-T to—-1

5 rto . 1. B
< 5/ / %1101 d& ds — (5& + 1)e'”0 (we(to), w(to))
to-T Js

1- to
+3 / *(wils), w(s)) ds + 8(6 n) / e (wy, w) dE ds
to— to-t Js
1. f .
—6/ f / asAgwdxdéds— —)/8 f / e NOwdx dg ds
2 to—1 Js to—t Js Q
15 5¢ © 5
- 58 / / Ao Auywdx dE ds + / e / Ngwydx | dE ds
to—-T Js Q

to to
- / e <<f’(||w1||2) / Vi Vi, dxl| Vwl| + / Amdx) dt ds
to—t Js

to

+& 0 (wy(tg - 1), wlto - 7)) + (3 - n)/ B‘f(wt,w)d&] & lw | d

to—-1
/ / ‘SSAgwdxdE y/ / ‘SSAGwdxdé
to—7 to-1

/ / ‘SéAaAuzwdxdE+/ % (lwel|? + 1611%) dé. (5.12)
to—-t to—-1

() Using the Schwarz and Young inequalities, for £y — T < s < £y, we have

1- to . 52 to - 9 to . 9
—8/ e‘ss(wt(s),w(s)) ds < —/ e‘35||w(s) || ds+8’/ e‘s“‘”wt(s) || ds,
2 fo-1 8¢’ to-T to—-t
(5.13)
1~ - to o
—68(8 — n)/ / &% (w,, w) dE ds
2 to-t Js

< -5 - r))/ | wll d&

1786 - o .
[zf ( : 77)] / eaSIIWI|2d§+e// e‘sg||wt||2d§, (5.14)
to—-1 —

4e to-1

N =

IA
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1 . [P to I
——yS/ / /e‘SEA@wddeds
2 to-t Js Q

B LI T tiy8)? o
< 8_2/ e | VO| dE + (rard)y 2’/, ) / &5 | Vw2 dt, (5.15)
)\'0 to-T de to-T
ss ( 71)2 3 2 / fo G 2
(- 77) (W, w)dé < ——— lwl|” dé§ +2¢ €7 lw || d§,
to—-t to-1

(5.16)

and

to - Py to 22 )/ <
—y/ /ESEAQdedES—Z/ VO ds + 77 / | Vwl dg,
to-t JQ )"0 to—-1 -1
(5.17)

A/ (9+23) +40qx2 (9+22)
where 0 < ¢’ < min{ ,n}.

(II) By assumption (1.6) on g(-), the Holder inequality, and the embedding theorem

combined with (4.19), for £ty — T < s < £y, we have

1. [P to <
—8/ / /e‘SSAgwdxdéds
2 to-T Js Q
1- o 2 % o %
—5r< f e’ f |g(u2) — g(uw1)| dxd&) ( / eas”wwg)
2 to—-T Q to—-1
1
» o 2
8Ct</ e‘%/(1+|u1|2p_2+qulzp_z)lwlzdxdg)
to—1 Q
fo 5 2 %
(f ] ds)
to-1
1 1
5c (/ ‘Sff |u1|2+|u2|2+|u1|2”+|u2|2”)dxds)
to . %
x(f eﬁfnwnzds)
to—-t

- L
8Ct (/ S (IVurl? + IVua | + IVar |7 + | Vs ) dé)
f

0—T

IA

-

N =

X

M |

1
2

1

fo 5 2 2
x(/ e |lwll dé)
to—-1
o . %
sCtO,f</ eBEIIWI|2d$>, (5.18)
-1

and similarly we also have

1
to - 2 2
—/ /eséAgwdxdg < Cyr (/ e"f||w||2d§) . (5.19)
to-t JQ to-T
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(III) By the value theorem, (4.18), the continuity of o (-), and the Schwarz inequality, for
to — T < s < ty, we obtain that

