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1 Introduction and main results

We consider the following nonlinear Kirchhoff type equation:
—<a+b IVulzdx)Au+Vu =f(u) + h(x), xeRY, (1.1)
RN

where a, b, V are positive constants, N =2 or 3.
In recent years, the existence or multiplicity of solutions for the following Kirchhoff type

equation

—<a+b/ |Vu|2dx>Au+V(x)u=f(x,u), xeRY,
RN

where a, b are positive constants, N = 1,2, 3, has been widely investigated by many au-
thors, for example [1-6], etc. But in those papers, the nonlinearity f satisfies 3-superlinear
growth at infinity, which assures the boundedness of any Palais-Smale sequence or Cerami
sequence.

Very recently, Guo [7], Li and Ye [8], Liu and Guo [9], Tang and Chen [10] studied re-
spectively the following equation:

—<a+b/ |Vu|2dx)Au+V(x)u=f(u), x e R3,
R3

© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

L]
@ Sprlnger vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and

indicate if changes were made.


https://doi.org/10.1186/s13661-018-0928-8
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-018-0928-8&domain=pdf
mailto:duanyu3612@163.com

She et al. Boundary Value Problems (2018) 2018:10 Page 2 of 13

where a, b are positive constants, f only needs to satisfy superlinear growth at infinity. By
using the Pohozaev equality, it is easy to obtain a bounded Palais-Smale sequence. Thus
they obtained the existence of positive solution.

Inspired by [7-10], we study equation (1.1); in here, very weak conditions are assumed
on f. Exactly, f € C(R*,R) satisfies

(i) when N = 2, there exists p € (2,+00) such that lim;, 5—2 = 0; when N = 3,

lirnt—>+oo % =0;
() lim_o: L2 = m € (~00, V);
£

(f5) lims 400 . = +00.
On /1, we make the following hypotheses:

(h1) heLl2(RN)N CYRYN) is nonnegative and & # 0;
(h3) when N =2, 0 < (Vh(x),x) € L>(R?); when N = 3, (Vh(x),x) € L>(R3?);
(h3) h is radially symmetric.

By using Ekeland’s variational principle [11] and Struwe’s monotonicity trick [12], we

get the following.

Theorem 1.1 Suppose that (f1)-(f3) and (h1)-(hs) hold. Then there exists mg > 0 such that,

when (f]RN 2 dx)% < my, equation (1.1) has two positive solutions.

When f(£) < 0, by (f2) and (f3), there exists [ > 0 such that f(¢) + /£ > 0 for all £ > 0. Thus

equation (1.1) is equivalent to the following equation:
—<a+b |Vu|2dx)Au+ Wu = k(u) + h(x), xeRN, (1.2)
RN

where W =V +1>0and k() = f(¢) + It € C(R*,R") satisfies

(k1) when N = 2, there exists p € (2,+00) such that lim;, o % = 0; when N = 3,
lim;_, ;0 % =0;

(ky) limy_, o+ @ =m+1l:=de[0,W);

(kS) 1imt—>+oo @ = +00.

Hence in order to prove Theorem 1.1, we only need to prove the following.

Theorem 1.2 Suppose that (ky)-(ks) and (hy)-(h3) hold. Then there exists mg > 0 such that

when (fRN W? dx)% < my, equation (1.2) has two positive solutions.

Remark 1.3 Under hypotheses on k, we are not able to obtain directly the bound-
edness of the Palais-Smale sequences. Inspired by Jeanjean’s idea in [13] and [14], we
will use an indirect approach, i.e., Struwe’s monotonicity trick developed by Jeanjean.
It is worth pointing out that comparing with N = 3, when N = 2, it is more com-
plex to prove the boundedness of the Palais-Smale sequences, which will be seen in

Lemma 3.8.



