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Abstract

In this paper, we consider positive solutions to the Fisher—KPP equation on complete
Riemannian manifolds. We derive the gradient estimate. Using the estimate, we get
the classic Harnack inequality which extends the recent result of Cao, Liu, Pendleton,
and Ward (Pac. J. Math. 290(2):273-300, 2017).
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1 Introduction

Let (M, g) be a complete Riemannian manifold. We consider the parabolic equation
u; = Au+ cu(l — u) (1.1)

on M x [0, 00), where ¢ is a positive constant. In the pioneering work of Fisher in 1937 [2],
he proposed equation (1.1) to study the propagation of advantageous genes in a popula-
tion, where u = u(x, t) stands for the population density. In another well-known paper [3],
Kolmogorov, Petrovsky, and Piskunov also described the solution to (1.1). Since then, the
equation is often referred to as the Fisher—KPP equation and has been widely used in the
study of traveling wave solutions and propagation problems (refer to [4—6] and so on).

Recently, Cao et al. [1] derived differential Harnack estimates for positive solutions to
(1.1) on Riemannian manifolds with nonnegative Ricci curvature. The idea comes from
[7, 8] where a systematic method was developed to find a Harnack inequality for geomet-
ric evolution equations. In the complete noncompact case, they obtained the following
theorem.

Theorem A (Caoetal.) Let (M, g) be an n-dimensional complete noncompact Riemannian
manifold with nonnegative Ricci curvature, and let u(x,t) : M x [0,00) — R be a positive
solution to (1.1), where u is C* in x and C' in t.

Let f =logu, then we have

Af +a|Vf* + Be +¢(t) > 0 (1.2)

Sor all x and ¢, provided that
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Using Theorem A, one can integrate along space-time curves to get a Harnack inequality,
but it is different from the classical Li—Yau Harnack [9] in form.

Gradient estimates play an important role in studying elliptic and parabolic operators.
The method originated first in [10] and [11], and was further developed by Li and Yau
[9], Li [12], Negrin [13], Souplet and Zhang [14], Yang [15], etc. Recent gradient estimates
under the geometric flow include [16] and [17]. For more results on the nonlinear PDEs,
one may refer to [18, 19].

In this paper, following the line in [12], we prove the following theorems.

Theorem 1.1 Let M be a complete Riemannian manifold with boundary oM (possibly
empty). We denote by B,(2R) the geodesic ball of radius 2R around P € M not intersecting
the boundary dM. Suppose that the Ricci curvature of M is bounded from below by —K(2R)
in B,(2R), and K(2R) > 0. Denote K = K(2R). If u(x, t) is a positive smooth solution of (1.1)
on M x [0,00), then we have

2
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2(1 - £)R2 (4(1 —e)(s—-1) " (n+ DG
+ CiR(n - 1)VK + cz) (1.3)
on B,(R) x (0,+00), where Cy, C, are positive constants and 0 < e <1, s> 1, g >0 such
that 21-2) % >1-1+ %, My = SUP(, ) ep, (2R) x [0,00) ¥\%: 2). In particular, we can choose

_2(1-g)(s-1)

- 2
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Using Theorem 1.1, we get the classic Harnack inequality.
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Theorem 1.2 Let M be an n-dimensional complete noncompact Riemannian manifold
with Ricci tensor R; > —kg;; (k > 0). If u(x, t) is a positive solution of (1.1) and 0 < u < 1,
then

ns
2(1-¢)

ulx,t) < M(xz,t2)<i—j)

sr? (ty—11) nsk ¢ n
) e"p(zr(tz—tl) TeTh (2(1—e><s—1) TqV 2(1—s)>)’

where x1,%, € M, 0 < t1 < ty < 00, and r(x1,%;) is the geodesic distance between x, and x;.
In particular, taking s = 3/2 and ¢ = 1/4, we get

ulx,t) < M(x2,t2)<i—2)

1

(1.4)

8(t, —t1)

2
X exp(L + (tp —t1)<2nk+ @))

The rest of the paper is arranged as follows. In Sect. 2, we get a technical lemma which
is important to the proof. In Sect. 3, we prove Theorems 1.1 and 1.2.

