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Abstract
In this paper, we concern with the following Schrédinger-Poisson system:

“Au+ou=~fxu), xe&,
-Ap =1, x €,
u=¢=0, x €09,

where Q is a smooth bounded domain in R3. Under more appropriate assumptions
on f, we obtain new results on the existence of nontrivial solutions and infinitely many
solutions by using the mountain pass theorem and the symmetric mountain pass
theorem, respectively. We extend and improve some recent results in the literature.
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1 Introduction and preliminaries

Consider the the following Schréodinger-Poisson system:

-Au+u=fxu), xe€Q,
-A¢ =12, xeqQ, (L.1)
u=¢=0, x €09,

where € is a smooth bounded domain in R?, and f € C(Q x R, R).
System (1.1) is related to the stationary analogue of the nonlinear parabolic Schrodinger-

Poisson system

—i% - Ay 4 @Y - WP inQ,
-Ad =y in Q, (1.2)
Y=¢=0 on 9.
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The first equation in (1.2) is called the Schrodinger equation, which describes quantum
particles interacting with the electromagnetic field generated by the motion. An interest-
ing class of Schrédinger equations is the case where the potential ¢(x) is determined by the
charge of the wave function itself, that is, when the second equation in (1.2) (Poisson equa-
tion) holds. For more details as regards the physical relevance of the Schrodinger-Poisson
system, we refer to [1-4].

Recently, Schrodinger-Poisson systems on unbounded domains or on the whole space
RN have attracted a lot of attention. Many solvability conditions on the nonlinearity have
been given to obtain the existence and multiplicity of solutions for Schrédinger-Poisson
systems in RN, we refer the readers to [4—23] and references therein.

Compared with the whole space case, there are few works concerning the Schrédinger-
Poisson system on a bounded domain; see, for instance, [20, 24—31]. Ruiz and Siciliano [26]

studied the following system:

—Au+rpu=f(x,u) inQ,
—A¢ =u?, xeqQ, (1.3)
u=¢=0, x€ R,

where A > 0 is a parameter. Using variational methods, the authors investigate the exis-
tence, nonexistence, and multiplicity of solutions when f(x, %) = |u[?~'u with p € (1,5).
Alves and Souto [29] studied system (1.3) when f has a subcritical growth. They obtained
the existence of least-energy nodal solution by means of variational methods. Siciliano [25]
studied system (1.3) with f(x, u) = |u|P~2u, p € (2,6). By means of Ljusternik-Schnirelmann
theory the author proved that problem (1.3) has at least catg(<2) + 1 solutions for p near
the critical Sobolev exponent 6, where cat denotes the Ljusternik-Schnirelmann category.
Using a new sign-changing version of the symmetric mountain pass theorem, Batkam [27]
proved the existence of infinitely many sign changing solutions for the following class of

Schrédinger-Poisson systems:

—Au+rpu=f(x,u) + A’ inQ,
-A¢ = u?, xeQ, (1.4)
u=¢=0, x €0,

where A > 0 is a parameter, and f € C(Q x R,R) satisfies the well-known Ambrosetti-

Rabinowitz condition, that is, there exists p > 4 such that
0< uF(x,u) <uf(x,u), Yu#o0, (1.5)

where F(x,u) = fou f(x,s)ds. Ba and He [28] considered system (1.1) with a general 4-
superlinear nonlinearity f. They proved the existence of ground state solution for system
(1.1) by the aid of the Nehari manifold. Moreover, they also obtained the existence of in-
finitely many solutions for system (1.1)

Before we state the main results of this paper, we first introduce the variational frame-

work of problem (1.1).
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Let H := H}(2) be the Sobolev space equipped with the inner product and norm
1
(u,v):/ Vu-Vvdx, lull = (u,u)2.
Q
We denote by | - |, the usual L-norm. Since 2 is a bounded domain, H < L”(£2) con-
tinuously for p € [1,6] and compactly for p € [1,6), and for every p € [1, 6], there exists
¥p > 0 such that

lul, < ypllull, VueH. w6

Recall that a function u € H is called a weak solution of (1.1) if

/Vqu+/¢uvdx:/f(x,u)de, Vv eH. (1.7)
Q Q Q

We have the following lemma from [1, 20].

