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Abstract
In this paper, we study a sequential Caputo fractional q-integrodifference equation
with fractional q-integral and Riemann–Liouville fractional q-derivative boundary
value conditions. Our problem contains 2(M + N + 1) different orders and six different
numbers of q in derivatives and integrals. The problem contains separate nonlinear
functions. To examine existence and uniqueness results of the problem, Banach’s
contraction principle and the Leray–Schauder nonlinear alternative are employed. An
illustrative example is also provided.

MSC: 39A05; 39A13

Keywords: Existence; q-derivative; q-integral; q-integrodifference equation

1 Introduction
In the 20th century, q-difference calculus and fractional q-difference calculus play an im-
portant role in the areas of mathematics and applications [1–3] such as the applications
to orthogonal polynomials and mathematical control theories. Essentially, for q-difference
calculus, basic definitions and properties have been presented in Ref. [4]. For the fractional
q-difference calculus proposed by Al-Salam [5] and Agarwal [6], see [7]. Recently, many
researchers have extensively studied in q-difference equations and fractional q-difference
equations (see [8–34]). However, there is a lack of research in boundary value problem of
nonlinear q-difference equations. In what follows, we fill up this gap.

In 2014, Ahmad et al. [15] studied the existence of solutions for the Caputo fractional
q-difference integral equation with nonlocal boundary conditions,

⎧
⎪⎪⎨

⎪⎪⎩

CDβ
q (CDγ

q + λ)x(t) = pf (t, x(t)) + kIξ
q g(t, x(t)), t ∈ [0, 1),

α1x(0) – β1(t(1–γ )Dqx(0))t=0 = σ1x(η1),

α2x(1) – β2Dq(1) = σ2x(η2),

(1.1)

where β ,γ , ξ ∈ (0, 1), f , g are given continuous functions, λ, p, k are real constants and
αi,βi,σi ∈R,ηi ∈ (0, 1), i = 1, 2.
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In 2016, Sitthiwirattham [31] examined the existence results of solutions to a fractional
q-difference equation and a fractional q-integrodifference equation

Dα
q x(t) = f

(
t, x(t), Dν

wx(t)
)
, (1.2)

Dα
q x(t) = f

(
t, x(t),
γ

w x(t)
)
, t ∈ [0, T], (1.3)

with nonlocal three-point fractional p-integral boundary conditions of the form

x(η) = ρ(x), Iβ
p g(T)x(T) = 0,

where p, q, w ∈ (0, 1), α ∈ (1, 2], ν ∈ (0, 1], β ,γ > 0 and η ∈ (0, T) are given constants, f ∈
C([0, T] × R × R,R), g ∈ C([0, T],R+) are given functions, and ρ ∈ C([0, T],R) → R is a
given functional. For ϕ ∈ C([0, T] × [0, T], [0,∞)), define 


γ
w x(t) := (Iγ

wϕx)(t) = 1

w(γ )

∫ t
0 (t –

ws)(γ –1)ϕ(t, s)x(s) dws.
Recently, Patanarapeelert et al. [33] considered a sequential q-integrodifference bound-

ary value problem involving two different orders and six different numbers of q in deriva-
tives and integrals of the form

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Dq[ρ(t)Dγ
p (κ + Do)]x(t) = f (t, x(t), Dw[eκt

o x(t)],
νx(t)),

x(0) = x(T),

(Do[eκt
o x(t)])t=0 = Do[eκT

o x(T)],

Iθ
r σ (t)x(T) = 0,

(1.4)

where t ∈ IT
α := {αkT : k ∈ N} ∪ {0, T}, γ , θ ∈ (0, 1], p = p1

p2
, q = q1

q2
, o = o1

o2
, r = r1

r2
, w = w1

w2
,ν =

ν1
ν2

, and α = 1
LCM(p2,q2,o2,r2,w2,ν2) are proper fractions with w ≤ o, LCM is the lest common

multiple, κ ≤ 1
T ,ρ,σ ∈ C(IT

α ,R+) and f ∈ C(IT
α ×R×R×R,R) are given functions.

In this paper, we aim to develop an understanding of nonlinear q-integrodifference equa-
tions. Particulary, our attention is to analyze existence and uniqueness for a four-point
Riemann–Liouville fractional q-integrodifference boundary value problem for a sequen-
tial Caputo fractional q-integrodifference equation of the form

CDα
q

CDβ
p u(t) = λ1F

(
t, u(t), Dγ

r u(t), Dγ –1
r u(t), . . . , Dγ –M+1

r u(t)
)

+ λ2H
(
t, u(t),
θ

wu(t),
θ–1
w u(t), . . . ,
θ–N+1

w u(t)
)
, t ∈ IT

χ , (1.5)
⎧
⎪⎪⎨

⎪⎪⎩

Dk
pu(0) = Dβ+j

p u(0) = 0, k ∈ N0,N–2, j ∈N0,M–2,

Dν
mu(0) = μDν

mu(T),

u(ξ ) = τ Iϑ
n g(η)u(η),

(1.6)

where IT
χ := {χ kT : k ∈ N} ∪ {0, T}; M, N ∈ N2 := {2, 3, . . .};α ∈ (M – 1, M); β ∈ (N – 1, N);

γ ∈ (M – 2, M – 1); θ ∈ (N – 2, N – 1); ν,ϑ ∈ (0, 1); λ1,λ2,μ, τ > 0; ξ ,η ∈ IT
χ – {0, T}, ξ > η;

p = p1
p2

, q = q1
q2

, r = r1
r2

, w = w1
w2

, m = m1
m2

, n = n1
n2

are simplest form of proper fractions and χ =
1

LCM(p2,q2,r2,w2,m2,n2) , LCM is the least common multiple; g ∈ C(IT
χ ,R+), F ∈ C(IT

χ ×R
M+2,R),

H ∈ C(IT
χ ×R

N+2,R) are given functions; and, for ϕ ∈ C(IT
χ × IT

χ , [0,∞)), define 
θ
wu(t) :=

(Iθ
wϕu)(t) = 1


w(θ )
∫ t

0 (t – ws)(θ–1)ϕ(t, s)u(s) dws.
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As is clear from our fractional q-integrodifference equation, there are 2(M + N + 1) dif-
ferent orders in derivatives and integral, and there are six different values of the q numbers
consisting of q, p, r, m-derivatives and w, n-integrals. The rest of paper is organized as fol-
lows. Section 2 describes some basis definitions, some properties of the q-difference and
fractional q-difference operators and lemma that are used to evaluate the results. In Sect. 3,
we employ Banach’s contraction mapping principle and the Leray–Schauder nonlinear
alternative to prove an existence and uniqueness of solution of the problem (1.5)–(1.6).
Finally, using our main results, we provide an example in Sect. 4.

