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Global boundedness of solutions in a
reaction—diffusion system of
Beddington-DeAngelis-type predator—prey
model with nonlinear prey-taxis and random
diffusion
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oneon Abstract

e In this paper, a reaction—diffusion system of a predator—prey model with
Technology, Guangzhou, PR. China Beddington-DeAngelis functional response is considered. This model describes a

prey-taxis mechanism that is an immediate movement of the predator u in response
to a change of the prey v (which leads to the collection of u). We use some
approaches to prove the global existence-boundedness of classical solutions and
overcome the substantial difficulty of the existence of a nonlinear prey-taxis term.
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1 Introduction
In this paper, we investigate the following reaction—diffusion system of a Beddington—
DeAngelis-type predator—prey model with nonlinear prey-taxis and random diffusion:

uy—d1Au+ V- (uyx(u)Vv) = —au + ﬂ:ﬂra' xe€Q,te(0,7),

_ 2
vt—c{ZAV—rv—%v —%, xeQ,te(0,T), 1)
Ju-2r-0, x€dQte(0,7),

(u(x, 0)’ V(x¢ O)) = (MO(x)1V0(x)) >0, x€,

where Q is a bounded domain in RN (N = 1,2, 3) with smooth boundary 92,0 < T < +o0,
initial condition ug(x), vo(x) € C***(Q) compatible on 32, constants dy,d,,a,K,r,a, 8,
y,8 >0, and v is the outward directional derivative normal to 92.

Differential equations are supposed to be sufficient in modeling of the countless pro-
cesses in all fields of science. Many phenomena in physical sciences, chemistry and bi-
ology are naturally described by Partial Differential Equations (PDEs). In a population
dynamics system, a lot of mathematical models in partial differential equations to study
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the relationship between predators and preys have been proposed by mathematicians, bi-
ologists and ecologists [1, 2]. In fact, there are many well-known predator—prey models
such as ratio-dependent predator—prey models (so-called Michaelis—Menten-type mod-
els) [3, 4], Holling-type models [5], Holling-type II models [6], Ivlev-type models [7],
Lotka—Volterra-type models [8, 9] and so on. To the best of our knowledge, this is the first
study to report that the global boundedness of solutions of the Beddington—DeAngelis-
type predator—prey model with nonlinear prey-taxis.

There is a Beddington—DeAngelis-type functional response contained in the model
(1.1), where u and v describe the population density of the predator and the prey at time
¢t with diffusion rates d; and d,, respectively. The parameter a denotes the death rate of
the predator u. As usual, K is called the carrying capacity of the prey v. The constant r is
called the intrinsic growth rate of the prey v. The constants §, y are the conversion rate
of the predator and the prey, respectively. The term Bu measures the mutual interference
between predators. The reason for the model is that if one takes the parameter 8 close to
0 then the model can be regarded as a Holling-type II predator—prey model,

w—diAu+u+V-(ux(@)Vv) = —au+ 2, xeQ,te(0,7),

v+

vt—dzszrv—%yz_%, xe€Q,te(0,T), (1.2)
w_dv_0, xedQte(0,T), '

(u(x, 0)7 V(x’ O)) = (MO(x)IVO(x)) >0, xe,

and also if one takes the parameter « close to 0 then the model can be thought of as a
ratio-dependent predator—prey model,

u,—diAu+u+V - (ux(u)Vv) = —au + 5qu’ xeQ,te(0,T),

Bu+
_ ) yuv
vi—daAv=rv— v - 27, x€Q,t€(0,T), (1.3)
du _ 0
M=r=0, x€dQte(0,7),

(u(x, O)’V(x’ 0)) = (uo(x),vo(x)) >0, xeq.

In the present paper, motivated by [10—13], we will prove the global boundedness of clas-
sical solutions to (1.1). In a reaction—diffusion system of predator—prey model, the prey-
taxis mechanism means a direct movement of the predator « in response to a variation
of the prey v (which results in the aggregation of u), and the involved factor is assumed
to satisfy x(u) € C!([0,+00)), x(u) =0 for u > M, and |x'(u1) — x'(u2)| < L|uy — us| for
uy, Uy € [0, +00), with L, M > 0. Here the assumption x (x) = 0 for u > M says that there is
a threshold value M for the accumulation of u, over which the prey-tactic cross-diffusion
x (u) vanishes. That is the statement that the author proves.

