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Abstract

In this paper, we consider the Dirichlet boundary value problem to singular semilinear
subelliptic equation on the Heisenberg group

1
-Agu= o +f(w), y>0.

We prove the positivity and continuity up to the boundary for the weak solutions. We
also conclude monotonicity of cylindrical solutions to the problem based on a study
of the equation —Agug = Uiy The main technique is a generalization of the moving

0
plane method to the Heisenberg group.
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1 Introduction

Crandall, Rabinowitz, and Tartar [1] considered the Dirichlet problem to elliptic equa-
tion with singular nonlinearity and deduced the existence and continuity of solutions. The
Dirichlet problem on the sufficiently regular bounded domain to the elliptic equation

1
Au + p(x)

u_VZO’ y >0

was treated by Lazer and Mckenna [2], and the existence of solutions with smoothing in
the domain and continuity up to the boundary was given under the assumption p(x) > 0.
Boccardo and Orsina [3] derived the existence, regularity, and nonexistence for the Dirich-
let problem to the model
L)
uv

where the results depend on y and the summability of f(x) in some Lebesgue spaces.

Canino and Degiovanni [4] applied a variational approach to the singular semilinear
elliptic equation

~Au=uP +g(xu), B>0,
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and obtained some properties of solutions u and u,, where i is the solution of the Dirich-
let problem to the equation

—AMO = I/l()_ﬂ.

Based on the approach in [4] and the moving plane method, the monotonicity properties
of weak solutions of the Dirichlet problem to the singular elliptic equation

—-Au= uiy +f ()

were proved by Canino, Grandinetti, and Sciunzi [5].

Along with the development of theory of degenerate elliptic partial differential equa-
tions, there were many attempts to extend various results of elliptic equations to subellip-
tic equations. Birindelli and Prajapat [6] derived a Liouville theorem for the nonnegative
cylindrical solutions of the equation

Agu+u =0

Q+2
Q-2’

in the Heisenberg group H" = (R?"*!, o), where Ay is the sub-Laplacian on H”, 0 < p <
by using the CR inversion to a regular function u. Xu [7] determined that there exist C*°(2)
solutions of the Dirichlet problem

Z}VZIX]*X, +eu=f(xu) ing,
Uu=g on €2,

where f and ¢ satisfy proper smooth conditions, {X;} (j = 1,...,m) is a system of vector
fields satisfying Hormander’s condition, €2 is a bounded domain, and its boundary 9<2 is
smooth and noncharacteristic for {X;}. By extending the Perron method in the Euclidean
space to the Carnot group and constructing barrier functions, the existence and unique-
ness of solutions for the Dirichlet problem

Lu+f(x,u)=0 inQ,
Uu=¢ on 0%2,

where L is the sub-Laplacian on the Carnot group, were established by Yuan and Yuan [8].
We also refer the readers to [9] and [10] for the related results.

The purpose of this paper is to consider the Dirichlet problem in H” to the subelliptic
equation with singular nonlinearities

“Auu=5+f(n), §€Q,
MZO, 56897

(1.1)

where 2 is a bounded convex domain (see [11, 12]) in H” with boundary 92 satisfying the
Wiener criterion (for any a € (0, 1), let the C; be the capacity of the set By (&, @) NQE; then
& € 09 is a regular point if and only if Z;’fo Ci/d?? diverges; see [13, 14] etc.), y > 0,
and f satisfies the following condition:
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(F) f is a nonnegative nondecreasing locally Lipschitz function, f(s) > 0 for any s > 0,
and £(0) > 0.
We say that u € H!(Q) is a weak solution to (1.1) if for any ¢ € C5°(Q),

Vi - Vg = iy+f @.
IR )

We first consider the Dirichlet problem

—Aguo = -, € Q,
HHO = o> § (1.2)
Uo =0, £eciq.

By borrowing the method in [3] to our setting we prove that existence, uniqueness, and

boundedness of weak positive solutions u, for the approximation problem

— = 1
Amthn (um%)y , €% (1.3)
u, =0, £ €0,

for each fixed n (the bound of u, in H}(2) is local when y > 1), and then we obtain the
existence and uniqueness of a weak solution  of (1.2) as the limit of an increasing sequence
of positive solutions {u,}. Since 02 satisfies the Wiener criterion, we use the sub-super
solution method similarly to [4] and get that the positive solution u of (1.2) is continuous
up to 9€2. The monotonicity of u is shown via the moving plane method.

Similarly to the method of energy functional in [4], we define the functional Fy : L*(2) —
(—00, +00] to problem (1.1) by

%fg |VH(M_MO)|2 +fQ GO(S’M_MO) _fgf(é:ru_MO) ifue Uo +H(%(Q)r

Fyu) = ,
+00 otherwise,

where Gy : 2 x R — [0, +00] is the Borel function

Gol£,5) = @ (uo(§) +5) — @ (uo(&)) +su,” (&)
with

—[FtP ifs>0,
d(s) = fl -
+00 ifs<O.