2 Preliminaries
In this section, we provide some notations, definitions, and lemmas which are used in the
main results. Let q ∈ (0, 1) and define

[n]q :=
1 – qn

1 – q
= qn–1 + · · · + q + 1 and [n]q! :=

n∏

k=1

1 – qk

1 – q
, n ∈R.

The q-analogue of the power function (a – b)(n) with n ∈N0 := [0, 1, . . .] is defined by

(a – b)(0) := 1, (a – b)(n) :=
n–1∏

k=0

(
a – bqk), a, b ∈R.

Generally, if α ∈R, then

(a – b)(α) := aα

∞∏

n=0

1 – ( b
a )qn

1 – ( b
a )qα+n

, a �= 0.

Specifically, if b = 0 then a(α) = aα . In addition, 0(α) = 0 for α > 0. The q-gamma function is
defined by


q(x) :=
(1 – q)(x–1)

(1 – q)x–1 , x ∈R \ {0, –1, –2, . . .},

and satisfies 
q(x + 1) = [x]q
q(x).
For any x, s > 0, the q-beta function is defined by

Bq(x, s) :=
∫ 1

0
t(x–1)(1 – qt)(s–1) dqt

= (1 – q)
∞∑

n=0

qn(1 – qn+1)(α–1)(qn)(x–1) =

q(x)
q(s)

q(x + s)

.

Definition 2.1 ([6]) For q ∈ (0, 1), the q-derivative of a real function f is defined by

Dqf (t) =
f (t) – f (qt)

(1 – q)t
and Dqf (0) = lim

t→0
Dqf (t).

The higher order q-derivatives of f is defined by

Dn
qf (t) = DqDn–1

q f (t), n ∈N and D0
qf (t) = f (t).
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For function f defined on the interval [0, T], q-integral is defined as

Iqf (t) =
∫ t

0
f (s) dqs =

∞∑

n=0

t(1 – q)qnf
(
tqn),

where the infinite series is convergent.

Definition 2.2 ([6]) For α ≥ 0 and f defined on [0, T], the fractional q-integral is defined
by

(
Iα

q f
)
(x) :=

1

q(α)

∫ x

0
(x – qt)(α–1)f (t) dqt

=
x(1 – q)

q(α)

∞∑

n=0

qn(x – xqn+1)(α–1)f
(
xqn)

=
xα(1 – q)

q(α)

∞∑

n=0

qn(1 – qn+1)(α–1)f
(
xqn).

We note that (I0
q f )(x) = f (x).

Definition 2.3 ([8]) For α ≥ 0, m is the smallest integer such that m ≥ α and f defined on
[0, T], the fractional q-derivative of the Riemann–Liouville type of order α is defined by

(
Dα

q f
)
(x) :=

(
Dm

q Im–α
q f

)
(x) =

1

q(–α)

∫ x

0
(x – qt)(–α–1)f (t) dqt, α > 0,

and

(
D0

qf
)
(x) = f (x),

the fractional q-derivative of the Caputo type of order α is defined by

(CDα
q f

)
(x) :=

(
Im–α

q Dm
q f

)
(x) =

1

q(m – α)

∫ x

0
(x – qt)(m–α–1)Dm

q f (t) dqt, α > 0

and

(CD0
qf

)
(x) = f (x).

Lemma 2.1 ([6]) Let α,β ≥ 0 and f be a function defined on [0, T]. Then the following
properties hold:

(i)
(
Iβ

q Iα
q f

)
(x) =

(
Iα+β

q f
)
(x),

(ii)
(
Dα

q Iα
q f

)
(x) = f (x).

Lemma 2.2 ([8]) Let N – 1 < α ≤ N and N ∈N. Then the following equality holds:

(
Iα

q Dα
q f

)
(x) = f (x) –

N–1∑

k=0

xα–N+k


q(α + k – N + 1)
(
Dα–N+k

q f
)
(0).
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Lemma 2.3 ([19]) Let N – 1 < α ≤ N and N ∈ N. Then the following equality holds:

(
Iα

q
CDα

q f
)
(x) = f (x) –

N–1∑

k=0

xk


q(k + 1)
(
Dk

qf
)
(0),

(CDα
q Iα

q f
)
(x) = f (x).

Lemma 2.4 ([17]) Let α,β ≥ 0 and 0 < p, q < 1. Then the following formulas hold:

(i)
∫ η

0
(η – qt)(α–1)t(β) dqt = ηα+βBq(α,β + 1),

(ii)
∫ η

0

∫ s

0
(η – ps)(α–1)(s – qt)(β–1) dqt dps =

ηα+β

[β]q
Bp(α,β + 1),

(iii)
∫ η

0

∫ s

0

∫ t

0
(η – ps)(α–1)(s – qt)(β–1)(t – rv)(γ –1) drv dqt dps

=
ηα+β+γ

[γ ]r
Bq(β ,γ + 1)Bp(α,β + γ + 1).

We next provided a lemma dealing with a linear variant of the boundary value problem.
This lemma is used to define the solution of the boundary value problem (1.5)–(1.6).