She et al. Boundary Value Problems (2018) 2018:10 Page 3 of 13

2 Preliminaries
From now on, we will use the following notations.
o E:={uecH'RY): u(x) = u(|x])} is the usual Sobolev space endowed with the norm

1

2
llu|l = (/ |Vu|? + uzdx) )
RN

+ DY (RY) is completion of C°(RN) with respect to the norm

1

2

||u||D1,2(]RN) = (/ |Vu|2dx> .
RN

« Forany 1 < p < 0o, L(R¥) denotes the Lebesgue space and its norm is denoted by

1
p

= Pdx | .
= ([, o)

+ {-,-) denotes the action of dual, (-,-) denotes the inner product in RN,

+ C, C; denote various positive constants.

Since we are looking for positive solution, we may assume that k(z) = 0 for all £ < 0. Under
the assumptions on k and 4, it is obvious that the functional / : E — R defined by

b > w
I(u):z/ |Vu|2dx+—</ |Vu|2dx) +—/ u? dx — K(u)dx—f hudx
2 RN 4' RN 2 RN RN RN

is of class C!, where K(¢) = fot k(s)ds and

(1’(u),v> = (a+b/]RN IVulzdx) /I;N(Vu,VV)dx+ W/RN uvdx—/RN k(u)vdx

- hvdx,
RN

for all i, v € E. As is well known, the weak solution of equation (1.2) is the critical point of
IinE.

3 Proof of the main results
Next lemma can be viewed as a generalization of Struwe’s monotonicity trick [12] and is
the main tool for obtaining a bounded Palais-Smale sequence.

Lemma 3.1 (see [13] or [14]) Let X be a Banach space equipped with a norm || - ||x, and
let ] C R be an interval. We consider a family {®,},.c; of C'-functionals on X of the form

®, () = Aw) — uBw), Vu e,

where B(u) > 0 for all u € X and such that either A(u) — +00 or B(u) — +00 as |ux —

+00. We assume that there are two points vy, vy in X such that

Cu= ;2? trer}g)f] D, (v (1) > max{®,(v1), D, (v2)},
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where
I'={y eC([0,1],X) : ¥(0) = v1,y (1) = v2 }.

Then, for almost every ju € ], there is a bounded (PS)., sequence for @, that is, there exists
a sequence {u,} C X such that

(1) {u,} is bounded in X,

(2) () = <,

(3) @, (u,) — 0in X*, where X* is the dual of X.

Remark 3.2 In [13], it is also proved that, under the assumptions of Lemma 3.1, the map
W ¢, is left-continuous.

In the paper, we set X :=E, || - |lx:= || - || and J := [%,1]. Let us define I, : E — R by
1,,(u) = A(u) — uB(u), where

a b 2w
Au) = —/ |Vu|2dx+—</ |Vu|2dx) +—/ uw?dx - hudx,
2 JrN 4\ Jrn 2 JrN RN

B(u) = ./]RN K(u)dx.

Then I;(u) = I(u). By (k1)-(k3) and (k;), it is obvious that I, € C'(E,R), B(x) > 0 for all
u € E and Au) > ™™ 13|12 — Clh)y||ul — +oo as ||ul — +oc.

Lemma 3.3 Assume that (k1)-(k3) and (hy) hold. Then there exist p >0, a >0 and mq > 0
such that I,,(u)|\u)=p = o for all h satisfying ||y < mo and for all p € J.

Proof First, we consider N = 2. It follows from (k;) and (k,) that, for all £ € R, we have

W +d

1% + C|elP. 3.1
4||+I| (3.1)

K] =

By (3.1), the Holder inequality and the Sobolev inequality, for all u € J and u € E, one has

w
I,(u) > Zf |Vu|? dx + — uzdx—/ K(u)dx—/ hudx
2 Jr2 2 Jr2 R? R2

> a4 |Vu|2dx+K/ u’dx — W+d/ uzdx—C/ |ulf dx — |hla|uly
2 Jr2 2 Jr2 R2 R2

> min{Mifw_d}||M||2—C1||M||p—C2|1’1|2||M||

= ”u”<min{2+\)¢—d}”u” —C1||u||1"1—C2|h|2).

min{2a,W—d

Let g1(¢) = 4 - C1tP7! for £ > 0. Since p > 2, we know that there exists a constant
p > 0 such that max;>o g1 (£) = g1(p) > 0. Choose mg = ﬁgl(p), then there exists @ > 0 such
that 1, ()| u=p = o for all & satisfying |h|, < mp.

