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Abstract

In this paper, we study a sequential Caputo fractional g-integrodifference equation
with fractional g-integral and Riemann-Liouville fractional g-derivative boundary
value conditions. Our problem contains 2(M + N + 1) different orders and six different
numbers of g in derivatives and integrals. The problem contains separate nonlinear
functions. To examine existence and unigqueness results of the problem, Banach's
contraction principle and the Leray-Schauder nonlinear alternative are employed. An
illustrative example is also provided.
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1 Introduction
In the 20th century, g-difference calculus and fractional g-difference calculus play an im-
portant role in the areas of mathematics and applications [1-3] such as the applications
to orthogonal polynomials and mathematical control theories. Essentially, for g-difference
calculus, basic definitions and properties have been presented in Ref. [4]. For the fractional
q-difference calculus proposed by Al-Salam [5] and Agarwal [6], see [7]. Recently, many
researchers have extensively studied in g-difference equations and fractional g-difference
equations (see [8—34]). However, there is a lack of research in boundary value problem of
nonlinear g-difference equations. In what follows, we fill up this gap.

In 2014, Ahmad et al. [15] studied the existence of solutions for the Caputo fractional
q-difference integral equation with nonlocal boundary conditions,

CDE(EDY + Ma(t) = pf (6, x(0)) + kog(t,x(0)),  t € [0,1),
012(0) = B1 (L7 D0(0)),-0 = o16(ny), (1.1)
a%(1) — B2D,4(1) = o2x(12),

where 8,y,& € (0,1), f,g are given continuous functions, A, p, k are real constants and
oy ,Bl', g; € R, n; € (0, 1), i= 1,2.
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In 2016, Sitthiwirattham [31] examined the existence results of solutions to a fractional

q-difference equation and a fractional g-integrodifference equation

Dx(e) = f (¢, %(2), Dy x(2)), (12)

Dix(t) = f (&,x(2), ¥ x(0)), t€0,T], (1.3)
with nonlocal three-point fractional p-integral boundary conditions of the form
x(m)=p(),  LgT)(T)=0,

where p,q,w € (0,1), « € (1,2], v € (0,1], B,y >0 and n € (0, T) are given constants, f €
C([0,T] x R x R,R), g € C([0, T],R*) are given functions, and p € C([0, T],R) - R is a
given functional. For ¢ € C([0, T] x [0, T, [0, 00)), define W} x(t) := (I}, px)(t) = #(y) fot(t—
ws)Y Do(t, s)x(s) dyys.

Recently, Patanarapeelert et al. [33] considered a sequential g-integrodifference bound-
ary value problem involving two different orders and six different numbers of g in deriva-

tives and integrals of the form

Dylp()Dy (i + Dy)1x(2) = f (¢, %(£), Dy [€5"x(t)], W, x(£)),
x(0) = x(T),

(Dol x(t)])i=0 = DolesTx(T)],

o (t)x(T) =0,

(1.4)

where t € IT := {a*T: k e N} U {0, T}, ,0 € (O,l],p:’;—;,qz %,0: A p=N =My =

02 r w2
1 . . .
———————— are proper fractions with w < 0, LCM is the | mmon
TCMpa.ga.0arawawy) A€ Prope actions wit < 0, LCM is the lest co o

multiple, k < %,p,a € C(IO{,R”) and f € C(IO(T x R x R x R,R) are given functions.

U4 and o =
v

In this paper, we aim to develop an understanding of nonlinear g-integrodifference equa-
tions. Particulary, our attention is to analyze existence and uniqueness for a four-point
Riemann-Liouville fractional g-integrodifference boundary value problem for a sequen-

tial Caputo fractional g-integrodifference equation of the form

“DgDhu(t) = 2 F(t,u(t), D) u(t), D} u(t), ..., D} ™ u(t))

+ Mo H (8, u(t), Wou(t), ¥y u(t), ..., Uy N (), tell, (1.5)

Dku(0) = Dy "u(0) =0,k € Nox-2,j € Nos2,
D" u(0) = uD",u(T), (1.6)
w() = TI) g(n)u(n),

where IXT = {x*T ke N} U{0,T}; M,N € Ny :={2,3,.. e € (M - 1,M); B € (N —1,N);
yeM-2,M-1);0 e (N-2,N-1); v, € (0,1); A1, Ao, 1, T > 0; €, EIXT—{O,T},é > 17
p= ﬁ—;,q = %,r = %,W = %,m = Z—;,n = % are simplest form of proper fractions and x =
oMz LCM s the least common multiple; g € C(IXT,R*),F c C(IXT x RM+2 R),
H € C(I] x RN*2,R) are given functions; and, for ¢ € C(I] x I,[0,00)), define W§,u(z) :=

(Unpu)(€) = iy Jo (£ = ws) Do (t,)uls) dus.
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As is clear from our fractional g-integrodifference equation, there are 2(M + N + 1) dif-
ferent orders in derivatives and integral, and there are six different values of the g numbers
consisting of g, p, r, m-derivatives and w, n-integrals. The rest of paper is organized as fol-
lows. Section 2 describes some basis definitions, some properties of the g-difference and
fractional g-difference operators and lemma that are used to evaluate the results. In Sect. 3,
we employ Banach’s contraction mapping principle and the Leray—Schauder nonlinear
alternative to prove an existence and uniqueness of solution of the problem (1.5)—(1.6).
Finally, using our main results, we provide an example in Sect. 4.

