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where 1< <2,0<8<1,i=12,....m=2,0<n <Ny < -+ <Np2 < 1,

S 2 B! < 1,D, is the standard Riemann-Liouville derivative. Here our
nonlinearity f may be singular at u = 0. As an application of Green's function, we give
some multiple positive solutions for singular positone and semipositone boundary
value problems by means of the Leray—Schauder nonlinear alternative and a fixed
point theorem on cones.
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1 Introduction
In this paper, we consider the existence and multiplicity of positive solutions of the non-

linear fractional differential equation semipositone boundary value problem:

D{, u(t) +f(t, u(t)) =0, O<t<l],

m-2 (1.1)
w0)=0,  w(l)=Y Bu(n),

i=1

where 1<a <2,0<Bi<1,i=1,2...,m=2,0<n <fg<-<Tma<l,Y "B <1,

Dj, is the standard Riemann-Liouville derivative. Here our nonlinearity f may be singular
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at # = 0. The nonlinear fractional differential equation for the multi-point boundary value
problem has been studied extensively. For details, see [1-14] and the references therein.
For m = 3, Bai [15] investigated the existence and uniqueness of positive solutions for a

nonlocal boundary value problem of the fractional differential equation

D§, u(t) +f(t,u(t)) =0, 0<i<l,

u(0) =0, u(1) = Bu(n),

(1.2)

via the contraction map principle and fixed point index theory, where 1 < o < 2,0 <
Bn*!<1,0<n<1, DY, is the standard Riemann-Liouville derivative. The function f
is continuous on [0, 1] x [0, 00). Wang, Xiang and Liu [16] investigated the existence and
uniqueness of a positive solution to nonzero three-point boundary values problem for a
coupled system of fractional differential equations. Ahmad and Nieto [17] considered the
three point boundary value problems of the fractional order differential equation. By us-
ing some fixed point theorems, they obtained the existence and multiplicity result of pos-
itive solution to this problem. They considered the case when f has no singularities. Xu,
Jiang et al. [18] deduced some new properties of Green’s function of (1.2). By using some
fixed point theorems, they obtained the existence, uniqueness and multiplicity of posi-
tive solutions to singular positone and semipositone problems. Hussein A.H. Salem [1]
investigated the existence of pseudo-solutions for the nonlinear m-point boundary value

problem of the fractional case,

D, x(¢) + q(t)f(t,x(t)) =0, ae.on|0,1,ac(n-1,n,n>2,

m—2 (13)
2(0)=#'(0)=---=x"V =0,  x(1)=) &xn),
i=1

where 0 < 9y <y < -+ < Nz < 1,¢; > 0 with ZZIZ ¢m¥ < 1. It is assumed that g is a
real-valued continuous function and f is a nonlinear Pettis integrable function.

However, no paper to date has discussed the multiplicity for the semipositone singular
problem. This paper attempts to fill this gap in the literature, and as a corollary, we give a

result for singular positone problems.

2 Background materials
For convenience of the reader, we present here the necessary definitions from fractional

calculus theory.

Definition 2.1 ([19]) The Riemann-Liouville fractional integral of order « > 0 of a func-

tion y : (0,00) — R is given by

I, y(0) = ﬁ /0 (t — )" Ly(s) s,

provided the right side is pointwise defined on (0, 00).
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Definition 2.2 ([19]) The Riemann-Liouville fractional derivative of order « > 0 of a con-
tinuous function y : (0,00) — R is given by

" 1 aN" [t )
Doy® = 70— (dt) /0 TR

where n = [«] + 1, [¢] denotes the integer part of number «, provided that the right side is
pointwise defined on (0, 00).

From the definition of Riemann-Liouville’s derivative, one has the following results.

Lemma 2.1 ([19]) Assume that u € C(0,1) N L(0, 1) with a fractional derivative of order
a > 0 that belongs to C(0,1) N L(0,1). Then

I8 DS u(t) = u(t) + Crt* ™ + Cot® 2 4 - - + Cyt* N,
forsome C;eR,i=1,2,...,N, where N is the smallest integer greater than or equal to o.

Lemma 2.2 ([20]) Let X be a Banach space, and let P C X be a cone in X. Assume Q1,2
are open subsets of X with 0 € Q1 C Q1 C Qy,andletS:P— Pbea completely continuous
operator such that either

1. ISw| < |wll, we PN Oy, ||Sw| > |w|, we PN 3Ry, or

2. |ISwll = [wll, we PN aQy, Swll < |lwll w e PN 3.
Then S has a fixed point in PN (Q\Q1).

