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1 Introduction

In the past 20 years, fractional differential equations (FDEs for short) as mathematical
models have been successfully used in many fields of science and engineering (see [1-7]),
which have attracted considerable attention in studying FDEs. For example, Izhikevich

neuron model can be described by two fractional-order differential equations as the form

tD(t) =fv* +gv+ h—u + R,
CDYu(t) = albv — w)i,

where a € (0,1], D* is the Caputo fractional derivative of order a, v(t) represents the
membrane voltage and u(t) express the recovery variable (see [6]). Ates and Zegeling [7]
studied the following fractional-order advection—diffusion reaction boundary value prob-
lems (BVPs for short):

e“Du+yu' +f(u)=Sx), x€[0,1],

uO) =ur,  u(l)=ug,

where 1< <2,0<e <1,y eR, °D? is the Caputo fractional derivative of order «. The
function S(x) represents a spatially dependent source term.

Recently, fractional differential equations with various kinds of boundary conditions
(BCs for short) have been discussed widely and obtained numerous valuable results (see
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[8-31]). It is worth mentioning that the discuss of fractional differential equations with in-
finite point BCs have been attracted many scholars’ attention over the past two years (see
[18-31]). These work studied on many subjects, such as: existence of solutions, positive
solutions, multiple solutions, unique solution. In [18, 19] Zhang and Zhai et al. considered

the following fractional differential equation with infinite point BCs:

DY u(t) + qt)f (¢, x(2)) =0, ¢€(0,1),
uw(0) =/ (0)=---=u"2() =0,
ud(1) = Z;fl aju(§),

respectively, where & > 2, n — 1<« < n, i € [1,n — 2] is a fixed integer, o; > 0, 0 < &; <
Er<--<f<g<---<1(j=1,2...), D, is the standard Riemann—Liouville fractional
derivative of order «. By employing the fixed-point theorem in cones, Zhang established
the existence and multiplicity of positive solutions theorems and Zhai et al. obtained the
existence and uniqueness result on positive solutions.

In [20], Guo et al. investigated the following infinite point fractional BVPs:

D u(t) +f(t,ut),u(t) =0, 0<t<l,
u(0) = u"(0) = 0, u'(1) =377 njul&),

where2<a <3,7,>0,0<& <& < <&, <$,»<~~~<1(1'=1,2,...),CD§§+ is the Caputo
fractional derivative of order «. The authors obtained the existence of multiple positive
solutions by means of Avery—Peterson’s fixed-point theorem.

Although many papers dealing with fractional infinite points BVPs, only a few papers
consider FDEs with infinite point BCs at resonance (see [21-23]). In [21], Ge et al. dis-

cussed the following coupled FDEs with infinitely points BCs at resonance:

Dg,x1(8) = fi(t,%1(£), Dp, " x2(0)),
Dy, x2(8) = fo(t, %2(8), DY 21 (1)),

x1(0)=0, limy 0o D§ %1 (2) = 317 viwr (m2),
%2(0)=0, limy oo Dp, %2(t) = Y1 o2 (E),

where 1<, <2,0<n <m<---<n<--,0<E << <& <o, lim, o0 = 00,
lim;, o0& = 00and Y/ 1yilnd < 00, YT |O'i|fiﬁ < 00,D%, and D, are standard Riemann—
Liouville fractional derivative. By using Mawhin’s continuous theorem the authors ob-
tained the existence result.

Thus, motivated by the results mentioned, the purpose of this paper is to present the ex-
istence of solutions for the following infinite point BVPs by applying Mawhin’s continuous
theorem:

Dg x(t) = f(t,%(t), D& 2x(t), DS x(2)),  te(0,1),
x(0) =0, Dg;lx(O) =Y 1T D (&), (1.1)
D§x(1) = Y15 BiDG x(v),
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where 2 < o < 3, D, is the standard Riemann—Liouville fractional derivative of order «,

f€10,1] x R® - R is a Carathéodory function, &;,y; € (0,1) and {£}, {y;}; are two

monotonic sequence with lim;_, , & = a, lim;_, .o ¥; = b, a,b € (0,1), o, B; € R.
Throughout this paper, we assume that the following condition holds:

Hy) Y T ai=13 T Bi=1> 7 lal <+00, > [T |Bil < +00, A #0, where

+00 +00
2
A = aynay — anann, an = E a;;, app = E ar,
i=1 i=1
+00 +00
2
ay=1- E Bivi azy=1- E Bivi.
i=1 i=1

Remark 1.1 Here, if we let o;, B; € RY, a? < &, ¥ < b and assume that {&}, {y;}/ are
monotonically increasing sequence and monotonically decreasing sequence, respectively,
then, by (H;), we have A > 0.

