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1 Introduction
This paper is concerned with the construction of several conservative compact schemes
for the following generalized nonlinear Schréodinger equation (NLSE) with wave opera-

tor:
utt—uxx+iaut+,3(x)f(|u|2)u:0, x€(0,L),t€(0,T), (1.1)
u(x, 0) = (]50(96), u[(x, 0) = ¢l(x)’ X € [01 L]: (12)
u(0,t) =u(L,t)=0, te[0,T], (1.3)

where u(x, t) is a complex function, « is a real constant, 8 and f are given real functions,
and i? = —1. NLSE is one of the most important mathematical models with many applica-
tions in different fields such as plasma physics [1], nonlinear optics [2—5], and bimolecular
dynamics [6-8]. One remarkable feature of the model is its conservation law having the
form of

L
E(8) = lluell7, + llugll7, + fo B)F (|ul®) dx = E(0), (1.4)

where F(s) = [, f(z) dz.
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In the past several years, much attention has been paid to developing effective numer-
ical methods to solve the NLSE. For example, Bao and Cai [9] established uniform error
estimates of finite difference methods for NLSEs with wave operator. Sun and Wang [10]
investigated linearized finite difference methods for solving the NLSE. Chang et al. [11]
presented several linearized finite difference schemes by applying an extrapolation tech-
nique to the real coefficient of the nonlinear term. Goubet and Hamraoui [12] presented
both numerical and theoretical invariability of energy and mass with finite time for two-
dimensional cubic nonlinear Schrodinger equations with a radial defect. Generally speak-
ing, the computational cost can be reduced by applying the linearized numerical methods.
As a result, the linearized methods have been extensively investigated for many different
nonlinear differential equations, e.g., [13-21]. However, the nonconservative linearized
schemes may give blow-up solutions [22].

Recently, many numerical methods have been developed based on the conservation laws
of (1.1). For example, Brugnano et al. [23] considered a class of energy-conserving Hamil-
tonian boundary value methods for the equations. In [24], Zhang and Chang proposed a
four-level explicit and conservative scheme. Wang and Zhang [25] developed some differ-
ent conservative schemes based on some special techniques on the nonlinear terms. Hu
and Chan [26] further considered a conservative difference scheme for two-dimensional
NLSE. In [24, 26], the proposed methods have second order accuracy in spatial direc-
tion. In order to improve accuracy in spatial direction, Guo et al. [27] and Cao et al. [28]
introduced the energy conserving LDG methods and obtained optimal convergence or su-
perconvergence of the method. Li et al. [29, 30] introduced the compact finite difference
methods and investigated fully discrete numerical schemes for cubic NLSE with wave op-
erator (i.e., f(s) = s). As far as we know, there are few results on construction of conser-
vative compact finite difference methods for the generalized NLSE with wave operator
(1.1).

In this study, several compact finite difference schemes are developed for solving the
generalized NLSE with wave operator (1.1). It is shown that the fully discrete numerical
methods conserve the discrete energy. Then, the boundedness of numerical solutions and
the stability of numerical methods are obtained. It is also proved that the numerical meth-
ods can attain a convergence rate of O(z2 + 4*) in the maximum norm. Here and below, t
and / are respectively the temporal and spatial stepsizes. Besides, by applying the Richard-
son extrapolation algorithm, the proposed methods have a convergence rate of O(z* + h*)
in the maximum norm. Finally, several numerical experiments are proposed to illustrate
all the theoretical results.

The rest of the paper is organized as follows. In Sect. 2, a compact difference scheme
is given. In Sect. 3, the discrete conservation law of the compact scheme is obtained. In
Sect. 4, the boundedness of numerical solutions is obtained. In Sect. 5, stability and con-
vergence are proved. In Sect. 6, several conservative compact schemes are constructed for
the nonlinear Schrédinger equation with wave operator. Moreover, the Richardson ex-
trapolation technique is used. In the last section, numerical experiments are presented to
support theoretical results.