It follows that Go(§,0) = 0 and Gy(&, -) is convex and lower semicontinuous for any & €
and that Fy is convex, lower semicontinuous, and coercive with Fr(uo) = 0. The effective
domain of Fy is {u € LX) F¢(u) < +00}, which is independent of f. Moreover, if u is the
minimum of Fy, then the effective domain of Fy is

{u € U +Hé(§2)} C HIIOC(Q),
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and we see that u € H. _

(€2) is a weak solution to (1.1). Motivated by the idea in [5], we use

the decomposition
U=ug+w
and demonstrate two maximum principles for w satisfying
—Agw = —Agu + Agy. (1.4)

Then the monotonicity of w is derived. Based on this, we arrive at the monotonicity
of u.

To obtain the monotonicity of i, we apply the moving plane method on H" in [6] (see also
[15-18]) by adopting the simpler way of [15] in the proof. Since Ay is not invariant with
respect to the general reflection, Birindelli and Prajapat [6] introduced the so-called H-
reflection and pointed out that Ay is invariant with respect to the H-reflection. Applying
the H-reflection and the moving plane method, we prove that the cylindrical solution of
(1.1) is monotone.

Our main result is the following:

Theorem 1.1 Let Q be a bounded convex domain symmetric with respect to T,, about
H-reflection in H" such that dS2 satisfies the Wiener criterion. Ifu € Hy(Q) (y <1)oru e
HIIOC(Q) (v > 1) is a weak solution to (1.1), then u is positive, and u € C(Q). If u is a positive
cylindrical solution to (1.1), then for any Ao < A < A1 (see Section 2),

u)<u;(§) forany& e %, (1.5)
with respect to t (the definitions of Ty, u,(€), and X, will be given in Section 2).

Since Ay on H” is essentially different from A on R”, the proof of Theorem 1.1 is also
essentially different from those for A on R”. Unlike the Euclidean space case, there is no
Poincaré’s inequality for the narrow region in H”, so we utilize the fact that the volume of
the narrow region is small enough to prove the maximum principle on the narrow region.
Because the invariance of Ay does not hold for the reflection u, (x, y,£) = u(y, 21 — «,t) or
u; (x,9,8) = u(2A — y,x,t), the monotonicity of solutions to x or y cannot be established.
The assumption that the boundary satisfies the Wiener criterion is weaker than the outer
sphere or cone condition.

The paper is organized as follows. In Section 2, we collect some well-known facts about
H" and the subelliptic operator Ay. In Section 3, we give the existence, regularity, and
monotonicity of u, to (1.3). Section 4 is devoted to the regularity and monotonicity of u
to (1.2) and to the interior gradient estimate for u, € C3(2). Finally, in Section 5, we derive

the maximum principles of w and prove Theorem 1.1.

2 Preliminaries
In this section, we list some facts related to the Heisenberg group and sub-Laplacian Ay.
For proofs and more details, we refer, for example, to [19-22].
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The Heisenberg group H” is the Euclidean space R**! (1 > 1) endowed with the group
action o defined by

o€ = (x + X0,y + Yo, t + to + ZZ (xiyig —y,«xio)), (2.1)

i=1

where & = (X1,..., %, 91, ., ¥ £) := (%, 9, 1) € R” x R" X R, & = (%0, Y0, tp). We denote by §;
the dilations on R***1, that is,

Wy (E) = ()"x: )»J/; )‘zt)’ (22)

which satisfies 8, (£y 0 &) = 8,.(&) o 8, (£).
The left-invariant vector fields corresponding to H” are of the form

d
Xl:B_, 23/1'&, i=1,...,n
ad d
Yi=—-2%;—, i=1,...,n,
3_)/,' ot
0
T=—.
Jat

The Heisenberg gradient of a function u is defined as
Vuu = (Xiu,...,X,u, Yiu,..., Y, u). (2.3)

The sub-Laplacian Ay on H” is
n
Ap=) X} +Y} (2.4)
i=1
with the expansion
n
3% 92 92 92 02
P A R A P AT ) iy
i ;axfayf o T TAR TR
It is easy to check that

[Xir Y]] = _4T8ij1 [Xl))(]] = [Yv Y]] =0, l;] =1,...,m

and {X3,..., X, Y1,...,Y,} satisfies Hormander’s rank condition (see [22]). In particular,
this implies that Ay is hypoelliptic (see [22]) and the solution of equation including Ay
satisfies the maximum principle (see [20, 23]).

Denote by Q = 2# + 2 the homogeneous dimension of H”. The norm |£|y is the distance

of & to the origin (see [21]):

|€|m = (Z(x? +3’?)2 + t2) . (2.5)
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1
Afterward, we also denote r = (Jx|> + |y|*)2. Using this norm, we can define the distance
between two points in H” in the natural way:

du(€,m)=|n"" ok

H’

where T]_ enotes € 1nverse or n wi respect to e group action o, at 18, T]_ =-n.
h ! denotes the i f n with respect to the group acti that is, n*

The open ball of radius R > 0 centered at & is the set

Bu(€0,R) = {n € H"|du(n, §0) < R}.

