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1 Introduction

We consider a nonlinear Schrodinger equation (NLS) with Dirac distribution defect [1-4]
, 1 2 .
iu, + Eum+q6au +g(lul’)u=0 inRxR,, (1)

where @ C R, u = u(x, t) is the unknown solution maps £ x R, into C, §, is the Dirac
distribution at the point a € €, namely, (§,,v) = v(a) for v € H!(R), and g € R represents
its intensity parameter. Such distribution is introduced in order to model physically the
defect at the point x = a (see [3—6]). The function g represents a generalization of the
classical nonlinear Schrodinger equation (see for example [7-9]).

This specific model (1) is of recent research from a physical point of view in nonlinear
optics plasma physics, water wave, quantum mechanics, hydrodynamics; see for exam-
ple [10-15].

In nonlinear optics, equation (1) models a soliton propagating in a medium with a point
defect [4, 16] or a wide soliton with a much narrower one in a bimodal fiber [17]. In the
case when a = 0 and g(s) = s, this model coincides with the Gross—Pitaevskii equation; see,
for instance [1, 2, 4, 18, 19] and the references therein. See also [6, 20, 21] for some recent
results dealing with NLS models.

The well-posedness of the solutions of the NLS equation (1) has been studied in the
literature. In the case when ¢ = 0 and = R, the global existence in H!(R) and in L?(R)
were proved in [22—24]. For bounded 2 C R and with the standard boundary conditions
(Dirichlet, Neumann and periodic), NLS equation (1) possesses a unique global solution
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in H!(2), as was proved in [7]. In the last case g # 0 and g(s) = s, in [4] the well-posedness
in H'(R) of the solution of NLS equation (1) was proved.

The aim of this paper is to investigate the NLS equation (1) with Dirac interaction defect
(g #0) in the case of a half-line in R. We consider for example £ = ]-00,0[ (the same
calculations remain true for a positive half-line choice of €2). The equation is endowed
with a non-standard boundary condition at the point 0 in order to avoid the perturbations
of the solutions caused by the boundary {0}. The condition is actually necessary to achieve
numerical solutions of the equation, as was demonstrated in [25—27]. The initial data is
then supposed of a compact support in £. Our main results that have been proved entail
that the NLS equation (1) has a unique solution in H*(). The demonstration is based
on the Galerkin method. The continuous dependence of the solutions with regard to the
initial data is also looked into.

The remainder of this paper is organized as follows. In Section 2, we provide some prob-
lem formulation and necessary technical results. In Section 3, we demonstrate the global
well-posedness of the NLS equation in H!(). A few concluding remarks are given in Sec-

tion 4.

2 Problem formulation and preliminaries

We discuss the nonlinear Schrédinger equation (NLS)
, 1 2 .
zut+§um+q8au +g(lul*)u=0 in@xR,, 2)

where 2 =]-00,0[, a < 0 and §, is a Dirac interaction defect at point a. The smooth func-
tional g € C1([0, +oo[, R) verifies the following conditions: There exist constants C > 0,
o1 >0,y >0and 6 € [0,2] such that

g(r) <11 +7%) forr>0,
G(r)= [;g(s)ds and |G(r)| <aar(1+1”) forr=>0, 3)
lg'(n|<C forr=>0.

We associate with equation (2) a non-standard boundary condition at the point x = 0,
3,14(0, £) + /2677 14V O 112 (e‘iV(o’t)u(O, ) =0 forteR,, (4)

where the operator 9, is the normal derivative, the phase function V defined by V(x,¢) =

fot g(lu(x,s)|*) ds and operator 3}/* represent a i order Riemann-Liouville fractional

derivative defined by
1 £ oh(s)
32 (h(t =—a( d). 5
0 (1) 7\ Vi ” ®

This result (4) is obtained by [25-27] with an initial data that has compact support in €2,
it represents an artificial boundary condition on x = 0 to the NLS equation (2) with g = 0.
This condition is added in order to avoid the perturbation effect on the solutions resulting
from the reflection at the limit point {0}.
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We consider o € H'(R) to be an initial data, such that its support is compact in
(see [25-27])

u(x,0) = up(x) forx e . (6)
Next, using the method applied in [28], we obtain our first technical result.