2 Technical lemma
As in [12], we define

Wi(x,t) =u™9,
where ¢ is a positive constant to be fixed later. A direct computation shows that

VW = —qu 7 Vuy,

IVW? = ¢*u™7|Vul?,

VW ? _

iz SVl (2.1)
W, = —qu " u, (2.2)
W, u
Wt _ _q;t’ (2.3)

AW =q(g+ 1) 2|\ Vu|® —qu T Au

qg+1|Vw|? g-1
=1 - +cqW —cqW 7 + W, (2.4)
q
Therefore
9 qg+1|Vw|? -1
A-— W= +cqW —cqW 7 . (2.5)
at q w

We follow the line in [12]. Define three functions:

VW
FO(x’ t) =

+ac(l-w),
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W,
Flz_;

w
F=F0+ﬁ["1,

where o, 8 are two positive constants to be fixed later.
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(2.6)

Let e,e,...,e, be a local orthonormal frame field. We adopt the notation that sub-

scripts in i, j, and k, with 1 <, j,k < n, denote covariant differentiations in the e;, ¢;, and

ex directions, respectively.

Calculate
2
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2 L
—ZVlogW . VE +cW i W,
q

We denote the Ricci tensor of M by R;;:

2WiWy _ 2WiWyi  2R; Wi W
w2 w2 T ower

It follows that

QW Wy 2WiW  2W; 2R, Wi W

(AW —W,); +

W2 w2 w2 w2

q w3 q
2

W
4@ Hw) +

Equalities (2.2) and (2.4) yield
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(2.11)

(2.12)
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By Holder’s inequality, we have

22 Wi 2 W WiW, W,
+ - >4
w2 e wtT w3

So,
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w
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where 0 < ¢ < 1.

Noting the inequality Wll2 > %(\/Vl-,-)z, we obtain

2
2Wy Wiy Wy W
— +6
w2 w3 w4
21-¢) [AW)? W,W; W,  W* 1 W
L 20-8) (AW (WiWs W Wi (1 \ W (2.13)
n W w3 W4 £ W4
By (2.7), we have
QW W W, 2WE ac 1 W
VFy-ViogW = - +—Wa—=, (2.14)

w3 wt g w2
Plugging (2.11), (2.12), (2.13), and (2.14) into (2.8) and (2.9), we have
3 21-¢) [ AW? 1 wi
Al D\p s 2EZO (AWAT L (1 4\ W
ot n w & w4
2
+—-VF,-VlogW
q

a\W? 1
+ 2¢ 1——2 W a
q*) W?

2R; W, W
+ —
WZ

_1 2
+actW 1 —acWa, (2.15)
Setting B = a/q and combining (2.10), we conclude that
9 2(1-¢) [ AW\? 1 Wi
A-—|F> =2 ) -2(=-1
at n w € w4
2
+—-VF.-VlogW
q

a\W? 1
+2c|1-— LW
q*) wW?

2R; W, W
+ —
WZ

9L 9 12
+oacW 14 —ac*W 4

+ Lyt (2.16)
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By (2.4) and (2.6), we arrive at

AW 1 Vw2
AW _dp, (2 a\VWF (217)
W o« q a) w2
Setting o = sq® yields
AW 1 g+1 1)\ |VWw?
—=—F+ - —
W sq q sqg) W2
1 1-1/s\ |[VW]?
_lp, (1= Us\ VIR (2.18)
sq q w2
Substituting (2.18) into (2.16), we obtain
PO PRl N IS
ot n o s*q®
2(1-¢) (sq +s— 1) 1 VW |*
+ Y
n s2q> & w4
41-¢)(sg+s—1) |[VW|*> 2
+ F +—-VF.VlogW
P S22 w2 q
VW|? 1 2R;W;W; _1
+20(1—s)I | W_‘li +%+sq202W 1
2 2y 2 -1
-sq°c"W 1 +sqcW 1 W,. (2.19)

An immediate consequence is the following lemma.