2 Preliminaries
In this section, we provide some notations, definitions, and lemmas which are used in the
main results. Let g € (0, 1) and define

n 1_qk
—g" ... 1 d l1:= s eR.
g+ q+ and [n], E ¢ n

[n]q =
The g-analogue of the power function (a — b)" with n € Ny := [0, 1,...] is defined by
n-1
@-0):=1,  (@-b)":=[[(a-bq"), abeR
k=0

Generally, if « € R, then

(a - b)(""zal_[ _(Z”’ a#0.

Specifically, if b = 0 then a® = 4. In addition, 0 = 0 for & > 0. The g-gamma function is
defined by

xeR\{0,-1,-2,...},

and satisfies T'y(x + 1) = [x],T(x).
For any x,s > 0, the g-beta function is defined by

1
B, (x,5) := / £ VA — gV d,t
0

w1y -1 Tg@)T
Y (I Ll g (i A

—~ Ly(x+5)
Definition 2.1 ([6]) For g € (0, 1), the g-derivative of a real function f is defined by

@) - f(qt)

PIO ="

and D,f(0) = }in(l)qu(t).
The higher order g-derivatives of f is defined by

Dif(t)=D,DI7'f(t), meN and DY) =f(r).
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For function f defined on the interval [0, T], g-integral is defined as

/ 16)dys = 3101~ i),

where the infinite series is convergent.

Definition 2.2 ([6]) For « > 0 and f defined on [0, T, the fractional g-integral is defined
by

()W s [ wma0 0 d,e
0

1
Fg(e)

i q)Zq (x = 2™ (xq")

q(a)

_xa(l_q) = n+1)(@=1) n
@ ;q(l ) f (wq")-

We note that (I0f)(x) = f(x).

Definition 2.3 ([8]) For o > 0, m is the smallest integer such that m > « and f defined on
[0, T, the fractional g-derivative of the Riemann—Liouville type of order « is defined by

(D%f) () = (DL~ f ) (x) = ﬁ /0 (x—gt) = Vf(@)dgt, >0,
q
and

(D)) =)

the fractional g-derivative of the Caputo type of order « is defined by

o m—o [y 1 ¥ M—a— m
(Cqu)(x) = (Iq qu)(x) = m /0 (x — qt)( l)qu(t) dqt, a>0
and

(DY) @) = f ).

Lemma 2.1 ([6]) Let o, 8 > 0 and f be a function defined on [0, T]. Then the following
properties hold:

0 (I77F) 6 = (157F) @),
(i)  (DFIEf) () =f ().
Lemma 2.2 ([8]) Let N —1<a <N and N € N. Then the following equality holds:

K —N+k

N-1
a a—N+k
(I DSf ) (%) = f (x) — ;m@ %) (0).
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Lemma 2.3 ([19]) Let N -1 <a <N and N € N. Then the following equality holds:

N-1
xk

(D)6 =f )= 3 ey (A
(CDLILS) () = f ().
Lemma 2.4 ([17]) Let a, 8 > 0 and 0 < p,q < 1. Then the following formulas hold:

n
/ (n—qt) @D d,t = ™ B (a, B + 1),
0

s a+f
(ii) /n/ (n —ps)(“_l)(s—qt)(ﬁ_l) dytdys = r[’I‘T]BP(a,,B +1),
(iii) f//n ps(‘"l qt)ﬁl(t rv)(yldvdtds
a+ﬂ+y
By(B,y + 1)By(a, B +y +1).
[v]
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We next provided a lemma dealing with a linear variant of the boundary value problem.
This lemma is used to define the solution of the boundary value problem (1.5)—(1.6).

Lemma 2.5 Let M,N € Ny,a € M -1, M), e (N-1,N),y € M—-2,M-1),6 € (N -

2,N-1),p= Z—;,q = Z—;,m =1L, n =21 be simplest proper fractions and ¢ = L

LCM(p2.q2m2m2)
A1, A2, i, T > 0. For f,h € C(Iq{,]R) and g € C(I(,)T,R"), the solution for the boundary value

problem

D‘;Dfu(t) = Mf(6) + Mah(t), telf

Dku(0) = Dy /u(0) = 0, k € Non-2,j € Nowr-2,
D) u(0) = uD}, u(T),
u(§) = vl g(n)u(n),

is represented by

= PLr Q[f+g/(f ps)ﬂlle

— a)e-D
// (t - ps) )B- 1)%[Aj(t)+kzh(t)]dqups,
» q

where the functionals P[f + g] and Q[f + g] are defined by

Plf +gl

B (T - mQ“lk Y
“f / T A

[ / f./ (n- nﬂﬁl@ p)ED (v — gx)@-
(BT ()T ()