Theorem 1.1 Suppose that x (u) satisfies:
(i) x(w) € CH([0,+00));
(i) x(u) =0 for u> M, with M > 0;
(iti) |x'(u1) — x'(u2)| < Lluy — up| for uy,uy € [0, +00), with L > 0,
then we see that the solutions to (1.1) are global and uniformly bounded in time.

The remainder of this paper is organized as follows. In Sect. 2, we propose some pre-
liminary results, which are essential to the proof of Theorem 1.1. Section 3 illustrates the
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proof of our main theorem, the global boundedness of solutions, based, mainly, on the use
of the standard Moser iterative technique.

2 Preliminaries
In this section we state the following lemmas which are essential in the proofs of Theo-
rem 1.1. The first is the global existence of classical solutions to (1.1).

Lemma 2.1 Under the assumptions for x(u) and initial data in the paper, there exists a
unique solution (u,v) € (C***1*3(Q x (0,T)))* of (1.1) for any given T > 0.

The proof of Lemma 2.1 is similar to the proof of Theorem 3.5 in [14]. Hence, we omit
it. The second is on the boundedness of v.

Lemma 2.2 Let (u,v) € (C***5(Q x (0, T)))? be a solution of (1.1). Then u > 0 and 0 <
v < Ky = max{maxg vo(x), K}.

The proof of the lemma is based on the comparison principle of Ordinary Differential
Equations (ODEs). Refer to the proof of Lemma 3.1 in [14] for the details.

The next lemma is the well-known classical L” — L7 estimate for the Neumann heat semi-
group on bounded domains.

Lemma 2.3 Suppose (€'®)s0 is the Neumann heat semigroup in Q, and L1 > 0 denotes
the first nonzero eigenvalue of —A in Q under Neumann boundary conditions. Then the
following LP — L1 estimates hold with Cy, C, > 0 only depending on Q:

(i) f1<g=<p<+oo,then

||Vemw||u,(m <C(1+¢ 2 g(%‘é))e*’\lt||w||lp(9), t>0

forallw e L1(Q);
(i) if2 <q <p<+oo, then

” VemW”Lp(Q) =

forallw e WH(Q).

Lemma 2.4 Suppose that T € (0,00] and that 2 C R", n > 1, is a bounded domain, and
that D, f and g comply with D € C'(Q x [0, T) x [0,00)) and D > 0, f € C°((0, T); C°(Q) N
CHRQ)) and g € CO(Q x (0,T)) with f - v <0 on Q2 x (0,T). Moreover, assume that
D(x,t,s) > 8s™71, f € L°°((0, T); L1(R2)) and g € L*((0, T); L%2(Q)) for all x € Q, t € (0, T),
8 >0 and s > sy and for some § >0, m € R and sy > 1, and some q1 > n + 2 and q, >
Then ifu € C°(Q x [0, T)) N C>(Q x [0, T)) is a nonnegative function satisfying

nt2
12

u < V- (D, t,u)Vu) + V- fx,t) + g(x,8), x€Q,t€(0,T),
ouxt)<0, xe€d,te(0,7),

and if u € L*°((0, T); LP°(S2)) is valid for some po > 1 fulfilling

mn+1)gqy —(n+2)

>1—-m-
Po q1—(n+2)
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and
m
po>1-— F—
(n+2)(q2-1)
as well as
n(1 —m)
pPo>——

2

then there exists C > 0, only depending on m, 8, Q, ||f o001y (2))» 11€11L%0 (00,1092 (©2))»
N2l oo 0,720 (@) andl [|u(0) | oo (), such that

”“(t) HLOC(Q) =C
forallte(0,T).
Refer to the proof of Lemma A.1 in [15] for the details.