Lemma 1 Counsider the initial value problem in C™

H'(t) = Ma}2H(¢) + P(H(¢)),
H(O) = HO:

@)

where M is a square matrix of order m, P represents a polynomial function of C", Hy € C™”
is a constant vector. Then the problem (7) has a unique local solution H € L>(0, T; C™).

Proof We integrate (7) between 0 and ¢, to get

H(t)
t—

1 t t
H(t)=Ho + ﬁM /0 Ji—s dt - M[I}*H()],_, + /0 P(H(s))ds, (8)

where I!"? represents the Riemann-Liouville fractional integral operator of % order de-
fined by

" h
UW“W=§#AAA?;“

Since H € L>(0, T;C™) we have [I}>H(¢)];-o = 0. Then equation (8) becomes

H(t) = Hy + %M/Ot \]/{%dr + OtP(H(s)) ds. )

We show that there exists a unique function H verifying equation (9) by applying the Ba-
nach fixed-point theorem. Let T > 0, we denote

Xr=L1L%(0,7,C") and [H|x; = sup |H(®)|,,
te(0,T]

where || - |2 is the Euclidean norm in C”. We are looking for a fixed point of the functional

1 t H(r) t
(H(t)) = Ho + ﬁM /0 mdr + /0 P(H(s)) ds. (10)

® sends the closed ball Bx,(0,R) into itself. Let R = 2||Hyll> and let H € X7 such that
lH |lx; <R. Using (9), there exists a constant C;(R) > 0 such that

2
|®H)|, < IHoll> + ﬁ||M||2ﬁR+ GRT

<§+(NMMJT+QWH>R
— 2 ﬁ R )



Abounoubh et al. Boundary Value Problems (2018) 2018:16 Page 4 of 18

where [M]ly = sup;y,-; [MY2. If you choose T such that (ZHMHZ‘F Cl(R

that the functional ® sends the closed ball By, (0, R) into itself.
® is a contraction mapping in Bx,.(0,R). Let H,L € BXT (0,R) such that ||H||x, <R and
ILllx, <R.Lett< T where T satisfies (ZHMHZf Cl )Ty < 1 . We have

)<= we see

M|VT
NG

||d>(H)—<I>(L)||2_ |H - Lllx, + /|P (s)) = P(L(s))]| ds.

Since P is a polynomial function and By, (0, R) is bounded, P has Lipschitz continuity in
Bx,(0,R). This shows that there exists a constant Cy(R) > 0 such that

2IMv/T
T

3 <2||M||2ﬁ

AN

|®(H) - (L), < IlH = Lllx; + Co(R)T I H = Ll x;

+ Cz(R)T) I1H = Ll xy-

By choosing C(R) = min(2%&), C,(R)), there exists T > 0 such that (W + %) <3

and (w +C(R)T) < % < 1. This shows that the functional ® is a contraction mapping
in Bx,(0,R). By applying the Banach fixed-point theorem, there exists a unique function
H verifying equation (9). O

The following lemma was proved in [9, 29].

Lemma 2 Let ¢ € HY*(0,T) and v € H¥*(0, T), such that 1 (0) = 0, be two functions ex-
tended by zero outside [0, T]. Then we have the following inequalities:

(i) Re(ei’”“ / Ea}”qsdt) > 0;
0

(ii) Re(e"’”‘L / [ dt) > 0.
0

Remark 1 Let ¢ € HY4(¢,,t,) be a function extended by zero outside [t;,£,]; we have

Re(e””‘L / $3}%¢ dt) > 0.
1

We state that the following lemma proved in [9].
Lemma 3 Let the complex function w € H (R) be defined in R = |-00,0[. Then we have
WO)|” = 21wl Wl
We introduce our technical result.

Lemma 4 Let @ = ]—00,0[, we assume that the sequence (), of HY(R) is such that
1Al gy < Cand Ay — Oin L*(R) when m —> +00. Then A,,(0) — 0 when m —> +00.
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Proof Since A,, € HY(R), by using Lemma 3, we have

2
2O = 20l 20 1Al 20

<2C|Amll2(e)-
Hence the result. O
Finally, we state the last lemma, which has been proved in [30].

Lemma 5 Let K]0, T[ be an open bounded subset of R, x Ry, g, and g are functions in
L1(Kx]0,T[), 1 < gq < o0, such that

lg.lliaxxjory <C and g,—> g a.einKx]0,TI.
Then g, — g in the weak topology of L1(K %10, T'[).