(2.1)

(2.2)
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x g)[Mf (%) + Aah(x)] dyx dyv dns
/ 5 (& - ps)BV(s — qv)@

[Alf(v) + kzh(v)] dqups:|

T,(B)Ty ()
(& —ps)PD
S]VI l
+[A I, ()
T[S (- ns)? D (s — pr)#D o
_T/ nene  f” d’”Vd”S}
(T = ms)™" V(s — pv)# V(v — gr)*D
X“/.// L, (B)T (@) Tn(-v)
X [Alf(x) + Azh(x)] dyxdyvd,s, (2.4)
Qlf +4l

(T - ms) -v-1)
= SM 1 m
M./ Lp(-v ’

[ / / / (n 1ns)? V(s — pr) B~V (v — )@V
T, (B)T ()T, ()

X g(n)[ka(x) + kzh(x)] dgxd,vd,s

_/’S 5 (& —ps) P (s — qv)©@ V)
Fp(,B)Fq(O[)

7 _ (—)
(T = ms) =" D(s — pv)# D (v — gu)@-
”/// T, (B)T 4 (@) T (-v)

X [Alf(x) + kzh(x)] dyxdyvd,,s, (2.5)

[klf(v) + Azh(v)] dqups:|

and the constant

M1 dpx dys

~ T ps (T - ms)(’“’l)(s —px)(ﬂ’l)
A‘“A o T,

_ (¥-1)
X |:§N_1 - T/O’l 7“’ Fn(sz)” g(m)sN! dns]

[/f(s P iy

0 I'y(B)

7 [P = n) (s = py) D X }
T./o ; T, (B)TA(0) gV dypvys

T v-1
(T -ms)™Y
X M/O WS de. (26)

Proof Using the g-integral of order « for (2.1), we obtain

M-1 t (a-1)

8 _ i (t—gs)

Dpu(t) = E Cit' +
i=0

O_TZGT_“J®+AM“”@& (2.7)
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Then we take the p-integral of order g for (2.7). We have

(t 5 1) ;
u(t) = ZCMﬂt +ZC \ Fpiﬁ) s'dys

— ps) BV (s — gv)l@-
/ /‘ (t — ps) V(s — qv)@V [Af ) + Aah(v)] dyvdys
N-

Fp(,B)Fq(Ol)
1 M-1
Z: Copuit’ + —— ) ;GB(H 1, )¢

0

S (5 — ) BV (s — gp)@-D

*/ / - psr) (ﬁ)(lf (:)V) (1) + k()] dgvdps. 28)
p q

Next, taking the p-derivative of order k € Ny y_5 for (2.8) where ¢t € I qf , we get

N-1 t (=k-1)
3 Z (t - ps) i
Dpu(t)z CM+i/ WS pS
i=0

0

t ps) ;3+i
p(ﬂ) ZCB(Hl ,3)/ R dys

/ / / (t - ps) V(s — px) PV (x — gv) (@
Lp(—=k)T,(B)T ()

X [)qf(V) + Azh(v)] dgvdyxdys

Nzc DG+D o, o DD i
MU i+ 1—k) ‘T,(B+i+1-k)

/ / / (t = ps) KD (s — px) P~V (x — qu) D
Lp(=k)T,(B)T ()

X [)»]f(v) + Azh(v)] dgvdyxdys. (2.9)
Letting ¢ = 0 in (2.9), and by the first conditions of (2.2) for k € Ng y_», we get
Cv=Cpi1=Carrya=-+-=Cpyyn—2=0 forkeNyy_p, respectively.
Substituting the constants C;, i € Njp.n—2 into (2.8), we obtain
;M ’
u(t) = Crron_1tN! tr ) - Z CiB(i + 1, B)tP*
f / (t=p9)” ﬂ)(s _(O?)V) [Af ) + Aoh(v)] dyvdys. (2.10)

Next, taking the p-derivative of order B +j,j € N for (2.10), we get

, (¢ - ps) P
DPYu(t) = Caron / S N
'y ( M+N-1 ; Fp(—ﬂ =) »
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) -B—j-1)
ﬂHdS

//f (t- ps)(ﬂll(s px)ﬂl(x qv)@
(=B = NTL(B)T ()

X [Af () + Aah(v)] dqv dyxd,s

) T,(N) b, & TG+
M N B - J)tN - lz:O:CF(Hl i

[ [ et g
Fp(_ﬁ _j)rp(ﬂ)rq(a)

X [Alf(v) + Azh(v)] dyvdyxdys. (2.11)

Letting £ = 0 in (2.11), and by the first conditions of (2.2) for j € N 4_», we get
Co=C=Cy=---=Cy=0 forje Nyy._s, respectively.