Lemma 1.1 For each u € H, there exists a unique element ¢,, € H such that —A¢,, = u?;
moreover, ¢, has the following properties:
(1) there exists a > 0 such that ||¢,|| < a|lu||? and

/|V¢u|2dx=/¢uu2dx§a||u||4, Yu € H; (1.8)
Q Q

(2) ¢MZO:VM€H§
(3) ¢ =2, Yt >0 and u € H;
(4) if uy — win H, then ¢, — ¢, in H, and

lim / Gu,uzdx= [ ¢,u*dx. (1.9)
Q

By the lemma we have that (i, ) € H x H is a solution of (1.1) if and only if ¢ = ¢, and

u € H is a solution of the following nonlocal problem:

—Au+ ¢yu=f(x,u) inQ,
u=0 on 0%2.

We define the functional I : H — R by
1 2 1 2
Iu)== [ |Vu|*dx+ - | ¢ u“dx— | F(x,u)dx. (1.10)
2 Ja 4 Ja Q

Using (F;) and the Sobolev embedding theorem, we can prove easily that I € C'(H,R)
with

I’(u)v:/ VuVde+/¢uuvdx—/f(x,u)vdx, Yu,ve H. (1.11)
Q Q Q



Almuaalemi et al. Boundary Value Problems (2018) 2018:18 Page 4 of 12

Consider the following eigenvalue problems:

—-Au=Au in$,
(1.12)
u=0 on 082,
and
—llu||?Au = pu® in ,
[lz¢| " (L13)

u=0 on 0%2.

Denote by 0 < A1 < A5 < - - - the distinct eigenvalues of the problem (1.12). It is well known

that A; can be characterized as
Ay = inf{[|lull®:u € H, lul = 1},

and 1, is achieved by the first eigenfunction ¢; > 0.

We say that u is an eigenvalue of problem (1.13) if there is a nonzero u € H such that

||u||2/VuVde=,u/u3vdx, veH,
Q Q

and u is called an eigenvector corresponding to the eigenvalue u. Denote by 0 < 11 < up <

- all distinct eigenvalues of problem (1.13). Furthermore, ©; can be characterized as
M1 :=inf{||u||4:ueH,|u|4=1}, (1.14)

and p1 can be achieved by some function v, with ¥; >0 in Q (see [32, 33]).

Motivated by the works mentioned, in this paper, we study the existence of nontrivial
state solutions of problem (1.1) by means of the mountain pass theorem. Moreover, es-
tablish the existence of infinitely many solutions by using the symmetric mountain pass
theorem. To state the main results of this paper, we impose the following assumptions on
f and its primitive F:

(F1) There exist p € (2,6) and a positive constant C such that

[fx,u)| < C(1+ [ulP™);

(F>) limsup,_,, ZFt(f’t) < A1 uniformly in x € ;

(F3) liminfjg_ o % > pp uniformly in x € Q, where a is the constant defined in

Lemma 1.1(1);
(F4) There exist p € (0,11) and a constant L >> 1 such that

4F (x,t) <f(x, )t + p|t|’, VxeQ,|t|>L,

where § € [1,2].
(Fs5) f(x,—2) =—f(x,¢) for all (x,£) € @ x R.
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The main results of this paper are the following:

Theorem 1.2 Assume that (F1)-(Fy) hold. Then system (1.1) has at least one nontrivial
solution.

Theorem 1.3 Assume that (F1)-(Fs) hold. Then, system (1.1) possesses an unbounded se-
quence of nontrivial solutions {(u, ¢x)} € H x H such that

1 1
—/ IVuklzdx+—/d)ku,z(dx—/l-"(x,uk)dx—) +00
2 Ja 4 Jao Q

as k — oo.

