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1 Introduction
A p-Laplacian differential equation was first introduced by Leibenson [1] when he studied
the turbulent flow in a porous medium. Converting this fundamental mechanics problem

into the existence of solutions to the following p-Laplacian differential equation:

(0o (' ®)) =f(tu(®), te(©O1), 1)

where @,(s) = [s|P~%s (p > 1) is the p-Laplacian operator, its inverse function is denoted
by ¢,(s) with ¢,(s) = |s|77%s, and p, q satisfy }9 + é =1, he solved the practical and signif-
icant theoretical problem. Then many important results relative to differential equation
(1) with different initial conditions and boundary conditions have been obtained (e.g. [2—
14]). Scholars now find that fractional-order models are more adequate than integer-order
models for problems in various fields of science such as physics, fluid flows, electrical net-
works, and many other (e.g. [15-25]). Consequently, the research of fractional differential
equations with p-Laplacian operator BVP has already become a focus in recent years, and
it has developed very rapidly (e.g. [26, 27]).

The authors in [28] studied the existence of positive solutions for the nonlinear fractional

equation with p-Laplacian operator

DE, (b (D u(®))) =£ (¢, u(®)),
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with the boundary conditions
u(0) =0, u(1) = au(§), Dy, u(0) =0,

whereO <o <2,0<n <1,0<£& <1,0 <a < 1.Byusing the Guo-Krasnosel’skii fixed point
theorem and the Leggett-Williams theorem, some sufficient conditions for the existence
positive solutions have been obtained. The authors in [29] considered the above equation

with the boundary conditions
u(0) =0, Dy, u(0) =0, u(1) = aDf u(l).

Some existence and multiplicity results of positive solutions have been obtained. In [30],

the authors also considered the same equation with the boundary conditions
u(0) =0, u(1) = au(&), Dy, u(0) =0, Dy, u(1) = bDg u(n),

where 0 < a,b < 1. They obtained the existence of at least one positive solution by means
of the upper and lower solutions method.
As far as we know, few results have been obtained to the solutions of the fractional order

differential equations with p-Laplacian operator nonlocal boundary value problem (BVP):

~Df (DGO = f(Lx(1)), 0<t<1,
x(0)=60, D x(0)=0, 2)
DY x(1) = Y72 0 DY, x(E),s

in a Banach space E, where D, éD{i and D], are the standard Riemann-Liouville frac-
tional derivatives, 6 is the zero element of E, 1 <o <2,0< B8,y <l,a-y -1>0,
I1=[0,1],f:1 x E— Eiscontinuous,®; >0(i=1,2,...,m—2),0< & <& < <&,y 2<1,
S g < 1. We establish some existence of solutions to BVP (2). The technique re-
lies on the properties of the Kuratowski noncompactness measure and the Sadovskii fixed
point theorem. Obviously, BVP (2) is more general than the problems discussed in some
recent literature (such as [28-30]). Firstly, the boundary conditions are nonlocal, which
can cover the well-known Sturm-Liouville boundary conditions as a special case, so we
generalize the results of [28]. Secondly, as we generalized the space from the scalar space
to the abstract space, our work includes the results of [28-30].

The rest of this paper is organized as follows. In Section 2, we introduce some definitions
and lemmas to prove our main results. In Section 3, the existence results of solutions to the
BVP are discussed by using the properties of the Kuratowski measure of noncompactness
and the Sadovskii fixed point theorem. Finally, one example is provided to illustrate our

main results in Section 4.

2 Preliminaries
For convenience, we present here the necessary definitions and preliminary facts which

are used throughout this paper.
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Definition 2.1 (see [31]) Let o > 0, the fractional integral of order o > 0 of a function
x:(0,00) — R is given by

w1 ()
1= 1) /o -

provided that the right-hand side is pointwise defined on (0, 00).