Throughout the paper, we set C as a general positive constant independent of mesh

sizes, which may be changed under different circumstances.
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2 Finite difference scheme

Lett = % and i1 = % be the temporal and spatial stepsizes, respectively, where J and N are
given positive integers. Denote £, = nt (0 <n < N),x; = jh (0 <j <J), Q; = {t,]0 <n < N},
and €, = {x;|0 <j <J}. Let W,? ={w/lwg=w/=0,j=12,....)-Ln=1..,N-1} be a
grid function space defined on 2 x ;. Define

V7 v V7 V
s = W P
X i ’ X i )
J h J h
1
2.0 _ Y noo_ n n
d; i —8x8ij =z (wj+1 2wj +wj_1),
n+1 n—1 n n—1
wH —w! wh—w'
&w) = <47 Sw) = I 7
2T T
n+1 ]
W
j j
8tW;’ = N
T
1
2.1 o — (] n n-1 (21)
S;w) = 88w} = - (W1 2w +w; )
7 A M
1+ 10wy + w”l),
1 J-1
_ 2
n—n nl|l _ n
Wil wr = eyl
=1 j=1

N —
© 1gigat

’

where w” = (w{’,...,w}’_l)T, v = (V{’,...,V}’_I)T.
At the grid point (x;,¢,), we define Uj” as the exact solution and ul” as the numerical

solution. We also assume that the exact solution of problem (1.1)—(1.3) satisfies

8, U"|,

max {[|U"],

Now, we present a compact difference scheme for problem (1.1)—(1.3) as follows:

J

F(lu™ ) = F(u ™' 17) ™+ ™
ApSiul - 82 + i Andiul + Ay, [ﬁ(x,) ! / / ] -0,

112 —-12
TP~ 1] 2
1<j<J-1,1<n<N-1, (2.2)
M,(-) = o (%), Su(x;,0) = ¢1(x;), 0=<j<], (2.3)
u;;:uy:o, 0<n<N. (2.4)

Denote

u’ = (u’f, e u?_l)T,

_ — T
F(ju*'2) = F(lu12) B )F(Iu}“_*}lz)—F(lu;“_lllz)>
_ Iy J-1 1 1 )

|u;il+1|2_|util 1|2 |u}4:'1|2_|u}’11|2

G(|u”|2) = diag(ﬂ(xl)
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01 0 00
1 01 00

S=1: : : Do , (2.5)
000 0
000 L 0) v

M=1(101+S), A=-—(-21+8) (2.6)
12 >

where I is an identity matrix.
Since M is a symmetric positive definite matrix, there exists a real symmetric positive
definite matrix H such that H = M~!. Then scheme (2.2)—(2.4) can be written in the fol-

lowing vector form:

un+1 + un—l
8?u"—HAu”+ia8;u”+G(|u”|2)f =0, 1<n<N-1, (2.7)
W =¢ox),  Sul =dilx), 0<j<], (2.8)
ul=u"=0, 0<n<N. (2.9)
0 ]

3 Discrete conservation law
In this section, we will show that the numerical scheme owns the discrete conservation
law. First of all, we introduce some lemmas, which will assist a lot in the proof of the main

result.

Lemma 3.1 (cf. [31]) The eigenvalues Aé of matrix S are 2cos(77”) (G7=1,2,...,]=1). Then
1 -2 12(-20)
0+ T r21043)

the eigenvalues of matrices H, A, and HA are - (j=1,2,....J]—1), re-

spectively.

Lemma 3.2 For any mesh function w € W and real symmetric positive definite matrices
H and A, we obtain that —HA is a symmetric positive definite matrix and

~(HAu, ) = |Rul}?, (3.1)
where R is obtained by Cholesky decomposition for —-HA, denoted as R = Chol(-HA).

Proof 1t follows from M = 1—12(101 +S)and A = hiz(—ZI +S) that

1 1 2
MA = W(IOI +8)(—2I+S) = W(—%I +8S +5%) = AM.

Therefore, AH = HA, which implies that (-AH)T = —AH.

In virtue of Lemma 3.1, we can obtain

Y,
C12(-2+%) _ 6

o<N ., = s? <
n2(10+x) ~ #?

Hence, —~HA is a symmetric positive definite matrix. The proof is completed. d
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Define

1 2
E"= s |+ (| Ru|” + R ) - % | RS0 |)?
n L

5 Y BIE(w ) + E(|w )] (3.2)

j=1

+

Then we get the following energy preserving property for the fully discrete numerical
scheme (2.7)—(2.9).

Theorem 3.3 The numerical solutions obtained by the fully discrete numerical scheme
(2.7)=(2.9) admit: for all n > 0, E" = E°.