3 Semipositone and positone singular problem
In this section, we consider the existence and multiplicity of positive solutions of the non-
linear fractional differential equation semipositone and positone boundary value problem

Dg, u(t) +f(t,u(t)) =0, O<t<l,

m-2 (3.1)
w0)=0,  w(l)=Y_ Buln),
i=1

where 1 <@ <2,0<8;<1,i=1,2,....m—2,0<n; <Ny <+ <Nppa < I,Zimzzzﬁmf“l <1,
Dj, is the standard Riemann-Liouville derivative. Here our nonlinearity f may be singular
atu=0.

Lemma 3.1 Giveny € C(0, 1) the problem

Dy, u(t) +y() =0, 0<t<1,
m-2 (3.2)
w0)=0,  w(l)=)_ Buln),
i=1

is equivalent to

1
u(t):/ G(t,9)y(s)ds,
0
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where G(t,s) = G1(t,5) + Gy (¢, 5),

(1051112 (1 =5)" (-9~ (1=
a-1 ¢(xl 1'61”(11 or (1a) ,

(I (Vi Ocm<s<t<1,

Gi(t,s) = (1-B10n] ™)l (e) ) (3.3)

-9yt g9 O<t<s<m <l
prg D) sr=8shs<b
)
(—prrg DM@’

OSSStSLSSTh,

0<t=<s=<1l,m=<s.

Golt,) = HE)E™L,  HIs) = My 2[1 B+ 1 ps )} (34

where K; = Bin®™*, M = Tm)

a-1
s
qi(s) = (1 —s5)* " - (1 - 77_) Tio<s<n;»
13

s o-1 s a-1
pi(S) = (]. - —) I[0<5<7h <1 - _) I[OSSS'H]’
i m

1; se [O’ ni]y

Tio<s<n) =
0, sé&][0,n].

Proof By Lemma 2.1, the solution of (3.2) can be written as

ut) = Cie% '+ Cpt* 2 - /Ot %y(s) ds

From u(0) = 0, we know that C, =
On the other hand, together w1th u(l)=3Y"" ﬁ,u(n,) we have

o—1 _ ae-l
‘" T Zj”fﬂ,n“ [/( 9y ds Zﬁ/ (1 = 5) y(s)ds]

Therefore, the unique solution of fractional boundary value problem (3.2) is

£ a—1 _ _ ool
)= ST )U (1= Ly(s)ds Zﬁ, / - 9" 9()d }

l

t _ o\a-1
_ fo LF(S;) J(s)ds

oa—1 1 "
“ T gL, 0 s [ |
(t _ S)a—l
_/0 Wy(s)ds

ta—l 1 - m -
i L 4o [ oo oa]

ta—l

" T@ - 2 )
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! -1 = i -1

x [/0 (1-5)y(s) ds - ;’3“/0 1 -9) y(s)ds}

=ui(t) + ux(2), (3.5)
where
ot a-1 n a—1
u(t) = m[/ (1-s) J’(S)dS—Iglfo (m —s) J’(S)ds]

(t-s)*!

- /0 ) y(s) ds, (3.6)

_ ta_l ! a—1 " a-1
u(t) = — W[/O (1-5)""y(s)ds - ﬂl/(; (m—5) )’(S)ds]

tal

1
_ a-1
T -2 1)[/ (1o b)ds

-y ,31’ m(m—S)“’ly(S)ds : (3.7)
0
=1

When ¢ < 1y, we have

t (t _ S)oz—l

n - ]
F(a)(l Bin® 1)|:(/ / /)1 5)*Ly(s) ds
n
a-1
F((X)(l Bing 1)(/ /)51(771 8)*'y(s)ds

~ / [6(1 = )] = Br(m —)* "t = (£ —5)* (1 = Bing ™)
= y(s) ds
0 C(@)(1 - ping™)

+/’“ (61 = 9)]* " = Bu(m —8)* > ly(s)ds /1 [t(1 -s)]*!
t n

— = —y(s)d
Tle) - B ) T = oy
1
=/ G1(2,5)y(s) ds.
0
When t > 5, we have
1 t _ -1
u1(t)=—</ +/)(t ) ¥(s) ds
tot 1 oz 1 :|
T ﬁmi”)[(/ / /)1 g
T 1 w1
_W/O Br(n1 — )" y(s)ds
_/”1 (61 = 8)]*7! = B(my —9)* e = (£ —5)* 7 (1 - B )
- = s)ds
0 [(e)(1 - Biny™)
O ) e ) el O B N O
d. ——y(s)d.
+/m Pl - Bins™) 7e) ”/t o) )%

1
_ / Gi(t,5)y(s) ds,
0
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where G;(t,s) is defined by (3.3).