3 Proof of main result
In this section, we will deal with the proof of the main result of the paper.

Proof of Theorem 1.1 The proof consists of four parts.
Part 1: Boundedness of ||ull;1(q)-.
Integrate the sum of the y times of the first equation and the § times of the second

equation in (1.1) on 2 by parts,

d +d Sv a/ +8/v 76/1/2 (3.1)
— U+ — =— U+r -— . .

Employing Young’s inequality, we have

ré 9
s [ v<"2| 2 1Krs10.
Q K Jq

Setting the last inequality into (3.1), we obtain

! e fremer [ 2
- u+ — V=—-a u-+r V——= 14

f—ay‘/u—ré‘/v+l(r8|9|. (3.2)
Q Q
Define
yl(t):/yu+/év, t>0.
Q Q
Then

¥1(8) + ki (8) < ko
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for all £ > 0 by (3.2) with k; = min{a, r} and k, = Kr§|<2|. This ensures

k
n)<C = max{y1<0), ,—2}
1

for all £ > 0 by the comparison principle of ordinary differential equations.

Part 2: Boundedness of ||u|1rq) with p > 2.

Multiplying the first equation in (1.1) by ##~! and integrate on 2 by parts. Since v < K,
by Lemma 2.1, we have

1 1 ufv
u - — | diAu- " =—a | WS | —m—.
Q Q Q Qﬂlfi+V+O[

Now, we need to prove the following inequality:

dip-1 -1
(p—l)/ X @’ 'Vu -V < L/‘ u"_2|Vu|2+p—/ X2 | V|2,
Q 2 Q 2d1 Jq

By simplifying the problem, we only need to prove

d 1
x @)’ 'Vu - Vv < —lup_2|Vu|2 + — x X w)u?|Vv|*
2 2d;

_q
Applying Young’s inequality with ¢ (ab < ;ap + %bq) and setting p =g =2, ¢ = ds,

-2
a=u"T Vuand b= X(u)u% Vv, we obtain

x WP IVu - Vv = x(wu Vu-Vv= (uT Vu) . (X(u)u% Vv)

d 1
< ?lup_ZIVuI2 + Z—dIXZ(u)up|Vv|2.

Multiplying the inequality by (p — 1) and integrating on 2 by parts yield

dilp-1 -1
(p—l)/ x@uP'Vu -V < L/ up‘ZIVu|2+p /X2(u)up|Vv|2.
o 2 Q 2d, Jo

Multiply the first equation of u in (1.1) by #”~! and integrate on €2 by parts. Since v < K,
by Lemma 2.1, we have

/ut~up’l—/d1Au-up_1+f V-(ux(u)Vv)~up_1
Q Q Q

ufv
=—a | #+8§| —.
Q oBu+v+a

According to

1 1 d 1d
‘/ut.up_lz_/pup_l.ut:_‘/ —Mp:—— I/lp,
Q pJa plodt pdt Jg

/d1~V~(Vu-up_l):d1/ Au-u”'1+d1(p—1)/u"_2|Vu|2:0,
Q Q Q
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and

/ V. (ux(u)Vv) e (p- 1)/ x @)’ 'Vy - Vv =0,
Q

Q
we have
1d
uf’+d1(p 1)/ w2 |Vu|?
pd

=—zz/ u’ +6 +(p- 1)/ (W) 'Vu - Vv
ﬁu+v+
p div—-1 -
S—a/u”+8/ ﬂ+£/u”_2wu|2+p—/ x 2 (w)uP | Vv|?
Q QVt+ta 2 Q 2d1 Q

8K di(p-1
<|(-a+ 9 /MP+L/L#”2|VM|2+I)
a+1(0 Q 2 Q

Consequently, together with x (x) < M; due to x(u) € C' and x =0 for u > M, we have

1 -1
—i/‘up+M/‘up72|Vu|2
Q 2 Q

X @y’ |VvP.

pdt
8K, -1
<(-a+—2 / w+ 2 / x>’ |Vv|®
o+ I(o Q 2d1 Q
8K, - 1)M2MP
<(-a+ 220 / w s L OMM? / Vv, (3.3)
o +1(0 Q 257!1 Q