Proof Taking the inner product on both sides of (2.7) with u”*! —u"~! and considering the

real part, we arrive at

2

Re(&fu”,u”’rl —u") = ”(Stu" ||2 - ||8tu”’1 , (3.3)

Re(HAu",u”’rl - u”’l)

1 2
L (R = R )+ Ro | [Rs ), 84
Re(iozé;u”,u'“rl - u”_l) =0, (3.5)

n+1 n-1
Re G(|un‘2) %,un+1 _ un—l)

LS BlE( ) - Pl P 6

j-1
From (3.3)—(3.6), we have
1
e | = 80 * 4 5 (| Ru* ~ |Ru )

2 2 112
- 5 (RS~ [Rs;u™ )

S BLE( ) - F( )] =0,

j=1

+

which further implies that, for n > 1,

E"=E" 1L,

Therefore, the conclusion holds. O

4 Boundedness of numerical solutions

In this section, we present the boundedness of numerical solutions.
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Lemma 4.1 (see [32]) For any mesh function w,v € W), there is the identity

J-1 J-1
— Y (87) =Y (.4)(8:7,),
j=1 j=0

which implies that —(Au,u) = ||5,u]|2.
Lemma 4.2 (cf. [33]) For any symmetric matrix N, the property of Rayleigh—Ritz ratio is

(Nx, x)

)

min[Ay] < < max[An],

where (X,y) indicates the inner product of x and 'y, min[Ay] and max[Ly] denote the small-

est and largest eigenvalue of matrix N, respectively.

Lemma 4.3 For any mesh function u € W,?, it holds that —(Au,u) < —(HAu,w). That is,
I8xull < |Ru]|.

Proof It follows from HA = AHand A” = A that A— AH is a symmetric matrix. According

to Sx = )\éx, we obtain

12 1 ;
Hx = _X, Ax = —(-2+ ). (4.1)
10 + M n?
Therefore,
12 1 12 i
(I-H)x = (1 - )x =— (1 - . ) (-2 + M)A . (4.2)
10 + 25 h 10 + Mg
EYRVAY)
Then the eigenvalues of A — AH are given by 22(2;0)\3; T As aresult, A — AH is a symmetric
+hs
and positive definite matrix.
Further, for u € W), we get u’ (A — AH)u > 0, which completes the proof. O

Lemma 4.4 (cf. [24]) For any mesh function u" € W}?, there is
1
ot P | < o (o )]

Lemma 4.5 (Discrete Sobolev’s inequality [34]) Suppose that {u;} is mesh functions. Given

€ >0, there exists a constant C dependent on € such that
lulloo < €lldcull + Cllull.

Lemma 4.6 Suppose that ¢o € H}, ¢1 € Ly, B(x) > 0, F(s) > 0, s € [0, +00), B,f € C'(R),
and ;—i < % Then the following estimates hold:

jw'[<c, e’ <cC,  Jur]| <C (4.3)
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Proof 1t follows from Theorem 3.3 that there exists a constant C such that
2 1 2 2 T2 5
£ <o P+ (R | o R ) - o

h J-1
+5 2 BE( ) + B ) = C. (4.4)
j=1

Applying Lemma 3.1 and Lemma 4.2, we can deduce that

2 Y 32, .,

IR = S o @9

Substituting (4.5) into (4.4), we obtain that
1 372

Joe |+ 2 (e 7+ ) = 35 e < 4

Furthermore, inequality (4.6) can be rewritten as
372 1
(1= 55 Yot I+ SR+ o) < . 47

Noting that (1 - 3;%22) > 0, we have
| <c. R <c.

Applying Lemma 4.4 to ||§,u”| < C, we obtain |[u”|| < C. Using Lemma 4.3, we have
[I8,u”|| < C. Moreover, by Lemma 4.5, it holds that

[w'l=cC.
Therefore, the proof is completed. d
5 Convergence and stability of the difference scheme

In this section, we focus on the convergence and stability of the numerical scheme. Firstly,
we define the truncation error Er}’ as

Erf = 83U - A 83U + ias; U

FQU™P) - QUMY Ut + 1!
+ (x) J J J J )
] |un+1|2_ |un—1|2 2

J J

By Taylor’s expansion, it is easy to check that
2, 74
’Er;“| <C(z*+h )

Before the proof of convergence, we introduce discrete Gronwall’s inequality.
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Lemma 5.1 (Discrete Gronwall’s inequality [35]) Suppose that the discrete function w,
satisfies the recurrence formula

Wy —Wyo1 < atw, + btw,_1 +¢,T,

where a, b and ¢, (n=1,...,N) are nonnegative constants. Then

N
max |w,| < |wo+7 E c |21
1<n<N

k=1

where 1 is small such that (a + b)T < % (N>1).