Lemma 2.5 Let M, N ∈ N2,α ∈ (M – 1, M), β ∈ (N – 1, N), γ ∈ (M – 2, M – 1), θ ∈ (N –
2, N – 1), p = p1

p2
, q = q1

q2
, m = m1

m2
, n = n1

n2
be simplest proper fractions and φ = 1

LCM(p2,q2,m2,n2) ;
λ1,λ2,μ, τ > 0. For f , h ∈ C(IT

φ ,R) and g ∈ C(IT
φ ,R+), the solution for the boundary value

problem

Dα
q Dβ

p u(t) = λ1f (t) + λ2h(t), t ∈ IT
φ (2.1)

⎧
⎪⎪⎨

⎪⎪⎩

Dk
pu(0) = Dβ+j

p u(0) = 0, k ∈ N0,N–2, j ∈N0,M–2,

Dν
mu(0) = μDν

mu(T),

u(ξ ) = τ Iϑ
n g(η)u(η),

(2.2)

is represented by

u(t) =
P[f + g]

�
tN–1 –

Q[f + g]
�

∫ t

0

(t – ps)(β–1)


p(β)
sM–1 dps

+
∫ t

0

∫ s

0
(t – ps)(β–1) (s – qv)(α–1)


p(β)
q(α)
[
λ1f (t) + λ2h(t)

]
dqv dps, (2.3)

where the functionals P[f + g] and Q[f + g] are defined by

P[f + g]

= μ

∫ T

0

∫ s

0

(T – ms)(–ν–1)(s – pv)(β–1)


p(β)
m(–ν)
vM–1 dpv dms

×
[

τ

∫ η

0

∫ s

0

∫ v

0

(η – ns)(ϑ–1)(s – pv)(β–1)(v – qx)(α–1)


p(β)
q(α)
n(ϑ)
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× g(η)
[
λ1f (x) + λ2h(x)

]
dqx dpv dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qv)(α–1)


p(β)
q(α)
[
λ1f (v) + λ2h(v)

]
dqv dps

]

+
[∫ ξ

0

(ξ – ps)(β–1)


p(β)
sM–1 dps

– τ

∫ η

0

∫ s

0

(η – ns)(ϑ–1)(s – pv)(β–1)


p(β)
n(ϑ)
g(η)vM–1 dpv dns

]

× μ

∫ T

0

∫ s

0

∫ v

0

(T – ms)(–ν–1)(s – pv)(β–1)(v – qx)(α–1)


p(β)
q(α)
m(–ν)

× [
λ1f (x) + λ2h(x)

]
dqx dpv dms, (2.4)

Q[f + g]

= μ

∫ T

0

(T – ms)(–ν–1)


m(–ν)
sM–1 dms

×
[

τ

∫ η

0

∫ s

0

∫ v

0

(η – ns)(ϑ–1)(s – pv)(β–1)(v – qx)(α–1)


p(β)
q(α)
n(ϑ)

× g(η)
[
λ1f (x) + λ2h(x)

]
dqx dpv dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qv)(α–1)


p(β)
q(α)
[
λ1f (v) + λ2h(v)

]
dqv dps

]

+
[

ξN–1 – τ

∫ η

0

(η – ns)(ϑ–1)


n(ϑ)
g(η)sN–1 dns

]

× μ

∫ T

0

∫ s

0

∫ v

0

(T – ms)(–ν–1)(s – pv)(β–1)(v – qx)(α–1)


p(β)
q(α)
m(–ν)

× [
λ1f (x) + λ2h(x)

]
dqx dpv dms, (2.5)

and the constant

� = μ

∫ T

0

∫ s

0

(T – ms)(–ν–1)(s – px)(β–1)


p(β)
m(–ν)
vM–1 dpx dms

×
[

ξN–1 – τ

∫ η

0

(η – ns)(ϑ–1)


n(ϑ)
g(η)sN–1 dns

]

–
[∫ ξ

0

(ξ – ps)(β–1)


p(β)
sM–1 dps

– τ

∫ η

0

∫ s

0

(η – ns)(ϑ–1)(s – pv)(β–1)


p(β)
n(ϑ)
g(η)vM–1 dpv dns

]

× μ

∫ T

0

(T – ms)(–ν–1)


m(–ν)
sM–1 dms. (2.6)

Proof Using the q-integral of order α for (2.1), we obtain

Dβ
p u(t) =

M–1∑

i=0

Citi +
∫ t

0

(t – qs)(α–1)


q(α)
[
λ1f (s) + λ2h(s)

]
dqs. (2.7)
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Then we take the p-integral of order β for (2.7). We have

u(t) =
N–1∑

i=0

CM+iti +
M–1∑

i=0

Ci

∫ t

0

(t – ps)(β–1)


p(β)
sidps

+
∫ t

0

∫ s

0

(t – ps)(β–1)(s – qv)(α–1)


p(β)
q(α)
[
λ1f (v) + λ2h(v)

]
dqv dps

=
N–1∑

i=0

CM+iti +
1


p(β)

M–1∑

i=0

CiB(i + 1,β)tβ+i

+
∫ t

0

∫ s

0

(t – ps)(β–1)(s – qv)(α–1)


p(β)
q(α)
[
λ1f (v) + λ2h(v)

]
dqv dps. (2.8)

Next, taking the p-derivative of order k ∈ N0,N–2 for (2.8) where t ∈ IT
φ , we get

Dk
pu(t) =

N–1∑

i=0

CM+i

∫ t

0

(t – ps)(–k–1)


p(–k)
sidps

+
1


p(β)

M–1∑

i=0

CiB(i + 1,β)
∫ t

0

(t – ps)(–k–1)


p(–k)
sβ+i dps

+
∫ t

0

∫ s

0

∫ x

0

(t – ps)(–k–1)(s – px)(β–1)(x – qv)(α–1)


p(–k)
p(β)
q(α)

× [
λ1f (v) + λ2h(v)

]
dqv dpx dps

=
N–1∑

i=0

CM+i

p(i + 1)


p(i + 1 – k)
ti–k +

M–1∑

i=0

Ci

p(i + 1)


p(β + i + 1 – k)
tβ+i–k

+
∫ t

0

∫ s

0

∫ x

0

(t – ps)(–k–1)(s – px)(β–1)(x – qv)(α–1)


p(–k)
p(β)
q(α)

× [
λ1f (v) + λ2h(v)

]
dqv dpx dps. (2.9)

Letting t = 0 in (2.9), and by the first conditions of (2.2) for k ∈N0,N–2, we get

CM = CM+1 = CM+2 = · · · = CM+N–2 = 0 for k ∈ N0,N–2, respectively.