3 Well-posedness of NLS equation

In this section, we are able to announce and prove our main result.

Theorem 1 Let ug € HY(R) be an initial data with compact support in Q. Then there exists
a unique function u € C°([0, +oo[; H () NCL([0, +oo[; [H} (R)]') solution to the NLS equa-
tion (2)—(4)—(6), where CX(L; E) represents the space of k times continuously differentiable
functions on 1 in E, [H (R)]' is the dual of H'(R).

Remark 2 If u is a solution of the NLS equation (2)—(4)—(6), then u : (x,t) —> u(—x, t) is
also a solution of the following NLS equation:

it + Sty + g8t + gl =0 in @ xR,
3,i(0, 1) + /2e7 14 VON12(~VON (0, 1)) =0, teR,, (11)

u(x,0) = up(—x), x€,

where € =10, +oo[ and V(x,£) = f(fg(|it(x,s)|2)ds.

The remainder of this section contains the proof of Theorem 1.
For the sake of simplicity, we make a change of the unknown solution to the nonlinear
equation (2)-(4)—(6),

v(x, £) = exp(—iV(0, 2)) u(x, t). (12)
Therefore, the NLS equation (2)—(4)—(6) is rewritten in the form

iV + v + g8y + (g(v(x, 1)1?) - g(Iv(0,)[))v=0 in R xR,,
3,v(0,2) + ~/2e7T4312(1(0,£)) =0, teR,, (13)

v(x,0) = up(x), xe€Q.

Remark 3 From (12), we have the following properties:
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(@) vlx, O = lulx, 1),
(i) u(x,t) = exp(i f, g(1(0,5)[?) ds)v(x, 1),
(i) V()| m(e) = l|(t) | m(ey) for all m > 0.

We use the Galerkin method to show that there exists a solution v € C°([0, +oo[; H()) N
C([0, +oo[; [H'(R)]') of the NLS equation (13). This method is divided into three steps
as shown below. Also, we prove the uniqueness of this solution in the last subsec-
tion. As a result, by Remark 3 there exists a unique function u € C°([0, +oo[; H}(£2)) N
CL([0, +oo[; [H'(R2)]"), a solution of (2)—(4)—(6).

3.1 First step: approximate problem
Let (¢x)x be an orthonormal basis of functions in H'(R). For m > 1, we set H,, =
Span(¢s, ..., ¢,) and we define the orthogonal projection operator P, by

P, HY Q) — H,,

. (14)
vie Py, (v) = Z(V’ (pk>H1(Q)(pk:
k=1

where (-, -)1(q) is the scalar product in H!(R). For m > 1, we shall approximate v in (13)
by

V() = Y Mt (15)
k=1

which satisfies, for all k € {1,2,...,m},

d -
(Vi 1) 12(20,12(2) — 3 Vi P 12021220

—ir /4 —_—
— 2T 12(1,,(0, )9k (0) + 4(SaVos 08 1 @ ()

(16)
+ (@i PV 01 12021, 12(0) — £V (0, )12 (Vi 01) 1202 1202) = 05
Vm(o) = Pm(u0)~
We get the system
2 —im /4
iAH (£) - ‘/—eTBa}’ZHm(t) = E(Hu(2), (17)

where F is a polynomial function, A and B are square matrices of order 7 defined by

A = (9 o) 200,22 . B= (‘/’j(O)M)k

J J

and

hlm(t)

My (£)
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such that at £ = 0 the components of H,,(0) are
N, (0) = kth element of ,,,9. (18)

The matrix A is Hermitian and positive-definite, then it is invertible. Therefore

ﬁeinﬂl

H () + TA’lBatl/sz(t) = —iAT'F(Hu(2)). (19)
We set
2 i /4
M= Y2 g

and
P(H,u(t)) = —iA™'F(H,(2)).
The system (19) becomes

H;,,(t) = Matqum(t) + P(Hm(t));
Hm(o) = HmO;

(20)

where P is a polynomial function of C”. By using Lemma 1, we see that the system (20) has
a unique local solution. Then we obtain a unique function H,, = (h1,, ..., M) in [0, T},],
a solution of (17) with the initial condition (18). As a result, the approximate problem (16)
has a unique solution v,, such that v,, : [0, T},,] — H,,. The existence of a maximal solution
Vi (defined on [0, Thax[) is obtained by iterating m1, where Tp,y is the maximum time of
the existence such that v, : [0, Tax[— Hu. Then we have Tpax < +00 and lime, 1, [Vin| =

+00, Or Thax = +00.