Substituting the constants C;, i € Ny 45 into (2.10), we obtain

(B-1)
u(t) = CM+N,1l’N_1 + CM,1/ %SM d S

0 p(IB)
// (t- pS)ﬂl(s qv)*V
OB @) [Alf(v)+kzh(v)] dgvdys. (2.12)

Next, taking the m-derivative of order v for u(t) where t € I, we get
D, u(t)

t -v-1
B (t—ms)V
"G [y

t S(t—ms)(‘”‘l)(s pv)(ﬂ—l)
+ Cu- 1/ F (0T ()

/ / / (¢~ ms) ””(s—pvrﬁfn(v—qxﬂwn
F (T, (BT (@)

x [f ) + hoh(x)] dyedyv dys. (2.13)

ML dyvd,,s

Letting £ = 0, T in (2.9), and by the second conditions of (2.2), we get

(T = ms)-o-D

Curen-114 WSN_I s
T — ms)V~D(s — py)B-D
+ Cp— 1//,/ f ( )( vlg(ﬁl;) VM’ldpvdms

- / / V(T = ms)="=D(s — pv) PV (v - gx)@=D
-H To(—)T,(B)T, (@)

X [)Llf(x) + Azh(x)] dgxdyvd,,s. (2.14)
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Taking the n-integral of order ¢ for (2.12) where ¢ € I, we have

Elr o) (9-1)
R R
(t- )(” ( )y
+ Cp- 1/ / ad FS (5)\/ VM 1afl,,vd,,s
s pv (t _ VIS) (9-1) (S —pV) ﬁ—l)(V _ qx)(a—l)
' /0 /o /o C,()T, (BT, (@)
X [f @) + Aah(x) | dyxdyv,s. (2.15)

Letting ¢ = £ in (2.11), and by the third conditions of (2.2), we get

noprs _ (¥-1)
C’M+N—1 |:%-N1 - t\/o o %g(ﬁ)bj\hl dns:|

§ (& —ps)ED
+CM1[/0 O

. /” ¥ (n —ns)" V(s — pv) P!
0 Tu(@)p(B)

[/// (n- HS)“(S pv) P V(v — gx)*D
()T,(B)Ty(e)
x [Af(x) + Azh(x)]g(n)dqxd vd,s

(B-1)(c _ a-1)
/ / (€ - pS) (s (aq)") [M(V)Mzh(v)]dqups}. (2.16)

)
g(n WMld vd,,si|

Finally, solving the system of equations (2.14) and (2.12), we obtain

h
and Cypn-1 = PU+ ],

Cao1 = -
M-1 A

Qlf +H]
A

where P[f +gl, Q[f + gl and A are defined by (2.4)—(2.6), respectively.
After substituting the constants Cy;_1, Cyryn-1 into (2.12), we obtain (2.3). The proof is
complete. O

3 Main results

In order to obtain the main results, we first transform the boundary value problem (1.5)—
(1.6) into a fixed point problem. Let C = C(I XT ,IR) be a Banach space of all continuous func-
tions from I to R such that D} ™' u(t) exists for i € Nop_1,y € (M—2,M-1). Define a norm
by

b

lulc = ieﬁiﬁ{”””’ |DY " u

where [[u]| = sup,;r lu(t)| and | D! "'u|| = SUPye /7 ID! "'u(t)|. Denote

F(t,u(t), DY u(t), DY u(t),..., D™ u(t)) := F[t,u(t), D! "u(t)],



Patanarapeelert and Sitthiwirattham Boundary Value Problems (2018) 2018:41 Page 10 of 20

H(t, u(t), \Ilf,u(t), \I’f/_lu(t), s \Ilf,_N“u(t)) = H[t, u(t), \Ilf,_"u(t)],

for i € Ng a1 and j € Ngy_;. Define the operator A:C — C by

(Au)(t)
[F(u)+G(u)]tN L QIF(w) + Gw)] [* (t-ps)PV M1y
A o TW(B)
(B-1) (8 —qv vy i
/ /(t ps) RTIe )( [t,u(t),D}’ u(t)]
+ AZH[t, u(t), \Ilﬁ,"u(t)]) dgvdys, (3.1)

where the functionals P[F(u) + G(u#)] and O[F(u) + G()] are defined by

P[E(u) + H(u)]

(T — ms)V=D(s — px) -V
- Md,xd,
a / / T (A)Tom(—) 4y s

[ / / / (n=ns)" V(s - py)P Dy - @) o
Tp(B)Tg(@)(®)

x (MF[t,u(), D! u(t)] + )\.2H[t u(t), Vi 7u(t)]) dyxdyydns

/ S (& - ps) PV (s — gw)@-
p(ﬂ)rq(a)

( VF[t,u(t), DY ™ u(?)]