Next when N = 3, it follows from (k) and (k) that, for all £ € R, we have

W +d

t12 + C|t|°. 3.2
4||+I| (3.2)

[K@®)] <
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By (3.2), the Holder inequality and the Sobolev inequality, for all u € J and u € E, one has

w
I,(u) > Z/ |Vu|2dx+—/ uzdx—/ K(u)dx—/ hudx
2 R3 2 R3 R3 R3

w W+d
6—1/ |Vu|2dx+—/ WPy - 22 / uzdx—C/ |u® dx — |l |ul
2 R3 2 R3 4 R3 R3

min{2a, W — d}
4

min{2a, W — d}

lull ————

v

el = Csllull® = Calhla|lul

4 IIMII—Csllulls—Clehlz).

Let g(t) = %’W_d}t — Cst° for t > 0, we know that there exists a constant p > 0 such

that max;>g>(¢) = g2(p) > 0. Choose my = 2_é4g2(10)’ then there exists a > 0 such that
L, ()| )uy=p = o for all &1 satisfying |k|, < my. O

Lemma 3.4 Assume that (ki)-(k3) and (hy) hold. Then —oco < ¢ := inf{I(u) : ||u|]| < p} <0,
where p is given by Lemma 3.3.

Proof Since h € L*(RN) and % # 0, then for ¢ = '%, there exists ¢ € C3°(RN) such that
|h— @y < e. Thus

[ =gz < [ |1 - ng|dx < - glalhi < el
RN RN

and then
> _ |hi3
h¢pdx > |h|; —elhly = —= > 0.
RN 2
Hence
£ bt* > W
I(tp) < a_/ IVo|*dx + —(/ |V¢)|2dx> + —/ ¢2dx—t/ hpdx <0
2 RN 4 RN 2 RN RN
for ¢ > 0 small enough. Then we get ¢ = inf{l(«) : ||u|| < p} <0. ¢ > —0o0 is obvious. O

In order to prove the compactness, we define g(¢) = k(t) — dt, Vt € R. Then, by (k;) and
(k2), we get that

lim @ =
t—0t

0, (3.3)

and when N = 2,

tim 49 _ 0, (3.4)

t—+oo P11

when N =3,

im €9 _, (3.5)

t—>+00 ¢
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Lemma 3.5 Suppose that (ky)-(k3), (h1) and (h3) hold. Assume that {u,} C E is a bounded

Palais-Smale sequence of 1,, for each y € J. Then {u,} has a convergent subsequence in E.

Proof Since {u,}isboundedin E and E < L*(R3), Vs € (2,6), E — L(R?),Vs € (2, +00) are
compact (see [15]), up to a subsequence, we can assume that there exists u# € E such that
u, — uin E, u, — u in L’(R3), Vs € (2,6), u, — u in L*(R?), Vs € (2, +00), u,(x) — u(x)
a.e.in RN,

By (3.3) and (3.4), for any ¢ > 0, we have

le(®)| <eltl + Celel™",  Ve=o. (3.6)

Then, by (3.6) and the Holder inequality, one has

/ 20ty — )
]R2

< a] 14— 10l + cs/ Pt — a]
R2 R2

< el =+ o [ |un|de)pTl -
< Ce +0,(1).
Similarly, we can obtain that
/ () (uy — u)dx| = 0,(1).
R2
By (3.3) and (3.5), for any ¢ > 0, we have
lg®)] <e(ltl +1t1°) + Colel?,  Ve=o0. (3.7)

Hence, by (3.7) and the Hoélder inequality, one has

/ 20ty — ) dx
]R3

58/ |u,,||u,,—u|dx+£/ |u,,|5|u,,—u|dx+C5/ |u,,|3|u,,—u|dx
R3 R3 R3

5 2
6 9 3
6 Z
Salunlzlun—ulz+8</3lunl dx) Iun—u|6+Cs</3|un|2dx) |ty — 13
R R

< Ce +0,(1).