By the dilation of the group, £ — ||y is homogeneous of degree one with respect to §;,
and

| Bez(€0, R)| = | Bz (0, R)| = |Bu(0,1)|RY,

where | - | denotes the Lebesgue measure. Noting that X; and Y; are homogeneous of degree
minus one with respect to §;, that is,

Xi(83) = A8,(Xy), Yi(8,) = A8, (Y2),

we see that Ay is homogeneous of degree minus two and left invariant.
Define the Sobolev space

HY Q) = {ulu, | Vaul € L*(Q)},
which is a Banach space with the norm

el (@) =l + I VER] 2(0)-

Denote by H} () the closure of C3°(Q) in H(Q2).
If u(x,y,t) = u(r, t), then we say that « is cylindrical. It is easy to see that

?u 2n-10u 9 9%u
— + — +4rt—.
or? r or ot?

Agu(r,t) = (2.6)

If the weak solution u € H}(R) to (1.1) is cylindrical, then u is said to be the cylindrical
solution to (1.1).
Forany & = (x,7,£) € H" and 1 € R, we set
T, ={§ eH"|t =1}
and
¥ ={EeQlt< Al

Let &, = (y,%,2A — t) be the H-reflection of & about T}, and let

X ={& eQf e B}



Wang and Wang Boundary Value Problems (2018) 2018:7 Page 7 of 22

Denote
Xo=min{A: Ty NQ # @)

and
M =max{A: %, UT, UE] =Q}.

Similarly to [6], we denote by u; the H-reflection of u about T:
u; (%,9,8) =up (r, t) = u(r, 21 — t) = u(y, x, 21 — ).

The following result is from [24].

Lemma 2.1 Iff € L®(Q) and u € H}(RQ) is a solution to the subelliptic equation
—Agu=f,

then
supu =< Clf llzoo (g

where C is a positive constant depending only on n and Q.
Let us state Sobolev’s and Poincaré’s inequalities in H”; see [25, 26].

Lemma 2.2 Let U be a bounded domain in H", and let Q e U. If 1 <p < Qand u €
Wol'p(Q), then there exists C > 0 depending on n, p, and Q, such that forany 1 < q < é’—?p,

] i ) 7
(/Qw) sc(/Qme) . 27)

Ifl<p<ooandue Wol’p(Q), then

f P < C [ Vil 2.8
Q Q

Lemma 2.3 ([20, 23]) Let 2 be a bounded domain, and let K(&) > 0. If u satisfies
—-Apu+Ku>0 on u=0 inadQ,

then u > 0 on Q. Furthermore, u >0 on Q unless u = 0.

3 Solutions u, to (1.3)

Let Q be a bounded domain of H”, and let y > 0. In this section, we prove the existence,

uniqueness, and boundedness of solutions to the Dirichlet problem (1.3). We will work by
approximation similarly to [3].
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Lemma 3.1 Problem (1.3) has a nonnegative solution u,, € H}(2) NL> () for any given n.

Proof Letv € L*(R2). It is well known that the Dirichlet problem to the subelliptic equation

—ApV* = EeQ,

D S
v+ (3.1)
V*:O’ %-GBQ,

has a unique solution v* = §(v). Multiplying by v* the equation and integrating over 2, we
have

V*ZZ/—A**:/ vt <]// *|.
/Q|HV| [(Cowy= [ s ]

By (2.8) in Lemma 2.2 and Hélder’s inequality we obtain

o =e [t <cr 1o [pr)

and
v ”L2(sz) =Cn".
Then the ball in L%(R2) of radius Cn” is invariant for S(v) = |v|. Using the Sobolev em-

bedding [25], we see that S is continuous and compact on L(£2), and by Schauder’s fixed
point theorem there exists u,, € H}(2) such that u,, = S(u,), that s, u, is a solution to the

problem

_AHM,,, ol %)V , S (S Q,

u, =0, £
Noting that W \il)v > 0, Lemma 2.3 gives u,, > 0, and then u, solves (1.3). Since o jl)y
in (1.3) belongs to L*°(2), Lemma 2.1 implies that u,, € L*°(%2). 0

Lemma 3.2 A solution of (1.3) is unique.