Theorem 5.2 Suppose that ¢y € H}, ¢1 € Ly, B(x) >0, F(s) > 0, s € [0,+00), B,f" € CL(R),
and Z—i < %, then the solution u" of difference problem (2.7)—(2.9) converges to the solution
of problem (1.1)—(1.3) with order O(z? + h*) in the maximal norm.

Proof LetEr" = (Er],... ,Er]”_l)T and e” = U” —u". Firstly, subtracting (2.2) from the vector
form of (5.1), the error equations satisfy

n+l n—1 n+l n-1
Er" = §2¢" — HAe" + ind;e” + G(U”)w - G(un) A
¢ 2 2
n+1 n—1
= Bfe” - HAe" +ias;e" + G(U”)%
n+l n-1
+(6(U) - G(w) o2

Computing the inner product with both sides of (5.2) with §;e” and considering the real
part, we obtain

Re(Er”, 8;e")

1 . 1 ]
= oo (3| = e ) + = (IRe™! | - [Re" )
n+1 n—1
- T (R | - Rae ) + Re(G(U”)%, 83e”)
n+l n-1
¥ Re((G(U”) - G(w) ——. 8;e”>. (5.3)

Noticing that |G(U")| < C and f'(s) € C!, we have
Re(Er",8;¢") < C(|E”|) + [[8.e” || + || 6ce” ), (5.4)

Re(G(U”)

1 -1
E ) <l o [ o o e ), 63

n n un+1+un—1 n nl|2 n-1|2 nl|2
Re((G(U) - 6u) Y ner) < c(loe |+ e P [ ). G6)

It follows from Lemma 4.4 that

%(H " e %) < (e [P+ e+ e ): (5.7)
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Substituting (5.4)—(5.6) into (5.3) and combining with (5.7), we obtain

1 _ 1 _
op (18|~ [ %) + - (IRe" "~ [Re" )
1 _ T _
(" = e ") — 5 (IReve[* ~ [Rse™" )
< C(J[Ee" "+ Joce"[*+ [ [*+ e [*+ e[ + e ["). (5.8)

Summing inequalities (5.8) up for # leads to
|2 1 n+l || 2 |2 |2 T2 n|2
[See” ]+ 5 (IR "+ [Re”[7) + 2] e"|" - —-[[Rée”|
- i 1 i+ i i
= TCZ[II&e I+ 5 (Re*! [* + [Rel[) + 2] e[
i=1
e’ 0|2 2 4\2
- EHRBte [ ] +CT (% +h*)". (5.9)
According to Lemma 5.1, it yields that
a2, 1 n+l||2 n||2 72 7’ nl|2
[ "+ S ([Re™ [+ [Re”|") + 2] e"||" - = [Ree”|
<CT(+n). (5.10)
Moreover, combining inequality (4.5) and using Lemma 4.2, we get
372
=9
<CT(2+n)%. (5.11)
The rest of the proof of convergence is similar to that of Theorem 4.6. As a result, we have
le"]| . = O(z* + 1. (5.12)
The proof is completed. O
Similarly, we present the stability of difference scheme (2.7)—(2.9).

Theorem 5.3 Under the conditions of Theorem 5.2, the difference scheme (2.7)—(2.9) is
stable for the initial data.

6 Some extensions
In this section, we present several other conservative compact schemes, which conserve
the discrete conservative law. Moreover, we use Richardson extrapolation to improve the

accuracy in the temporal direction.
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6.1 Several conservative compact schemes

In this subsection, the proofs of the boundedness of numerical solutions, the stability and

convergence of numerical schemes are similar to those in the previous sections. We only

list the numerical schemes and the discrete energy conservative laws for all schemes.
Scheme 1

u. §
Apdiul - 52% + oAy S;u]

F(|M’»H1 2) (lun 1| ) n+l +u(1—1
+A X; ! Y ! =0,
”[ﬁ( T T 2

1<j<J-1,1<n<N-1,
MIO :d’O(xj)’ 8;(9@‘,0) = ¢1(xj)r 0 515]’

uy=u; =0, 0<nm=<N.

The discrete conservative law of Scheme 1 is

E" =[ls|*+ (IIRUl [*+ IRt ) + Z E(w]) + (g [)] = £°.

Scheme 2

n+l + un—l

Apdiul ~ 5,3% +ioApd;u!

n+1 2 2 n2 n-1,2
[“+luf| lee}| +\M |
F( ] 2 ) F( - ) n+l n-1 =0
n+1|2 |(11|2 (ui +M1’ ) -
1

+Ah[ﬁ< )

|u
l<j=J-1,1=n=N-1,
u}O =¢0(xj)’ 82(96],0) =¢1(xj)1 0 S}S[!

n_ n_
uy=u; =0, 0<mn<N.