- ! ! w1 n .
m(t)__r‘(a)(l——ﬂm‘f‘l)[/o (1-s) y(s)ds—ﬂlfo (m —s) y(s)ds]
! 1 n
)1 - ; 7o) [ / (L= y(9)ds— o fo (m1 —5)*"y(s)ds
—Zﬂi/om(m —5)"y(s) ds:|
ol A [ e
A - 0 ) [ 1B /o (=515 ds
Z 18177? ! n

=T h | (ﬂl—S)a_ly(S)dS]

Zﬂlf (1 - 9) y(s) ds

1-Bing

Dt—

S T()(1- Y2 B

! ﬂm“ ! 1
1 1 o— d
T T@- Y ) [ 1= i f (-8 ls)ds
X B, (7

1 Bup =T h | (m —9)*'y(s)ds

1- ﬂlnalmz i a—1
S Zﬂl/ 1 -9) y(s)ds}

=

. 2 Bl lf (1= )" y(s) ds
F(a Y1 =72 B l ﬁm
ey /"1( _i)“
1- B! Tt P 0 ! m yis)ds
ni s\*1!
- ﬂnalZﬂm gl (1—5) ¥(5)ds
+ P alZﬁzn / <l—i>a_1y(s)ds]
1-punt™ “= i

e i ﬂmfl( o
F(Ot 1- Z ,3;7171 [ 1-Bin® /(1 ) y(s)ds

ni s\*1!
L2 e
0 ni
PR ([ (1) o [ (1) )]
’ 1-Bint ./0 ! ni Y ds /o ! m ys)ds

1
_ /0 Ga(t, s)y(s) ds,

where G,(t, s) is defined by (3.4). The proof is complete. O
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Lemma 3.2 ([18]) The Green’s function Gi(t,s) defined by Lemma 3.1 has the following

properties:
1)
a—l(l )a—l o
G(t S) < G(S, ) = W fOV t,s e [O, 1] ,31771 <1 (38)
2)
t(x—ls(l _ S)a—l - 1(1 )Dt—l
1_ g 1) T 7 e ,s €10,1]; 3.9
P -pug D = 09 = T pog s 70O 32
3)
Mels(1 -5 Glt.s) < s(1—8)* 1t 2(1+ g2
()1 - By~ 1) B - C(a)(1-piny™)
fort,s € (0,1]; (3.10)
(4)

Mts(1 — )% yw s(1 =811+ Bing2)
_— < G(t,s8) <
Fa-p ) =" )= TR pg )
fort,s€[0,1], (3.11)

where 0 < M = min{1 - Bin¢Y, it =2 (1 - m)(e = 1), it} < 1.

Theorem 3.1 The Green’s function G(t,s) defined by Lemma 3.1 has the following proper-

ties:
(1)
H(s) >0, (3.12)
()
+H
[an B ) (ﬂ
< t7G(t,s)
a-1
<1+ [H(s) + %] fort,s €[0,1], (3.13)
3)
Jyr s(1=s)* 1 " ]
‘ [F(a)(l g HO
< Gl(t,s) <t*! |:H(s) + &] fort,s €[0,1], (3.14)
- - L)1 - Bing™)

where 0 < M = min{1 — B1n¢~%, Bind (1 - m)(a - 1), B~} < 1.
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Proof From (3.4), we know that K; = ﬁmf"l > 0,My = W > 0, and p;(s) >
~2=1 Pill;

0, gi(s) > 0 since 0 <y <My <-++ < Ny_p < 1. Thus, H(s) > 0. From Lemma 3.2 and the

definition of Gs(Z,s), it is easy to check that (2)—(3) hold. Thus the proof of Theorem 3.1

is complete. O

For convenience, in this article, we let w = #, G*(t,s) = t>*G(t,s).
1
Lemma 3.3 Suppose e € C[0,1],e(t) >0, for t € (0,1), 1 < o« <2, and y(¢) is the unique

solution of

Dj,u(t) +e(t)=0, 0<t<l,

m-2

w0)=0,  w(l)=Y_ Buln),

i=1

where 1l <a<2,0<B8;<1,i=1,2,....m—2,0<n] <Ny <+ < Npyp < I,Zgzﬂmf"l <1,
then there exists a constant Co such that

0<p(t):=>y(t) <wCot, 0<t<1,

1 a—2 1 _ge-1
here Cy = HslTnl fo [H(s) + W]e(ﬂ ds.