Proof Since v, satisfies

—AgVy= ———
T by

in the distribution sense, it follows that

1y 1y
1 1 _ (v + ,,) (un + n) (3.2)

—Ag(uy —vy) = - = .
ul : Wwn+ 1) Wat D et 2 wa+ L)

Taking (u, — v,)" as the test function and observing that

<(Vn + l>V - <un + l>y>(un -yt <0, (3.3)
n n
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it follows by (3.2) that
0 =< / |VH(un - Vn)+‘2 < 01
Q

and therefore (i, —v,)" = 0 a.e. in @, which implies u, < v,. In the same way, taking
(v, — u,)* as the test function, we can prove that u,, > v,,. This proves the uniqueness. [

Lemma 3.3 The nonnegative solution sequence {u,} from (1.3) is nondecreasing with re-
spect to n, and for every w € 2, there exists a constant c,, > 0, independent on n, such that,
forany € € w,

uy,(§) >c, foreveryn. (3.4)

Proof For y >0, we have that

1

<
Yy — 1 \V
(W +2) 7 (tn+

—-Agu, =

in the distribution sense, and then

1 1
_A]HI(Mn - Z'tn+1) =< -

— Y
W+ 5) (a1 +

1 \V
i)

1 \Y 1 \V
_ (Uns1 + n+1) — (up + n+1)
- 14 Yy o
(n + 5537) i1 + 557)

(3.5)

Taking (i, — u,,1)" as the test function in (3.5) and using

1 14 1 14
Upel + — -\ Un+ (”n - Mn+l)+ =< 0¢ (36)
n+1 n+1

we have

0< / |VH(un _un+1)+|2 <0,
Q

which implies (#, — u,.1)* = 0 a.e. in Q, that is, u, < 1,1, so {u,} is nondecreasing.

Noting that #; € L*°(€2) by Lemma 3.1 and using Lemma 2.1 to the equation —Agu; =
m <1, we get that there exists a constant C > 0, only depending on € and Q, such
that [|u || foo(q) < C and

> 1 > 1
(1 +1)" = (o) + 1" ~ (C+1)"

—Agu; =

Lemma 2.3 implies that #; > 0 in €2, and then (3.4) also holds for u;. By the monotonicity
of u,, (3.4) holds for u,. O

Remark 3.1 Using (3.4), it follows that

1 1 17

=< — <
(n+ 1) 7 W) ~ co
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and Lemma 2.1 yields

supu, < C.
w

Lemma 3.4 Let u, € H} () be the solution to (1.3). Then u, is bounded if 0 < y <1 and
locally bounded if y > 1.

Proof If y > 1, then by taking u, as the test function in (1.3) and using Lemma 3.3 we have

2 Up 1 12|
IViun|® = [ (-Apu,)u, = v = by v
Q Q o (un +5,) Q (u, + 1) Co

n

This shows that u, is locally bounded. For 0 < ¥ <1, choosing u, as the test function in
(1.3) and using Holder’s inequality, we get that

u
/|VHun|2 :/(_AHun)un:/ %S/M;{z_y
Q Q Q (uy+ ) Q
< |Q|1’% (/ uﬁlly)m> , m>1. (3.7)
Q

N

If y =1, then

u
f|vﬂ-ﬂun|2=/ (_AHun)u;«:/ . T = €2].
Q Q Q Uyt

n

If 0 < ¥ < 1, the taking m in (3.7) satisfying 2* = (1 — y)m and applying (2.7), we arrive at

* 2i* % 1 * ﬁ
(/ uz) sc(/ |vHun|2) sC|sz|1-m</ u2> :
Q Q Q

Since 2% > ﬁ, this inequality implies u, € L**(S2). Using this estimate again together with

(3.7), we have

Vaunll 2@ < G
so that u, is bounded in H}(<2). O
Remark 3.2 Note that u, € C(R2) since the right-hand side in (1.3) is nonsingular.

Lemma 3.5 Let u, € C(Q) NH(Q) (y < 1) and u, € C(Q) N H. () (v > 1) be solutions
to (1.3). If u, < (uy,); on 92, then u, < (u,), in Q with respect to t, and then u, < (u,), in

Q unless u, = (u,),.

Proof Since u, satisfies (1.3) and Ay is invariant under the H-reflection, we have

1

—An(u,);, = m
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Take positive functions ¢; € C§°(€2), supp ¢; € supp (s, — (4,,):)", i =1,2,3,..., such that

¢: converges to (u, — (u,);)* in C(Q) N Hi(S2). Using ¢; as the test function in (3.8), we
have by combining (1.3) that

0<lim | Vi(u,—();) - Vadi

I—> 00 Q

lim [ (-Awu(un - (40),)) i

i—oo Jo

e

i Jo \(uy + 1) (), + 1))

_ / (s + ) = Gt + 20t = ();)*
Q

(o + ) () + 2)”

<0.

Then (u, — (4,);)" = 0 a.e. in ©, which implies by Lemma 2.3 that u, < (&,); in Q.
Assume that there exists & € Q2 such that u,(&) = (1,); (§0) and let R = R(&;) > 0 be such
that B(&y, R) € 2. We have that

1 1

ot 7 Gy PR 59)

_A]HI(un - (un)k) =

in the distribution sense. Since u,(&) > 0, we can assume that «,, > 0 in B(&, R) for small R.