+ )LZH[L‘, u(t), \Il,f,_/u(t)]) dyx dps:|
S (& —ps)PY 1y
' [/o LE

[ (-5 — pr)
O, (BT (0)

X“/ // — ;(;);fy)ﬁ:% =

x (MF[t,u(), DY~ 'u(t)] + AoH[t, u(t), o u()]) dgx dyy dins (3.2)

g(n)xM! dpx d,,s]

and

Q[F(u) + H(u)]

_ (T —ms)™Y T 7 (= n8)" V(s - py) PV — ge)eV
s /0 T dms[’/ / / T, (BT, @), ()

X g(n)(le[t u(t), DV_’u(t)] + AZH[t, u(t), \Ilﬁ,"u(t)]) dgxdyyd,s

f S(& - pS)‘“(s gx)@V
p(B)T (@)

(MF[t,u(t), DY "u(t)]

+ AzH[t, u(t), \Illf,_/u(t)]) dyx dps:|
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N-1 U ns)?-1 1
oo [ e |

Y (T - ms) “1(3 py) P (y — gx)@D
X“/ // T (BT (@) ()

X (le[t, u(t),D’,’_iu(t)] + )\,ZH[t, u(t), \I’z_ju(t)]) dyxdyyd,,s, (3.3)

where A is defined by (2.6).
Clearly, the problem (1.5)—(1.6) has solutions if and only if the operator F has fixed

points.

Theorem 3.1 Assume F:I] x RM*? - R, H:I] x RN*?> > R, g:I] — R* and ¢ : I| x
IXT — [0, 00) are continuous, let @q := SuP(t,s)a{x[XT{‘/’(t’ s)}. In addition, F,H and g satisfy
the following conditions:

(H1) there exist positive constants L;,i € Noy—1 such that, for all t € IXT and u,v € R
M-1
|F[¢,u, D! "u] — F[t,v,D!""v]| < Lylu—v| + ZLi|D}”"u - DI,

i=0

(Hy) there exist positive constants {;,j € Non_1 such that, for all t IXT and u,v € R

N-1
|H[t,u, W 7u] - H[t,v, Wi 7v]| < tylu
j=0
(H3) 0<g(t)<Gforalltel?,
1, @ TB-1T (a) TO*PT, (a+1)
(Ha) © := [ha(Las+ L)+ halloy + CESE0) > (R TP 4 £ Foie) 4 o) <

1.

Then the given boundary value problem (1.5)—(1.6) has a unique solution, where

-1 N-1
L=) L, (=)t
i=0 j=0

pTMBVE L (M)T (M + B+ D (e + 1)
LM+ BT M+ B-v)[(a+B+1,(B+1)
TGP (a + B +1)
X{ Fa+B+0+1)
. €M+ﬁ—1 ~ .L,GnMJrﬁH?—an(M_l_ ﬁ)
r,(M+B+19)
TG BT (o + B+1)| Tula)
Fa+pB+0+1) (o —v)
.L,GnNﬂ?—l]-'”(N)
T,(N+9)
TP (@) la + B+ Dy + 1)
Cpla+ B+ B-v+ D+ B+ 1B +1) }

Q=

€a+ﬁ _

}, (3.4)

Ea+ﬁ _

QZ _ ,LLTM_V_I{

+ EN_I _
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Proof We transform the boundary value problem (1.5)—(1.6) into a fixed point problem
u = Au, where A :C — C is defined by (3.1). For t € IXT, letting

| F[t,u,v, DY ™]| = |F[t,u(t), DY "'u(t)] - F[t,v(t), D! v(®)]|, i€ Nop

and
[ H[t,u,v, W57 | = [H[t, u(®), W 7u(t)] - H[t,v(®), $57v©®)]|,  j € Non-1,
we find that
|P[F(u) + H(w)] - P[F(v) + HV)]|
5T —ms) =D (s —px) D
= / o T (ﬂ)Fm( v) T dyedys
(n —n5)" V(s — py)# "V (y — )"
T (AT @I () )
X [A1|F[x, u, V,Dy’i]| +)\2{"H[x, w,v, Vo7 dgx dypy dys
S (& — ps) PV (s — qw) - y
A | Flx,u,v, D!
R e I A
+ Ao |H[x 1, v, \Iff/_j] || dgx dps
5 )
N / (& — ps)P! M1y
o (B
nors(n— ns)(l’*l)(s px)(ﬁ—l) w1
_r/ GBI ®) x*"g(n) dpx d,Ms
x / / / (T = ms)™"V(s — py)# Dy — gw)«
g T, (B)Ty(@)Tu(-v)
X [)»1|.7-'[x,u, V,D}’]| + Az|7{[x, u,v, \I/z,]ﬂdqxdpydms
M-1
< [/\1 (LMIM —vl+ Y Li|D;u —D}"iv|>
i=0
N-1
+ 22 (zmu —v+ Y 4T \Il,i‘jv|>:|
j=0
EPT,(a + 1) TG P (a + Dy + B + 1)

Tya+B+ )T, (B+1) Ta+B+1)la+B+0+ 1), (B+1)

MTM+ﬂ7U71Fp(M)Fm(M+ B)
CpyM+ BT (M + B —v)

M-1

i=0

N-1
+ A2 <£N|u —v+ > 4T~ \Pg_jv|):|

Jj=0
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‘EMJrﬂle(M) _ TGnM+ﬂ+071Fp(M)Fn(M +B) ‘ /LTa+ﬂ7U71Fp(a)rm(a + /3)
Ip(M+B) IpyM+B)T,(M+8+9) Fpla + BTl + B —v)