Substituting the constants Ci, i ∈NM,M+N–2 into (2.8), we obtain

u(t) = CM+N–1tN–1 +
1


p(β)

M–1∑

i=0

CiB(i + 1,β)tβ+i

+
∫ t

0

∫ s

0

(t – ps)(β–1)(s – qv)(α–1)


p(β)
q(α)
[
λ1f (v) + λ2h(v)

]
dqv dps. (2.10)

Next, taking the p-derivative of order β + j, j ∈N0,M–2 for (2.10), we get

Dβ+j
p u(t) = CM+N–1

∫ t

0

(t – ps)(–β–j–1)


p(–β – j)
sN–1 dps
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+
1


p(β)

M–1∑

i=0

CiB(i + 1,β)
∫ t

0

(t – ps)(–β–j–1)


p(–β – j)
sβ+i dps

+
∫ t

0

∫ s

0

∫ x

0

(t – ps)(–β–j–1)(s – px)(β–1)(x – qv)(α–1)


p(–β – j)
p(β)
q(α)

× [
λ1f (v) + λ2h(v)

]
dqv dpx dps

= CM+N–1

p(N)


p(N – β – j)
tN–β–j–1 +

M–1∑

i=0

Ci

p(i + 1)


p(i + 1 – j)
ti–j

+
∫ t

0

∫ s

0

∫ x

0

(t – ps)(–β–j–1)(s – px)(β–1)(x – qv)(α–1)


p(–β – j)
p(β)
q(α)

× [
λ1f (v) + λ2h(v)

]
dqv dpx dps. (2.11)

Letting t = 0 in (2.11), and by the first conditions of (2.2) for j ∈N0,M–2, we get

C0 = C1 = C2 = · · · = CM–2 = 0 for j ∈ N0,M–2, respectively.

Substituting the constants Ci, i ∈N0,M–2 into (2.10), we obtain

u(t) = CM+N–1tN–1 + CM–1

∫ t

0

(t – ps)(β–1)


p(β)
sM–1 dps

+
∫ t

0

∫ s

0

(t – ps)(β–1)(s – qv)(α–1)


p(β)
q(α)
[
λ1f (v) + λ2h(v)

]
dqv dps. (2.12)

Next, taking the m-derivative of order ν for u(t) where t ∈ IT
φ , we get

Dν
mu(t)

= CM+N–1

∫ t

0

(t – ms)(–ν–1)


m(–ν)
sN–1 dms

+ CM–1

∫ t

0

∫ s

0

(t – ms)(–ν–1)(s – pv)(β–1)


m(–ν)
p(β)
vM–1 dpv dms

+
∫ t

0

∫ s

0

∫ v

0

(t – ms)(–ν–1)(s – pv)(β–1)(v – qx)(α–1)


m(–ν)
p(β)
q(α)

× [
λ1f (x) + λ2h(x)

]
dqx dpv dms. (2.13)

Letting t = 0, T in (2.9), and by the second conditions of (2.2), we get

CM+N–1μ

∫ T

0

(T – ms)(–ν–1)


m(–ν)
sN–1 dms

+ CM–1μ

∫ T

0

∫ s

0

(T – ms)(–ν–1)(s – pv)(β–1)


m(–ν)
p(β)
vM–1 dpv dms

= –μ

∫ T

0

∫ s

0

∫ v

0

(T – ms)(–ν–1)(s – pv)(β–1)(v – qx)(α–1)


m(–ν)
p(β)
q(α)

× [
λ1f (x) + λ2h(x)

]
dqx dpv dms. (2.14)



Patanarapeelert and Sitthiwirattham Boundary Value Problems  (2018) 2018:41 Page 9 of 20

Taking the n-integral of order ϑ for (2.12) where t ∈ IT
φ , we have

Iϑ
n u(t) = CM+N–1

∫ t

0

(t – ns)(ϑ–1)


n(ϑ)
sN–1 dns

+ CM–1

∫ t

0

∫ s

0

(t – ns)(ϑ–1)(s – pv)(β–1)


n(ϑ)
p(β)
vM–1 dpv dns

+
∫ t

0

∫ s

0

∫ v

0

(t – ns)(ϑ–1)(s – pv)(β–1)(v – qx)(α–1)


n(ϑ)
p(β)
q(α)

× [
λ1f (x) + λ2h(x)

]
dqx dpv dns. (2.15)

Letting t = ξ in (2.11), and by the third conditions of (2.2), we get

CM+N–1

[

ξN–1 – τ

∫ η

0

∫ s

0

(η – ns)(ϑ–1)


n(ϑ)
g(η)sN–1 dns

]

+ CM–1

[∫ ξ

0

(ξ – ps)(β–1)


p(β)
sM–1 dps

– τ

∫ η

0

∫ s

0

(η – ns)(ϑ–1)(s – pv)(β–1)


n(ϑ)
p(β)
g(η)vM–1 dpv dns

]

=
[

τ

∫ η

0

∫ s

0

∫ v

0

(η – ns)(ϑ–1)(s – pv)(β–1)(v – qx)(α–1)


n(ϑ)
p(β)
q(α)

× [
λ1f (x) + λ2h(x)

]
g(η) dqx dpv dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qv)(α–1)


p(β)
q(α)
[
λ1f (v) + λ2h(v)