In fact, since {&;}/ monotone increasing and {y;};T monotone decreasing with

lim;, o0& = a, lim;, 4,00 Vi = b, a, b € (0, 1), then by (H;) we have

A = anay — andn

=) aiE <1 -3 ﬂn/,»2> - o] (1 - Zﬂm)
i-1 i-1 i-1 i-1
>&(1-yf)-a*(1-b)>0.

A boundary value problem is called resonance if the corresponding homogeneous
boundary value problem has a nontrivial solution. We point out that if condition (H;)
holds, the BVP (1.1) happens to be at resonance in the sense that the following infinite
point boundary value problem:

D2 x(t)=0, te(0,1),
x(0)=0, Dg'x(0)=>";T D ul&),
D x(1) = 377 BiDe  x(yi),

hasx(t) = a12* ! +a,t*~2, a1, a, € R asa nontrivial solution. That means the linear operator
Lx = D§,x is non-invertible.

Even though in the papers [21, 22] and [23] authors have investigated the resonance
case with dimKerZ = 2, all of them considered with the coupled fractional differential
equations, in which the linear operator L defined as L(x,y) = (L1x,Lyy) and dimKerL; =
dimKer L, = 1. In our paper, we study the one fractional differential equation resonance
case with dimKer L = 2, which is obviously different from papers [21, 22] and [23]. Com-
pared with previous work the main difficulties in this paper are as follows. First, resonance
BVPs cannot be dealt with fixed-point theorem directly. Second, the theory of Mawhin’s
continuation theorem is characterized by the higher dimension of kernel space on reso-
nance BVPs, the more difficult to construct the projections P and Q. Third, we give an
example to support our main result, and we should point out that to give an example for
BVPs (1.1) is very difficult.



Zhang and Liu Boundary Value Problems (2018) 2018:36 Page 4 of 16

The rest of this paper is organized as follows. In Sect. 2, we recall some preliminary
definitions and lemmas. In Sect. 3, based on Mawhin’s continuation theorem, we establish
an existence theorem for problem (1.1). In Sect. 4, we present an example to demonstrate

the results. In the last section, brief conclusions are given.

2 Preliminaries
In this section, we recall some definitions and lemmas which are used throughout this
paper. First, we present here the results of coincidence degree theory due to Mawhin which
can be found in [32, 33].

Let (X, | - lx) and (Y, || - ||y) are two real Banach spaces. Define L : domL C X — Y to be
a Fredholm operator with index zero, then there exist two continuous projectors P: X —
X and Q:Y — Y such that

ImP =Kerl, ImL =KerQ, X =KerL @& KerP, Y=ImL&ImQ,

and L|gomznkerp : dom L — Im L is invertible. We denote its inverse by K,,. Let 2 be an open
bounded subset of X and dom L N  # @, then the map N : X — Y is called L-compact on
Q, if QN () is bounded and KpoN =K,(I-Q)N: Q — X is compact.

Theorem 2.1 LetL:domL C X — Y bea Fredholm operator of index zeroand N : X — Y
be L-compact on Q. Assume that the following conditions are satisfied:
(i) Lu # ANu for any u € (domL \ KerL) N <2, 1 € (0,1);
(i) Nu ¢ ImL for any u € KerL N 9;
(iii) deg(QN|kerr, 2 N KerL,0) #0.

Then the equation Lx = Nx has at least one solution in domL N Q.

Next, we recall some basic knowledge about the fractional calculus. For more details we

refer the reader to [2].

Definition 2.1 The Riemann-Liouville fractional integral of order a > 0 for a function

x: (0, +00) — R is given by

1

I x(t) = Wa) ./0 (£ — )" x(s) ds

provided that the right-hand side integral is pointwise defined on (0, +00).

