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Abstract

This paper concerns a new kind of fractional differential equation of arbitrary order by
combining a multi-point boundary condition with an integral boundary condition. By
solving the equation which is equivalent to the problem we are going to investigate,
the Green's functions are obtained. By defining a continuous operator on a Banach
space and taking advantage of the cone theory and some fixed point theorems, the
existence of multiple positive solutions for the BVPs is proved based on some
properties of Green's functions and under the circumstance that the continuous
functions f satisfy certain hypothesis. Finally, examples are provided to illustrate the
results.
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1 Introduction
Fractional calculus has attracted many researchers’ interests because of its wide applica-
tion in solving practical problems that arise in fields like viscoelasticity, biological science,
ecology, aerodynamics, etc. Numerous writings have showed that fractional-order differ-
ential equations could provide more methods to deal with complex problems in statistical
physics and environmental issues. Especially, writers introduced the development history
of fractional calculus in [1], and authors in [2] stated some pioneering applications of frac-
tional calculus. For specific applications, see [3, 4] and the references therein.

Fractional-order differential equations with boundary value problems sprung up dra-
matically. Multi-point boundary conditions and integral boundary conditions become hot
spots of research among different types of boundary value problems, and the studies in [5—
9] are excellent. However, most researchers tend to investigate either integral conditions
or multi-point conditions.

For instance, the authors explored the fractional-order equation with integral boundary
conditions as follows in [9]:

‘Dix(t) =f(t,x), 1<q<2,tel0,1],

p (1.1)
x(0) = 8x(o), a‘D"x(p1) + b°D x(py) = ¢ 512 ¢DHx(s) ds,
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where f: [0,1] x R — R is a given continuous function, 0 < p; <o < 1 < B2 < pa <1,
0<pu<1,$,a, b, care real constants and °D? is a standard Caputo derivative. They de-
voted themselves to finding the existence and uniqueness of solutions by making use of
Krasnoselskii’s fixed point theorem, Schauder’s fixed point theorem and Banach’s contrac-
tion mapping principle. However, the results for the problems were concluded without
application of Green’s function.

In [8], Gu and Jia investigated the following higher order fractional differential equation
by using the reduced order method:

—D*x(t) = f(t,x(t), D" x(t), D*2x(¢), ..., D*-1x(t)), tel0,1],

x(0) =0, D"ix(0) =0, DHtx(1) = Zp L aDix(E), i=1,2,...,n-1, (12
where D is the standard Riemann-Liouville fractional derivative and f : [0,1] x R— Riis
continuous. Withn >3, ne N*, n-1<a<mn-Il-l<a—pu<n-Iforl=1,2,....,n-2
and p — pp1 >0, @ — py1 <2, 0 — > 1,45 €[0,400), 0 <& <&y <o <§pp < 1,
ij a;§* "1 &/ 1. Moreover, the authors obtained the existence and uniqueness of non-
trivial solutions due to the application of Leray-Schauder’s nonlinear alternative and
Schauder’s fixed point theorem.

In consideration of the fact that integral boundary conditions and multi-point boundary
conditions have been investigated in a variety of papers (see [10—17]), in this paper we are
dedicated to considering fractional differential equations that contain both the integral
boundary condition and the multi-point boundary condition:

D°x(t) + f(t,x(t)) =0, tel0,1],
#0)=0, i=0,1,2,...,n—2, (1.3)
x(1) = Y77 By i x(s)ds + Y0 yir(n),s

where D7 represents the standard Riemann-Liouville fractional derivative of order o sat-
isfying n — 1 <o < n with n > 3 and n € N*. In addition, 0 < 71 <12 <+ < Ny < 1 and
Bi»vi >0 with 1 <i <m -2, where m is an integer satisfying m > 3.f:[0,1] x R— Risa
given continuous function.

To ensure that readers can easily understand the results, the rest of the paper is planned
as follows. Section 2 is aimed to recall certain basic definitions and lemmas to obtain the
Green’s functions. Section 3 is devoted to reviewing Krasnoselkii’s fixed point theorem,
Schauder type fixed point theorem, Banach’s contraction mapping principle and nonlinear
alternative for single-valued maps and to applying them to analyze the problem in order
to show the main results. In the last section, some examples are given to verify that the
results are practical.