Proof In fact, from Lemma 3.1, we have

1
)’(t)=/ G(t,s)e(s) ds.
0

Thus, from Theorem 3.1, we have

(1-s)*1

ra [ b et
@) =t fOG(t,S)e(S)dSS/O T [H(S)me

:|e(s) ds =wCot. O
The above lemma together with Lemma 2.2 and the Leray—Schauder alternative princi-

ple establishes our main result.

Theorem 3.2 Suppose the following conditions are satisfied:

(H1) f:(0,1] x (0,00) — R s continuous and there exists a function e(t) € C[0, 1], e(t) > 0
fort € (0,1), with f(t, u) + e(t) > 0 for (t,u) € (0,1] x (0,00);

(Hy) f*(t,u) =f(t,u) +e(t), and f*(t, t*2u) < q(t)[g(u) + h(u)] on (0, 1] x (0, c0)with g > 0
continuous and nonincreasing on (0,00),h > Ocontinuous on [0,00) and f, nonde-
creasing on (0,00),q € L'[0,1],q > 0 on (0,1);

(H3) ao = [, q(s)g(s)ds < +oo;

(Ha) 3Ky with g(ab) < Kog(a)g(b),VYa > 0,b > 0;

(Hs) 3r > Cy with

r

> Koby,
glolr— Co){1 + 10y =0
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where

s(1—s)*!

1
bo = i (1 -puni™)
. /0 (1+ o )[H(S) T A

]q(s)g(s) ds; (3.15)

(Hg) there exists 0 < a < % (choose and fix it) and a continuous, nonincreasing function
g1:(0,00) = (0,00), and a continuous function hy : [0,00) — (0,00) with z—ll non-
decreasing on (0,00) and with f*(t,t*2u) > q,(t)[g1 () + h1 ()] for (t,u) € [a,1] x
(0,00),41(¢) € C([0,1],[0,00));

(H7) 3R > r with

R R 1
) < / G*(0,5)qu(s)ds (3.16)
&1(R)g1(ewaR) + g1 (R)h(ewaR) — J,
here ¢ > 0 is any constant (choose and fix it) so that 1 — % > ¢ (note ¢ exists since

R>r>Cy) and 0 <o <1 issuch that

1 1
/ql(s)G*(a,s)ds: sup/ q1(s)G*(¢,s) ds;

te(0,1]

(Hg) for each L > 0, there exists a function ¢; € C[0,1], ¢ > 0 for t € (0,1) such that
fHtt%72u) > () for (t,u) € (0,1) x (0,L], and ¢,(t) > e(t),t € (0,1), where r is as
in Hs.

Then (3.1) has at least two solution uy,us with uy(t) > 0, u(t) >0 for t € (0,1).

Proof To show (3.1) has two nonnegative solutions we will look at the boundary value

problem

D, u(t) + f* (t,u(t) - y(t)) =0, O<t<l,

m-2 (3.17)
w(0)=0,  u(1)=Y_ Bu(n),
i=1

where 1< <2,0<8i<Li=12...,m=20<) <M< <Nua<l,Y B> 1<1,
and y is as in Lemma 3.1.