Definition 2.2 The Riemann—Liouville fractional derivative of order « > 0 for a function

x:(0,+00) — R is given by

o da n-a 1 da
D0+x(t) =—1 x(t) = m d?

t
- (¢ —5)"*x(s) ds,
den° /0

where n = [«] + 1, provided that the right-hand side integral is pointwise defined on

(0, +00).
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Lemma 2.1 Let o > 0. Assume that x, D%, x € L'(0, 1), then
I8, D8 x(t) = x(t) + 1t + ¢ot* 2 4 -+ ¢, 7,
wheren=[a] +1,¢; € R (i=1,2,...,n) are arbitrary constants.
Lemma 2.2 Let o > 8 > 0. Assume that x € L'(0, 1), then
LA x) =157 %0,  Djag.x(t) =15 %),
in particular D§ I§, x(t) = x(¢).

Lemma 2.3 Let o >0, n € N and D = d/dx. If the fractional derivatives (D, x)(t) and
(Dg1"x)(2) exist, then

(DD, 2)(0) = (D§"5) ).

Lemma 2.4 (see [2, 34]) Assume that o >0, A >—1,t >0, then

C(x+1)
]a tA — tOHA, Da tA —
" T T+ 1l+a) O+

T(:+1)
T(h+1-a)

A—a
’

in particular D, t*™" =0, m=1,2,...,n, where n = [a] + 1.

3 Main result
Let

X = {x:4,D%;%x, D} x € C[0,1]}, Y = L'0,1].

It is easy to check that X is a Banach space with norm

llxllx = max{ [l€lloo, | Dy 2] . | D %] )

where [|¥]|oo = SUp;(o,1) [#(£)], and Y is a Banach space with norm [|y|ly = [ly[l1 = fol ly(2)| dt.

Define the linear operator L : domL C X — Y and the nonlinear operator N : X — Y as

follows:
Lx(t) = Dg,x(t), «x(t) € domlL, Nx(t) :f(t,x(t),Dg‘:zx(t),Dgzlx(t)), x(t) € X,
where

domLZ = {x € X : Dg,x(t) € Y, x satisfies boundary value conditions of (1.1)}.

Then BVP (1.1) is equivalent to the operator equation Lx = Nx, x € dom L.
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Lemma 3.1 Assume that (Hy) holds, then the operator L :dom L C X — Y satisfies

KerL = {x edomL:x(t) = a1t + axt* % a1,ay € R}, (3.1)
ImL={yeY:Tiy="Ty=0}, (3.2)
where

+00 & +00 1
Tiy = Zai/() ys)ds,  Toy= Z/Si/ y(s) ds.
i-1 =1 UV

Proof 1f Lx = D§,x = 0, by Lemma 2.1, we have

() = a1 t* "t + apt® 2 + ast® 3, ay,a0,a3 €R.
Considering that boundary condition x(0) = 0, one has a3 = 0, then

x(t) = a1t + at® 2.
So, KerL C {x € domL :x(t) = a t* " + axt*~%,a1,a, € R}. Conversely, for any a,,a, € R,
take x(£) = a1£%7! + apt*2, it is easy to check that DZ, x(¢) = 0 and x(¢) satisfies boundary
value conditions of (1.1). Thus, (3.1) holds. For y € Im L, there exists x € dom L such that
D, x(t) = y(t). Again by Lemma 2.1 and combining with the boundary condition x(0) = 0,

one gets

x(t) =I5, y(t) + art* !+ a2,

Noting that
+00 +00
DE'x(0) = Y D3 (&), DETx(1) =) BDE (v,
i=1 i=1

by Lemmas 2.2 and 2.4, we obtain

Di'x(0) = (@) = ) D %(E)
i=1

+00

&
- Zai[/ y(s)ds+a11"(ot):|
0

i=1
+o0 &

= Zai/ y(s)ds + a ' («)
i=1 0

and

+00

1
D x(1) = /0 y(s)ds+aT(e) =Y DG x(y:)

i=1

Yi
0

+00 +00 Vi
= ,Bi|: y(s)ds +a F(a)] = Bi y(s)ds + a ().
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Thus,

Ty =Ty =0, (3.3)
that is,

ImLC{yeY:Tyy=Try=0}

Conversely, let y € Y satisfy (3.3) and take x(t) = I§, y(¢). Obviously, we have x(t) € dom L
and Lx(t) = y(¢). Then, {y € Y : T1y = T,y = 0} C Im L. Therefore, (3.2) holds. a

Let Q1,Q;: Y — Y be two linear operators defined as follows:

1 2
Quy = X(ﬂzz Ty — a1nTay), Qoy = X(du Toy — ax T1y).