By Lemma 3.3, u,, > cp,,r) > 0. Therefore,

1 1

(tn+ 27 (W) +

l)y = C(;)(ul’l - (un)k)7

where ¢(¢) = % with ¢ between u, + % and (u,), + % We see that ¢(¢) is bounded by
using u, > cp(z,r). Thus there exists a positive constant A > |¢(¢)| such that

1 1

(n+ 27 () + 1)

+Aw>0 in B(&),R).

Putting this into (3.9), we have
—Ap(tn — (n);) + A(ttn — (4),) =0 in B(&,R).

By Lemma 2.3 this implies that u,, = (1,), in B(§, R). The usual covering argument shows
that u, = (u4,); in Q. O

4 Solutions to (1.2)

In this section, we get the regularity of solutions to (1.2) by using results to (1.3). Also,
we obtain the monotonicity of cylindrical solutions to (1.2). The gradient estimate and
Harnack inequality for classical solutions to (1.2) are provided by calculating the Harnack
quantity, which is similar to Li [27] and Ma and Wei [28].
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4.1 Regularity and symmetry of solutions to (1.2)

Lemma 4.1 Problem (1.2) allows a unique nonnegative solution u € H:(Q) (y <1)oru e
HIIOC(Q) (y > 1), and (3.4) is true for uy, that is, ug(§) > c, for £ € w CC Q.

Proof For every n, since the solution u,, € H}(S2) to (1.3) is bounded by Lemma 3.4 and u,
converges pointwise to 1 in Q2 by Remark 3.1, it follows that u,, converges weakly to u, in
H}(w), ® € Q, that is, for any ¢ € C}(£2) such that supp¢ = o,

lim V[[-]]I/ln . VH(/J = f VHMO . V]H[(p. (4.1)

H—0Q ® w
Noting that u,, satisfies (3.4), we have that, for any ¢ € C}(<),

4
(un + %))/

- @l @)

0< <
ch

By Lebesgue’s dominated convergence theorem,

iim [ —2 - [ £, (4.2)
n=>00 Jo (U, + ;)y Q U

This implies by (4.1) and (4.2) that problem (1.2) has a solution .
Using u,, > ¢, on w € 2, this yields uy > 0 in Q. The uniqueness can be proved as in the
proof of Lemma 3.2. d
For the equation Agz = 0 in , by [29] we have z € C%(2).
Lemma 4.2 If 92 satisfies the Wiener criterion and z, € H}(2) N C2(R2) solves
_Allel =1 in Q,

then z, € C(Q) is positive with z, laq = 0.

2
Proof Letzp(§) = % Then Apz; = 1. Since 02 satisfies the Wiener criterion, it follows by
[13] (p. 1158) that there exists z € C(2) N C?(£2) such that

Agz=0 inQ and z|yq=2.
We easily see that z — z, € H (Q2) N C*(R) satisfies
-Ap(z-22)=1 in€,
and therefore z; = z — z, € C(Q) is the required function with z; > 0 and z|;q, = 0. g

Lemma 4.3 If 0S2 satisfies the Wiener criterion, then there exists a solution ug to problem
(1.2), and ug € C(Q).
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1
Proof Taking uf = ((y + 1)z1)7*T, we have by Lemma 4.2 that

Aguy + (uz)_y

=—y((r + 1)Z1)% |Vazi > + ((y + l)zl);_h Apzi + ((y + 1)21)5_31

—2y-1

- 2t )
=—y((y + Dz1) 7T |Vuz|* <0. (4.3)

Noting that u, is nonnegative, we know by (4.3) that

0<up<u;= ((y+1)zl)ﬁ,

that is, & and 0 are the super- and subsolutions of (1.2), respectively. This implies the

existence of a solution g to (1.2). Using z; € C(2) in Lemma 4.2, we have u € C(2). O

Lemma 4.4 IfdS2 satisfies the Wiener criterion, ug € C(Q)NHY(R) (y < 1) oruy € C(Q)N
HIIOC(Q) (y > 1) is a cylindrical solution to problem (1.2), then for any Ao < A < A1, we have

uo(§) < (o), (§) forall§ € Ty, (4.4)
with respect to t.

Proof Step 1. Suppose that X is sufficiently close to Ao. Then by Lemma 3.3 we have that
u, > 0in ¥,, and then u,, < (u,); on 3X;. Since u,, = (u,); on the hyperplane T3, it follows
that u, < (u,), in X, and then u, < (4,), on X, by Lemma 3.5.

Step 2. Since Step 1 provides a starting point, we can move the plane T; to the right
keeping u, < (u,), on X, until its limiting position A;. Denoting

A= sup{Alu, < (up); in By <2},

we claim that A = A;. Indeed, suppose A < A;; we will show that the plane T; can be moved
further to the right or, to be more rigorous, there exists & > 0 such that, forany A € (A, A +¢),

Uy < (un)A- (45)

This is a contradiction to the definition of . Hence A = A;.