We will show, using Lemma 2.2 and the Leray—Schauder alternative principle, that there
exist two solutions, u1, uy to (3.17) with 21 (£) > Y (£), uz(£) > y (¢) for ¢ € (0, 1). If this is true
then u;(¢t) = u;(¢) — y(¢),0 < ¢t < 1 are nonnegative solutions (positive on (0,1)) of (3.1),

i=1,2, since

Dg, u;(2)
= DG, ui(t) = D,y (6) = ~f* (6, u(t) = y (D) + e(2)
= —[f(t,ui(t) - y (1)) +e(t)] + e(t)
= —f(t,m(), 0<t<Ll.
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As a result, we will concentrate our study on (3.17). Suppose that u is a solution of (3.17).
Then

1
u(t) = fo G(t,s)f* (s, u(s) — y(s)) ds
1
. / 2G4, s)f (s, uls) - y(9)) ds, 0<t<1. (3.18)
0
Let y(t) := 2~*u(t), then from (3.18) we have
1
y(¢) = /0 G*(t, )™ (s, s 2y(s) — y(s)) ds

1
=/0 G*(&,9)f* (5,52 (y(s) — B(s))) ds, (3.19)

where y and ¢ are as in Lemma 3.2.
Let E = C[0, 1] be endowed with maximum norm, ||| = maxg<;<1 |u(¢)|, and define the
cone K C E by
K= {u € Elu(t) > wtllull},
and let

le{ueE;||u||<r}, ng{ueE;||u||<R}.

Next let A : K N (2, \ ;) — E be defined by

1
(Ay)(t) = /0 G*(t,s)f* (s,so‘_z(y(s) - qb(s))) ds, 0<t<l. (3.20)

First we show A is well defined. To see this notice if y € K N (2, \ ;) then r < |ly|| <R
and y(t) > wt||y|| > wtr,0 <t < 1. Also notice for ¢ € (0, 1) that Lemma 3.1 implies

¥(t) - p(t) = wtr — wtCo = wt(r — Cp), te[0,1],
and for ¢ € (0, 1), from (H,) we have

62 (00 - 0@)) =f (672 ()(1) - $(2))) + e(t)
<q@®)[g(®) — ¢(0)) + h(y(®) — $(9))]
h(y(t) - ¢(t)) }
gy(t) — ¢(2)

)
g(R)

- (02 () - $(0) { 14
< q(t)g(wt(r - Co)) { 1+

h
< Kog(£)g(t)g(o(r - Co)) { L, ) }

g®)

These inequalities with (H3) guarantee that A : K N (2 \ 1) — E is well defined.
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Ify e KN (s \ 1), then we have

1 §¥
Ayl < fo (1+ Bing2[H(s) + 7”;(1 T 1f*(s, 57> (y(s) ) ds,
s(1-5)*71 *(s, 522
(Ay)(t fo Mt[H(s) + AT (s, 5% 2(y(s) — ¢(s))) ds

> wt]|Ayll, te[0,1],

ie,Aye KsoA:KN(Q\ Q) — K.
Similarly reasoning as in the proof of Theorem 3.1 [18] shows that A : KN (22, \ 2;) — K
is continuous and completely continuous.

We now show
Ayl < Iyl for KN oLy, (3.21)

To see this, let y € KN 32;. Then ||y|| = r and y(¢) > wtr for t € [0,1]. Now for ¢t € (0,1) (as
above)

¥(t) = ¢(t) = wit(r — Co) >0,

then we have

1
(A)(0) = /0 G*(6,)f* (5,52 (3(s) - p(s))) s

- 1 wo S(l _S)a—l
= /0 (L+ Ay )[H(S“ F(a)(l—ﬂm‘f‘l)}
x q(s)[g(v(s) - ¢(5)) + h(y(s) — ¢(s))] ds

1 1- a-1 h
= [ a0 e oo~ g o

1 -
a-2 &
5/0 (1+ Bing )[H(s“r(a)(l—ﬁm?l)}

X q(s)l(og(w(r - Co)) (s){l + % } ds.
This together with (Hs) yields
Ayl <7 =liyll,
so (3.21) is satisfied.
Next we show
Ayl = Iyl for K'N 9€2s. (3.22)

To see this let y € K N 32y, then ||y|| = R and y(¢) > witR for ¢t € [0,1]. Also for ¢ € [0,1] we
have

y(t) — ¢(t) = wt(R— Cp) = th(l - %) > cwtR.
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Now with o as in the statement of Theorem 3.1, we have
1
(4)(0) = /0 G (0,5 (5,52 (4(5) - $(s)) ds
1
> / G*(0,901(5)[&1 (1) ~ B(6)) + I 3(s) — B(5)] s

l —
= / G*(0,9)q1()&1 (y(s) - ¢(S)) { 1+ M } ds

g1(y(s) — ¢(s))

hi(swaR) } s

1
> a(®) f G*(G,S)ql(S){l e

This together with (3.16) yields
(Ay)(o) = R =iyl

Thus [|Ay|| = [ly]l, (3.22) holds.