1. [ to .
- —8/ / / e Ao Auywdx dE ds
2 to—1 Js Q

=

N =

- o .
St f o' E) (1 am? - [ Awl?) | Aus |l |l dE
£

0—-T

Z -
) 2
SCto,T/ es”W” d‘é;::
-1

(5.20)
where &) is between || Vuy || and || Vi, ||%. Similarly, we have
to . o .
/ /e‘sgAaAmwdxd‘g‘fCto,,/ e |w|? de, (5.21)
to-1 JQ to-1
to L2
—/ / e&?a’(nwlnz)/ Vuy Vi, dx||Vw||* dE ds
to-1 Js Q
o
< CtCyr / e | Vwl|* de, (5.22)
to-1
and
to /.
—f / e‘%/ Aow,dxdé ds
to-1 Js Q
o
<tCie [ Fiwllvildg
to—-1
C 2 to . to .
< TGO [ o2 e +e// &% [lw | d&. (5.23)
de to—-1 to—-T

(IV) Since § < 212, we have
to o . " to o .
[ [ Fwirasas=az [ " Suaeas
to—-T Js to—-t Js

§ ro pto
=5 / / %110 |% dé ds. (5.24)
to—-T Js

So, substituting (5.13)-(5.23) into (5.12), by (5.24) we obtain

- o
re’StOF(to)+/ e*F(s)ds

to—-1
o . 1- <
< / e’ ||9||2ds—(—8r+1>e‘”°(wt(to),w<to>)
to—-1 2
52 12805 - n))? C..)? (5-n)? 7.
Y [2 ( )] + (t to,r) + ( n) +2Ct0,r / o ||W||2 de
8¢’ 4¢’ 4e’ 8¢’ to-t

1
o . o . 2
+(2+5¢) f e lwel|> dg +2Cy, . (/ e ||w||2d$>
to—-T to—-1
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2 [0 ~
+ —2/ ||V ||* de
)\'0 to—-T

+ ((I%Vg)z A5y?

Z
+CtCyyr + TCy,, )/ e‘s‘§||Vw||2d§
4g’ 4g' ot ot ),

0—T

to LZ -
+ f / e / Agwy dxd ds + 07 (w,(to — ), wlto — 7).  (5.25)
to—-t Js Q

On the other hand, integrating (5.4) over [ty — T, %], we get that

- - o -
e0F (tg) - & F(tg - 7) + / e (nllwe|” + | VO|*) d&
to—-1
O L - o .
=8/ e‘ng(é)df;‘—/ eﬁéf Agw, dx dE
to—-1 to-1 Q
ty .
—/ % (d(nwnz)f wlwudxnwnz—/ Aowtdx) dt. (5.26)
to-T Q Q

By the continuity of o'(-) combined with (4.19) we get

to - to ~
_/ esfo/(||w1||2)/ ViV, dx|Vw||* dé gcto,T/ 5|\ Vwl|2 dk. (5.27)
to-T Q to-T
By the value theorem and (4.19) we have
to - to ~
- / & / Aow,dudé < Cy. /  lwilllw | d
to—-1 Q to—-1
Ctzo,r o 5¢ 2 / fo 5 2
<— e*|lwl*dé + e e ||we || dé. (5.28)
de -7 to—-T
From (5.26) combined with (5.27)-(5.28) we have
o .
(2+5g’)/ €% ||w, || dg
to-1
2+5¢) 5 2+5¢)85 [P 5
< 2558 fuo-p(gy - g) 4 BTN / FEF(E) de
n—¢& n-¢ to—-1
2+5¢) [P 2 +5¢/ oo
Jes 8,)/ eBSngwtdxdw—( ' ‘g,)cto,,/ V| de
n-¢ to—T Q n-¢ to—T
2+5¢)Ch, [P (2+5¢) [0 5 .
+ - t—O// 5 |w|? dg - - / 5| VO de. (5.29)
n—¢& de to—-1 n—-g& to—T

Substituting (5.29) into (5.25), we obtain

- o .
re‘”OF(to)+/ e*F(s)ds

-1

o . 1.~ - o .
< / 1161 ds ~ (5& + 1)e‘”° (wi(to), wlto)) + Cg o f e |lwl” dg
1 to—-T