Lemma 3.2 Assume that (H;) holds, then L : domL C X — Y is a Fredholm operator of
index zero. The linear projector operator P: X — X and Q:Y — Y defined as follows:

(Px)(£) = ﬁpg;lx(ow-l ¥

Qy(t) = Quy(®) + (Quy(®))t.

D 2x(0)t* 2,

IMNa-1)

Proof By the definition of P we can check that P is a continuous linear projector operator
and satisfies ImP = Ker L, X = Ker P @ Ker L. It is clear that Q is a continuous linear opera-
tor and dimIm Q = 2. By the definitions of Q;, Q;, we can calculate the following equations
hold:

Q1(Quy(®)) = Quy(), Q1((Qy(®)t) =0,

Q2(Quy(®) =0, Q2((Quy(®))t) = Qay(®).

Thus,

Q*y(8) = Q(Qy(1) = Qi (Qy(1)) + (Qa(Qy(®))¢
= Q[ Quy(®) + (Quy(0)t] + { Qa[Quy(®) + (Quy(2))t] } £
= Quy(t) + (Quy(1))t = Qy(2).
So, Q is a projector operator. From Lemma 3.1, we have Im L C Ker Q. Now, we show the

fact that KerQ C ImL. In fact, for y € KerQ, i.e., Qy = 0, then we get a system of linear
equations with respect to T1y, Ty as follows:

ay Ty —anTiy=0, (3.4)
ayTiy—anTy=0,

Since the determinant of coefficient for (3.4) is A # 0, we get T1y = Toy = 0, thus KerQ C
Im L. Therefore, KerQ=ImL.Fory e Y,sety = (y— Qy) + Qy, then (y— Qy) € KerQ =Im L,
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Qy € ImQ. So, y =ImL +Im Q. Furthermore, for any y € Im L N Im Q, there exist constants
¢1,¢2 € R such that y(£) = ¢; + ¢cof and Ty = Toy = 0. Then we also get a system of linear
equations with respect to ¢y, ¢, as follows:

26111C1 + di2Cy = 0, (3 5)
2612161 + dyoCy = 0.

Because the determinant of coefficient for (3.5) is 2A # 0. Thus, ¢; = ¢; = 0. It means
that ImQ N Im L = {0}. Therefore, ¥ = Im Q & Im L. Furthermore, dimKer L = dimIm Q =
codimImL = 2. So, L is a Fredholm operator of index zero. 0

Lemma 3.3 Assume that (H,) holds, define the linear operator K, : In L — dom L N Ker P
by

Kpy)(t) = ﬁ /0 (t- s)“_ly(s) ds, yelmlL,

then K,, is the inverse of L|gominkerr and || Kpyyllx < |yll1, for ally € ImL.

Proof For y € ImL, then Ty = Toy = 0, which is combined with the definition of K, and
Lemma 2.2, we can check that K,y € dom L N Ker P. So, K,, is well defined on Im L. Obvi-
ously, (LK},)y(t) = y(t), Yy € Im L. For x(¢) € dom L, by Lemma 2.1, we have
(K,L)x(t) = Ig, Dy, x(2)
= x(8) + a1t* "t + axt® 2, aj,ap € R.
It follows from P[(K,L)x(t)] = 0 and a12* + ayt*~* € KerL = Im P that ¢;*7" + ¢t*™> =
—Px(t). That is, (K,L)x(t) = x(t) — Px(¢). Therefore, if x(tf) € domL N KerP, we have

(K,L)x(t) = x(t). So, K,, is the inverse of L|jomznkerp- By Lemma 2.2, we have the follow-
ing inequalities:

1 t w1 1 1
K1 = 1 /0 (4= o) ds = s /0 1y()] ds < Iyl
t 1
|DE2 Ky < fo (t-9)y(s)|ds < fo 1y()] ds = 1yl

t 1
|D§ Ky < / y(s)| ds < / |y(s)| ds = llyllx.
0 0
So, IKpyllx < lIyll1, forally e ImL. O

Lemma 3.4 Assume that (H,) holds and Q2 C X is an open bounded subset with dom L N
Q # ), then N is L-compact on Q.