Remark 1.4
(1) In this paper, we do not need the well-known Ambrosetti-Rabinowitz condition
(1.5), which plays a very important role in proving the boundedness of the
Palais-Smale sequence. Moreover, it is easy to prove that (AR) condition implies that

. Flx,2)
lim =+
t—00 t4

Therefore, Theorem 1.3 extends and sharply improves Theorem 1.1 in [27].
(2) Our assumptions (F,)-(F3) are weaker than the following assumptions:

(F}) limyg f(i’t) = 0 uniformly in x € €;

(F3) limp oo % = +00 uniformly in x € Q.

On the other hand, noting that the variant Nehari monotonicity condition,
(VNCQC) f‘(j‘;‘) is nondecreasing on (00, 0) U (0, +00),
implies that

4F(x,u) <f(x,u)u, YueR.
Then, assumption (F,) it is also weaker than (VNC). Consequently, our results

generalize and improve the results of Ba and He [28].
(3) Asa function f satisfying (F;)-(Fs), set

a )\1
F(x,5) = —pos* + —s%, seR.
(%,5) 4M2 4

Then by a simple computation we obtain
A
fx,8) = ajos® + ?ls.
So, it is easy to check that f satisfies (F1), (F2), (F3), and (Fs). Furthermore, we have
Al o
S uyu—AF (0, u) = ——u,

which implies that f satisfies (Fy). On the other hand, for u >4 and u > 1, we have

A
flx, u)u — uF(x,u) = —(% - 1>au2u4— é(% - 1)142 — —00 asu—> oQ.
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Hence f does not satisfy (AR) condition. Moreover, it is clear that f does not satisfy
(F3)-(F3).

This paper is organized as follows. Using the mountain pass theorem, we prove The-
orem 1.2 in Section 2. In Section 3, by using the symmetric mountain pass theorem we
prove Theorem 1.3.

2 Proof of Theorem 1.2
First, we introduce the mountain pass theorem, which is the main tool to prove Theo-

rem 1.2,

Definition 2.1 The functional I satisfies the Palais-Smale condition at level ¢ € R, denoted
by (PS),, if every sequence {u,} C H such that

I(uy) > c and I'(u,)—0 (2.1)
as 1 — +00 possesses a strongly convergent subsequence.
Proposition 2.2 ([34], mountain pass theorem) Let E be a real Banach space, and let
I € CY(E, R) with I(0) = 0 satisfying the (PS) condition. Suppose that
(I1) there exist two constants r,o > 0 such that I|yp, > .

(I,) there exists e € E\ B, such that I(e) <O0.
Then I possesses a critical value ¢ > o, which can be characterized as

= inf I(y (), 2.2
c= inf max (r@) (2.2)

where ' ={y € C([0,1],E): ¥(0) =0,y (1) =e}.
Lemma 2.3 Under assumptions (F1) and (Fy), I satisfies the (PS) condition.
Proof Let u,, C H be such that
I(u,) —>c and I'(u,) — 0 asn— oco. (2.3)
We claim that u,, is bounded in H. Otherwise, we can assume that ||u, || — oo. For large

n, set 2, ={x € Q:|u,(x)| > L} and H(x,u,) = f(x,u,)u, — 4F (x, u,). Then, for large #, it
follows from (2.3) and (F;) that there exists a constant C; > 0 such that

1
L+c+ llull = 1(u,) - Ell(un)un

1 1
=—||un||2+—/H(x,un)dx
4 Ja

4

1 1 1
= —llual®*+ = | Hx,u,)dx+ = H(x,u,) dx

4 4 Qn 4 Q\Q,

1 p 8
zanunnz—zfgnm(xn dx- Gy
>3||un||2—3f @) dx - Cy
=4 4o
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1 s P 2
> — - — —
= gl = g5l = G

which is a contradiction since p € (0,A;). Therefore {u,} is bounded in H. Since {u,} is

bounded in Hm we may assume that there exists # € H such that

u, —~u inH,
u, —>u inl?(Q),pell,6), (2.4)

u,(x) > u fora.e xecQ.