3.2 Second step: a priori estimates

3.2.1 Estimate in L*(R)

We multiply (13) by —iv and we integrate in space domain . We then integrate by parts
the second term and consider the real part, to get

d -
—Ivo 720 = Re(i(0,0,7(0,1)). (21)

We integrate this equality between 0 and ¢ with ¢ € [0, +oo], to get
2 ! ——
40O 0, o1y = [ Re(0.70,0(0,9)) s
0

By using the boundary condition for (13) and Lemma 2, we show that fot Re(iv(0,s)d,v(0,
s))ds < 0. Hence

Fort>0, [[v(t)|}aq < ol
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This gives the a priori estimate in L2(£2)

sup sup va(t HLz < lluoll2(e) = Ko (22)

m  te[0,+o00[

3.2.2 Estimate in H ()
We multiply the first equality of (13) by v; and we integrate in 2. By considering the real
part, we obtain

%\D(V(t)) = 2 Re(v:(0,£)8,1(0, £)) — 2g(| (0, t)|2)% [ (23)
where

W (1)) = 1Vel2a ) — 2q|v(a,8)]” —2/9 G(|v?) dx, (24)
with G is defined by (3).

From the following, we set that K can be any positive constant depending only on ¢, «;,
o, 6 and [(0
We have

d
—~g([v(0, t)!) V2| = 8([v0. ) | 2 (MOIVIZ ), (25)

where A(¢) = 51gn( IV11%,,,)- By using (3), (25) and equality (23), we obtain

L2(Q)

d d
d—\IJ(v(t)) < 2Re(v:(0,£)3,1(0, 1)) + 21 (1 + [v(0, )| ) (A(t)llvlle @)

Therefore

d -
E(\lx(v(t)) - 2a1x(t)||v||§2m)) <2Re(v(0,£)3,v(0, 1))

+ 2011 | ¥(0, t)| ()\(t)”V”Lz ) (26)

We use Lemma 3 and (22), to get

d
7 (W (10) =220 V] F2(qy)

< 2Re(ve(0,8,1(0,0)) + K |va(6) 12 g 7, (%

- d
<2Re(v(0,6)3,v(0,1)) + K sup (||vx(s)||i2(m)E(Mt)nvnizm)),

5€[0, Tmax

where Tax > 0 is the maximum time of existence of (v,,),,, which gives

d

< 2Re(v(0,£)3,(0,1)). (27)
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Integrating the equality (27) between 0 and ¢, we get
W () =202y = K 5P (1) 22O O
se(0,T

< W(uo) + 200 o 122y + Kol 2oy sup ([v(9)]12()

s€[0, Tmax

t
- 2V2Re <e‘i”/4 / v4(0, t)a}”v(o, t)).
0
Using Lemma 2, we obtain

\Il(v(t)) <W(ug) +K+K sup (Hvx(s)niz(m).

5€[0, Tmax

Using equation (24) of W(v(t)), we have

[vs@) 2y <K sup ([vx(9)] 120 + 2al@, 0]

>4 max

+2/ G(|v|2)dx+\l1(u0)+l<. (28)
Q
We will majorize the second member of (28).
By using the Young inequality, we get
0 1 2
K sup  (||vx(s) ||L2(Q)) < sup [va(s) ||L2(Q) +K. (29)

s€[0, Tmax $€[0, Tmax

We apply the Agmon and Young inequalities using (22), and we have

2 1
2q|v(a,t)|” < 21ql vl 2o lvell2) < 21q1Kollvell 20 < 2 IIVxlliz(Q) +K. (30)

By considering (3) and by using the Gagliardo—Nirenberg and the Young inequalities, we
have

0+1)

2/ G(‘v(x, t)’z) dx <2y ||v(t)HL2(Q) + 20[2/ ’v(x, t)‘z( dx
Q Q

246

< 200K + 20C [ () [ 31y [ v50) [ 120

<K+ K|v(0)|} @
1
< w0 o0 + K- (31)

Then, by using (28), (29), (30) and (31), we obtain

1 1
SO g =7 s O + K+ Vo).