Lemma 2.1 Let M be an n-dimensional complete Riemannian manifold with Ricci tensor
R;. If F is defined by (2.6) where B = a/q, o = sq*, then we have

otpeatio s,

ot n  s2q>
2(1-¢) (sq +s— 1) 1 VW |*
+ —2(=-1
n s2q> & w4
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+—VF-10gW+(c—2cs)| | W_‘li
q
_1 ZRUVVlVV]
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WZ

3 Main theorems

Theorem 3.1 Let M be a complete Riemannian manifold with boundary oM (possibly
empty). We denote by B,(2R) the geodesic ball of radius 2R around P € M not intersecting
the boundary 0 M. Suppose that the Ricci curvature of M is bounded from below by —K (2R)
in B,(2R), and K(2R) > 0. Denote K = K(2R). If u(x, t) is a positive smooth solution of (1.1)
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on M x [0,00), then we have
Vul? U
| 2' +sc(l—u)—s—
u u
- ns? 1 ns? K5 Y
“2(1-e)t 201-e)s-1)  gV21-¢
ns? ns? Crs(n+1)C
+ +(n+
21-e)R2\4(1—¢)(s—1) " !
+cmM—n¢E+@) (3.1)
on B,(R) x (0,+00), where C1, C, are positive constants, 0 < & <1, s> 1, q >0 such that
@ % > % -1+ %, and M, = SUD (. 1)eB, (2R) x[0,00) u(x,t). In particular, we can choose

2(1-¢)(s-1)
ns| % -1+ —(2551)2 ]

Proof Let x € C?[0,+00) be a cut-off function such that x(r) = 1 for r < 1, x(r) = 0 for
r>2,and 0 < x(r) < 1. We choose x satisfying —/C1x"2(r) < x'(r) <0, x"(r) > -C,
where Cy, C, are positive constants.

Denote by r(x) the geodesic distance between x and some fixed point P. Set

P(x) = x(%)

By the conditions on x and the Laplacian comparison theorem, we get

C
IVo|* < R—;¢
and
A¢ . _CZ + Cl(l’l - 1) _ Cl(l’l — l)\/[?

R? R

Define the function H(x,t) := tF(x,t). Using the argument of Calabi [20], we assume
that the function ¢(x) - H(x,t) with support in Bp(2R) is smooth. For any fixed T > 0, let
(0, tp) be the point where ¢ - H achieves its maximum in Bp(2R) x [0, T]. Without loss of
generality, we assume that ¢(xg) - H(x, fo) > 0. Otherwise, (3.1) is obviously true. By the
maximum principle, at (xo, fp), we have

V(¢ -H)=0, (3.2)

3¢ - H) >0, (3.3)
at

Alp - H) <0. (3.4)

By (3.2), we have

VH = _@H. (3.5)

¢

Page 7 of 12
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By (3.4), we have
A¢p-H+2V¢-VH + pAH < 0. (3.6)

It follows from (3.3) and (3.6) that
0
A¢-H+2V¢~VH+¢(A—E>H§O. (3.7)
Setting B = a/q, o = sq*, by Lemma 2.1 we have
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By Holder’s inequality, we get
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Substituting (3.9) and (3.10) into (3.8), and choosing s > 1 and g > 0 such that @ % >
1_ 14 (23;;1)2

: , we have
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Substituting (3.11) into (3.7) and using (3.5), we have
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where we have used 2V¢ - VH = —Z%H > —ZR%H.
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Clearly,
2 vw
ZHV$ - —
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4(1- -1) |[VW? H Ve
< (1-¢)(sg+s-1)] |H¢+ n $ IVoI™ (3.13)
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Multiplying through by ¢ at (3.12) and using (3.13), we arrive at
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" 24
- K*+cM; ) <o. 3.14
(s o) < (319

Equation (3.14) yields
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ns2q? " s2q2
t K? + M3
' \/2(1_8)\/2(1—8)@— poo e

at (XO, t()).
It is easy to see that

sup H(x, T)
x€Bp(R)

< H{(xo, to)¢(x0)

ns’q® ns* Ci GC+m+1)C Ci(n-1)VK
< 14T b ¥
2(1-¢) 4(1-¢)(sg+s—1) R? R? R

ns2q? " 22
i T K2 + M.
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Then we get

|Vul?

+sc(1 - u) —sﬂ
u

- ns> 1 ns? K5 Y
“2(-e)t 20-e)s-1)  gV21-¢

2 2
ad ( ad Cy+(n+1)Cy + CiR(n— VK + c2>

+
2(1 - e)R2\ 4(1-¢)(s—1)
on B,(R) x (0,+00) since T > 0 is arbitrary. (I

Using Theorem 3.1 and letting R — +00, we can get the following corollary.