Proof According to f € [0,1] x R? — R satisfies the Carathéodory conditions, we can
get QN (L) and (I - Q)N(2) are bounded almost everywhere on [0, 1], that is, there exist
constants m, /i1 > 0 such that |QNx(¢)| < 771, |(I - Q)Nx(t)| < m, x € Q, a.e. t € [0,1]. Next,
we show that K,(/ - Q)N : Q — X is compact. In fact, by Lemma 3.3, K,(I - Q)N(Q) is
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uniformly bounded. It follows from the Lebesgue dominated convergence theorem that
K,(I-Q)N: Q — X is continuous. For 0 <t; <t; < 1, x € &, we have

|Kp(I = QNx(t1) - Ky, (I - QNix(ts)

_ ﬁ ,/otl (t1 -9 (I — QINax(s) ds - /Otz (2 — )71 (I - Q)Nx(s) ds
t a1 a-1
< @ /0 [(t1 =) = (t2 = )" ]I - QNu(s) ds

f (£ — )" (I = Q)Nx(s) ds

_ 011 - _ 011
F(a)/ —(t1—9) ds+r( )/ (ty —8)* " ds

F(a+1)(t - ).

Since ¢* is uniformly continuous on [0, 1], K,(I - QN (Q) is equicontinuous. In addition,
by Lemma 2.3 we see that the following equation holds:

t
DK, (I - QINx(ty) — DS K, (I — QINx(th) = / D K, (I - Q)Nx(s) ds

2]

So, it suffices to show that D‘g;le (I - QN(L) is equicontinuous. In fact,
|Dg K, (I - QN«x(ty) — DY, Ky (I — QUNx(2)|

<m(ty - t).

= / N (I — Q)Nx(s)ds

Since ¢ is uniformly continuous on [0, 1], thus Dg;ll(p(l — Q)Nx(R2) is equicontinuous. By
the Ascoli—Arzela theorem, we see that K,(/ — Q)N : Q — X is compact. O

In order to obtain our main results, we suppose that the following conditions are satis-
fied:

(Hs) There exist nonnegative functions p(t), q(¢), 7(t), e(t) € Y such that, for all (u,v,w) €
R3, ¢ €(0,1),

[f (&, u, v, w)| < p()|ul + @)1V + ()| w] + e(2)

and

I -1)

+ + -
el + Nl ”r”1<r(a—1)+2

(Hs) There exist constants ki, k, > 0 such that, for all ¢ € (0, 1), x € dom L, if |DZx(¢)| >
ki or | D2 'x(2)| > ky, then either T;(Nx(t)) #0 or To(Nx(t)) # 0.

(Hy) There exists a constant g > 0 such that, for all aj,a; € R, x(¢) = a1t + apt* 2 €
KerL, if |a1| > g or |ay| > g then either

a1 TyNx(t) + ar ToNx(t) > 0, (3.6)
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or
a1 T1Nx(t) + a, ToNx(t) < 0. (3.7)
Lemma 3.5 Suppose that (H;)—(Hs) hold, set
Qi = {x edomL\ KerL:Lx=ANx,1 € (0,1)}.
Then Q2 is bounded.

Proof For x € Q1, we have Nx € Im L = Ker Q. Then T7(Nx(¢)) = T>(Nx(¢£)) = 0. Thus, from
(Hs), there exist fo, 2 € [0,1] such that [Dg;?x(f)| < ki and |Dg;'x(t1)| < k. Then, by

Lemma 2.3 we have

|D5x(t)] =

t
D&t x(ty) + / D{,x(s)ds
151

t
<Dy x(t1)| +/ |Dg,x(s)| ds
t1
<kz + [[Nx]l1
and

to
|Dg:2x(0)| = Dgfx(to)— / Dg;lx(s)ds
0

< |Dg2x(to)| + /0 ¥ |Dg; x(s)| ds
<k +||D§ x| < ki + ko + Ny
By the definition of P and Lemma 2.4, we get
DE2Px(t) = DY x(0)t + DI 2x(0),
and
D' Px(t) = DS x(0).
Thus,

|Dg2Px| < |D§; %(0)| + | DG 2x(0)| < ki + 2k + 2[|Nx||1,

|Dg Px| = |Dg; ' %(0)| < ko + [IN%]l1.