Definition 2.2 (see [31]) The Riemann-Liouville standard fractional derivative of order

a > 0 of a continuous function x : [0,00) — R is given by

D, (1) = ;< d ) L)

Th-a\dt) Jo =g ®®

where 7 = [«] + 1, [«] denotes the integer part of the real number «, provided that the

right-hand side integral is pointwise defined on [0, 00).

Proposition 2.1 (see [32, 33]) Let x be integrable,
(1) ifa >0, then

I8 DG x(t) = x(t) + 1t + ot 2 4 -+t

wherec; €R,i=1,2,3,...,N, N is the smallest integer greater than or equal to «.
(2) ifB>a >0, then

D¢ I8 x(2) = 859 x(2),
D§, g, x(8) = x(2).
Definition 2.3 (Kuratowski measure of noncompactness, see [34]) Let E be a real Banach

space, S be a bounded set in E, the Kuratowski measure of noncompactness of S is given
by

a(S) =infi6>0:S=|_JS; diam(S) <8,i=1,2,...,m ,
i=1
where diam(S;) denotes the diameters of S;.

Remark 2.1 From the definition, it is obvious that 0 < «/(S) < oco.

Definition 2.4 (k-set contraction operator, see [34]) Let E; and E; be real Banach spaces,
D C Ey, A:D — E, is a continuous and bounded operator. If there exists a constant k > 0
such that a(A(S)) < ka(S) for any bounded set S in D, then A is called a k-set contraction

operator.

Remark 2.2 When k < 1, A is called a strict set contraction operator. It is easy to prove

that a strict set contraction operator is a condensing operator.
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Now, we denote

QU) = {xe C[L,E): sup”lx(% < +oo},

tel

where C[I, E] is the Banach space of a continuous function x : I — E with the norm ||x||¢ =
max;e; [|%(2)]. It is easy to see that Q(/) is a Banach space with the norm ||x|| = sup,; %
The basic space used in this paper is Q(). The Kuratowski measure of noncompactness
in E, C[I, E] and Q(I) are denoted by ag(-), ac(-) and a(-), respectively.

The following properties of the Kuratowski noncompactness measure and the Sadovskii

fixed point theorem are needed for our discussion.

Lemma 2.1 (see [35]) If H C C[I,E] is bounded and equicontinuous, then ag(H(t)) is
continuous on I and ac(H) = max;e; ap(H(t)), ap(f;2(t) dt :x € H) < [, ap(H(t)) dt, where
H(t) = {x(t):x € H} foreach t € I.

Lemma 2.2 (Sadovskii, see [34]) Let D be a bounded, closed and convex subset of the Ba-
nach space E. If the operator A : D — D is condensing, then A has a fixed point in D.

3 Main results

For simplicity of presentation, we give some notations and list some conditions as follows:

M=o [1 + - Zgz_atéﬁyl :|, M= rrtlgx{a(t),b(t)},
1—
0:%, Kr:{er:Hfor},

Kp={xeQU):llxllq<R}, K,={xeQW):xlq=<np}.

(Hi) There exist nonnegative functions a, b € C[0, 1] such that

/ (6.0 ds < g a1 + b)), VeeLxeE,
0
and
1 1
/ (1 + a(t)dt <M, / b(t) dt < +00.
0 0

(Hp) Foranyr>O0, [o, 8] C I, f(t x) is uniformly continuous on [«, 8] x K, and f(¢,x) > 0.
(Hs) Forall £ € [0,1], bounded subsets W C E, there exists a positive constant [ < ﬁ such
that

ar(f(s, W) < @, (lee(W).