Geng and Hou Boundary Value Problems (2018) 2018:25

Corollary 3.2 Let M be an n-dimensional complete Riemannian manifold with Ricci ten-
sor Ry > —kg;i (k = 0). If u(x, t) is a positive solution of (1.1) and 0 < u < 1, then

IVul®> ns* 1 ns? sc n
-s— < - k+ — [ ——. 3.15
2 U219t 2l-e6-1  gV2i-e (3.15)

Remark 3.3 Let M be an n-dimensional complete Riemannian manifold with nonnegative

Ricci curvature. Suppose that u(x,t) is a positive solution of (1.1) and O < # < 1. Let f =
log u. Then we have

fi= Af +IVf1P+c(1-¢).
It follows from Corollary 3.2 that

s—1 ns 1 ¢ n
Af + Vf|? + —+—-—/——>0.
4 s IV/1 20-¢e)t q\V2(1-¢)

In particular, taking s = 3/2 and ¢ = 1/4, we get

1 7/6
Af + gIVf|2+§+7\/—:\/ﬁc > 0.

This estimate is simpler than (1.2) in form.

Theorem 3.4 Let M be an n-dimensional complete Riemannian manifold with Ricci tensor
Ry > —kgj (k > 0). If u(x, t) is a positive solution of (1.1) and 0 < u < 1, then

u(x1,t1) < u(xo, ty) -
1

sr? A nsk ¢ n
x exP(4(t2—t1) i 1)(2(1-8)@- D gV 2(1-5)>)’

where x1,%, € M, 0 < t1 < ty < 00, and r(x1,%2) is the geodesic distance between x1 and x;.

Proof If we set f = logu, then

ns? 1 ns sc n

-5z 20 6D gVaa-9

2
(3.16)

IVfI? - sf, <

for all (x,£) € M x (0, +00).

Fix points (x1,£1) and (xy, ) in M x (0, +00) with ¢; < £, and let r: [0,1] — M be the
shortest geodesic joining x; and x, with r(0) = x, and r(1) = x;.

Define the curve 1 : [0,1] — M x (0, +00) by n(y) = (r(), (1 — y)t2 + yt1). It is clear that
1n(0) = (x2, £2), n(1) = (x1, 1) and

L4
Pl t2) =) = /0 %ﬁ” dy

1
0

< / (oIf1 = (t2 - 01)f;) dy, (3.17)

where p = r(xy,%3).

Page 10 of 12
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By inequality (3.16), we get

[VF|? ns nsk c
s T2-er T 20-9)6-1) gV2l-g)

fe =
Thus (3.17) becomes

flrn, 1) —f(x2, 82)
! N
< /O (pIVfI (tr—11)

N

s nsk c n
+<t2—tl>m+“2‘“><m*5 zu—e)))"ly’

where t = (1 - y)t; + yt.
We can see that as a function of | Vf|, the quadratic

Wik ns

PIVf]I—(ta —t1) S +(t —tl)m

by —11) nsk c n
rihh (2(1—8)(s—1)+5v 2(1—e)>

2

<L+(t_t)L+<t_t>( sk ¢ f )
“alt-t) 0 Vod-er M \2-e)Gs-1) gqV21-¢ )

So,

’ k
f(xl;tl) —f(XQ,tz) < h +(t2—t1)(2(L c L)

1-e)s-1)  gV21-¢)
ns | ty
HETTES og(ﬂ)’

ie.,

s (82— 1) nsk ¢ -
xexP(M‘* 2—t <2(1_8)(s_1)+5\/g>)' .

In this paper, we use the method of gradient estimates to study the Fisher—KPP equation.

4 Conclusions

We get the local gradient estimate (Theorem 1.1). Since the solution u of (1.1) often de-
scribes the density, it is natural to study solutions of which 0 < u < 1. We get the Harnack
estimate if 0 < # < 1 (Theorem 1.2). Our results can be used to study the solution of (1.1)
further. The similar method can be also applied to the following equation:

u; = Au + au® + buf,

where a, b, p, q are constants.
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