]
dqv dps

]

. (2.16)

Finally, solving the system of equations (2.14) and (2.12), we obtain

CM–1 = –
Q[f + h]

�
and CM+N–1 =

P[f + h]
�

,

where P[f + g], Q[f + g] and � are defined by (2.4)–(2.6), respectively.
After substituting the constants CM–1, CM+N–1 into (2.12), we obtain (2.3). The proof is

complete. �

3 Main results
In order to obtain the main results, we first transform the boundary value problem (1.5)–
(1.6) into a fixed point problem. Let C = C(IT

χ ,R) be a Banach space of all continuous func-
tions from IT

χ toR such that Dγ –i
r u(t) exists for i ∈N0,M–1,γ ∈ (M –2, M –1). Define a norm

by

‖u‖C = max
i∈N0,M–1

{‖u‖,
∥
∥Dγ –i

r u
∥
∥
}

,

where ‖u‖ = supt∈IT
χ

|u(t)| and ‖Dγ –i
r u‖ = supt∈IT

χ
|Dγ –i

r u(t)|. Denote

F
(
t, u(t), Dγ

r u(t), Dγ –1
r u(t), . . . , Dγ –M+1

r u(t)
)

:= F
[
t, u(t), Dγ –i

r u(t)
]
,
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H
(
t, u(t),
θ

wu(t),
θ–1
w u(t), . . . ,
θ–N+1

w u(t)
)

:= H
[
t, u(t),
θ–j

w u(t)
]
,

for i ∈ N0,M–1 and j ∈N0,N–1. Define the operator A : C → C by

(Au)(t)

=
P[F(u) + G(u)]

�
tN–1 –

Q[F(u) + G(u)]
�

∫ t

0

(t – ps)(β–1)


p(β)
sM–1 dps

+
∫ t

0

∫ s

0
(t – ps)(β–1) (s – qv)(α–1)


p(β)
q(α)
(
λ1F

[
t, u(t), Dγ –i

r u(t)
]

+ λ2H
[
t, u(t),
θ–j

w u(t)
])

dqv dps, (3.1)

where the functionals P[F(u) + G(u)] and Q[F(u) + G(u)] are defined by

P
[
F(u) + H(u)

]

= μ

∫ T

0

∫ s

0

(T – ms)(–ν–1)(s – px)(β–1)


p(β)
m(–ν)
xM–1 dpx dms

×
[

τ

∫ η

0

∫ s

0

∫ y

0

(η – ns)(ϑ–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
n(ϑ)
g(η)

× (
λ1F

[
t, u(t), Dγ –i

r u(t)
]

+ λ2H
[
t, u(t),
θ–j

w u(t)
])

dqx dpy dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qx)(α–1)


p(β)
q(α)
(
λ1F

[
t, u(t), Dγ –i

r u(t)
]

+ λ2H
[
t, u(t),
θ–j

w u(t)
])

dqx dps
]

+
[∫ ξ

0

(ξ – ps)(β–1)


p(β)
sM–1 dps

– τ

∫ η

0

∫ s

0

(η – ns)(ϑ–1)(s – px)(β–1)


p(β)
n(ϑ)
g(η)xM–1 dpx dns

]

× μ

∫ T

0

∫ s

0

∫ y

0

(T – ms)(–ν–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
m(–ν)

× (
λ1F

[
t, u(t), Dγ –i

r u(t)
]

+ λ2H
[
t, u(t),
θ–j

w u(t)
])

dqx dpy dms (3.2)

and

Q
[
F(u) + H(u)

]

= μ

∫ T

0

(T – ms)(–ν–1)


m(–ν)
sM–1 dms

[

τ

∫ η

0

∫ s

0

∫ y

0

(η – ns)(ϑ–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
n(ϑ)

× g(η)
(
λ1F

[
t, u(t), Dγ –i

r u(t)
]

+ λ2H
[
t, u(t),
θ–j

w u(t)
])

dqx dpy dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qx)(α–1)


p(β)
q(α)
(
λ1F

[
t, u(t), Dγ –i

r u(t)
]

+ λ2H
[
t, u(t),
θ–j

w u(t)
])

dqx dps
]
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+
[

ξN–1 – τ

∫ η

0

(η – ns)(ϑ–1)


n(ϑ)
g(η)sN–1 dns

]

× μ

∫ T

0

∫ s

0

∫ y

0

(T – ms)(–ν–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
m(–ν)

× (
λ1F

[
t, u(t), Dγ –i

r u(t)
]

+ λ2H
[
t, u(t),
θ–j

w u(t)
])

dqx dpy dms, (3.3)

where � is defined by (2.6).
Clearly, the problem (1.5)–(1.6) has solutions if and only if the operator F has fixed

points.

Theorem 3.1 Assume F : IT
χ × R

M+2 → R, H : IT
χ × R

N+2 → R, g : IT
χ → R

+ and ϕ : IT
χ ×

IT
χ → [0,∞) are continuous, let ϕ0 := sup(t,s)∈IT

χ ×IT
χ
{ϕ(t, s)}. In addition, F , H and g satisfy

the following conditions:
(H1) there exist positive constants Li, i ∈N0,M–1 such that, for all t ∈ IT

χ and u, v ∈R

∣
∣F

[
t, u, Dγ –i

r u
]

– F
[
t, v, Dγ –i

r v
]∣
∣ ≤ LM|u – v| +

M–1∑

i=0

Li
∣
∣Dγ –i

r u – Dγ –i
r v

∣
∣,

(H2) there exist positive constants �j, j ∈ N0,N–1 such that, for all t ∈ IT
χ and u, v ∈R

∣
∣H

[
t, u,
θ–j

w u
]

– H
[
t, v,
θ–j

w v
]∣
∣ ≤ �N |u – v| +

N–1∑

j=0

�j
∣
∣
θ–j

w u – 
θ–j
w v

∣
∣,

(H3) 0 < g(t) < G for all t ∈ IT
χ ,

(H4) � := [λ1(LM + L) + λ2(�N + �
ϕ0Tθ


w(θ+1) )] ×{ �1
|�| T

β–1 + �2
|�|

Tα+β–1
p(α)

p(α+β) + Tα+β
p(α+1)


p(α+β+1)
q(β+1) } <
1.