2 Preliminaries

Definition 2.1 ([18]) The Riemann-Liouville fractional integral of order « > 0 of a func-
tion f : (0, +00) — R is given by

@)= f@ﬂw7®@

where I'(-) is the Euler gamma function.
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Definition 2.2 ([18]) The Riemann-Liouville fractional derivative of order « > 0 for a
function f : (0, +00) — R is defined by

o _ 1 d " n-a-1
Dg.f(¢) = Toi—a) (E) /0 (t-s) Sf(s)ds,

where n = [a] + 1.
Lemma 2.3 Let « > 0, then the fractional differential equation
Dy, u(t)=0
has a solution
ut) =Cie% '+ Gt 2+ Cot* 2+ + Cut*™, CieRi=1,2,...,n,
wheren—1<a<n.
Lemma 2.4 Let a > 0. Then the following equality holds for u € L(0,1), D{, u(t) € L(0,1):
I8 DS u(t) = u(t) + Crt* ™' + Cot* 2 4+ - + Cut* ™,
C,eRi=12,....,n,wheren-1<a <n.

Lemma 2.5 Assume that h € L'[0,1], x € AC"[0,1] and n— 1 < o < n with n > 3, then the

solution to the fractional differential equation
Dx(t)+h(t) =0, tel0,1] (2.1)
with multi-point and integral boundary conditions

#9(0)=0, i=0,1,2,...,n-2,

_ m-2 (M m-2 ’ . (22)
x(1) =2 00 Bi fy w(s)ds + D717 vix(ny)

is given by
1 _1 m-2 _1 m-2 1
0= [ e, Zﬁ, / HOw ) s+ = > [ Gon9msrds,
0
where§ =1- 13" 2Bm? =Pyl > 0 and
1 ta—l 1-— o-1 _ t— J—l’ 0< <t<1,
Gltys) = — {1 (=97 = (e=9) =8=r= (23)
['(0) |11 -5)°1, 0<t<s<l,
1 P(l-s)°1-(t-5)°, 0<s<t<l,
His) =~ |FA=97 = (=97, 0=s=<t=< (2.4)
Flo+1) | (1-s), 0<t<s<l.
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Proof By Lemmas 2.3 and 2.4, the following equality holds:

1 t

2t)=Crt"  + CIP Gt P 4+ Cut" T = —— | (t—5)" " h(s)ds
I'(o) Jo
In view of the boundary conditions, the parameters C; = C3 = - - - = C,, = 0 are concluded
and
1 1
x(1) = —m /0 1 -5)°"h(s)ds + C
m-2 m-2
= Z'BL/ x(S ds + Z J/IX(T];
i=1
m-2 Cin° m=2
= Zﬂi [—Ia“h(m) + lTn’} + Z yvi[-17h(n:) + Cin? '),
i=1 i=1
ie.,
1 m-2 m—2 1 1
o o-1 o-1
il - ;ﬁmi - ;wm }Cl = ﬁ/ﬂ (1-5)""his)ds
m-2 .
Bi /"‘
e R
m-2 v i
- ! (n;: = s)° " Lh(s) ds.
; (o) Jo
So,

1 L(-gpe1 = M (n; - s)°
_glfo Te h(s)ds-;,s,-fo SEFROL
N D
—;y,»/o Wh(s)als}.

Hence, the solution is

o-1 1

o-1
T0) /. (1-s)"h(s)ds

_ L ! _ o-1
x(t)——F(G)/o(l 5)° " h(s)ds +

ta—l""2 tul""’2

3 F()

§

> a+1) / (ni = ) h(s) ds - / (ni = $)°~h(s) dis

_ / (1= )7 (s) ds +

_ o1
F() /(1 $)° " h(s)ds

F()

to—l

1 m-2 m-2 1
— N7 ; o-1 1-9°h(s)d
+EF(U){UZIﬁnl +;V’7l }/0 ( S) (S) s

i=

t01m2 talmz ., . .
£ ;Fa+1)/ i) hs)ds - — Zr(a) (i — $)" " h(s) ds
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Ulmz Jlm2

= / G(t,s)h(s) ds + —Z Bi / H(n;, )h(s)ds + —Zyl / G(1i, $)h(s) ds.
0

Therefore, we complete the proof. d

Lemma 2.6 The functions G(t,s) and H(t,s) obtained in Lemma 2. 5 are continuous and
nonnegative on [0, 1] x [0, 1]. It is easy to figure out that 0 < G(t,s) < andO <H(ts) <
ﬁ hold for all ¢,s € [0,1].