0—T

2+5¢) 5 2+5¢)85 [P 5
+ Qe’s(t‘)’r)}"(tg —0)+ M / HEF(E) dt
n—¢& n-¢ to—-1
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2+5€/ SE/Agwtdxds—w/ €|V dg
-1

— gl
to i to ~
5 5 S 2
+2cz0,t</ & w2 ds) + —/ FIvilrds + . [ FIvwiPds
to—-T -1
to o . ~
+ / / % / Agwy dxdg ds + &7 (w,(t - 7), w(to - 7)), (5.30)
to—-1 Js Q
52 13660 | (Cr)® | (G-n)? e, 52
where Ch.= % + zr%/n + = o+ (888”,) +2Csy 0 + (2;5;) of and C} | = 'i’;/ +

(2+58’) Ct .
0,

4/ 9+xg)2+4onx2 (9+12)

Since 0 < &’ < min{ ,1}, we have

(2+5¢&) (o 5 28’ (o o o o
——/f e‘”nvenzczm—zf esfnvenzdu/ 110> dg < 0.
n—¢& to-T Ay e

0—T -1
So from (5.30) we obtain

to

teStOF(t0)+/ e F(s) ds

to—-1

1. - o
_<§sf . 1)@”0 (e wieo) + 2. [ P
£

0—T

ne to .
+(2+758/) (to- fF(t —r)+(2+i,)8/ eagp(g)d";
n-e e

to—-T
2(2 +5¢")
e / ‘Sé/ Agw, dx dE
to - to ~
+2Qw(]m &ﬂmm%k) *C%ﬂ/ e ||\ Vw|? dk
to—-1 -1
to to . ~
+ / / e / Agwydxdg ds + "0 (w,(t - 7), Wt — 7). (5.31)
to-t Js Q
Since § < 2";558/, , we have

- 1. < o
1€’ F(to) < —(581 + 1) ' (wi(to), wlto)) + Cp. / e |lwl|* d&
7

0—T
2+5¢) ; 245¢) [
+ ges(”‘)”)}"(t@ -7)- g/ e‘s‘f/ Agw,dx d&
n-—¢ n—¢& to-t Q
to ~ l to ~
+2Cyc (/ e5$||w||2d$) + CZ)T/ || Vw|* de
-1 -1

to o -
+ / f e / Agwydxdg ds + 0 (wi(ty — 1), wlto — 7). (5.32)
to—-T Js Q
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By (5.3) we have

1 /1< 1 o
E,(t) < —E (53 + ;) (Wt(to),W(to)) + C—lctzo . —5to/ &% ”WHZ de

(2+5¢) 5.4 (fo—1) (2 +5¢")

to—-T
F _ —5t0/ (SE/ A d d
=" O =) g dxds

1
to to
+zctof(/ 5f||w||2ds) + o cfor-sfoft S|\ Vw| d
0—T

“St"‘/to T/; ‘35/ Ngw; dx dE ds+ (wt(to - 1), w(ty — 7).
(5.33)

We set

P« ((40:v0,00) (3 V5 65))
1 /1. 1 1 o
——@(56+;)(wt(to),w(to)) + o 0, f ¥l dé

0—T

1
2+5¢) b 2
— (Cl)\'z Bt()/ 55/ Agwtdxd%- +2Ct0t</ %”W”Zd%')

to
—Cfof 7‘”"[ & | Vw|? d$+ "”0/ / 35/ Agw; dx dE ds.
to—t to-T Js
(5.34)

Since lim;_, e ”R%O _, =0, forany & > 0, we can find 7 = ro(s,f), to) > 0 such that

2+5¢") : 1 B
(CW ) I (- 1) + e T (welto — 1), wlto — 7)) <e.

Thus we have
Ew(to) < & + ey, ((ug, v 09)s (43, v2,63))  forall (uh, v, 00) € Dyy—r.