We have

1

|Px| < L\Dgglx(o)y + ——|Dg;
I'a) Mo -1)

1
< — (k1 + 2k + 2|| N .
= F(a—l)( 1+ 2k + 2| x||1)
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Therefore,

I1Pxllx = max{|Pxl|o, | D5 >Px| ., | DG Px|| )

1
< —— (k1 + 2k + 2|\ . 3.8
_F(a—l)(l+ 2 + 2| Nxl|) (3.8)
Also, for x € Q1, then (/ — P)x € dom L N Ker P, LPx = 0, from Lemma 3.3, we have

|t = P)x| , = | KLU - P)x| , = [ K,Lxllx < |ILx[ly < |Nx]ls. (3.9)

Then, from (3.8) and (3.9), we see that

lxllx = |Px+ (I - P)x||, < IPxllx + || (I = P)x] ,

< m(k1 +2ky + 2|[Nxlly) + [N (3.10)

By (Hy), we have

INxll1 < lIplilxlioo + il | D§ 2] + 7l [ DE; % o + llellx
< (||l9||1 + gl + ||V||1)||x||X + el (3.11)
Substituting (3.11) into (3.10), one gets

ki + 2k + (D(cr — 1) + 2) [lelly
(@-1)~[T(e-1)+21(pli + ligl +lIrl)

lellx <
So, 2, is bounded. O
Lemma 3.6 Suppose that (Hs) holds, set

Qy={xeKerL:NxeImL}.

Then 2, is bounded.

Proof For x € Q,, we have x(t) = a1t*! + ayt*2, aj,a, € R and TiNx(t) = ToNx(t) = 0.
From (H3), there exist £, 3 € [0, 1] such that |Dg%x(t,)| < k1 and |D%x(t3)| < ko, that is,

|D§; ' x(t3)] = |ar T ()| < ko,

|Dg;2x(t2)| = |alF(a)t2 +ax(o - 1)| <k.
Thus,

la1] < ko/T (), |as] < (ki + ko)/T (e — 1).
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Therefore,

Wl < la1] + an] < 2 Jthe 1
Moo =TI = v " Ta-1)  T(@)

ko + (o = 1)(ky + kg)],

HDg;szm <T(a)|m| + T (o -1)|az] <2k + ki,

|05 %] ., < T(@)lal < ko
So, 25 is bounded. 0

Lemma 3.7 Suppose that (Ha) holds, we set
Q3 ={xeKerL:9AJx+(1-A)QNx=0,1 € [0,1]}.

Then Q23 is bounded, where ¥ = 1, if (3.6) holds and ¥ = -1, if (3.7) holds, ] : Ker L - Im Q

is the linear isomorphism defined by

1
](ﬂlta_l + dzfa_z) = Z[(ﬂzzﬂl - anaz) +2(anax - ﬂ21611)t], Vay,a; € R.

Proof Without loss of generality, we suppose that (3.7) holds, then, for any x € Qs,
there exist constants 4,4, € R, A € [0,1] such that x(¢) = a1t*' + axt*2 and —AJx +
(1 -A)QNx =0. By Lemma 3.6, in order to prove Lemma 3.7, it suffices to show that
la1] < g, |aa| < g. In fact, if A = 0 then QNx = 0, which means T3Nx = T,Nx = 0. From
(Ha), we get |a1| < g, lap| <g.If X =1 then Jx = 0, that is, a; = a; = 0. Obviously, |a1]| <g,
laz| < g.For A € (0,1), by AJx = (1 — A)QNx one has

Maga — aipay) = (1 - A)(axnT1Nx — a1 ToNx),
Manay —anai) = (1 - A)(a1 ToNx — az TiNx).

Because A #0, we have

Aaq = (1 — )\)TlNX,
)wl2 = (1 — )\)Tng

Then, if |a;| > g or |az| > g, by (3.7), we get a contradiction,
0<A(a} +a3) = (1 - A)(a1 T1Nx + a, T»Nx) <O.

Thus, |a1| < g, |az] <g. So, Q23 is bounded. If (3.6) holds, by a similar method, we can see
that Q3 is bounded. O

Theorem 3.1 Suppose that (Hy)—(Hy) hold. Then problem (1.1) has at least on solution
in X.