3 Main results
Based on the lemmas mentioned in the previous section, we define an operator S:C — C
as follows:

o1 m=2
(Sx)(2) =/0 G(t, s)f(s x(s ))ds + — Z,B,f H(n;,s) s x s))

o—1m2

Z Vz/ G(ni» $)f (s,%(s)) dis, (3.1)

where C = C([0, 1], R) denotes the Banach space of all continuous functions defined on
[0, 1] that are mapped into R with the norm defined as ||x|| = sup,c[o ) [*¥(¢)|. And G and H
are provided in Lemma 2.6.

Solutions to the problem exist if and only if the operator S has fixed points. In order to
make the analysis clear, we introduce some fixed point theorems that play a role in our
proof.

Lemma 3.1 (Krasnoselskii [19]) Let Q be a closed, convex, bounded and nonempty subset
of a Banach space Y. Let V1, Wy be operators such that
(i) Y1v1 + Yoy € Q whenever vy, vy € Q;
(i) v, is compact and continuous;
(iii) v is a contraction mapping.
Then there exists v € Q such that v = yr1vy + Yovs.

Lemma 3.2 ([19]) Let X be a Banach space. Assume that T : X — X is a completely con-
tinuous operator and theset V ={u € X :u = €Tu,0 < € < 1} is bounded. Then T has a fixed
pointin X.

Lemma 3.3 ([20]) Let E be a Banach space, E, be a closed, convex subset of E, V be an
open subset of Ey and 0 € V. Suppose that U : V — E; is a continuous, compact (that is,
U(V) is a relatively compact subset of E,) map. Then either

(i) U has a fixed point in V, or

(ii) there are x € 3V (the boundary of V in E;) and k € (0,1) with x = kU (x).

For convenience, we set some notations:

o+l 1 m-2

Z (o +1)n] —on; Z U
lgl 1 1 + — ,}/l 13 1 ,
" olc+ 1)l (o+1) & o I'o+1) (3.2)
1

a2=a1—m.
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Theorem 3.4 Letf : [0,1] x R — R be a continuous function that satisfies the conditions:

(H1) |f(t,x)—f(t,y)| <llx—y| forallt € [0,1] and x,y € R;
(H) |f(t,%)| < w(t) for all (¢,x) € [0,1] x Rand w € C([0,1],R"),

then BVP (1.3) has at least one solution on [0, 1] when lay < 1 with o, given in (3.2).

Proof Define a set B, = {x € C: ||x|| < p}, where p > |w|la; with «; defined in (3.2) and
loll = sup,cjo1) lw(?)]. Let the operators S; and S, on B, be defined as

1
(51x)(t)=f0 G(t,s)f(s,x(s)) ds,

61}%2

ZV:[ TlnS)f(S x(s) )

It is easy to understand ||S1x + Soyll < llwllay for any ¥,y € B, that means S1x + Syy € B,.
By assumption(H),

0O —

(Sax)(t) = ? / H(niys)f (s,x(s)) ds +

IISzx—Sz)’” = sup |Szx—52y|

te[0,1]
o 1 m=2
S;iﬁ)ﬁ Z,Bz/ H(UHS)V(S”C) f(S y)|ds
o 1 m=-2
< G / Gl 3)|f(5.2) = £ s,9)] di

(o +Dnf —on™! m
_E{Zﬂm Z% llx =yl
< lop|lx -yl

The operator S is a contraction because of la; < 1. As we all know, S; is a continuous
result from the continuity of f. Moreover,

_ ! o)l ) _ Dol
s = sup | [* G0y 60) | = sup | [* V02N g} - ek,

which implies that S; is uniformly bounded on B,,. Apart from that, the following inequal-
ities hold with sup(, ,)cjo.17x5, [f (6:%)| =fin < +00and 0 <ty <fp < 1:

1 1
($12)(82) — ($10)(61)] = ’ / Gl $)f (5,%(5)) ds - / Gl ) (5,%(5)) ds
0 0

1
5/0 [G(tz,s)—G(tl,s)][f(s,x(s))’ds

< sl a7 @ )]

The operator S; is compact due to the Arzela-Ascoli theorem. Since three conditions
are satisfied, BVP (1.3) has at least one solution on [0, 1] by application of Krasnoselskii’s
fixed point theorem. d



Wang et al. Boundary Value Problems (2018) 2018:4 Page 7 of 11

Theorem 3.5 Assume that there exists a constant L such that |[f(¢t,x)| < L forany t € [0,1]
and x € C[0,1]. Then there exists at least one solution to BVP (1.3).

Proof Firstly, we set out to verify that the operator S given in (3.1) is completely continu-
ous. Define abounded set U C C([0,1],R*), then |(Sx)(¢)| < La; holds when we take x € U.
On the top of that,

1
|(S2)(82) - (Sx)(8)| = | | [Gltay ) — Gltr, 9)]f (5,(5)) dis
0

tal

o-1 M
i Zﬁ, / Hnia)f (5,%(5)) ds
tzzr—l _o-1 m=2

s i=1

t(‘}'—l _ ta—l 0 _to
R i)

1
Vi / G(ni>9)f (s,%(s)) ds
0

Hence, S is equicontinuous on [0, 1] in view of £° and ¢°~! is equicontinuous on [0, 1].
The operator S is deduced to be completely continuous by the Arzela-Ascoli theorem
along with the continuity of S decided by f.

Secondly, we consider the set V = {x € C:x = ASx,0 < A < 1} and prove that V is
bounded. In fact, for eachx € V and ¢ € [0, 1],

[=@] = [2s0)@]

+1 _ o+l 1m 0 O
Zﬁlwz—%+_zmu
- (c+1I'(c +1) Ei:l I'o+1)

=LO[1.

Consequently, the set V' is bounded by definition.
Finally, we conclude that BVP (1.3) has at least one solution according to Lemma 3.5 and
the proof is completed. O

Theorem 3.6 Assume that f : [0,1] x R — R is a continuous function and satisfies
condition(Hy) with loy < 1, where o is defined in (3.2). Then the BVP has a unique so-
lution on [0,1].

Proof Let P, = {x € C: ||x|| <r} be a bounded set. To show SP, C P, with the operator S
defined in (3.1), |[f(s,x(s))| < Ir + 8 holds when we take x € P, for ¢t € [0,1] and with the

condition provided by sup, o ;; [f(£,0)| =6 and r > 1501“ Beyond that,

o-1m2

Z Bi / H(ni,9)|f (s,%(5)) | ds

[(Sx)|| < sup {/0 (t,9)|f (5,%(5)) |ds+

te[0,1]

-1 m=2

+
i=1

1
Vi / G 9)|f (s, %(5)) | ds}
0

<(r+8)a; <r.
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SP, C P, is strictly proved. Next, choosing x,y € C with ¢ € [0, 1], we get

1
[|Sx = Sy|| < sup {/0 G(t,s)[f(s,x(s)) —f(s,y(s)) ‘ ds

te(0,1]
(-1 m-2
e / H )| (5,5(5)) - (5,(5)) | ds
_1 m=2
/ GO )| (5209) (5, (5) | s
<lallx -yl

The operator S is a contraction with the assumption /a; < 1. Therefore, BVP (1.3) has a

unique solution by Banach’s contraction mapping principle. O

Theorem 3.7 Letf:[0,1] x R — R be a continuous function, and assume that

(Hs) there exist a function p € C([0,1], R*) and a nondecreasing function q : R* — R* such
that

[f(t,x)| <p(t) (|x||) forall (¢,x) € [0,1] x R;

(Hy) there exists a constant N > 0 such that

1 (c+1Dn? —on?*t 1 2 n?t—n° -
- i i i i <1.
NYaWlpl r( ) " E Z oo+ )lo+1) £ Z,l "o +1) =
Then BVP (1.3) has at least one solution on [0, 1].