In order to discuss the BVP, the preliminary lemmas are given in this section.
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Lemma 3.1 Giveny € C[0,1] and y > 0. Then the following BVP

—DF (0, (DEX)(E) =), 0<t<]1,
x(0)=0,  Dgx(0)=0, 3)
DY x(1) = 372 0 DY, x(E),

has a unique solution satisfying

#(0) = —o / (-5, ( / (- r)ﬂ—ly(f)df) ds
0 0

ta—y—l /1 s
+0 (1-s)* 71 <f (s—7)f! (‘L')d‘[) ds
1= et Mo AV g

ta—y—l

o m-2 a-y-1
1300 o

m-2 & s
x ;ai /0 (Si—s)”_y_l(pq< /0 (s— z)ﬁ-ly(r)dr> ds. (4)

Proof Step 1. From [36, Lemma 2.3], we know the following BVP

-Dg§.x(t) =y(t), 0<t<l1,
x(0)=0,  DYx(1) =Y "0, DY x(&)

has a unique solution satisfying
1 t 1
x(t) = ——/ (E—5)""y(s)ds
@ Jo g

1 ta—y—l

+
Fe) 13 ot 7

/1(1 —8)* 7 y(s)ds
0

1 tat—y—l

m=2 &
‘ L qa-y-1
CT(a)1- :ZIZ (xisiot—y—l ;al./o (& —5)"7"""y(s)ds. (5)

Step 2. Let u = D, x(t) and v = ¢, (). It is easy to know that u = ¢,(v). By Proposition 2.1,

the solution of the following initial value problem

—{D(’irv(t) =y(t), O<t<l,
v(0) =0,

can be written as v(¢) = —lg Ly(t), t € [0,1]. Combining with the expression of %, we know
that the solution of (3) satisfies

-DE,x(t) = (pgl(—l&y(t)), O<t<l,

6
x(0)=0, DY x(1) =" ;D x(E). ©
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As we have stated in Step 1, we can easily get the solution of BVP (6) as follows:

1 t
x(t) = o /0 (t - 5)* o, (~10,5(t)) ds

1 re-v-1 /-1(1 )a_y—l ( 113 (t))d
- IMNa)1 - 2:212 OtiE,-a_y_l o -S Pg\—Lo.) S
1 -1 m-2 &
+ a; =) g (48 y(t)) ds.

Since y(t) > 0,¢ € [0, 1], we have ¢1;1(—1§+y(t)) = —(lg+y(t))‘7’1, which implies that the so-
lution of (3) is given by (4).
The following lemma is a straightforward conclusion of Lemma 3.1. g

Lemma 3.2 Suppose that condition (H;) is satisfied. Then BVP (2) has a unique solution
satisfying

x(t) =0 /Ot(t -9 g, (/05(5 - r)ﬂ’lf(t,x(r)) d‘L’) ds

vl 1 s
+ - X(:IZIZ aiéia_y_l /0 (1-5)"""g, </0 (s — )P (7, %(x)) dr> s

oer-1

- -2 a-y-1
1= ik i’

m-2 & s
i ) M - )P (x, d )d .
X ;a A (& =3s) ¢q</0 (s— ) (v, x(r)) dr ) ds

Proof The proof is similar to Lemma 3.1, so we omit.

For any x € Q(I), we define the operator T by

(Tx)(¢) = —o /0 (t-s5)""g, </0 (s— r)ﬂ_lf(r,x(r)) d‘L’) ds
ta—y—l 1 s
+ 1 ZO;ZIZ w7 /(; (1-97""g, (/0 (s—1)"f(r,x(x)) dr) ds
oter1
-

m=2 & s
X ;aifo & —s)a—y_lwq(_/o (s — 1P (x,%(1)) dr) ds. @)

O

Remark 3.1 Lemma 3.2 indicates that the existence of solution to BVP (2) is equivalent

to the existence of the fixed point of the operator 7.