To prove (4.5), we separate Xy, into two parts, ¥5_, and Xz,, \ Z5_, fore > 0.

Clearly, (u,); — un > c. >0in X5_, for any ¢ > 0. Since (u,,); — u,, depends continuously
on A, there exists ¢ > 0 sufficiently small such that, for all A € (A, A + €), we have

(Mn)k —Up > 0 in ZX,S- (46)

On the other hand, since (u,), — u, > 0 on 3(X3,, \ Xz_,) for fixed ¢ > 0, it follows by
Lemma 3.5 that

(Un)y — Uy =0 inXy,, \ Z5_,. (4.7)

Combining (4.6) and (4.7), we prove (4.5).

Page 13 of 22
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Using the equality A = A; and the convergence of u, to ug a.e., we get that u < (1), on
¥,. So (4.4) is proved by Lemma 2.3. O

4.2 Harnack inequality for a solution to (1.2)
Results in the subsection are not used in the sequel, but they are of independent interest.

Lemma 4.5 Let uy € C3(Q) be a positive solution to (1.2). Then, for any R = R(&y) > 0,
& € Q, and B(&,2R) C Q, there exists a positive constant C = C(R) such that

|Vauo|® < Cug  in B(€, R). (4.8)
Proof Let wy =logug. Then
Vawo = uy* Vit (4.9)

and

Apwo = —|Vawe|* - (4.10)

y+1°
Uy

Taking a smooth cut-off function ¢ with ¢ = 1 in B(§p,R) and ¢ = 0 outside B(&,,2R),
define

P=¢|Vawo|*,

which as usual is called the Harnack quantity.
At the maximum point of P, we have VP = 0 and AgP < 0. Then

V(I Vawol®) = ¢~ Vad | Vawo|* = ~¢>PVi, (4.11)

|Verwol*Ang +2Vug - Vi (IVawol|®) + ¢ Au(| Vawol*) <O0. (4.12)
Using the basic formula
Apl Vvl = 2((Vi Awv, Vaw) + [DEv[), (4.13)

for any smooth function v in H”, it follows

¢ s (IVewol?) = 26(Vi Amwo, Viawo) + 26 | Dyw | (4.14)

Let us estimate the right-hand side in (4.14). For the first term, we have

1
2¢(VAugwo, Vawo) = 2¢ (VH <—|VHW0|2 - W)’ VHWO)
Uy

VHM
- ~20(Va(|iv0l), Vi) + 2 + 10 rg Vo )
Uy

|Virwo |

y+1
Uy

= —2¢(-¢">PVu¢, Vawo) + 2(y + 1)¢p
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2(y +1)
u(})/+1

=207 (Vug, Vawo)P + P

> —¢7 Vg |’P - ¢~ [Viawo|*P +

2y +1)

y+1
Uy

=—¢"'|Vug’P-¢7*P* +

Due to (4.10), the second term of (4.14) satisfies

2
2¢|DYwo|” = 2¢| Agwo|*

2

= 26|~ Vawol* — —
U,

0

N 49| Vawo>  2¢

+
y+1 2(y+1)
Uy L)

=2¢|Vigwol*

4
y+1
Uy

2
>Zp2y P.

Substituting (4.15) and (4.16) into (4.14), we obtain

Vuol? . P 2y +6_ 2
Wbl P 26, 2

ddu(Viwol?) 2 - AR A

From (4.12), |Vgwo|* = g (4.11), and (4.17) we have that
Aug 2|VH¢|2P
]

A 2| V| Vudl> . P 2y+6_ 2
. H¢P_ | IHIZ¢| P—| el Pl V:rl Py
0] ] ] ¢ uy ]

0> ¢pAu(|Vawol?) + P

and so

_App 2Vegl®  |Vegl? 2y +6 _ 21

R Sl

This gives

2¢-1,__Aud 2|Vugl®  |Vugl®
<- + +
¢? ¢ ¢? ¢

on B(&y,2R).
Using the bounds |Vi¢| < CR™! and |Ag¢| < CR™2, we get

2 ,_C
(29 - 1)P < —-pAn¢ +2|Vuo|” + ¢|Vuo|” < ok
Since ¢ = 1 on B(&, R), by (4.19) we have that
|Vewo|* < C(R)  on B(&y,R),

which implies (4.8).

2(y +1)
My+1

0

P.

Zp?

Page 15 of 22
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Theorem 4.6 Let uy € C3(Q) be a positive solution to (1.2). Then, for any R = R(&) > 0,
& € Q, and B(&y,2R) C R, there exists C = C(R) > 0 such that, for all &,n € B(&, %),

up(&) < Cuo(n). (4.21)

Proof Let I be the shortest curve in B(&y, R) joining & to 1. Then the length of I is clearly
at most 2R. Integrating the quantity |V logu| along I yields

log to() — log o) < / (Vi log ol (4.22)
I
Applying (4.20), we get

/|VH10guo| < /C§ C. (4.23)
I I
Now (4.21) is obtained from (4.22) and (4.23). O

5 Properties of w and proof of Theorem 1.1

In this section, we prove several properties of w = u — 1. Similarly to [5], we provide two
maximum principles; see Lemmas 5.2 and 5.4. The idea to check monotonicity is inspired
by [5, 15].