Now Lemma 2.2 implies A has a fixed point y; € K N (€2 \ ©1), i.e. ¥ < ||y1]| < R and
y1(¢) > wtr for t € [0,1]. Thus y;(¢) is a solution of (3.19) with y;(¢) > ¢(¢) for t € (0,1) and
t*~2y,(t) is a solution of (3.17) for t € [0, 1]. Therefore, t*~2y,(t) — y (¢) is a positive solution
of (3.1).

The existence of another solution is proved using the Leray—Schauder alternative prin-
ciple, together with a truncation technique.

Since (Hs) holds, we can choose ng € {1,2,...} such that % <r-Cpand

h(r) 1
Kog(o(r — Cp)) { 1+ o) }bo + ” <r. (3.23)

Let Ny = {ng,no + 1,...}. Consider the family of equations

1
(T)(®) = / G (6, 5)f (5,552 (5(5) = (5))) s + (3.24)
0 n
where n € Ny and

fH(s,8%72u), u>

fH(s,5%7%8), u<

fn* (S, Sa—ZM)

1
n’
1
T

Similarly reasoning as in the proof of Theorem 3.1 shows that T}, is well defined and maps
E into K. Moreover, T, is continuous and completely continuous.
We consider

1
y:)”Tny"'(l_)V)_

n

ie.

1
y(¢) = )\/0 G*(t,s)fr (s, 5972 (y(s) - ¢(s))) ds + %, (3.25)



Xu and Zhang Boundary Value Problems (2018) 2018:34 Page 13 of 18

where A € [0,1]. We claim that any fixed point y of (3.25) for any A € [0, 1] must satisfy
|lx]| # r. Otherwise, assume that y is a fixed point of (3.25) for some A € [0, 1] such that
Ilyll = r. Note that

1 1
y(E) - = = A/ G* (&, 9)f; (5,52 (y(s) — p(s)) ) ds
n 0

s(1—s)* 1

S —— . a—2 _
r@ g Jr 6500 -0) ds

1
EA/O (1+/3117‘{‘_2)[H(s)+

then we have

1 _ -1
bad=x [ aepn) 0 L S o060 - 000) .
n 0 )

L)1 - ping™!

On the other hand, we have

1 1
y(t) - L= )\/0 G*(t,s)fy (s,s"‘_2 (y(s) - ¢>(s))) ds

1 s(1—-s)*t el an
> )\Mt‘/o [H(S) + W]’fn (S;S ()/(S) - ¢(S))) ds
1

By the choice of ny, % < % <r— Cp. Hence, for all £ € [0, 1], we have

1 1 1 1
+—>otl|y-=)+—-=otr+(1-owt)
n n n

1
y(t)za)tHy—— —.
n n

Therefore,

1 1
y(t)—¢(t)zwtr+(1—wt)——a)tCoza)t<r—C ——) +—>—
n n non

and
y(t) — p(t) > wtr+ (1 - a)t)% —wtCy > wt(r— Cy) + [1 - a)t]% > wt(r — Cp).

Thus we have from condition (H,), for all £ € [0, 1],

! 1
Y0 = [ G0l (55206 - 900) ds

! * £ a—2 1
:A/ G*(t,s)f (s,s (y(s)—¢(s)))ds+ p

0

1 -1
) s(1-s)”
: /o (14 Bon )[H(S) ' F(a)(l—ﬁln‘f—l)]
x a6 (6) ~ 916)) + k(o6 9(6)) | ds +

1 _ -1
< / (1+ﬁ1n‘{“2)[H(S)+ s1-s)
0

h(r) 1
T g ’Bln%_l)]q(s)g(a)s(r -Co)) { 1+ o) } ds + -
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o-1
1+ B )| HO+ g ottt - Co)
h(r 1
{ ol
= Kog(o(r - CO)){I (—;}bo ¥ %

Therefore,

h
r= |yl < Kog(w(r- Co)){l + <%}bo + %

This is a contradiction to the choice of ny and the claim is proved.