+ u-—-vic+ + max u-—-v
B 2 N jENO,N—l I w(6 ] 1)

x Soﬁrﬂ _

TGP (e + B+ 1)
I(e+pB+09+1) ‘
wTM =21 (ML, (M + B)T (et + 1)
F M+ BT M+ B —v)[(a+ B+ 1B +1)

o T
+ | MLy + L) =v|ec + Aol €y +€ max § ———— ¢ ||lu—V||
jeNon-1 [ Tw(0 —j + 1)

TGnM+ﬁ+l9—ll"n(M+IB)
M+ B+9)

pT PV, (M)T (e + B+ D (e + 1)
F M+ Bl +B—v+ DI (B+ D@+ B +1)

= vile| A (Lag+ L) + Aol x + £ wT’
<|lu-v +L)+ +l—
C 1\LM 2 N FW(0+1)

pTMBVE(M)T (M + B+ D (e + 1)
F WM+ B)T(M+ B —v)[(a+ B+ 1), +1)

TG PO (o + B+ 1)

x |M+B-1

x { goh _ 'éw-l— ron = L) }
Cala+B+0+1) LM+ +9)
—||u_V||C[1 mreE 2(“ mﬂ " |

Similarly to above, we have

|Q[F(u) + H(u)] - Q[F(v) + HW)]|

(T = ms)-v-D |: mos (Y (= ns) V(s —py)(ﬂ‘l)(y - qx)(ot—l)
"4,
< T NN (BT @) ()

x g)[ M| F[x w, v, DY) | + da| H 2, v, WS 7| ] dy dpy ds

_ ¢ (& _ps)(ﬁfl)(s—qx)(a—l .
/0 /0 Tp(B)Ty (@) [21|F Lo v, D]

+ Ao |[H[x v, W5 7| ] dygx dps:|

N-1 T (n— I’lS)(”_l) 1
+ [-‘3 —T/O WSN g(Tl)dnS:|

X“/// — p;e)sr(py) ((Z> e

[Al‘f[x,u v,DI” ’:H +)»2|H[x,u,v,llla ]quxdpydms

g7 M-v-1
<||u- MLy +L)+ Ao by + £ _ TV
<lu V||c|: 1Ly ) 2( N je%loi)/(_l{rww —j+1)}):|'u
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wip TGP T(a+ B+1)| Tu(M)
X{g B IFa+B+09+1) (M -v)
no1 TGNTEID,( TPAT ()Tl + B+ D)y + 1)
& - (N + 1) r (a+ﬂ)Fm(a+ﬂ—v+1)Fp(a+,3+I)Fq(ﬁ+1)}
T@
<||u—v||c|: 1(LM+L)+A2<€N+£ W(9+1)>:|S2 (3.6)

Therefore, we find that

|(Au)(®) - (AV)(©)|
N-1

n [P[F(u) + H(u)] - P[F(v) + H(v)]]

<

_%[Q[F( )+ Hw)] - Q[F() + HW)]]

(t - ps)#Y (s —gu) ™V
2 M1y — ps)#-1

X/o 0 “/ / . p<ﬂ)rq<a)

x (M F[x,u(x), D!~ u(x)] + Ao H|[x, u(x), \Ilf,'/u(x)]) dgxdy,s

T0
< ||u—v||c[k1(LM +1) +Az<eN 020 ﬂ

r,@e+1)
x {&Tﬂ—l ) e V() + T Ty +1) }
[A| Al Ty(a+p) Cpla+ B+ 1Ty (B +1)
= |lu-v|c®. (3.7)

Next, taking r-derivative of order y for (3.1), we have

; [F(u)+H(u)] E(t—rs)r=D )
(DY~ Au)(¢) = /0 s 7/)s:Nai,s
F(u )+ H(u (t = rs) 7V (s - px)f- 1
/ / T(i— p(ﬁ) K s

/’//’trs(”’lspyﬁl(y qx)@
L,(i p(ﬂ)rq(a)
X (AIF[x, u(x),DZ”u(x)] + )\.ZH[.X, u(x), \Ilz’ju(x)]) dyxdyyd,s.  (3.8)

Further, for any u,ve C and t € IXT, we obtain

(01 4) 0 - (P14 A0) )
E(t—rs)Er-1)

Nl
0 1—‘r(l - )/)

<

%[P[F(u) + Hw)] - P[F(v) + HW)]]

- ~[Q[Fw) + 6] - QF®) + 6]

x/t S (t—rs)ErD (s — px)B-D
Ii-vy) I'y(B)

M1y % dys
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Ers (7 (t=rs)7Y (s — py)B-D(y — gx) @D
+/0 /o /o FG—y) (AT, (@)

X (AlF[x, u(x),D}”iu(x)] + AzH[x, u(x), \Iff,’ju(x)]) dyxdyyd,s

¢ T’ )]{ Q TV (N)

Fw@®@+1) /LAl TN =y)

) TMBv=1T,(M)T (M + B) .\ TP Ty(a+ 1)+ B +1) }
Al T,M+B)T(M+B-y) Tpla+B+DI B+ (@+B-y+1)

< |lu- v||c|:A1(LM +L)+ A2<£N +0

< |lu—v|c®. (3.9)

Hence, we obtain
|Au — Avlic <llu—v|c®. (3.10)

We can conclude from (H,) that A is a contraction. The proof is completed by using
Banach’s contraction mapping principle. d

The following theorems show the existence of at least one solution to the boundary value

problem (1.6) by employing the Leray—Schauder nonlinear alternative.