Similarly, we can obtain that

=0,(1).

f ()it — 1) dx
]R3
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Hence when N =2 or 3, one has

/R (glun) ~ 800) ay ~ ) x| = 0,1,
It is clear that
([ () = I, (), 4, — 1) = 0,,(1)

and

b<[RN(|Vu|2 — |Vu,l?) dx) AN (Vir, V(uy — w)) dx = 0,(1).

Note that

(I;L(u,,)—ll/t(u),un —u> = (ﬂ+b/1;N IVu,,Izdx) AN|V(un—u)|2dx

+(W - ud)/ |4, — u|* dx
RN

_b<./]RN (IVul* = |V, |?) dx) /RN(Vu,V(u,, - u)) dx

u / (6(utn) - g0)) (1t — )
RN

> min{a, W — pd}||u, — u|)*
_b(/ (|Vu|2—|Vun|2)dx)/ (Yoo, V(uy — u)) dx
RN RN

[ (gt - gu0) iy ~ )
]RN

Therefore we get that ||u, — u|| — 0 as n — oc. 0

Proof of the first solution of Theorem 1.2 By Lemma 3.4 and Ekeland’s variational principle
[11], there exists a sequence {u,} C E such that ||u,| < p, I(#,) — ¢ and I'(u,) — 0 as
n — 00. From Lemma 3.5 with u = 1, there exists i, € E such that u,, — up in E and then

I'(uo) = 0 and I(up) = ¢ < 0. Put ug := max{-uo, 0}, one has
0= (F(uo),ua)

:_a/ |w5|2dx—b/ |Vu0|2dx/ |w5|2dx—W/ g | dx
RN RN RN RN

_ / i, (3.8)

RN
which implies that u; = 0 and then #, > 0. By the strong maximum principle, we get
Uy > 0. O

For p and « in Lemma 3.3, we have following result.
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Lemma 3.6 Assume that (ki)-(k3) and (h1) hold. Then

(%) vy € Ewith ||vo| > p such that 1,(v2) <0,V €.
(%) ¢, =inf,cr maxeeo1 L, (v (£)) > max{l,(0),1,(v2)}, Yo € J, where

I'={y eC([0,11,E) : ¥(0) =0, (1) = v2 }.

Proof It follows from (ks3) that, for any L > 0, there exists C; > 0 such that, for all £ > 0, one
has

K@) > L2 -Cj. (3.9)

Fix0 < w € C3°(RN) with suppw C By := {x € RY : |x| < 1} and w # 0. Define w;(x) = tw(5)
for t > 0, then

supp wy = {tzy:y € supp w}.

By direct computation, we have

/ |th|2dx:t2N‘2/ |Vw|? dx,
RN RN

/ wfdx:t2N+2f w? dx

RN RN

and, by (3.9),

/RN Kwy)dx = / K(w;)dx

supp we

>L / wf dx—-Cj, / dx
supp w supp we

> Lt2N+2/ w? dx — CL/ dx
supp w {t2y:yeBl}

= [?N+2 / w?dx — C Ct?N.
RN
Therefore

I[L (Wt)

a b 2w
= —/ IVw,|?dx + — / IVw|>dx ) + —/ wfdx
2 RN 4 RN 2 RN

—/L/ K(wt)dx—/ hw; dx
RN RN

at?N-2 biN-4 2 W2N+2
< / |Vw|?dx + / \Vw|2dx ) + / w? dx
2 RN 4 RN 2 RN

L2N+2
2

/ w?dx + CLCt*N
RN
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for all u € J. When N = 2, we choose L = 2W. When N = 3, we choose L = 2W +
b (foN [Vwl? d)?
f]RN W2 dx

with [|[vs]| > p and I, (v2) < 0, Vi € J. This completes the proof of (x).