Then the given boundary value problem (1.5)–(1.6) has a unique solution, where

L =
M–1∑

i=0

Li, � =
N–1∑

j=0

�j,

�1 =
μTM+β–ν
p(M)
m(M + β + 1)
p(α + 1)


p(M + β)
m(M + β – ν)
p(α + β + 1)
q(β + 1)

×
{∣
∣
∣
∣ξ

α+β –
τGηα+β+ϑ
n(α + β + 1)


n(α + β + ϑ + 1)

∣
∣
∣
∣

+
∣
∣
∣
∣ξ

M+β–1 –
τGηM+β+ϑ–1
n(M + β)


n(M + β + ϑ)

∣
∣
∣
∣

}

,

�2 = μTM–ν–1
{∣
∣
∣
∣ξ

α+β –
τGηα+β+ϑ
n(α + β + 1)


n(α + β + ϑ + 1)

∣
∣
∣
∣


m(α)

m(α – ν)

+
∣
∣
∣
∣ξ

N–1 –
τGηN+ϑ–1
n(N)


n(N + ϑ)

∣
∣
∣
∣

× Tβ+1
p(α)
m(α + β + 1)
p(α + 1)

p(α + β)
m(α + β – ν + 1)
p(α + β + 1)
q(β + 1)

}

.

(3.4)



Patanarapeelert and Sitthiwirattham Boundary Value Problems  (2018) 2018:41 Page 12 of 20

Proof We transform the boundary value problem (1.5)–(1.6) into a fixed point problem
u = Au, where A : C → C is defined by (3.1). For t ∈ IT

χ , letting

∣
∣F

[
t, u, v, Dγ –i

r
]∣
∣ :=

∣
∣F

[
t, u(t), Dγ –i

r u(t)
]

– F
[
t, v(t), Dγ –i

r v(t)
]∣
∣, i ∈ N0,M–1

and

∣
∣H

[
t, u, v,
θ–j

w
]∣
∣ :=

∣
∣H

[
t, u(t),
θ–j

w u(t)
]

– H
[
t, v(t),
θ–j

w v(t)
]∣
∣, j ∈N0,N–1,

we find that

∣
∣P

[
F(u) + H(u)

]
– P

[
F(v) + H(v)

]∣
∣

≤ μ

∫ T

0

∫ s

0

(T – ms)(–ν–1)(s – px)(β–1)


p(β)
m(–ν)
xM–1 dpx dms

×
∣
∣
∣
∣τ

∫ η

0

∫ s

0

∫ v

0

(η – ns)(ϑ–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
n(ϑ)
g(η)

× [
λ1

∣
∣F

[
x, u, v, Dγ –i

r
]∣
∣ + λ2

∣
∣H

[
x, u, v,
θ–j

w
]∣
∣
]

dqx dpy dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qx)(α–1)


p(β)
q(α)
[
λ1

∣
∣F

[
x, u, v, Dγ –i

r
]∣
∣

+ λ2
∣
∣H

[
x, u, v,
θ–j

w
]∣
∣
]

dqx dps
∣
∣
∣
∣

+
∣
∣
∣
∣

∫ ξ

0

(ξ – ps)(β–1)


p(β)
sM–1 dps

– τ

∫ η

0

∫ s

0

(η – ns)(ϑ–1)(s – px)(β–1)


p(β)
n(ϑ)
xα–1g(η) dpx dnMs

∣
∣
∣
∣

× μ

∫ T

0

∫ s

0

∫ y

0

(T – ms)(–ν–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
m(–ν)

× [
λ1

∣
∣F

[
x, u, v, Dγ

r
]∣
∣ + λ2

∣
∣H

[
x, u, v,
θ

w
]∣
∣
]

dqx dpy dms

≤
[

λ1

(

LM|u – v| +
M–1∑

i=0

Li
∣
∣Dγ –i

r u – Dγ –i
r v

∣
∣

)

+ λ2

(

�N |u – v| +
N–1∑

j=0

�j
∣
∣
θ–j

w u – 
θ–j
w v

∣
∣

)]

×
∣
∣
∣
∣

ξα+β
p(α + 1)

p(α + β + 1)
q(β + 1)

–
τGηα+β+ϑ
p(α + 1)
n(α + β + 1)


p(α + β + 1)
n(α + β + ϑ + 1)
q(β + 1)

∣
∣
∣
∣

× μTM+β–ν–1
p(M)
m(M + β)

p(M + β)
m(M + β – ν)

+

[

λ1

(

LM|u – v| +
M–1∑

i=0

Li
∣
∣Dγ –i

r u – Dγ –i
r v

∣
∣

)

+ λ2

(

�N |u – v| +
N–1∑

j=0

�j
∣
∣
θ–j

w u – 
θ–j
w v

∣
∣

)]
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×
∣
∣
∣
∣
ξM+β–1
p(M)

p(M + β)

–
τGηM+β+ϑ–1
p(M)
n(M + β)


p(M + β)
n(M + β + ϑ)

∣
∣
∣
∣
μTα+β–ν–1
p(α)
m(α + β)

p(α + β)
m(α + β – ν)

≤
[

λ1(LM + L)‖u – v‖C + λ2

(

�N + � max
j∈N0,N–1

{
ϕ0Tθ–j


w(θ – j + 1)

})

‖u – v‖
]

×
∣
∣
∣
∣ξ

α+β –
τGηα+β+ϑ
n(α + β + 1)


n(α + β + ϑ + 1)

∣
∣
∣
∣

× μTM+β–ν–1
p(M)
m(M + β)
p(α + 1)

p(M + β)
m(M + β – ν)
p(α + β + 1)
q(β + 1)