Lemma 3.3 Suppose that conditions (Hy) and (Hy) are satisfied. Then the operator T :
QU) — Q) is continuous and bounded.
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Proof Step 1. For any x € Q(I), we prove that (Tx)(¢t) € Q(/). By condition (H;), together

with the definition of operator T, we have

H (Tx)(¢) H
1+t

< H%/O (t—s)“lgoq</0 (s-r)ﬁlf(z,x(r))dr> ds

o e-v-1 1 v s )
+ ”1_'_“_2?:;2%5?),1/0 (1-9*7 1§0q</0 (s—1)? 1f(7.',x(1’))d1’> ds

o ta—y—l

T
x rgai/ji(a-s)ay1%</Os(s_,)ﬂ1f(f’x(r)) dr) s
<o /01(1 — )" g, </Os||f(t,x(f)) I dr) ds
oy 16 s 1/01¢q</OS|V(T»x(r))|I dr) ds
Vs [ o[ el
foo1 wq(/OSW(r,x(r)) I df> ds

1
§M/0 [a(s)lx]l + b(s)] ds

1 1
§M|:/(; 1 +s)a(s)ds||x||Q+/0 b(s) ds:|

< +00. (8)

This means that (7x)(t) is well defined and (7%x)(¢) € Q(I) for any x € Q(J).
Step 2. It is time to show that T is a bounded operator. For any x € B,,, from (8), we get

H 19 H < MM(2p +1). ©)

So T maps bounded sets into bounded sets in Q(I), it follows that 7 is a bounded operator.

Step 3. It remains to show that T is continuous on Q(I). Let x,,x € Q(/) with
lim,,— 400 %, — %[l — O. It is trivial to see that {x,} is a bounded subset of Q(I). As a
result, there exists a constant n > 0 such that [|x, || < 5 for all » > 1. Taking limit, we see
Ilxllg < n. Taking (H;) into consideration, we know that for any ¢ > 0, there exists N > 0
such that

A 1

|Lf(s,x,,(s)) —f(s,x(s)) H <MTiga1, Vu>N,sel. (10)
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According to (8), a routine computation gives rise to the inequality as follows:

” (Tx,) () (Tx)(2) H

1+t 1+t
< —{/ (pq(/ Hf T, x,,(r (r,x(t)) H dr) ds}
+1 0
&
<
T 1+t
<e. (11)
It follows that || =22 Tx” % llo <& Thus T': Q(I) = Q(I) is continuous. This completes
the proof of Lemma 3.3. d

Lemma 3.4 Let condition (H;) be satisfied and V' be a bounded subset of Q(I). Then %
is equicontinuous on [0,1].

Proof Infact, in the light of the boundedness of V, namely, for any x € V, there exists 77 > 0
such that |lx[|o < 7. Without loss of generality, suppose that ¢, £, € I with ; < £, by means

-1
of the monotonicity of U=""_ in ¢ for s < t and the mean value theorem. Combining with

the definition of operator 7', we have

1 (o .
o 1+t2/0 (tz—s)a—l(pq</o (S—r)ﬁ—lf(t,x(r))dt> ds
1 [n ;
1+ t /(; (1 —S)orJ@q </ (s— ‘L’)ﬂ’lf(f,x(‘[)) df) ds
o Ot y-1 B s )
' 1_2m120£€a v-1 1+t2 / (=7 1 </0 (S_T)ﬁ 1f(‘[,x(-,;))d7;> ds

Ol y-1 s
Ot 1 _ \8-1
S / (15 (/0 (s—1) f(t,x(r))dr)ds

1 S aigf”*V*I
a—y-1 m-2

2

1+16 051/ &i—s)"7"" 1§0q</ (S—T)ﬂ 1f(?.' x(r))dr)ds
Ol y-1 m -2 s

1+t f (& -5t </0 (s—r)ﬂ’lf(t,x(r))dr> ds
ljtzfol(tz—s)"‘lgoq</o (s—r)ﬁlf(t,x(r))dr> ds

"1 itz /:(tz _s)a_l‘/’q(/:(s - ) (7, %(2)) dr) ds

1 al s
-1 . /0 (t —S)a—l(Dq </0 (s— ‘t)ﬂ—lf(r,x(-c)) d7;> ds

H (Tx)(t2)  (Tx)(t1)
1+ ty 1+ 5%

<

<o
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o 7 t‘l”’1
+
1_211 lgayl 1+ 1+4