From this claim, the Leray—Schauder alternative principle guarantees that

! 1
¥ = /0 G 0,9 (5.2 006) - 69)) s +

has a fixed point, denoted by y,, in B, = {y € E, ||y|| < r}.
Next we claim that y,(¢) — ¢(¢) has a uniform positive lower bound, i.e., there exists a
constant § > 0, independent of n € Ny, such that

min {7,(t) - ¢(0)} = 8¢, (3.26)

for all n € Njy. Since (Hg) holds, there exists a continuous function ¢,(¢) > 0 such that
FH(t,t%72u) > @.(t) > e(t) for all (¢, u) € (0,1] x (0,7].
Since y,(t) — ¢(¢t) < r, we have

1 1
Yu(t) — @(2) :/0 G (&, s)f; (s, s"‘_z( a(8) — ¢>(s))) ds + 1 _,/o G*(t,s)e(s)ds

n

1
2/ G*(t,s)(w,(s) —e(s)) ds
0

1 S(l _S)a—l B
> /0 Mt[H(S) + W] (<Pr(5) - e(S)) ds:=

Next note
{y4} is equicontinuous on [0, 1] for all # € N. (3.27)

Similarly reasoning as in the proof of Theorem 3.2 [18], we can easily verify it.

The facts ||y, < r and (3.27) show that {y,}.cn, is a bounded and equicontinuous family
on [0,1]. Now the Arzela—Ascoli Theorem guarantees that {y,},cn, has a subsequence
{¥n; nyeny» converging uniformly on [0, 1] to a function y € E. From the facts ||y,|| < 7 and
(3.26), y satisfies 8¢ < y(t) — ¢(¢t) < r for all £ € [0,1]. Moreover, y,, satisfies the integral
equation

1
= /O Gt 8)f; (55" (Y (5) — 9(5))) s + ni

k
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Letting k — 0o, we arrive at

1
y= / G (1,5)f* (5,5 2(5(5) ~ $(5))) ds

Therefore, y is a positive solution of (3.19) and satisfies 0 < ||y|| < r. Therefore, % 2y(¢) —
y (t) is a positive solution of (3.1).
Thus (3.1) has at least two positive solutions u; = %72y, (£) =y (), ua(£) = t*2y(t) -y (t). O

Itis easy to see that if e(¢) = 0, we can have a corollary for the singular positone boundary
value problems. Here we omit it.

Example 3.1 Consider the boundary value problem

DE, u(t) + (e () + u® (£) - At*) = 0,

m=2 (3.28)
w0)=0,  w(l)=)_ Buln),
i=1

where 0<a<a-1<1<b<i o l<a<2,0<p<li=12,....m=2,0<n <ny<---<
Mz < LY "2 B < 1,0 <A <1, u € (0, o) is such that

2 a
7 w 1
P L 3.29
(1—poco)*  2dy Ho o (3:29)

here

A1+ B Hr (1 +a2-a))
MU (e +1+a(2-a))

1 _ﬁlntiH(Z—a)a 1— Z ,Bz ;x+ 2-a)a 1
X a-1 + m-2 + a-1 |’
1-Bint 1- Zi=1 :3”7[' 1-B1ng
1+ Binf r (1 —a-b(2-a))
IMNa+1-a-b2-a))

[1 By ‘”‘“‘”+ - ﬁlf“”“‘”+ 1-a-b2-a) ]
1= Buny 1-Y 72 pet A-Binf H2-a-b2-a) |

Co =

do =

Then (3.28) has at least two positive solutions, w7, 1y with 1 (£) > 0, uy(¢) > 0 for £ € (0, 1).
Proof We will apply Theorem 3.2. To this end we take
ft,u) = u(u’” +ub —At(z’a)”),
then
F6 %) = ( a(2-a)y-a 4 ghla=2) )b _At(Z—oz)a)‘
Let q1(2) = 7@, q(¢) = *@2 and g(y) = g1(y) = wy % h(y) = I (y) = P, e(t) = pAL®>s,

Ky = 1 gDL( ) = pt®ap- then (H;)—(H,) and (Hg) are satisfied since 0<a<a-1<1<
b<y2,l<a<2.
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Also we have

1 a-1
o= [ (14 ) HE+ 0T
° /0 (1 funi )[ O )@ oD
1+ By (1 -a-b2-a))
IMNa+1-—a-b2-a))
|:1 _ ,Bl n({l—a—b(Z—a) 1— ZZIz ﬁin?—a—b(Z—a) 1a— b(2 _ Ol) ]
x a-1 + m-2 - + a-1
1-ping 1= B 1= )2-a-b2-a))

:|q(s)g(s) ds

= dp

and

1+ By [ (1-s)?
C() = T/O [H(S) + W}E(S) ds

_pA(L+ By )P +a(2-a))
- MU (e +1+a2-a))
y |:1 _ﬁln(lw(Z—a)a . 1— ZZIZ inft+(2—a)a . 1 ]
1- By 1-Y 72 Bt 1- By

= UCp.