The discrete conservative law of Scheme 2 is
1 n+1 |2 + |u |2
£ = o[+ 3 (|Ra’[* ¢ [Ru1 ) 4 hZﬁ, (4) _E.

Scheme 3

Apdiul - 82 +iaApdyu!

|u(1+1|2+‘u |2 |u ‘2"“”” 1|2

F( - 2 )_F( 2 ) n+l n-1
+ Ay |:,3(x,) i (uj + U )i| =0,
] ]

1<j</-L1<n<N-1,
w =dolx),  &(x,0)=¢i(x), 0<j<],

ug=u7=0, 0<n<N.
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The discrete conservative law of Scheme 3 is

£ = oo (IR [ R ) 5 R |
=
Scheme 4
Ah(s?u"n +12 / —85”7 H; 4 +iASu
+ Ay [ﬁ(xJ-)F('TL’j;l'z :S}'Tzf " uf”; M?] -0,

1<j<J-1,1<n<N-1,
w =dolx),  &(x,0)=¢i(x), 0<j<],

ug=u7=0, 0<n<N.
The discrete conservative law of Scheme 4 is
1 72
£ = L (o ¢ o ) - S oz

J-1
+ || Ru|? + hZﬂjF(|u7|2) - E°,

j=1

6.2 Richardson extrapolation

In order to improve the accuracy in the temporal direction, we apply Richardson ex-
trapolation, which is given by a linear combination of numerical solutions under dif-
ferent mesh grids. Applying Taylor’s expansion, we obtain that the main term of trun-
cation error Er}' is O(z? + t* + h*). Hence, we use the following Richardson method
(see [36]):

4 T 1
(MR)]" = gulzn (h, 5) - guf(hrf),

where u}(h, 7) is the numerical solutions at the grid point (), ¢,) with spatial step size # and
temporal step size 7, and u/z”(h, 7) is the numerical solutions at the grid point (x;, ¢,,) with
spatial step size / and temporal step size 7. Here, the convergence order of the Richardson
method is O(z% + h%).

7 Numerical experiments

In this section, we use serval numerical experiments to confirm the discrete conservation
law, convergence as well as stability. Due to the implicitness and nonlinearity in scheme
(2.7)-(2.9), the split iterative algorithm [37] is used to resolve this problem. We take 1078
as the iterative tolerance.
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Example 1 We present some accuracy tests by considering the following equation:

Uy — Uy + 10ty + |1 u =f(x1t), 1) e(0,1)x(0,1), (7.1)
u(x,0) = x(x — 1), uy(x,0) = —ix(x — 1), x€[0,1], (7.2)
u(0,t) =u(1,£) =0, te]0,1], (7.3)

where f(x, t) = =27 + x°(x — 1)°e7I.

The exact solution of the problem is
u(x, ) = e (x — 1)x.

In this example, the maximum norm is defined as follows:

’

]

4 T 1
u(xj, t,) — (guf”(lq, 5) - gu;“(h,t)> ’

Scheme (2.7)—(2.9) with 7 = /2 is applied to solve (7.1)—(7.3). The numerical errors are
plotted in Fig. 1. It indicates that the convergence order of the scheme is O(z? + h*). To

llerrl|ls = max ’u(xj, ty) —ul
0<j</

0<n<N

|lerrrl|lso = max
0=j</
0<n<N

improve temporal accuracy, Richardson extrapolation with t = /4 is applied to solve the
problem. The numerical errors are given in Fig. 2. Clearly, it implies that the convergence

Figure 1 The convergence order of scheme
(2.7)-(2.9) for Example 1

log, y(llerr1ll_)
L | | |
3 b & 4
<
1
IS
£

2 19 -18 -17 -16 -15 -14 -13 -12 11 -1
—log, (J)

Figure 2 The convergence order of Richardson
extrapolation for Example 1

s

log, o(llerr, 11l_)
| |
Lo ,
z 3 &
<
n
IS
b3
. . . . . . .