Theorem 3.2 (Nonlinear alternative for single valued maps [35]) Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is
a continuous, compact [that is, F(U) is a relatively compact subset of C] map. Then either
(i) F has a fixed point in U, or
(ii) thereisa u € U (the boundary of U in C) and o € (0,1) with u = o F(u).

Theorem 3.3 Assume that (Hs) holds and the functions F, H satisfy the following condi-
tions:
(Hs) for i = 1,2 there exist continuous nondecreasing functions ¥, ¢; : [0,00) — (0, 00)
and functions z; € Ll(IXT, R™), such that for all (¢t,u) € IXT x R
|F[t,u®), D! "u(®)]| < 21Oy (llull), i€ Nop-1 and

|H[t,u(®), ¥, u()]| < z2@¥2(llull), j€Non-1,

(Hg) there exists a constant K > 0 such that

K
>1
MY (K lz1ll 2 + Ao (K) |22 1) ©

Then the boundary value problem (1.5)—(1.6) has at least one solution on IXT‘

Proof To show that A maps bounded sets (balls) into bounded sets in C, the construc-
tive proof is as follows. For a positive number p, let B, = {u € C(IXT,R) :lulle < p} be a
bounded ball in C(IXT, R). Then for t € IXT we have

|73[F(u) +H(u)]|

/T s (T _ ms)(—v—l)(s _py)(ﬂ—l)
<u
0

L yd,,s
; T, (—v) 2
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y(n I’lS)ﬁl(S py)ﬂl(y qxal
N RETNC) B

x (A (lull) |21 () | +A2¢2(||M||)|Zz(x)|)dqxdpydnS
/ S (& - ps)P (s - qy)
p(B)Tg(a

(E PS)(’S b 1 7] ns)(ﬁ 1 (s— py) 1
s d ““dyyd,
+/o T 0 T ’/ / I,(B)T, (m el s

X“/ // = ;(;)Srfiﬁ:% =

x (M (lull) |z1®)] + Ao (lull) |22(x)|) dgx dyy dins

< (M (lul) lzall g + Ao () 1221l 1)
wTMBVE L, (M)T (M + B)T (e + 1)
F WM+ BT (M + B —v)[(a+ B+ 1), +1)
TGP (o + B+ 1)
X{ Fia+B+19+1)
.\ €M+f3—l ~ .[GnM+ﬁ+ﬂ—1Fn(M+ﬂ) }

X

()»1W1(||M||) |210)| + A2 () |22()|) dgy dps

§a+ﬁ _

M+ B+19)

= (v (lul)lizalin + 2oy (lull) 22l 1) 2. (3.11)

Using the same argument as above, we have

|Q[F(w) + Hw)] - Q[F(v) + HW)]|
=

(v (lel) lzllp + Ao (lull) Izl ) w 7Y

wipg TGNPOT (@ + B+1)| Tp(M) N TGNTEITL(N)
% { £ B _ £ -t v’
Fa+B+0+1) LM -v) (N +19)
TPAT ()Tl + B+ D)y + 1)
F pla+ B+ p-v+ 1T, (a+ﬁ+1)Fq(ﬂ+1)}
= (v (lleell) lza 2 + Aara (llull) 2211 1) 22 (3.12)

Hence, we have

|(Au)(®)| < (e (lall) llzall 2 + Aoz (Ilell) 12211 )

X {&Tﬁl + & T“*ﬁ*lrp(a) + TaJrﬂFP(a + 1) }
[A] Al Tpla+p) Fyla+ B+ 1,8 +1)

i= (v () izl + Ao (luell) 122111) ©, (3.13)
and, for i € Ny 51,

(07" Au))

Q; TNY-IT(N)

< (v (llull) Iz Il +Azwz(||ull)||ZzllLl){m T,(N—y)



Patanarapeelert and Sitthiwirattham Boundary Value Problems (2018) 2018:41 Page 17 of 20

92 TMAP=r=1T,(M)T (M + B) .\ TP Ty + )Tr(e + B + 1) }
IAI LM+ B, M+B-y)  Tpla+B+ I (B+ DI+ B~y +1)

< (v () lizillr + A2 (llull) 122),1) ©. (3.14)