By Lemma 3.1 we only need to show that ¢;, (-, -) defined by (5.34) is a contractive func-
tion on [)to—fo X Dto—fo' Let (#y, Unt,0,) be the corresponding solutions of (ug,vj,0f) €
i)to—fo’ n=1,2,....Since Dto—zo is a bounded subset in Xj, by (4.16) we know that

” (u,,(s),u,,t(s),e,,(s)) ”Xo < Ct0 p < HO0 forall s € [ty — tp, to] and n € N, (5.35)

4
where C;

Now, we will deal with the right terms in (5.34) one by one.

depends on £y, To.
Without loss of generality, assuming first that
u, — u weak-star in L* (to - 1, to;Hg(Q))
and considering that compact embeddings Hg(£2) <> <> H}(<2), we have

u, — u strongly in Lz(to - To, to;Hé(Q)),
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so we obtain

lim lim / "o | Vitn(&) ~ V&) d = 0. (5.36)

n—>00 m— 00
0-T0

Second, similarly assuming that
up — u weak-star in L% (fo — 7o, to; Hy (2))

and considering compact embeddings H} (Q) <> <> L*(Q2), we also get

to

lim lim & | ,(€) - um(€)] dt =0,

n—>00m—>00 Jyo oo

t 1 (5.37)
0 _ 2

lim lim (/ e‘sEHun(s)—um(é)szs) =0.
N—> 00 M—> 00 to—T0

Finally, with

uy — u  weak-star in L (to — 10, t; L*(2)),

U, — u; weak-star in L™ (to — T, to;Lz(Q)),
we have

u, — u strongly in C(to - ro,to;Lz(Q)).
So, it is easy to obtain that

lim lim (unt(to) - umt(to)) (Mn(to) - um(tO)) dx

n—> 00 m—> 00 Q

- lim lim / (16 (60) = 16 (20)) (16 (£0) — 11(t0) + 14(t0) — () b

n— 00 m—» 00 Q

n— 00 m— 00

= 1lim lim [ (se(to) — tyme(t0)) (1(t0) — ulto)) dx
Q

+ lim lim (um(to) - umt(to)) (u(to) - um(to)) dx
Q

= || unt(t()) - umt(to) HL"O(Lz(Q)) || Mn(t()) - M(tO) ”
+ “ unt(tO) - umt(tO) “LOQ(LZ(Q)) || M(tO) - um(tO) ||

< C[||un(to) = ulto) || + | u(t0) = um(to) | ]

0. (5.38)
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By assumptions (1.6) on g(-), using the embedding theorem combined with (5.35), we
have

n— 00 m—» 00

lim fim [ ¢ /Q (&) = e (8)) (g (un(8)) — g(m(8))) dx dE

<lim tim [ & /Q (140e(8) = e E)) K (1nE) = 0(E))

n—> 00 m—» 00

(14 a(8))" 7 + | (8)|”7) dxdt

<, . lim lim ( / ! e‘%H(un(«s>-um<s>)||2ds)2

n—> 00 M—>00
0-T0

= 0. (5.39)

Similarly, since fsto % Jo Wt () = 0t (6))(@ (1 (8)) — g(um(§))) dx df is bounded for each
s € [1,t], by (5.39) and the Lebesgue dominated convergence theorem we have

n— 00 m— 00

lim Tim / / K / nt(E) = () (€ (1n(©)) - (1 (£))) i d dis

- / (hm fim [ & / (100(8) = 10 (E)) (¢ (100 (5)) - (um(s>))dxds)ds

H— 00 m—> 00

to
= / 0ds
fo—10

-0. (5.40)

Combining (5.36)-(5.40), we get that ®, -, (-, -) is a contractive function on bto—fo X Bto—fo'
The proof is finished by Lemma 3.1. O

Acknowledgements
The project is supported by the National Youth Fund of China (Grants Nos. 11401422 and 11401420), the Natural Science
Fund of Shanxi Province, China (Grants Nos. 2015011006 and 201701D121010).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
This paper was mainly completed by DX. YZ gave the exact conditions of the source term g(u) and dealed with it through
the paper. YZ also dealed with the right terms in (5.34). All authors read and approved the final manuscript.