Proof Let 2 be a bounded open set of X such that | 7, €; C Q. By Lemma 3.4, N is L-
compact on Q. From Lemmas 3.5 and 3.6, we get
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(i) Lx #ANx for any (x,A) € [(domL \ KerL) N 9] x (0,1),
(i) NxeImL for any x € KerL N 9<2.
Thus, we only need to show that (iii) of Theorem 2.1 is satisfied. Take

H(x,\) = 9AJx + (1 — A)QNx,

where ¥ is defined as before. According to Lemma 3.7, we derive H(x,1) # 0 for all x €
Ker L N 9. Thus, it follows from the homotopy of degree that

deg{QN |kerz, @ N Ker L,0} = deg{H(-,0), 2 N KerL,0}
= deg{H(-,1),2 N KerL,0}

=deg(®], 2N KerL,0) #0.

Then, by Theorem 2.1, we can see that the operator function Lx = Nx has at least one
solution in dom LN, which, equivalently to problem (1.1), has at least one solution in X. (]

4 Example
Example 4.1 Consider the following fractional boundary value problem:

DZ>x(t) = f(¢,%(¢), D32x(2), Di°x(t)), te(0,1),
x(0) =0, D§°x(0) = Y 1T Dy x(&;), (4.1)
Dg2x(1) = 315 BiDy x(vs),

where we take

1 1 i i+1
ai:E, ﬂi:_" gi

f(t,x(2), DY x(t), Dy x(2))

1 1 1
= m(z,‘)|:1.‘2 +1+ gcoszx(t) + ﬂDgfx(t):| -5 (1 - m(8))Dg?x(t),

1, [0,1/2),
0, [1/2,1].

m(t) =

Obviously, we have

a,pieRY, a?=-<

=b,

N =

_é 2_4<
=S )/1—9_

IS
W=

and {£;};5 is a monotone increasing sequence and {y;}/% is a monotone decreasing se-

quence. Applying Remark 1.1 we conclude that A > 0. Let
p(t) =1/8, q(t) = 1/24, r(t) =1/12, e(t) = 2.
Then

[f (&, u, v, w)| < p(©)lu] + q(©) V] + ()| W] + e(?)
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and

MNa-1) JT
4 T —1)+2  Jm+4

2l + gl + llrlly =

Take k; = 48, ky = 24. Then, if |D8fx(t)| > kq, one has
+00 Ei
T (Nx(2)) = Za,-/ f(s,%(5), D§7x(s), Dy?x(s)) ds #0,
— 0
and if |D§?x(2)| > k, one gets
Z Bi f (s, %(s), Dy x(s), Dy 2x(s)) ds # 0.

Let g =261. Then if |4 | > g, we have

ai Tle(t) +dy Tsz(t)

=a Zal_/ s,x(s) Dgfx(s) Défx(s))
+a22,8, fsxs) D x(s) D x(s))

— (% 1 1
=a Zai/ |:52 +1+ gcos2x(s) + ﬁ(al ['(1.5)s + azF(O.S))] ds
=1 Y0

Z,B,/ aT(1.5)ds

& 1 1 +o
=a Zai/ (52 +1+ §c0s2x(s)) ds + EF(LS)a% Zai“g‘f
0 i=1

1
+omal 0. S)Zala - —alazr(l S)Zﬂl (1-)

i=1

&
2
_aIZa,/ (s +1+Scosx(s))ds+—F15 Zaé

1 2 29
>—aj——a>0.
864 48

In view of Theorem 3.1, boundary value problem (4.1) has at least one solution.

Remark 4.1 By the example, we find that it is more difficult to give an infinite series ) ;7 o
=1, Z, 1 la;| < +00) than to give a function g(¢) € L'[0, 1] (folg(t) dt = 1). For
example, for fo g(t) =1, we can take g(t) = 1.

5 Conclusion
In this paper, we are focused on investigating the existence of solutions for a class of FDEs
with infinite point BCs. By using Mawhin’s continuation theorem, an existence theorem
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is established and we also give an example to illustrate the application of the theorem. To
the best of our knowledge, the issue on the existence of solutions for infinite point BVPs
was first studied by Ma (see [35]) and discussed widely in recent years. It is an interesting
question and there is some work to be done in the future, such as: discussing the exis-
tence of solutions for p-Laplacian FDEs with infinite point BCs at resonance in the case
dimKer L = 2 for one fractional differential equation.
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