1 S
_er-1 -1
X { /0 (1-s) ¢q</0 (s—17) f(l',x('l:)) d‘c) ds
m=2 & s
+ ;%/0 (& - S)Ot—y—l(Pq (/0 (s— ‘L')f‘—lf(‘r,x(t)) dr) ds

‘ £y &y (b —t1)*

|

! o (]S(s - r)ﬁ’lf(r,x(t)) dt) ds
0
oy (/S(S - t)ﬂ_lf(t,x(r)) d‘L’) ds

<o - -
1+If2 1+t1 1+t2

o(m-2) vt t‘fyl
+
1_211 ng"yl 1+ 1+4

/0 (1—s)"‘y1¢q( / (s =) (T, %(1)) d‘[) ds
/ wq(/ I (.x(2)) ||dr>ds
o / 2%( /0 I (r.2(0)) | dr) ds

)
1+t2 1+t1

<]

o(m=-2) tayl totyl 1 s
| e = | [ e[ W) e ) as
1- 7" +1 +4h | Jo 0
- m—2
soM| 27+ >(277 +1)(t2 - 1)
< 1=

+oMQA+ 1)t - 1)

m—2

-2 a-y-1
1—221 o&; 7

= oM(l +2071 4 )(217 + 1)(ty — t1). (12)

Let

_ m—2 1o
8= |:0M<1 +2071 4 P . _1>(2ﬁ + 1)] C—
1-30 i ’ 2

It follows from (12) that

” (Tx)(t2)  (Tx)(11) (13)

1+t 1+4

For the case of t; > t,, after a tedious computation similar to the one used in the case of
1 < t,, we can also get (13). This ensures that (TV)( is equicontinuous on [0, 1]. The proof

of Lemma 3.4 is finished. O
The existence of solution to BVP (2) is as follows.

Theorem 3.1 Let conditions (H;)-(Hs) be satisfied. Then the BVP has at least one solution
belonging to Q(I).
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Proof From Remark 3.1, the main point of our argument is to show that the operator T
has a fixed point in Q({).
Step 1. Take

1 1 -1
R> / b(s)ds - [M‘l —/ (1 +s)a(s) ds] .
0 0

We first prove that TKi C K. In fact, for any x € K and ¢ € I, by (8), we have

Tx)(¢) ! :
1290 o o[ )

1 1
< M|:/O (1 + s)a(s) ds||x||p +/0 b(s) ds]

1 1 -1
< M{/ (1 + s)a(s)dsR + R|:M1 - / [(1 + s)a(s)] dsi| }
0 0

<R (14)

Thus, from Lemma 3.3, TKy C K follows.
Step 2. We show that T is a strict set contraction operator. Let D = coq(TKy), i.e., D is

the convex closure of TKy in Q(I). Clearly, D is a nonempty, bounded, convex and closed

subset of K. By Lemma 3.4, we see % is equicontinuous on I, it follows that %

equicontinuous on I. By means of the definition of D, it is trivial to see that D C Kz and

is

TKg C D. According to Lemma 3.3, we know that T': D — D is bounded and continuous.
In addition, it is apparent from (H,) that {f(s,x(s)) : x € D} is equicontinuous on I. Taking
(Hs) and Lemma 2.1 into consideration, for any ¢ € [ and U C D, we have

. ((TU)(t))
£ 1+1¢
1 s
< a[/o (1 —s)a—1<pq</0 OlE({f('L',x(t) ‘x € U)})dr) ds

1 1- a—y-1 s
+/0 ; —(Zim:;)aié'f‘_y_l wq(/o ap({f(r,%(t):x € L[)})dr) ds

n22 e [ [t s ar) a]