Multiply the second equation of v in (1.1) by —Av, and integrate on 2 by parts to obtain

d
—/ |Vv|2+2d2/ |AV|?
g 4r 2 uv
=2r | |Vv|"=— | v|Vyv|"+2y [ ——Av
Q K Jq ofu+v+a
§2rf |VV|2+2)// LAV
Q QBu+v+a
521"/ |Vv|2+2y/ LAY\
Q oPu+v+a
v
52;’/ |Vv|2+2yf M—|Av|
Q QV+to
2y K
<2r |VV|2+£ ul|Av|.
K
Q ota Jo

Employing Young’s inequality, we have

2y K, 2y2K2
Y "/ ulAv| < < /|A 2+ /uz.
Ko+ 8(1(0 + oz)2

Setting & = 2d,, we obtain

d y2IK2
— [ Vv2+d A2<2/V270/2. 3.4
dt/9|v|+2/9| <o [ e [ (3.4)
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According to

dl(p—l)/ uP-2|w|2=d1<p—1>/ W2 Tup?
Q Q

2
:_4d1(p2_ 1)/(€) u(%—l)'2|vu|2
p a\2

_ 4d1@—1)/|vug|2
p? Q ’

for p > 2, we know from (3.4) and the last equality by Young’s inequality that

1d 2d 1
/ W+ — f|v 2+ l(p )/|W2| +d2/|Av|2
pdt
8K —1M2M1’
<(-a+ 222 /up+(p71/|Vv|2
Oé+1(0 Q 2dl Q
2K2
+2rf |Vv|2+y702/u2
Q dr(Ko +@)? Jo

8K, - )M2MmP
<(-a+—2 +1 /u”+ 2r+u /|Vv|2+k3
o +I(0 Q 2d1 Q

y 2K2M2%|Q|
da(Ko+a)?
For [, |Vv|?, applying the Sobolev interpolation inequality,

with kg =

[DV,0 = £1D"V], 0 + Clvipe,
setting j = 1, k = 2, p = 2, and integrating on €2 by parts, it is easy to see that

/|VV|2§81/ |Av|2+k4/ |V|2§81/ |Av|2+k41<§|sz|=51/ |AV|? + ks
Q Q Q Q Q

depending on ¢;.

For [, u”, by the Gagliardo—Nirenberg inequality with « > 0, we obtain

4
[ = [P < koot L9 a7 1 )

= k(I Vat 3 Juf |57+ Jut])

with ks >0and 0< 0 = < 1. Applying Young’s inequality yields

Np N+2

[Vub 157 Juf 577 < o] Vadh | + 1 1 -6 | |

2
»
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(3.5)

(3.6)

(3.7)
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with € > 0. Setting the last estimate into (3.7), we see that

/ o Z/‘”%\z <ko(|Vud [ [t |57+ a2 [3)
Q Q pr p
<ko(eo| Vil [+ e 11 =0)|ut 3 + [ut]3)
p p
= ko€l | Vidl |2 + kee 7T (1= 0) [k |3 + ko) 5|3
p p
= k666’||Vu1% ||§ +k6[€99j(1 -0)+ 1]||u177 HZZ
r
= e Vak | + ko [t [y
= &a| Vaih | + ks el

for any &, > 0, with k7 > 0 depending on &,. Because of || «|; < A; by Step 1, we know that
/ W <& |Vid | + koAl = 0| Vi | + s (3.9)
Q

with kg = /(71411J > 0.
Now, we need to consider the value of ¢; and &5. Fix them with

(2r . (p- 1)M%MP) dy

2, =y

and

5Ky 21 (p—1)
$1)ey= 222
o +1(0 pz

We have from (3.5), (3.6) and (3.8) that

1d d 3K
——/ p+—/|Vv|2+ ° 11 82/|VI/1177|2
pdt Q dt Q o+ Ky Q

- )M2MP
+2 2r+u g1 | |AV?
2d
1 Q

8K - 1)M2MP
<(-a+—2 +1 /u”+ 2r+u /le|2+k3
Ol+1(0 Q 2d1 Q
SK K,
§—a/up+ O 11 82HVM%||2+ 0 11 kg
Q O[+I(o 2 0l+1<0

- 1)M3MmP - 1)M3mP
+ <2r+ %)elfgmzf + (2r+ %)& + ks.