+
[

λ1(LM + L)‖u – v‖C + λ2

(

�N + � max
j∈N0,N–1

{
ϕ0Tθ–j


w(θ – j + 1)

})

‖u – v‖
]

×
∣
∣
∣
∣ξ

M+β–1 –
τGηM+β+ϑ–1
n(M + β)


n(M + β + ϑ)

∣
∣
∣
∣

× μTα+β–ν
p(M)
m(α + β + 1)
p(α + 1)

p(M + β)
m(α + β – ν + 1)
q(β + 1)
p(α + β + 1)

< ‖u – v‖C
[

λ1(LM + L) + λ2

(

�N + �
ϕ0Tθ


w(θ + 1)

)]

× μTM+β–ν
p(M)
m(M + β + 1)
p(α + 1)

p(M + β)
m(M + β – ν)
p(α + β + 1)
q(β + 1)

×
{∣
∣
∣
∣ξ

α+β –
τGηα+β+ϑ
n(α + β + 1)


n(α + β + ϑ + 1)

∣
∣
∣
∣ +

∣
∣
∣
∣ξ

M+β–1 –
τGηM+β+ϑ–1
n(M + β)


n(M + β + ϑ)

∣
∣
∣
∣

}

= ‖u – v‖C
[

λ1(LM + L) + λ2

(

�N + �
ϕ0Tθ


w(θ + 1)

)]

�1. (3.5)

Similarly to above, we have

∣
∣Q

[
F(u) + H(u)

]
– Q

[
F(v) + H(v)

]∣
∣

≤
∣
∣
∣
∣μ

∫ T

0

(T – ms)(–ν–1)


m(–ν)
sM–1 dms

[

τ

∫ η

0

∫ s

0

∫ y

0

(η – ns)(ϑ–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
n(ϑ)

× g(η)
[
λ1

∣
∣F

[
x, u, v, Dγ –i

r
]∣
∣ + λ2

∣
∣H

[
x, u, v,
θ–j

w
]∣
∣
]

dqx dpy dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qx)(α–1)


p(β)
q(α)
[
λ1

∣
∣F

[
x, u, v, Dγ –i

r
]∣
∣

+ λ2
∣
∣H

[
x, u, v,
θ–j

w
]∣
∣
]

dqx dps
]

+
[

ξN–1 – τ

∫ η

0

(η – ns)(ϑ–1)


n(ϑ)
sN–1g(η) dns

]

× μ

∫ T

0

∫ s

0

∫ y

0

(T – ms)(–ν–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
m(–ν)

× [
λ1

∣
∣F

[
x, u, v, Dγ –i

r
]∣
∣ + λ2

∣
∣H

[
x, u, v,
θ–j

w
]∣
∣
]

dqx dpy dms
∣
∣
∣
∣

≤ ‖u – v‖C
[

λ1(LM + L) + λ2

(

�N + � max
j∈N0,N–1

{
ϕ0Tθ–j


w(θ – j + 1)

})]

μTM–ν–1
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×
{∣
∣
∣
∣ξ

α+β –
τGηα+β+ϑ
n(α + β + 1)


n(α + β + ϑ + 1)

∣
∣
∣
∣


m(M)

m(M – ν)

+
∣
∣
∣
∣ξ

N–1 –
τGηN+ϑ–1
n(N)


n(N + ϑ)

∣
∣
∣
∣

Tβ+1
p(α)
m(α + β + 1)
p(α + 1)

p(α + β)
m(α + β – ν + 1)
p(α + β + 1)
q(β + 1)

}

< ‖u – v‖C
[

λ1(LM + L) + λ2

(

�N + �
ϕ0Tθ


w(θ + 1)

)]

�2. (3.6)

Therefore, we find that

∣
∣(Au)(t) – (Av)(t)

∣
∣

≤
∣
∣
∣
∣
tN–1

�

[
P

[
F(u) + H(u)

]
– P

[
F(v) + H(v)

]]

–
1
�

[
Q

[
F(u) + H(u)

]
– Q

[
F(v) + H(v)

]]

×
∫ t

0

(t – ps)(β–1)


p(β)
sM–1 dps +

∫ t

0

∫ s

0
(t – ps)(β–1) (s – qx)(α–1)


p(β)
q(α)

× (
λ1F

[
x, u(x), Dγ –i

r u(x)
]

+ λ2H
[
x, u(x),
θ–j

w u(x)
])

dqx dps
∣
∣
∣
∣

< ‖u – v‖C
[

λ1(LM + L) + λ2

(

�N + �
ϕ0Tθ


w(θ + 1)

)]

×
{

�1

|�|Tβ–1 +
�2

|�|
Tα+β–1
p(α)

p(α + β)

+
Tα+β
p(α + 1)


p(α + β + 1)
q(β + 1)

}

= ‖u – v‖C�. (3.7)

Next, taking r-derivative of order γ for (3.1), we have

(
Dγ –i

r Au
)
(t) =

P[F(u) + H(u)]
�

∫ t

0

(t – rs)(i–γ –1)


r(i – γ )
sN–1 drs

–
Q[F(u) + H(u)]

�

∫ t

0

∫ s

0

(t – rs)(i–γ –1)


r(i – γ )
(s – px)(β–1)


p(β)
xM–1 dpx drs

+
∫ t

0

∫ s

0

∫ y

0

(t – rs)(i–γ –1)


r(i – γ )
(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)

× (
λ1F

[
x, u(x), Dγ –i

r u(x)
]

+ λ2H
[
x, u(x),
θ–j

w u(x)
])

dqx dpy drs. (3.8)

Further, for any u, v ∈ C and t ∈ IT
χ , we obtain

∣
∣
(
Dγ –i

r Au
)
(t) –

(
Dγ –i

r Av
)
(t)

∣
∣

≤
∣
∣
∣
∣

1
�

[
P

[
F(u) + H(u)