Consequently, [l Aullc < Myi(lullizillzr + 22¥a(lul)llz2[11)©.
Further, we will show that A maps bounded sets into equicontinuous sets of C(I XT ,R).
Letting ¢, 2, € I} with ¢, <t, and u € B,, we have

|(Au)(e2) - (Au)(r)|
< L PlFG) + G| - 47

= 1Al
2t —ps)P 4 (t-p)tY
G=P)" oy o [P ey
/o r,(8) »s /o r,(8) s

+ (A (lul) Izl +/\21/f2(||u||)||22||u)

bors (s—qy)
_ ﬁ 1) d
/o(” ps) pw)rq() 0y

o g (s - q)le
_ _ (B-1) d xd
./0 /o(tl rs) pw)rq() S

< (v (lull)llzillr + kzwz(llull)IIZzllLl){ 3\'

Q[ () + G(u)]

N

4=

Q TpM) | pipa

2, IM) M1
|AIT,(M+B)"™ |

_tZ

Fp(ot + 1) a+B
Tya+B+1)I,(B+1)"7

a+f

_tl

}, (3.15)
and, forie NO,M—I:

|(DY ™" Au)(82) - (DY~ Au) (1)
< (v () lzallps + 2ava (llull) 22l 2)

{& I'/(N) | N-y-1
|AIT,(N-y)"?
2y Cp(MT(M + B) M+f-y—-1
|AI M+ BT (M+B—y)
Cpla+ Dl (a+ B +1) a+Boy ta+ﬁy|}
p(a+,3+1)1"q(,3+1)1"(a+ﬂ y+1) 2 ! ’

A

téVIﬂS Y- 1|

(3.16)

As ty — t; — 0, the right hand side of (3.16) tends to zero independently of u € B,,.
As A satisfies the above assumptions, it follows by the Arzeld—Ascoli theorem that A :
C(,R) — C(I],R) is completely continuous.

Let u be a solution. Proceeding by similar computations to the first step for ¢ € 1 XT , we
have

@] < (v (lull) izl + Ao (lull) 220l 1) ©



Patanarapeelert and Sitthiwirattham Boundary Value Problems (2018) 2018:41 Page 18 of 20

Hence,

lulle -
Gavn (il + Aol z20)0

Under (Hg), there exists K such that || u| ¢ # K. We set
U={ueC(I},R): |ulc <K}

Note that the operator A : U — C(IXT ,R) is continuous and completely continuous. We
find that there is no u € U such that u = o Au for some o € (0,1). Consequently, by the
nonlinear alternative of Leray—Schauder type (Theorem 3.2), we can conclude that A has
a fixed point u € U which is a solution of the problem (1.5)—(1.6). This completes the
proof. d

4 Example
The following boundary value problem is an example illustrating our main result. Consider

the second-order g-difference equation with g-integral boundary conditions

e
200 + e05C0) [1+[u(t)|]

4 1
—sin2(27 £+5) |I/l(t)| + |D§M(t)| + |D§u(t)|
4 4

5 4
“Di“Diult) =
2 3

1
e—cos2(2ﬂf)|u(t)| + |\I’§u(t)|
5

(t+102[1 + |u(®)]] (4.1)

u(0) = D%M(O) = D%u(O) =D3u(0) = Dis_ou(O) =0,

Wl N

1 1 1 3 (X ) T
D5 u(0) = 10D3 u(6), ul — ) =21 e 3000y ,
3 3 10 3 36,000

1 oS
where ¢t € Ii = {6(%)” :neN}U{0,3} and \I’gu(t) = #&) fot TP u(s)dzs.
3

1 3 2 2 1
pr=pw=gim=35n=;,M=3N=2,
T=6X=€%h=1Lu=10,1=2,x=0,6=%,n=

We apply Theorem 3.1 when g = %, p
=2,B=y=%0=v=19=3
36,000 and ¢ = SUP{(P(IZS)} = M'
Since

|F(t,u,DYu) - F(t,v,Dlv)| < ﬁ[lu—w +|DYu-Dv| +|DI™!

)

’H(t’u’ llJvevl't) —H(t,V, ‘1’3,1/)’ = L|le V| + —’\Ileu

— 100e 100
so (H;)—(H,) are satisfied with L; = L, = L3 = m L = 2016 and ¢, = ﬁ,ﬂl = m ={.
In addition, since ; < g(t) <e, then (Hj) is satisfied with G = e. Moreover, we can show

that

|A| =22.0923, ©2;=10.3252 and 2, =28.9938.
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We obtain
®~0.0329< 1.

It implies that (H,) holds. From Theorem 3.1, we can conclude that the assigned problem

(4.1) has a unique solution on Ii.
60

5 Conclusion

We have proved the existence results of the four-point fractional g-integral and Riemann—
Liouville fractional g-derivative boundary value problem for a sequential Caputo frac-
tional g-integrodifference equation involving separate nonlinearity (1.5)—(1.6), by using
the Banach contraction mapping principle as regards the existence and uniqueness of a
solution, and the Leray—Schauder nonlinear alternative for the existence of at least a so-
lution. Our problem contains 2(M + N + 1) different orders and six different numbers of

¢q in derivatives and integral, which is a new idea.
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