$€[0,Tmax

By taking the supremum on the left side of this inequality, we obtain

sup ||vx(t) ||i2(9) <K + 4V (ug).
t€[0, Tmax[
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Then Tpax = +00 and the sequence (v,,),, remains bounded in C, ([0, +o0o[; H!(R)). Hence,
there exists K; > 0, which is dependent on the equation data, such that

sup sup ||vm(t ”HI(Q <Kj. (32)

m  te[0,+00

We now specify the space where (v/,),, remains bounded. By (16), we see that

1
i, =P, <_§mex ~ 48V — &(1Vm|*) Vi + &(|Vin (0, t)lz)vm),

where P}, is the operator of [H!(R)]' in H,, defined by Vi € [H'(®)], Yo € H (),
(P, o)y i@y = (1 Pm®) @)y mi - We see that Pj, is a bounded operator on
[HY(R)]'. The operator 92 : H () — [H'(R)]' is continuous, then (P (Vyux))m is a
bounded sequence in [H}(R)]. On the other hand, the sequence (§,v,.),, remains
bounded in [H% ()]’ and the sequences P, (g(|v,u|*)Vin)m and P, (g(|v, (0, £)[*)Vy),m remain
bounded in H'(£2). Hence, we see that (v,,),, remains bounded in C,([0, +oo[; [H}(R)]).

3.2.3 Estimate of xv(t) in L?(R)
In order to pass to the limit in the nonlinear term, we require the inclusion of the ap-
proximated solution v, in HY(2) N L2(; (1 + x2) dx). The reason behind this necessity
is the well-known compact injection: H!(2) N L2(; (1 + x?) dx) in L?(R). We have al-
ready proved the estimate of v,, in H'() and so this section shows the estimate of v,, in
L2(2; (1 + x2) dx).

We multiply (13) by —ix?v and we integrate in Q. By using integration by parts and by
considering the real part, we get

VT ||xv(t)||L2 = —% Re[ixzvx(x, t)v(x, t)]?oo - Re(i/ngxidx).

Since v € HY(R) we have 1 Re[zx ve(x, E)v(x, ) £)]°,, = 0. Then, by using the Cauchy-
Schwarz inequality and (32), we have

d 2 . _
o ”xv(t) ||L2(Q) = —2Re<z/ﬂxvxvdx)

= 2” ve(t) HLZ(Q) ||xv(t) ||L2(Q)

< 2K [|lxv(®)] 12
By applying the Young inequality, we get
d 2 2
o P A )
with € > 0. By applying the Gronwall lemma, for all T € ]0, +oo[ we have
eT K T
vVt e [0,T] ||xv(t)||L2 ||xu0||L2 + :(e - 1).

Since uy is with compact support in , we have ||xug ||i2(9) <K.
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Hence, there exists a constant K(7T) > 0 such that
Vee(0,T] [av(t)| o < K(T).
This gives the sequence
(Vin)m remains bounded in C, ([0, T]; H'(2) N L*(£; (1 + &%) dx)). (33)

3.3 Third step: passing to the limit
Since the sequence (v,,),, remains bounded in C,([0, +oo[; H (R)), for VT > 0, (v,,.), is
bounded in L>(0, T; H!(R)). By the Banach—Alaoglu theorem, we deduce that (v,,),, ad-

mits a subsequence still denoted (v,,),, such that
v — v weakly » in L™(0, T; H (). (34)

By using (33) and since the embedding H! () N L%(£; (1 + %) dx) — L%(R) is compact, we

have
Vte[0,T] vu(t) — v(t) strongly in L*(R). (35)