Lemma 5.1 If 9 satisfies the Wiener criterion, then the weak solution u € H)(Q2) (y < 1)

orue H! (Q) (y > 1) to problem (1.1) is positive, and u € C(Q).

loc

Proof By the hypothesis f > 0 we sees that « is a supersolution to the equation

—Apug =

<
ox|

Therefore, u > uy > 0 in Q.
Since u = ug + w, it follows that w > 0 in Q. Due to (1.4), we have that w satisfies

A 1 £( ) L _0 o ls =0 (5.1)
w+ — + Uy +W)— — = 1n yg; w =0. .
H o+ W)’ 0 ué aQ

Since the equation in (5.1) has no any singularity with respect to w, the continuity in Q of
w is clearly obtained; refer to [7, 8, 10] etc. Now we only need to check the continuity of w
near the boundary 9<2.

Indeed, by the nonnegativity of / we easily get that w, = 0 is a subsolution to (5.1). Also,

note that w* = ((y + 1)z;) 7*T satisfies
Agw* +f (uo + w*) <0,
that is,

—2y-1 y 1

(& +Dz) 7T [Vazi = (7 + Dz1) 71+ (o + (v + Dz1) 71) <0 (5.2)
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near the boundary (z; — 0 at this moment), which yields

1

0=w=((y+Dz)"

near the boundary, and this shows that w is continuous near dQ and then w € C(£2). Hence
u=ug+we C(Q). O

Lemma 5.2 Suppose that dS2 satisfies the Wiener criterion, u € C(Q) NHL(Q) (y <1) or

ueC@n HllOC(Q) (y > 1) is a solution to problem (1.1), f is locally Lipschitz continuous,

f(s)>0foranys>0,and f(0) > 0. Then u > ug in Q, and w> 0 in Q.
Proof By contradiction assume that there exists &, € € such that
w(&o) = u(&o) — uo(60) = 0.

Take R = R(&y) > 0 such that B(&,R) CC 2. Then

1 1 1
—Agw=-Agu+ Agug= ——+f(y) - — > ——— - — in B(&,R). (5.3
H H HUO = O f(w) i Z o) W (0, R). (5.3)

Since uy(&p) > 0 by Lemma 4.1, we can assume that 1 > 0 in B(&p, R). Since

1
W - u_y = c(&)(uo + w—ug) = c(&)w
0

and |c(&)| < A for a positive constant A, it follows that

1 1 ,
W - % + Aw > 0 in B(%‘O,R)

Combining this with (5.3), we get
—Agw+ Aw >0 in B(&y,R).

By Lemma 2.3 we have w = 0 in B(&j, R). The covering argument shows that w =0 in Q.
Therefore f = 0 by (5.3), which is impossible. O

Lemma 5.3 ([5]) For y >0, consider the function
g(ab,cd):=a’(a+b) (c+d) +a’c(c+d) —c"(a+b) (c+d) —a’c(a+D),
where (a,b,c,d) € D:={(a,b,c,d)|0<a <c¢0<d<b} CR* Theng, <0inD.

Lemma 5.4 (Narrow region maximum principle) Assume that 9Q satisfies the Wiener
criterion and T is a hyperplane in H". For A € R, denote

T, ={§ = (x,y,t) e H"|t =1},

H= {E = (x,9,t) 6H”|t<)\}.
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Let Q' be a bounded narrow region in H contained in {§ € H"|A — [ <t < A} with small
[ > 0. Suppose that u € C(Q) N HY(Q) (v < 1) or u € C(Q) NHL (Q) (y > 1) is a cylin-
drical solution to problem (1.1) and that f satisfies (F). If w < w; on 02, then for a suffi-
ciently small [, we have w < w,_in Q' with respect to t. Furthermore, w < w;_in ', unless

W= W,.