Obviously,

ld/ , d/IV 2
S u + — 14

- 1)MIMP
<-a| - 2r+u e [ |AV]?
2d
Q 1 Q
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_ 2 AP
+ (81{0 +1>k8+(2r+ M)k5+k3
a+ Ky 2d,
)MIMP
=—a/u1’—<2r - ) >(81/|AV|2+/<5>
Q Q

_ 2 P
+[( 3Ko +1>kg+2<2}"+ M)k5+k3:|

a+ Ky 2d,
- 1)M?MP
5—61/ u — (2r+ u)/ |V + ko
Q 2d, Q
g2
with kg = (aasg + ks +2(2r + %N?Mp)kg + k3 > 0. Therefore, we define the function
1 2
yB)=— | v+ | |Vv|, >0,
pPJa Q
satisfies

V() + kioya2(t) < ko

(leM

for all £ > 0 with k9 = min{2r + ,pa}. This also ensures

ke
¥ya(t) < Cy = maX{yz(O), k—g}
10

for all ¢ > 0 by the comparison principle of ordinary differential equations.

Part 3: Boundedness of ||Vv|r«) with p > 2.

We can define f(u,v) = rv— EVZ - ﬁlj:'f/‘;a . It follows from Part 2 and Lemma 2.3 that there
exists C3 > 0 such that

supl||f (u,v) ||me) < C3 < +00.
t>0
By the variation-of-constants formula for v, we have
t
v(-,t) = ey + / da(t=s) 2f (u(s), v(s)) ds, t>0.
0
Because of Lemma 2.3, we can draw the conclusion that

IVVIir

= H Vebthy, +/ Ve2IAf (u(s), v(s)) ds
0

LP(Q)

= ” Ve thy, ||LP(Q) +

t VedZ(t‘s)Af(u(s), v(s)) ds
0

1P(Q)

t
<G(1+ dzfi(‘l’f’%))e_hdzt||VVOHU’(Q) +/ ” vedZ(t_S)Af(”(s)’V(s)) ”U’(Q) ds
0

t
< 2G| Vvgllpi + C / (1+d, : (t - s)-%)e-ki“—” I (), () || 1o s
0
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_1

t
< 2G| Vgl () + C1C3/ (1+d,2s72)e ™ ds
0

1 1 1
<26, Vol + Clcg(—, d;? (2 . —))
)\’1 )\’l

for all £ > 0. Therefore, || Vv| 17 is global bounded.
Part 4: Global boundedness.
Based on Part 2, Part 3 and Lemma 2.4, the global boundedness of solutions can be

proved by using the standard Moser iterative technique. The proof is complete. g

If we take the parameter § close to 0 then the model can be regarded as a Holling-type II

predator—prey model (1.2). Therefore, we can obtain the following corollary.

Corollary 3.1 Under the assumptions for x(u) and initial data described above, the

unique nonnegative classical solution of (1.2) is globally bounded.

On the other hand, if we take the parameter « close to 0 then the model can be though
of a ratio-dependent predator—prey model (1.3). That is the statement of the corollary we

are trying to illustrate.

Corollary 3.2 Under the assumptions for x(u) and initial data described above, the

unique nonnegative classical solution of (1.3) is globally bounded.

Remark 3.3 It is well known that the global boundedness of solutions in a reaction—
diffusion system is a comparatively effortless outcome to the corresponding predator—
prey model. The existence of a prey-taxis term in (1.1) makes it massively hard to obtain
the global boundedness, and even the global existence of solutions. In addition, the prey-
taxis term V - (1 x (1) Vv) contained in the corresponding predator—prey model means that
x (u) = 0 whenever u > M, where the maximal density M serves as a switch to repulsion
at high densities of the predator population, extremely similar to the prevention of over-
crowding for chemotaxis or volume-filling effect. Therefore, the global boundedness of
solutions in a reaction—diffusion system of Beddington—DeAngelis-type predator—prey
model with prey-taxis established by way of Theorem 1.1 should be reasonable and natu-

ral.