2 19 -18 -17 -16 -15 -14 -13 12 11
—log, o(J)
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Figure 3 The long-term behavior of numerical
solutions corresponding to scheme (2.7)-(2.9) from
t=0tot=10ath=001, 1 =h? for Example 1

Figure 4 The long-term behavior of numerical
solutions corresponding to Richardson
extrapolation from t=0to t=10at h=001, T = h?
for Example 1
Figure 5 The movement of |u| of scheme 03
(2.7)-(2.9) at t = 2,5,10 for Example 1

0.25 e~

e N
// \\
0.2f /‘,~ .\\
4 \
S 04s) / \
3015 / \
I, \\
o1 V4 \
/ ‘\
il \
0.05F 4 ‘\ e
/ \
i \

order of the method is O(z* + h*). We also numerically solve the problem with / = 0.01,
7 = h?, and T = 10. Figs. 3 and 4 indicate the long-term behavior of numerical solutions
with respect to scheme (2.7)—(2.9) and Richardson extrapolation, respectively. Figs. 5 and
6 further show the movement of || at different times, i.e., £ = 2,5, 10. These figures further

imply that the numerical schemes are effective.

Example 2 In order to further confirm the theoretical results, we present the following

tests by considering the following equation:

Uy — Uy + 1ty + |u)?u =0, (x,t) € (—40,40) x (0,1),
2

u(x,0) = (1 + i)xe 00— u(x,0) =0, x e [-40,40].
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Figure 6 The movement of |u| of Richardson 03 : : : : : . .
extrapolation at t = 2,5, 10 for Example 1

02t J N
ENAL R4 \

01t /

Figure 7 The convergence order of scheme e S S —

(2.7)-(2.9) for Example 2 /
/

Figure 8 The convergence order of Richardson -1

extrapolation for Example 2 /
ol |
3 |
b |
51 / 7

772 719 718 717 716 715 714 713 712 711
-log, ()

log,(llerr21l_)

Iog‘ n(IlerrRZIIm)

The maximum norm in this test is defined as follows:

llerr2lloo = max |u(xj, t,) -
0<j<J
0<n<N

4
% u(xj, t,) — (3 f"(h,%) - Su(h, t))‘

|lerrr2||c0 = max
0<j<

0<n<N

Since the exact solution of the problem is unknown, we take the numerical solution
with /2 = 0.0125, T = h? as the reference solution. To numerically solve problem, we still
apply scheme (2.7)—(2.9) with 7 = 4% and Richardson extrapolation with 7 = /. The nu-
merical errors with different methods are shown in Figs. 7 and 8. Again, the numerical
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Figure 9 The wave propagation of scheme
(2.7)-(2.9)ath=0.1, T = h? for Example 2

lu|

Figure 10 The wave propagation of Richardson
extrapolation at h=0.1, T = h? for Example 2

lul

Figure 11 The movement of |u| of scheme 07
(2.7)-(2.9) at t = 2,5,10 for Example 2
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05

04r

03F

lul
S e ————

results indicate that the convergence order of scheme (2.7)—(2.9) is O(z2 + 4*) and the
convergence order of the scheme with Richardson extrapolation is O(z* + 4*). Moreover,
Figs. 9 and 10 display the wave propagation of scheme (2.7)—(2.9) and Richardson extrap-
olation with 4 = 0.1, T = k%, and T = 10, respectively. Figs. 11 and 12 show the move-
ment of || of scheme (2.7)—(2.9) and Richardson extrapolation at ¢ = 2,5, 10, respectively.
In order to further confirm the discrete conservation law, we choose % = 0.05, t = 4* to
compute the numerical solution from ¢ = 0 to ¢ = 10. The discrete energy is listed in Ta-
ble 1. Clearly, it confirms the energy-conserving property of the fully discrete numerical

scheme.
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Figure 12 The movement of |u| of Richardson 07 ‘
. t=2
extrapolation at t = 2,5, 10 for Example 2 [
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Table 1 The discrete energy £ at different time with h=0.05, T = h? for Example 2

t E t E

1 9.123106257391363 6 9.123106257330761
2 9.123106257374163 7 9.123106257328724
3 9.123106257358231 8 9.123106257329276
4 9.123106257345416 9 9.123106257332394
5 9.123106257336049 10 9.123106257338352

8 Conclusion

In this work, we presented several conservative compact schemes for solving a class of
nonlinear Schrodinger equations with wave operator. By the energy method, it was proved
that the numerical solution is bounded and numerical scheme (2.7)—(2.9) is convergent
and stable. The convergence rate is O(t? + #*%) in [, norm. Furthermore, the order of
scheme (2.7)—(2.9) is improved to O(z* + h*) by applying Richardson extrapolation. Fi-
nally, all the numerical results show that difference scheme (2.7)—(2.9) and Richardson

extrapolation are efficient.
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