Hence, by (F;) we know that there is C; > 0 such that

/Qf(x,un)(u-un)dxg </Q[f(x,un)|% dx)T(/Qlu—unlpdx>p

p-1

7
< ZC[/ (1nl? + 1)dx] |1t =t
Q

<Cilu—uyl,—0, asn— oo. (2.5)
On the other hand, by Lemma 1.1, (2.7), and the Holder inequality we have

/qsunun(un—u)dxs/ (b 2626 — 0]
Q Q

< |@u,l6lttnlslee, — ul>
=< Yell®u, lv3lleenll 1261 — ul2

< Cllug|1® [t — s — 0 (2.6)
as 1 — 00. Therefore it follows from (2.1), (2.7), (2.8), and (2.9) that
it = () + /Q Bttt — 1) dx — /Q o)t~ 10,)
=I'(u,)(uy —u) = 0 asn— oo,
which implies that
lotnll = lluell  as n— oo.

Hence, u, — u in H due to the uniform convexity of H. Consequently, {«,} has a con-
vergent subsequence in H, and then I satisfies the (PS) condition. The proof is com-
pleted. O

Lemma 2.4 Suppose that (F1), (F,), and (F3) hold. Then the functional I satisfies conditions
(I1)-(I) in Proposition 2.2.



Almuaalemi et al. Boundary Value Problems (2018) 2018:18 Page 8 of 12

Proof We first claim that there exist 7, > 0 such that /(z) > « for all u € H with |lu| =r.
Indeed, for small € > 0, by (Fy)-(F,) there exists a constant C, > 0 such that

1
F(x,u) < 5()»1 —&)u? + CylulP. (2.7)

Therefore (1.6) and (2.7) imply that

1 1 1
I(u) > —||u||2+—f¢uu2dx——(x1—e)/ |u|2dx—czf |ul? dx
2 4 2 o o

1 )\1—8 2
25(1— . )nun - Coyflulp. (28)

Since 2 < p < 6, we can choose small r > 0 such that

)\1—8
Al

1
I(M)ZE(I— —Cz)/lfr”_2)r2 =a>0

whenever u € H with |u|| = r.
Next, we prove that there exists e € H with ||e| > r such that I(e) < 0. Indeed, for small
€ > 0, by the definition of u; we can choose v € H, |v|4 = 1, satisfying
4 &
Ivil® < p1 + 7" (2.9)
It follows from (F;) and (F3) that there exists a constant M > 0 such that

Flx,t) > Z(’“ + o)t — M. (2.10)

Hence, combining (2.9) and (2.10) with Lemma 1.1(1), we get

1 1
Itv) = =22 ||v||* + —t4/ ¢Vv2dx—/ F(x,tv)dx
2 4 Jq Q

Lo . @a a @ 4
<=t + =t -— +e)t™ + M|Q2
=3 IvI| 2 vl 4(M1 ) 1Y
Lo @y € a 4
< =t|v|I” + =& + =)= —(u1 + &)t + M|Q2
<3 vl 2l \mt g 4(/1«1 ) €2

a 1
< ——et*+ =£2|v|* + M|,
8 2
which implies that
I(tv) > —00  as |t] — oc.

Hence we conclude that there exists a sufficiently large t* > 0 such that t*v > p and I(t*v) <
0. The conclusion follows by taking e = t*v. O

Proof of Theorem 1.2 Under the conditions of Theorem 1.2, we have that I € C1(E, R) with
I(0) = 0 and [ satisfies the (PS) condition due to Lemma 2.3. Moreover, by Lemma 2.4, [
satisfies conditions (I1)-(I) in Proposition 2.2. Then [ has at least one critical point u € H
such that I(#) > «. Thus system (1.1) has at least one nontrivial solution. O
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3 Proof of Theorem 1.3
In this section, we prove Theorem 1.3 by using the following symmetric mountain pass
theorem.