On the other hand, the sequence (‘%")m is bounded in L*°(0, T; [H'(2)]"). Then it admits
a subsequence which converges weakly x to # € L>(0, T; [H'(R)]). We have & = %. In-
deed, we have d;_zm — hin D'((0, T) x ). Otherwise, using (34) we obtain d;—;” — % in
D'((0, T) x €2). By the uniqueness of the limit in D’((0, T) x ), we obtain 4 = %. This

implies that

de dv . o0 !
— weakly * in L®(0, T; [H'(2)] ). 0

Now, we consider w € D([0, T]) such that w(T) = 0. We pass to the limit in each term in

the equation

T
/ <iv2n + %mex + g8V + [g(1vm*) = g(|Vm (0, t)|2)]vm,a)(t)gok>dt =0, (37)
0

where (', ) = <', ')[Hl(Q)]’,Hl(Q)'
Passing to the limit for the term I, = fOT(iV’m,w(t)wk)[m(m]/ﬂl(g) dt: By integration by

parts with respect to time, we get

T
Im = —<iVm(0), w(o)‘Pk)Lz(Q)’Lz(Q) - / <iVm,w/(t)QDk)Hl(Q)’[Hl(Q)]/ dt
0

By using (34), we obtain

T
lim Im = _<iu0’w(0)§0k>L2(Q),L2(Q) _‘/0 (iV) a)/(t)wk)Hl(Q)y[Hl(Q)]/ dt. (38)

m—>+00
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Passing to the limit for the term J,,, = fOT(mex, o(O)er) @y, () dt: Applying the Green
formula, we have

T T
J = / B, (0, D POV (t) it — / Vs (012 21
0 0

By using (34) we have

T
lim (me) a)(t)gokx)LZ(Q),LZ(Q) dt

m—+00 |,
T
:/ <Vx:w(t)(pkx>L2(Q),L2(Q) dt.
0

It remains to demonstrate

T
lim 0,V (0, ) (0)w(2) dt

m—+00 0

T
= f 3,v(0, )i (0)ew () dit. (39)
0

Indeed,

T
/0 3 (vin(0,8) = v(0,)) i () (£) dit

T
= —/2e7 749 (0) / 3" (vin(0,) = v(0,))w(t) dt
0

V2e g 0) [T " 1,,(0,5) — v(0,5)

V2 0) [T " v,u(0,58) = v(0,s)
_T/o w(t)(/o st)dt.

ds)w(t) dt

By using (35) and by applying Lemma 4, we then obtain (39). This gives

T T
tim o= [ 00000006t~ [ (o000,
0 0

m—+00

T
= [ e o0y oy (40)
0

Passing to the limit for the term L,, = fOT(g(|Vm|2)Vm,a)(t)(pk)[m(g)]/ﬁl(m dt: By us-
ing (34), (35) and (36), we have v, —> v strongly in C°([0, T]; L%(£)). Let K be a compact of
Q, since v,,,g(|v,n|?) belongs to a bounded set of L°(0, T, L?(K)) we extract a subsequence
of (V;)m (noted again (v,,),,) such that v,,g(|v,,|>) — w weakly  in L*°(0, T, L*(K)). By
using Lemma 5, we have g(|v,,|*)v,, —> g(|v|?)v strongly in C°([0, T]; L2()). Hence

T
lim Lm:/ (g(|"|2)"’w(t)‘/’k>[H1(9)]’,H1(n) at. (41)
0

m—>+00
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Passing to the limit for the term K, = fOTg(|vm(0, 1) Vi 0(O)01) (111 ) 11 (o) dE: We
have

T
| 1nt0,0 = (400, 00001} gy
T
:/0 [g(|vm(0’t)|2)_g(|v(0’t)|2)]<vm’a)(t)(pk>[H1(Q)]’,H1(Q)dt
r 2
+/0 (vim = v,g(|v(0,2)] )w(t)wk)[Hl(Q)],,Hl(Q) dt.

Since g is continuous and by using Lemma 4, we have
. 2 2
Jim g([vin(0,6)]7) =g(|v(0,8)[")-

By using the fact that (v,,),, is bounded in C,([0, T]; H}(R)), we get

T
lim HEU t)‘z) -¢(|v0.9) ’2)]<V”"w(t)(pk>[H1(Q)]’,H1(Q) dt = 0.

m—+00 0

Using the weak convergence x of (v,,,),, to v in L=(0, T; H}(R)) and g(|v(0, -)|?) € L*(0, T),

we obtain

T
lim (vin —v,g(|v(0,2) |2)“’(t)‘/’k>[1{1(9)1/,111 @ dt=0.

m—>+00 0

This gives

T
lim K, = /0 (g([v(0,)]*) v, (i1 oy 1y (42)

m—+00

Passing to the limit for the term D,, = fOT(S,lvm,w(t)gok)[mm)]/,m(m dt: For all € > 0, we
have §, € [H%”(Q)]’. Then the sequence (8,V,,(t)),, is bounded in [H%“’?(Q)]/; in particular
in [H%(SZ)]/. Indeed,