. Then I,,(w;) - —oc as t — +00. Hence there exists ¢’ > 0 such that v, := wy
By Lemma 3.3 and the definition of ¢, for all u € /, we have

O<a<c=c,=<c Emgxl (tv9) < +00.

1 1
2 tel0,1] 2
Therefore, by I,(0) = 0 and 1,,(v2) < 0, we obtain the proof of (sx). O

So far we have verified all the conditions of Lemma 3.1. Then there exists {x;} C J such
that
(i) uj— 1" asj— oo, {u’},} is bounded in E;
(ii) Iul.(u’;,) —> €yy; aS 1 —> 00;
(iii) I;L/,(u’,,) — 0asn— oo.
Using (i)-(iii) and Lemma 3.5, there exists u; € E such that iy — ujin E as n — o0

and then IM/(u,') = ¢y, and Il;j(uj) = 0. Hence, from Iu;(“j) =y, and <I;/4,(”J')’ uj) =0, we get

respectively
b > w
6—1/ |Vu,|2dx+ - / |Vu,|2dx + —/ u? dx
2 RN 4 RN 2 RN /
_Mj/H‘QNK(uj)dx_/RN hujdx = c,,;, (3.10)
2
a/ |Vuj|2dx+b</ |Vuj|2dx> +W ujzdx
RN RN RN
—uj/ k(uj)ujdx—/ hujdx = 0. (3.11)
RN RN

Next, for obtaining {u;} is bounded in E, we need the following lemma (Pohozaev type

identity). The proof is similar to Lemma 2.6 in [16], and we omit its proof in here.

Lemma 3.7 Suppose that (hy) and (hy) hold. 1f1L(u) =0, we have

N -2 b(N -2 2 NW
AN=2) [ G s )(/1|Vuﬁdx> + 2 wtdx
2 RN 2 RN 2 RN

—N,u/ K(u)dx—N/ hudx—/ (Vh(x),x)udx:O.
RN RN RN
Since I;Aj(u,-) =0, by Lemma 3.7, we get that

N-2 b(N -2 > NW
a )/ |Vu/|2dx+ ( ) / |Vuj|2dx +—/ u? dx
2 RN 2 RN 2 RN /

—N,u,»/ K(w) dx—N/ hu,»dx—/ (Vh(x),x)u,dx:O. (3.12)
RN RN RN

Lemma 3.8 Assume that (k1)-(k3) and (h1)-(h3) hold. Then {u;} is bounded in E.
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Proof 1t follows from (3.10) and (3.12) that

b(4-N)
4

2
a/ |V |* dx + (/ |Vuj|2dx) +/ (Vh(x),x)ujdszch. (3.13)
RN RN RN

Be similar to (3.8), by I/&j(u,ﬂ) =0, we obtain u; > 0.

Firstly, we consider N = 2. From (3.13) and ¢,,; < c1, we get

b 2
a/ |Vu,|2dx§a/ |Vu,|2dx+—</ IVujlzdx>
R2 R2 2 RrR2

= 2¢y; + 2¢y;

—_ /RZ (Vh(x), x)u;dx + 2c,,. (3.14)

Since (Vh(x),x) > 0, by (3.14) and u; > 0, one has {5, |Vi;|*dx} is bounded. Next we
prove { [z» ulz dx} is bounded. Inspired by [14], we suppose by contradiction that A; :=

|j]2 — +00. Define w; := u;(Ax), then

/|Vw,|2dx:/ |Vu|*dx < C
R2 R2

and

1
2 2
/]RZ [wj|* dx = )\;2 ./1;{2 || dx = 1. (3.15)

Hence {w;} is bounded in E. Up to a subsequence, we may assume that w; = win E, w; —

w in L(R?), Vs € (2,+00), w; = w in L} (R?), Vs € [1,+00), w;(x) = w(x) a.e. in R?. By

loc

I};]_(u,«) =0, one has
1
_ (a +b / |Vw|? dx) PAW" + (W —du)w; = pigw;) + h(hjx). (3.16)
R2 5