Proof The first step is to show that the operator S given in (3.1) maps bounded sets into
bounded sets in C. Let v be a positive number and B, = {x € C: | x|| < v} be a bounded set

in C. For each x € B, and by(Hj3), the following equalities are obtained:

Ulmz

Zﬂl / H(ny,s)p(s)q(|lxll) ds

(50)(0)] < /O G(t, (g (llxl) ds +

1
Yo /0 G(ni, )p(s)q(llxll) ds

o+l 1 m=2 -1 o

132, (0 + nf — o
<q(V)||p|I{F() ggﬁm’Lg "T+1)

=qW)lpllea.

The next step is to verify that the operator S maps bounded sets into equicontinuous
sets of C.
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Choose t1,t, € [0,1] with t; < £, and take x € B,,

1
|(Sx)t2 - (Sx)t1| = ‘fo [G(tz,s) - G(tl,s)]f(s,x(s)) ds

o—1 m=2

o 1
T [ Hsroxo) s
MVH

§ i=1

(tal ta—l) (tg—tg) o o
<q)lp ||{ ;(0:1)2 Yoo -8 1)},

1
Vi/ G(ni,s)f (s,x(s)) ds
0

By the Arzela-Ascoli theorem, the operator S is completely continuous since the right-
hand side tends to zero independent of x € B, as £, — f;. Let x be a solution of BVP (1.3),
then for u € (0,1) and by the same method applied to show the boundedness of S, the
results hold:

[x(0)] = |u(sm)(@)]

+1)n? - f’*l - n;
sq(nxn)npn{ o) +—Zﬂl% —Z F(MZ}

ie.,

o+ 1)n7 —on;”l _’7z -
||x||iQ(V)||P||{ Zﬁzm ZJ/L Fo+1) }} <L

The final step is to select aset Q= {x € C: ||x|]| < N + 1} in order to take(H,) into con-
sideration where there exists N such that ||| # N. Even though S: Q — C is completely
continuous can be verified, there is no x € IN that can satisfy x = uS(x) for u € (0,1) de-
cided by the selection of N.

Above all, we complete the proof that the operator S has a fixed point in Q which is a
solution to BVP (1.3). O

4 Examples
Example 4.1 Consider the fractional differential equations with boundary value as fol-
lows:

7 .
Dix(t) +tsinx +etan'x+ 3 =0, re0,1],

x'(0) =0, x"(0) = (4.1)
x(1) =2 fo x(s)ds + 4[0 (s)ds + 2x() + 2x(3).

From the equation above, it is clear that o = %, m=2,01 = %, Ba=4,y1 = %, Y2=2,1m =7
Ny = % Consequently, we can get & = 0.7948064, «; = 0.3164000 and «; = 0.0154990 by

computation.
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Since f(¢,) = tsinx + e cosx + 1

[f(t,x) = f(t,y)| = |¢sinx —siny + e tan™ x — e tan™" y|
<t|sinx —siny| + e *|tan”" x — tan”" y|

<2lx-yl,

that implies / = 2 and both /oy < 1 and oy < 1 hold. Problem (4.1) has a unique solution

on [0, 1] because all the conditions of Theorem 3.6 are satisfied.

Example 4.2 Keep investigating a more complicated equation defined as follows:

D%x(t) +(1+t)(5cosx +sin3) =0, tel0,1],
%'(0) =0, x"(0) =0, x8)(0) =0, (4.2)
x(1) = 3[0% x(s)ds + Zfo% x(s) ds + 4f0% x(s)ds +x(3) + 3x(3) + 2x(3).

Some important figures, such as & = 0.4689267, can be obtained. Obviously, |f(¢,x)| <
p(t)g(x]) with p(¢) =1 + t and g(|x]) =5 + % Besides,
-1

" -2
(c+1)nf —on?*t 1% ’h L_ne

"o+ Mo+  E="T@+1) > L

1 1722
N{ M)l Fos + EZ
i=1

when N > 1.1258514 holds. Therefore, the conclusion that Problem (1.3) has at least one
solution can be deduced as the assumptions in Theorem 3.7 satisfy all the conditions in
Lemma 3.3.

5 Conclusion

We have proved the existence of solutions for fractional differential equations with integral
and multi-point boundary conditions. The problem is issued by applying some fixed point
theorems and the properties of Green’s function. We also provide examples to make our
results clear.
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