= sup _1|vm(a)<p(a)|

184Vl
(H llol
H

3
i@y )
1(Q)

=vw@] sup  |o(a)|

llell 3 =1
HE(Q)

= |Vm(ﬂ)|”8u”[H%(Q)],~

By using Agmon’s inequality, we have

1/2 1/2

IISanII[H%(Q)], < |I5aII[H v Vil 2 gy Vil 2 )

3
4(Q

< . 43
<18all 3 o Wl (43)



Abounoubh et al. Boundary Value Problems (2018) 2018:16 Page 14 of 18

We use the Banach—Alaoglu theorem to obtain
84vm — & weakly * in L™(0,T; [H% (Sl)]/).

Therefore Y € L1(0, T; H#4(2)) we have

T T
lim ((SuVm, 1//) [H3/4(Q)),H3/4(2) dt = / (E, 1//) [H3/4(Q)),H3/4(R2) dt.
0

m—+00 0

In particular Vi € L}(0, T; H}()) we have

T T
llm / (Savm, w) [Hl(Q)]’,Hl(Q) dt = / <§, 1/f> [Hl(Q)]’,Hl(Q) dt
0

m—+00 0

We just justify that & = §,v. Note that §,v € [H% (2)]'. Using (43) we have

1/2 1/2

18avm=8avll 3 o < UBall 3 o IV = VIl IVims = il 55

3 |
4(Q Q)

We know that v,, —> v strongly in C([0, T; L}, ()) and (v,), is bounded in C°([0, T];
H!(R)). Then, for all K compact on &, we have

84Vm —> 84v strongly in C°([0, T1; [H% (I()],).
Otherwise, we have
8.V — & in D/((O, T) x SZ)

By using the uniqueness of the limit in D', we get & = §,u. This implies that

T
lim Dm:/ (8511/,w(t)wk)[Hl(Q)],’Hl(Q)dt. (44)
0

m—+00

Passing to the limit for equation (37): By using (37), (38), (40), (41), (42) and (44), we
deduce that, for all ¢ € H'(R),

T
~{itt0, @(0)¢) 2. 12 ~ /0 (14, &' (O00)y11(0) 1 0 91
1 (7 r
+ 5 ’/0 <Vxx! w(t)¢>[Hl(Q)]/,H1(Q) dt + ql(; (8511/!w(t)ga)[Hl(Q)]/,Hl(Q) dt
T
+ / (lg(Iv1?) - g(|v(0, t)|2)]"’w(t)‘/’)[ﬂl(g)]’,ﬂl(m dt =0. (45)
0

For w € D(0, T), we see that v obeys

T
/ <i1/ + lvm +qo.v+ [g(|v|2) —g(‘v(O, t)‘2)]v,<p> w(t)dt = 0.
0 2 (HY(Q)) H ()
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We just justify that for all ¢ € H!() we have

<iv’ + %vxx +q8,v + [g(|v|2) —g(|v(0, t)!z)]v,g0> =0. (46)

[HY(Q)V HY(Q)

Then v satisfies the initial condition v(0) = uy. We consider w € D([0, T1); »(T) = 0, and
multiply equation (46) by w(t). We integrate between 0 and T to obtain

T
_<iV(O)’ w(o)w)LZ(Q)’LZ(Q) - '/‘0 (iv’ w/(t)¢>H1(Q),[H1(Q)]’ dt
1 T T
g 2
+ / ([g(Iv*) - g(|v(0,2)] )]V’w(t)(p)[Hl(Q)]’,Hl(Q) dt = 0. (47)
0
Combining (45) and (47), we get
VQO € HI(Q)J <iu01 w(0)¢>L2(Q),L2(Q) = <lV(O)’ w(o)w)LZ(Q)’LZ(Q)'
By choosing w(0) = 1, we deduce that v(0) = uy. We then justify that
v e C°([0, +oo; H(2)) N C* ([0, +oo; [H (R)]),
and this satisfies the problem (13).
3.4 Uniqueness and continuous dependence of the solutions
Let v(¢) and V(¢) be two solutions satisfying the problem (13) which follow, respectively,

from the initial data u and 7%,. We set w(t) = v(¢) — V(¢) with the initial condition w(0) =

uo — Up. Then we obtain

i + 5w+ abow + g ()~ g ()7~ &[0, )u+ (710,09 =0, (48)
with the boundary condition