+ m-2 a-y-1
1= i

EM/ol(pq(/osaE({f(f,x(r) xe L[)})dr) ds

=M/01<pq</osa5({f(r, V)})dr) ds

=< Mlog(V), (15)

where V = {x(t) : T € [,x € U}. For any given ¢ > 0, we partition U as follows:

£
u=\Ju,  diam(Uy)<ep(V)+ o i=12.m
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Moreover, for any x; € Uj, there exists a partition 0 = £y < ; < -+ - < t,; = 1 such that
3
|x:s) = x:(8) | < o bselggl

Let Vij = {x(¢) : x C U, t € [tj-1,4]}. It is easy to see that Vj; is a partition of V/, that is,
V=L U Vij. Owing to the partition of V, for any x,y C Uj, t,s € [£j-1, )], we get

diam Vy; < [x(s) = y(®)||
< ||x(s) —x,'(s)” + ||xi(S) —xi(t)” + ||xi(t) - y(8) ”

P
<@ +9)llx—-xillp + s+ Q+)lx-ylp

<4diam U; + %

< 4ap(U) +¢. (16)
So, ap(V) < 4ap(U) + ¢, due to ¢ being arbitrary, we obtain
ap(V) <4dap(U). 17)

By substituting (17) into (15), we have

N ((TU)(t)
E 1+t

) < 4Mlap(U). (18)

Taking the least upper bound of 055(%) when ¢ is in the set of I, applying [11,
Lemma 2.6], we know that

ap(TU) = su?a5<(Tu)§t)>, YU c D, (19)
where
(J;Li)it) = {(ij(tt) cxel,telis ﬁxed} c D.

Take L = 4MI. From (15), (18) and (19), we get
ap(TU) < Lap(U).

Obviously, 0 < L < 1, that is, T is a strict set contraction operator from D to D. Obviously,
T is condensing too. It follows from Lemma 2.2 that T has at least one fixed point in D,
that is, BVP (2) has at least one solution in Q(/). O

Remark 3.2 If E = [0,00), as a special case of Theorem 3.1, we can obtain the following
result.

Corollary 3.1 Let (H;)-(Hs) be satisfied and f € C[[0,1] x [0, 00),[0,00)]. Then BVP (2)
has at least one solution in Q(I).

Proof Letting E = [0,00) in Theorem 3.1, we get the desired result. O
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4 lllustrative example

Let E = loo = {x = (x1,%2,...,%,...),SUp, |%,| < +00,¢ € I}. It is easy to see that E is a Ba-
nach space with the norm ||x| = sup,, |x,,|. We consider the following nonlocal fractional
differential equations BVP:

1 3 . A
xn(£) sin(®)+a/ | sin(x,.1(£)1? 11
~Dg. (¢ %(‘Dmx”)z( )= (Games * 42,,26/? 12,
%,(0) =0, o7 %,(0) =0, (20)

1 1
Dy x,(1) = ii)o‘{rx,,(z) + %i)04+xn(%).
BVP (20) can be regarded as a problem with the form of BVP (2), where

%) = (A 2),LEX), ... fltx),...),

%alt) sin(t) + v/ sin( ()2 12
16(1 + £)(1 + ?) * 42n2eVt }

fn(trx) = [

Ly 2= 0642 < 1 and

! 1 1
/o fo (s ) | d55¢3<16(1+t)(1+t2) + 423~/3).

1 _ 1
Take / = 0.02, a(t) = m + W’b( ) = yo
0.8862, by a simple computation, we have

1—
m= L) q(1+ m-1 ):9.589,
F(Ol) 1- ZZI o

1
/ [(1+)a(t)]dr=0.0693 < M,
0

Clearly, o = %, B = %, y =

. In view of F(%) ~ 1.772 and F(%) ~

1
/ b(t)dt = 0.0126 < +o00.
0

Therefore, all the conditions of Theorem 3.1 are satisfied. Consequently, we infer that (20)
has at least one solution.
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