Acknowledgements
The author is grateful to the referee for careful reading of the paper and for his or her useful reports which help them to
improve the paper.

Funding

This work was supported in part by the National Natural Science Foundation of China under Grant No. 61673121, in part
by the Natural Science Foundation of Guangdong Province under Grant No. 2014A030313507, and in part by the Projects
of Science and Technology of Guangzhou under Grant No. 201508010008.

Competing interests
The author declares to have no competing interests.

Author’s contributions
DML participated in the design of the study, conceived of the study, and drafted the manuscript. The author read and
approved the final manuscript.



Luo Boundary Value Problems (2018) 2018:33 Page 11 of 11

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 15 February 2018 Accepted: 5 March 2018 Published online: 12 March 2018

References

1.

2.

Beddington, J.R: Mutual interference between parasites or predator and its effect on searching efficiency. J. Anim.
Ecol. 44,331-340(1975)

Ruan, S., Xiao, D.: Global analysis in a predator-prey system with nonmonotonic functional response. SIAM J. Appl.
Math. 61, 1445-1472 (2001)

. Arditi, R, Ginzburg, L.R.: Coupling in predator—prey dynamics: ratio-dependence. J. Theor. Biol. 139, 311-326 (1989)
. Freedman, H.I, Mathsen, RM.: Persistence in predator-prey systems with ratio-dependent predator influence. Bull.

Math. Biol. 55, 817-827 (1993)

. Holling, CS.: The functional response of predator to prey density and its role in mimicry and population regulations.

Mem. Entomol. Soc. Can. 45, 1-60 (1965)

. Skalski, G.T, Gilliam, J.F.: Functional responses with predator interference: viable alternatives to the Holling type I

model. Ecology 82,3083-3092 (2001)

. Ling, L, Wang, W.: Dynamics of a Ivlev-type predator—prey system with constant rate harvesting. Chaos Solitons

Fractals 41, 2139-2153 (2009)

. Liy, B, Zhang, Y., Chen, L.: Dynamic complexities in a Lotka-Volterra predator-prey model concerning impulsive

control strategy. Int. J. Bifurc. Chaos Appl. Sci. Eng. 15, 517-531 (2005)

. Liu, B, Zhang, Y, Chen, L: The dynamical behaviors of a Lotka-Volterra predator-prey model concerning integrated

pest management. Nonlinear Anal,, Real World Appl. 6, 227-243 (2005)

. Lee, J, Baek, H.: Dynamics of a Beddington-DeAngelis-type predator—prey system with constant rate harvesting.

Electron. J. Qual. Theory Differ. Equ. 2017, 1 (2017)

. He, X, Zheng, S.: Global boundedness of solutions in a reaction-diffusion system of predator-prey model with

prey-taxis. Appl. Math. Lett. 49, 73-77 (2015)

. Bianca, C, Pennisi, M., Motta, S., Ragusa, M.A.: Immune system network and cancer vaccine. AIP Conf. Proc. 1389,

945-948 (2011)

. Bianca, C, Pappalardo, F, Motta, S, Ragusa, M.A.: Persistence analysis in a Kolmogorov-type model for

cancer-immune system competition. AIP Conf. Proc. 1558, 1797-1800 (2013)

. Tao, YS.: Global existence of classical solutions to a predator—prey model with nonlinear prey-taxis. Nonlinear Anal,,

Real World Appl. 11, 2056-2064 (2010)

. Tao, Y., Winkler, M.: Boundedness in a quasilinear parabolic-parabolic Keller-Segel system with subcritical sensitivity.

J. Differ. Equ. 252, 692-715 (2012)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Global boundedness of solutions in a reaction-diffusion system of Beddington-DeAngelis-type predator-prey model with nonlinear prey-taxis and random diffusion
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Proof of main result
	Acknowledgements
	Funding
	Competing interests
	Author's contributions
	Publisher's Note
	References