3,w(0,8) + V2" ™32 (w(0,1)) =0, teR,. (49)

We multiply (48) by w and we take the imaginary part, to obtain

1d N\
37 w2 = — Zm(3,w(0,)w(0, 1)) —Irn(/!2 (g(|v|2)v—g(|'{7]2)v)wdx)

+ Im(/Q (g(‘v(O, t)|2)u —g("ﬁ(O, t) ’2)'17)de>. (50)
By using (49), we have

—Zm(2,w(0, £)w(0, 1)) = Re(id,w(0,t)w(0,1))
= V2 Re(e™4(0, )32 (w(0, 1))).
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The other right terms of (50) are shown to be bounded by applying the Cauchy—Schwarz
inequality and the fact that the injection of H!(2) in L°(2) is continuous, and by using (3),

we have

—Im( fﬂ (g(|v|2)v—g(rv‘|2)?)wdx) < K|w®)] 120

and by applying Lemma 3, we have

Im( /Q (¢(|v0,)*)u - g(f70, t)|2)'17)de> < K||w(e) ||§2(Q).

From the above inequalities, we obtain

d 2 2 in/4— 1/2
2 WO = KW 12q) - V2 Re(e™4W(0,£)8}* (w(0,1))).
We apply Gronwall’s lemma and Lemma 2, to obtain
2 2 ~
|| W(t) ||L2(Q) S eKt || W(O) ||L2(Q) 5 el<t ” l/lo - uO ”22(9)' (51)
Therefore the uniqueness of the solution of (13) follows immediately.

Finally, from Remark 3, there exists a unique function u € C°([0,+oo[; H!(R)) N
CY([0, +0o[; [H'(2)]') solution of the NLS equation (2)—(4)—(6) such that

u(x, t) = exp(i /Otg(|v(0, s)|) ds) v(x, t).

Moreover, the following proposition shows that the continuous dependence of the solu-
tions of the NLS equation (2)—(4)—(6).

Proposition 1 The map

H!(®2) — HY(Q)
(52)
uo — u(t),

is continuous on bounded subsets of H'(R) for the strong topology of L*(R).

Proof Let u(t) and u(¢) be two solutions of NLS equation (2)—(4)—(6) which are issued,

respectively, from the initial data o and 7. By using Remark 3, we have

u(t) —u(t) = exp <i ftg(|v(0, s)|2) ds) v(x, t) — exp (i /tg(|'17(0,s) |2) ds)i?(x, t).
0 0

Then we have

i) 70|30, < 140 =70 gy + 190 gy [ le(10.91%) = (00,9 .
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By applying the mean value theorem and (3) and by using Lemma 3, we get
1 1
)70 0= 500 [0+ KO ) <K s [0 )

where T > 0. Finally, by taking the supremum on the left side of the last inequality and by
applying (51), we get

~ Ky ~ 3
3o [) =0 )] <K sup [e77 o =Tl g

which gives the result. O

Remark 4 The choice of the negative half-line Q2 does not affect the well-posedness of the
NLS equation. In fact, according to Remark 2, we deduce that if 2 =]0, +oo[, 2 > 0 and 1,

has a compact support in €2, then the NLS equation

it + S + q8au + g(uP)u=0 in R xR,
8,u(0,£) + /274N OD L2 (e=VON (0, £)) =0, teR,,

u(x,0) = up(x), x€Q

has a unique solution u € C°([0, +oo[; H}()) N C1([0, +oo[; [H!(R)]'). Moreover, the map

uo > u(t) is continuous on bounded subsets of H!(£2) for the strong topology of L2(£2).

4 Conclusion

In this paper, we have studied a nonlinear Schrodinger equation with Dirac distribution

in a half-line domain of R. For this purpose, a non-standard boundary condition was con-

sidered in order to demonstrate the well-posedness of the solution. Then, by using the

Galerkin method, we have shown that this equation can have a unique solution in H(£2).
The remaining question is to investigate the nonlinear Schrodinger equation with the

Dirac distribution on a bounded domain of R or R? with non-standard boundary condi-

tions. This is a delicate issue which needs future research.
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