For any v € C{°(R?), one has

1
2 1
SIVI2</ |h(x,-x)|2dx) = —[valhl; >0 (3.17)
R2 )\]

’/ h(xjx)v dx
RrR2

and by the Lebesgue dominated convergence theorem, we have

‘/Rzg(wj)vdx—/Rzg(w)vdx

Hence by (3.16)-(3.18), we have (W — d)w = g(w) in R2, from which we get that w = 0.
Indeed, since O is an isolated solution of (W — d)z = g(z), w = 0. Therefore by (3.6), (3.15)

< C/ {g(wj) —g(w)| dx — 0. (3.18)
supp v

Page 10 of 13
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and (3.16), one has

W—d:(W—d)/ lw;|* dx
]R2

1
= (“ + b/ Iij|2dx) 72 / |Vw;[* dx + (W - de)/ lw;|* dx
R2 )\.] R2 R2
= “1'/ gw)w;dx + / h(hx)w; dx
R2 R2
2 1
<e | wldes Co | 1wl dx+ —lhblwilz
R2 R2 )\.}
< Cs +0,(1),
which implies a contradiction. Hence { [, |1j|* dx} is bounded and then {u;} is bounded

inE.

Secondly, for N = 3, we have a simple proof. From (3.13), (42) and = c1,we get

b 2
a/ |Vuj|2dx§u/ |Vuj|2dx+ - / |Vu,»|2dx -3¢y, + 3¢y,
R3 R3 4 R3 7 /
=—/ (Vh(x),x)u,»dx+30m
R3

< |(Vh(x),x)|2|uj|2 + 36%

= Clujlz + 3c1. (3.19)

We prove directly { 3 uf dx} is bounded. Similar to (3.19), we obtain

b 2 b 2
— \Vu|>dx) <a V|2 dx + — |Vu;|*dx ) —3c,, +3c,.
4 R3 ] RS ] 4 RS ] Hj Mj

< Clujlp + 36%. (3.20)

By the Holder inequality, we have

3 i
|Vu;|*dx) <C wrdx) +C. (3.21)
R3 ! R3 /

By (3.3) and (3.5), for all £ € R, one has

W-d
2

lg(0)t] < It + Clel°. (3.22)

From (3.11), (3.21), (3.22), u; < 1 and D**(R?) < L8(RR3), it follows that

2
(W—d)/ uzdxfa/ |Vuj|2dx+b / |Vuj|2dx +(W—,ujd)/ u? dx
R3 / R3 R3 R3 /

= u// g(u/)u,'dx+/ hujdx
R3 R3
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1
W —-d 2
/ u.zdx+C/ ubdx + |h|y / u?dx

2 R3 J R3 J R3 J
W—d 3 2
—/ Wdx+C / IVujlzdx + ko / W dx

2 R3 J R3 R3 /
W-d i 2
—_/ Wdx+C / Wdx| +C+lhly / wdx)

2 R3 / R3 J R3 J

which implies that { ng ujz dx} is bounded. Combining with (3.19), we get that {u;} is
bounded in E. O

Proof of the second solution of Theorem 1.2 By 1, () = c,,;, I;l,,(uj) =0, u; — 1~ and Re-
mark 3.2, we get I(¢;) — ¢1 and I'(4;) — O as n — +00. By Lemmas 3.5 and 3.8, there exists
Vo € E such that u; — v in E as n — +00 and then I(vp) = ¢; > 0, I'(vp) = 0. Be similar to
(3.8), we get vy > 0. By the strong maximum principle, one has vy > 0. O

4 Conclusions
The goal of this paper is to study the multiplicity of positive solutions for the following
nonlinear Kirchhoff type equation:

—(a+bf |Vu|2dx>Au+Vu=f(u)+h(x), xeRY,
RN

where a, b, V are positive constants, N = 2 or 3. Under very weak conditions on f, we get

that the equation has two positive solutions by using variational methods.
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