Proposition 3.1 ([35]) Let E be an infinite-dimensional Banach space, and let I € C'(E,R)
be even and satisfy the (PS) condition and 1(0) = 0. Let X = Y & Z, where Y is finite-
dimensional, and I satisfies
(H1) there exist two constants r,a > 0 such that I)yp,nz > o;
(Hy) for each finite-dimensional subspace E C E, there exists R = R(E) >0 such thatI <0
onE \ Bg.
Then I possesses an unbounded sequence of critical values.

Let {e;} be an orthonormal basis of H and define X; = Re;,

k 00
Y = @Xi, Zp = @Xi, keZ. (3.1)
i=1 i=k

Lemma 3.2 Assume that (F,) and (F>) hold. Then, there exist constants r,a >0 and m € N
such that I\yp,nz,, > .

Proof Set

Bkp) = sup |ul,, VkeN,1<p<é6. (3.2)
ueZp, ull=1

Since H is compactly embedded into L?(2) for 1 < p < 6, we know from [34, Lemma 3.8]
that

Bk(p) > 0 ask— oo. (3.3)

Combining (1.10) and (2.7) with (3.2) we have
Lo
1(u) = EIIMII + — | ¢ur? dr-t ?»1 —¢€) IMI dx - C, |u|1’dx
1
z3 lael® - E(M - &) B2 ull* - CoBy D) | ull?. (3.4)
It follows from (3.3) that there exist a large positive integer m € N such that

ﬂf(2)§ﬁ and f(p)<—, Yk > m.
|-

Then, we conclude from (3.4) that

Iw) = ~ (lull® = lul?).

1
4
Hence, since p > 2, there exist r € (0, 1) such that

Iw)>=r*(1-r2)=a>0, VYueZ,|ul=r.

NS,

The proof is completed. d
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Lemma 3.3 Assume that (F1), (F,), and (Fs) hold. Then, for any finite-dimensional sub-
space H C H, there exists R = R(H) > 0 such that

() <0, VueH\Bg.

Proof Let H C H be a finite-dimensional subspace. By the equivalence of norms in finite-
dimensional spaces, there exists a constant b, > 0 such that

lul, > byllul, YueH,pe[2,6). (3.5)

Therefore, combining (1.10), (2.10), (3.5), and Lemma 1.1(1), we have

1 1
f(u)=—||M||2+—/¢>uu2dx—/1-"(x,u)dx
2 4 Jo Q

=

a a
el + % el - £ +e)/ ul* dx + M2
Q

=

N= N

a
lall® + 3 (1= b = e}) ul* + MIQ1.

Choosing ¢ = é, it follows from the last inequality that

1 a ~
I(u) < Enun2 - Zmbinun‘* +M|Q|, YueH.

Hence there exists R = R(H) > 0 large enough such that 7|z 5, < 0. This completes the
proof. O

Proof of Theorem 1.3 Clearly, I € C'(E,R), I(0) = 0, and [ is even by (F5). Lemma 2.3 im-
plies that [ satisfies the (PS) condition. On the other hand, Lemmas 3.2 and 3.3 imply that
I satisfies conditions (H;)-(H>) of Proposition 3.1. Hence I has a sequence of nontrivial
critical points {(ux, ¢x)} C H x H such that

1 1
lim 1(ug) = —/ |V |? dx + —/ d)ukuidx—/ F(x, ug) dx = +00.
ko0 2 Ja 4 Ja Q
Thus problem (1.1) possesses infinitely many nontrivial solutions. O

4 Conclusions

In this paper, we have established two results on the existence of nontrivial solutions and
infinitely many solutions. Moreover, compared with the existing results on this problem,
we have introduced somewhat weaker assumptions on the nonlinearity f. Therefore, our

results extend and improve some recent results in the literature.
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