Now the existence conditions (Hs) and (H3g) become

, r(r—Co)w®

7’ C’
S do(L+rat)y’ 70

and
Mt(Z—a)ar—u > MAt(Z—a)a'

Thus, (Hs) and (Hg) hold with r = 1 since (3.29) and A < 1.
Finally, (H7) becomes

R1+a
K=z bpa+b]’
fa q1(8)G*(0,5) ds[1 + (wea)*PR+b]

Since b > 1, the right-hand side goes to 0 as R — oo.
Thus, Eq. (3.28) has at least two positive solutions, u;, uy with u1(¢) > 0, u3(£) > 0 for
te(0,1). O

4 Conclusion
Prompted by the application of multi-point boundary value problems to applied mathe-
matics and physics, these problems have provoked a great deal of attention by many au-

thors. In this paper, we considered the properties of Green’s function for the nonlinear
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fractional differential equation boundary value problem

D§, u(t) +f(t,u(t)) =0, 0<t<l,

m-2
w(0)=0,  u(1)=Y_ Bu(n),

where 1< <2,0<8i<Li=12...,m=20<) <M< <fua<l,Y "> Bm <1,
Dj, is the standard Riemann—Liouville derivative. Here our nonlinearity f may be singular
at u = 0. Unlike the classical expression, we gave a new expression of the Green’s function
and obtained some properties. As an application of Green’s function, we gave some mul-
tiple positive solutions for singular positone and semipositone boundary value problems
by means of the Leray—Schauder nonlinear alternative, a fixed point theorem on cones.
The results show that:
(1) G(ts) = Gi(t,s) + Ga(t, 9),

(6191112 L (n—5)* 1 —(t-5)* 1 (1B )
1-p1n¢HI (o) ’
[t1-8)]* 1 ~(t=)* L (1-B1 1§ D)
_ 1-p1n¥ (@) ’
Gi(t,s) = [tA-91*"1-p1t% L (1 —5)* "
A-p1n¢ () ’
[t(1-s)]*""
1-p1n¢ (@)’

0<s<t=<ls=<nmn,

O<m <s=<t<l,

0<t<s=<m«<l,

0<t<s<l,n <s,

m-2
Gaolt,s) = H(*™™,  H(s) = MOZ[ a9 + pl( )]

where K; = Bin?™!, Mo = W

a-1
s
qi(s)=(1-s)*" =~ <1 - '7_> Tio<s<y15
1

s a—1 s a-1
‘<s>:(1__) Tosen (1__) o
Pi i [0<s<n;] m [0<s<n]

(2) The Green’s function G(¢,s) has the following properties:

(i) H(s)>0,
(ii) Mt[is I-S; 1 +H(s)] < £279G(¢,s) <
(1+ Bing2)[H(s) + Ws)((llw] for t,s € [0,1],
(iif) Mz~ l[i +H(s)] < G(t,s) < t* " [H(s) + “7] for ¢,s € [0,1],

)(1-in 1) T(e)(1-p1n "
where 0 < M = min{1 — B1n¢~1, Bine2(1 — m) (@ = 1), Bin%™ 1} <1.

(3) Suppose the conditions (H;)—(Hg) hold. Then (3.1) has at least two solutions, u1, u,
with u1(¢) > 0, uy(¢) > 0 for t € (0, 1).
(4) The boundary value problem

D, () + pw(w(0) + u’ (1) - At*%) = 0,

m-2
w(0)=0,  w(l)=Y_ Buln),
i=1



Xu and Zhang Boundary Value Problems (2018) 2018:34 Page 18 of 18

where0<a<a—-1<1<b< %_;z,l<a<2,0<;3i<l,i:1,2,...,m—2,0<m<n2<
<M < 1, ZZIZ ,3117;?"1 < 1,0 < A <1, has at least two positive solutions, u1, uy
with u1(¢) > 0, uy(¢) > 0 for £ € (0, 1), & € (0, o), (o is some constant.
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