Proof Since u satisfies problem (1.1), we have in the distribution sense that

—Ap(ug +w) = _ +f(uo+w) inQ, (5.4)
(uo +w)"
and
1

_AH((MO)A + W)L) = W +f((l'to);\ + WA) in Q. (55)
Also,

—Am(ug) —L in (5.6)

T (o), ’ '

and

—Agw;, = —Au((uo); + ws) + Amluo);,
1 1

= W +f((M0)A + W)\) - m in Q. (5.7)

Consider positive functions ¥; € C3°(') with suppv; € supp(w—w;)" and ¥; —

(w—w;)" € H}(Q') in H}(R'). Taking y; as the test function, by (5.1) and (5.7) we get
that

/ Vr(W —w,) - Ve,
Q/

=/ (—Au(w—wy))¥;
Q/

1 1 1 1
- /Q ((Mo ey W)= =y )+ 5 )1/"‘
_/ (L S S 1 ) .
o \wo),  uy (uo+w) ((wo)y, +wi)’ )
o (f (o + w) —f (o), +w3) )i (5.8)

Note that uy < (u9), in ' N H by Lemma 4.4 and that w > w; on supp ;. Applying

Lemma 5.3 with a = uy, ¢ = (up),, b = w, and d = w;,,, we have

1 1 1 1 “0 (59)
o) u o+ w) (o), +wi) — '
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Since f is locally Lipschitz continuous and nondecreasing, it follows that (5.8) and (5.9)
imply

| Vatw=wi) Vi< [ (o + )= (@oh +w))ve
< [ (G ) ~f (o 4 w)
c [ w-wu (5.10)
Since y; converges to (w — w;)*, by Holder’s inequality and Lemma 2.2 we have
|Via(w —wy)"|* < C/ [w—wy)*|*
@ @

Q 20
<Cl||? (/ |(w—w)\)+|Q2)
Q/

5cysz/|%/ |Vi(w —w,)* . (5.11)
Q/

Q2
Q

Since C |Q/|% < 1 for sufficiently small /, it follows that

’VH(W_W)L)Jr‘z =0, (5.12)
Q/

and then (w — w,)* =0, thatis, w < w; in Q.
Assume that there exists & € Q' such that w(&y) = wy (&). We have from (5.1) and (5.7)
that

—Ag(w;, —w)

_ (i B 1 . 1 B 1 >+ 1 B 1
- Ug (MO)K ((uo); + W) (uo +w)" (o), +wr)"  ((uo); + w)¥

+ (F (), + wa) = f(uo + w)). (5.13)

Noting that uy < (1), in ' by Lemma 4.4 and w < wy, in Q' from the previous result,by
the monotonicity of f we obtain that

f((uo)k + w,\) —f(ug+w)>0 ingQ. (5.14)

Applying Lemma 5.3 yields

! ! ! ! <0 inQ (5.15)
— -+ - <0 inQ". .
o) uy (o +w)’ (o), +w)”

Putting (5.14) and (5.15) into (5.13) shows that

1 1

(o), +w2) (o), +w)"~

—Ag(w) —w) > (5.16)

Now similarly to the proof of Lemma 5.2, we derive that w; —w=0in Q'. O
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Remark 5.1 In proving (5.11) and (5.12), although there is no Poincaré’s inequality on the
narrow domain in H”, Sobolev’s inequality (2.7) and the fact that |Q'| is small helps us to
derive (5.12).

Lemma 5.5 If 9Q satisfies the Wiener criterion and u € HY(Q) N C(Q) (y <1) oru €

HIIOC(Q) N C(Q) (y > 1) is a cylindrical solution of problem (1.1), then, for any Ao < A < A1,
we have
w(§) <wa(§) (5.17)

for & € X, with respect to t.

Proof Step 1.1f X is sufficiently close to Ao, we have w> 0 in X, by Lemma 5.2 and w < w;,
on 3%;. Since w = w;_on the hyperplane T}, we get that w < w; in X;, and then w < w; on
%, by Lemma 5.4.

Step 2. Since Step 1 provides a starting point, we can move the plane 7; to the right
keeping w < w, on %, to its limiting position X;. We let

A= sup{Alw <w, in X,,u <A}

and claim that A = A;. Indeed, suppose A < Aq; we will show that T, can further be moved
to the right, that is, there exists & > 0 such that, for any A € (A, A + &),

w < w;. (5.18)

This is a contradiction to the definition of A. Hence A = A;.
Now we will prove that (5.18) holds on X, .. Let us divide X3

Teee T, iNto two parts: X5_, and

7, \ X5_., where ¢ > 0 is to be chosen.
Since w, —w > ¢, >0 in ¥5_, and w, — w depends continuously on A, there exists ¢ > 0
sufficiently small such that, for all A € (A, A + ¢),

w,—w>0 inX;__. (5.19)

On the other hand, since wy, —w > 0 on 3(X3,, \ X5_,) for ¢ > 0 as before, we have by
Lemma 5.4 that

wy—-w>0 in EXH \ Ex_s. (520)

Combining (5.19) and (5.20), there follows (5.18).
Then w < w; on X,. Using Lemma 5.4, we obtain w < w; on X, and now (5.17) is
proved. d

Proof of Theorem 1.1 Lemma 4.4 and 5.5 imply (1.5). O

6 Conclusions

In this paper, we obtained the monotonicity of cylindrical solutions to the Dirichlet bound-
ary value problem to singular semilinear subelliptic equation on the Heisenberg group. It
is a generalization of the corresponding result in the classical Euclidean setting.
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