Author details
' Department of Mathematics, Taiyuan University of Technology, Taiyuan, 030024, PR. China. ?Department of
Mathematics, Taiyuan University of Science and Technology, Taiyuan, 030024, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 17 October 2017 Accepted: 7 December 2017 Published online: 10 January 2018

References
1. Barbosa, ARA, Ma, TF: Long-time dynamics of an extensible plate equation with thermal memory. J. Math. Anal. Appl.
416, 143-165 (2014)
2. Wu, H: Long-time behavior for a nonlinear plate equation with thermal memory. J. Math. Anal. Appl. 348, 650-670
(2008)
3. Giorgi, G, Naso, MG: Modeling and steady analysis of the extensible thermoelastic beam. Math. Comput. Model. 53,
896-908 (2011)



Wang and Wang Boundary Value Problems (2018) 2018:5 Page 21 of 21

. Chueshov, |, Lasiecka, I: Long time dynamics of von Karman evolutions with thermal effects. Bol. Soc. Parana. Mat. 25,

37-54(2007)

. Chepyzhov, V, Vishik, MI: Attractors for Equations of Mathematical Physics. American Mathematical Society

Colloquium Publications, vol. 49. AMS, Providence (2002)

. Yanren, H, Kaiti, L: The uniform attractor for the 2D non-autonomous Navier-Stokes flow in some unbounded

domain. Nonlinear Anal. 58, 609-630 (2004)

. Caraballo, T, Lukaszewicz, G, Real, J: Pullback attractors for asymptotically compact nonautonomous dynamical

systems. Nonlinear Anal. 64, 484-498 (2006)

. Cheban, DN, Kloeden, PE, Schmalfub, B: The relationship between pullback, forwards and global attractors of

nonautonomous dynamical systems. Nonlinear Dyn. Syst. Theory 2, 9-28 (2002)

. Sun, CY, Cao, DM, Duan, JQ: Non-autonomous dynamics of wave equations with nonlinear damping and critical

nonlinearity. Nonlinearity 19, 2645-2665 (2006)

. Zhou, SF, Yin, FQ, Ouyang, ZG: Random attractor for damped nonlinear wave equations with white noise. J. Appl.

Dynam. Syst. 4, 883-903 (2005)

. Carvalho, AN, Langa, JA, Robinson, JC: Attractors for Infinite-Dimensional Non-autonomous Dynamical Systems.

Appl. Math. Sciences, vol. 182. Springer, Berlin (2013)
Li, Y, Wang, R, Yin, J: Backward compact attractors for non-autonomous Benjamin-Bona-Mahony equations on
unbounded channels. Discrete Contin. Dyn. Syst,, Ser. B 22, 2569-2586 (2017)

. Caraballo, T, Lukaszewicz, G, Real, J: Pullback attractors for asymptotically compact nonautonomous dynamical

systems. Nonlinear Anal. 64, 484-498 (2006)

. Caraballo, T, Carvalho, AN, Langa, JA, Rivero, F: Existence of pullback attractors for pullback asymptotically compact

processes. Nonlinear Anal. 72, 1967-1976 (2010)
Wang, Y, Zhong, C: Pullback-attractors for the Sin-Gordon equations. Nonlinear Anal. 67, 2137-2148 (2007)

. Park, JY, Ran Kang, J: Pullback D-attractors for non-autonomous suspension bridge equations. Nonlinear Anal. 71,

4618-4623 (2009)
Wang, YH: Pullback attractors for nonautonomous wave equations with critical exponent. Nonlinear Anal. 68,
365-376 (2008)

. Temam, R: Infinite Dimensional Dynamical Systems in Mechanics and Physics. Springer, New York (1997)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Pullback attractor for N-dimensional thermoelastic coupled structure equations
	Abstract
	Keywords

	Introduction
	Preliminaries
	Abstract results
	Global solutions and pullback attracting set
	The pullback attractor in X0
	Acknowledgements
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