]
– P

[
F(v) + H(v)

]]
∫ t

0

(t – rs)(i–γ –1)


r(i – γ )
sN–1 drs

–
1
�

[
Q

[
F(u) + G(u)

]
– Q

[
F(v) + G(v)

]]

×
∫ t

0

∫ s

0

(t – rs)(i–γ –1)


r(i – γ )
(s – px)(β–1)


p(β)
xM–1 dpx drs
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+
∫ t

0

∫ s

0

∫ y

0

(t – rs)(i–γ –1)


r(i – γ )
(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)

× (
λ1F

[
x, u(x), Dγ –i

r u(x)
]

+ λ2H
[
x, u(x),
θ–j

w u(x)
])

dqx dpy drs
∣
∣
∣
∣

< ‖u – v‖C
[

λ1(LM + L) + λ2

(

�N + �
ϕ0Tθ


w(θ + 1)

)]{
�1

|�|
TN–γ –1
r(N)


r(N – γ )

+
�2

|�|
TM+β–γ –1
p(M)
r(M + β)

p(M + β)
r(M + β – γ )

+
Tα+β–γ 
p(α + 1)
r(α + β + 1)


p(α + β + 1)
q(β + 1)
r(α + β – γ + 1)

}

< ‖u – v‖C�. (3.9)

Hence, we obtain

‖Au – Av‖C ≤‖u – v‖C�. (3.10)

We can conclude from (H4) that A is a contraction. The proof is completed by using
Banach’s contraction mapping principle. �

The following theorems show the existence of at least one solution to the boundary value
problem (1.6) by employing the Leray–Schauder nonlinear alternative.

Theorem 3.2 (Nonlinear alternative for single valued maps [35]) Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 ∈ U . Suppose that F : U → C is
a continuous, compact [that is, F(U) is a relatively compact subset of C] map. Then either

(i) F has a fixed point in U , or
(ii) there is a u ∈ ∂U (the boundary of U in C) and σ ∈ (0, 1) with u = σF(u).

Theorem 3.3 Assume that (H3) holds and the functions F , H satisfy the following condi-
tions:

(H5) for i = 1, 2 there exist continuous nondecreasing functions ψ ,φi : [0,∞) → (0,∞)
and functions zi ∈ L1(IT

χ ,R+), such that for all (t, u) ∈ IT
χ ×R

∣
∣F

[
t, u(t), Dγ –i

r u(t)
]∣
∣ ≤ z1(t)ψ1

(‖u‖), i ∈N0,M–1 and
∣
∣H

[
t, u(t),
θ–j

w u(t)
]∣
∣ ≤ z2(t)ψ2

(‖u‖), j ∈N0,N–1,

(H6) there exists a constant K > 0 such that

K
(λ1ψ1(K)‖z1‖L1 + λ2ψ2(K)‖z2‖L1 )�

> 1.

Then the boundary value problem (1.5)–(1.6) has at least one solution on IT
χ .

Proof To show that A maps bounded sets (balls) into bounded sets in C , the construc-
tive proof is as follows. For a positive number ρ , let Bρ = {u ∈ C(IT

χ ,R) : ‖u‖C ≤ ρ} be a
bounded ball in C(IT

χ ,R). Then for t ∈ IT
χ we have

∣
∣P

[
F(u) + H(u)

]∣
∣

≤ μ

∫ T

0

∫ s

0

(T – ms)(–ν–1)(s – py)(β–1)


p(β)
m(–ν)
yα–1 dpy dms
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×
∣
∣
∣
∣τ

∫ η

0

∫ s

0

∫ y

0

(η – ns)(ϑ–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
n(ϑ)
g(η)

× (
λ1ψ1

(‖u‖)∣∣z1(x)
∣
∣ + λ2ψ2

(‖u‖)∣∣z2(x)
∣
∣
)

dqx dpy dns

–
∫ ξ

0

∫ s

0

(ξ – ps)(β–1)(s – qy)(α–1)


p(β)
q(α)
(
λ1ψ1

(‖u‖)∣∣z1(y)
∣
∣ + λ2ψ2

(‖u‖)∣∣z2(y)
∣
∣
)

dqy dps
∣
∣
∣
∣

+
∣
∣
∣
∣

∫ ξ

0

(ξ – ps)(β–1)


p(β)
sα–1 dps – τ

∫ η

0

∫ s

0

(η – ns)(ϑ–1)(s – py)(β–1)


p(β)
n(ϑ)
g(η)yα–1 dpy dns

∣
∣
∣
∣

× μ

∫ T

0

∫ s

0

∫ y

0

(T – ms)(–ν–1)(s – py)(β–1)(y – qx)(α–1)


p(β)
q(α)
m(–ν)

× (
λ1ψ1

(‖u‖)∣∣z1(x)
∣
∣ + λ2ψ2

(‖u‖)∣∣z2(x)
∣
∣
)

dqx dpy dms

≤ (
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)

× μTM+β–ν
p(M)
m(M + β)
p(α + 1)

p(M + β)
m(M + β – ν)
p(α + β + 1)
q(β + 1)

×
{∣
∣
∣
∣ξ

α+β –
τGηα+β+ϑ
n(α + β + 1)


n(α + β + ϑ + 1)

∣
∣
∣
∣

+
∣
∣
∣
∣ξ

M+β–1 –
τGηM+β+ϑ–1
n(M + β)


n(M + β + ϑ)

∣
∣
∣
∣

}

=
(
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)
�1. (3.11)

Using the same argument as above, we have

∣
∣Q

[
F(u) + H(u)

]
– Q

[
F(v) + H(v)

]∣
∣

≤ (
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)
μTM–ν–1

×
{∣
∣
∣
∣ξ

α+β –
τGηα+β+ϑ
n(α + β + 1)


n(α + β + ϑ + 1)

∣
∣
∣
∣


m(M)

m(M – ν)

+
∣
∣
∣
∣ξ

N–1 –
τGηN+ϑ–1
n(N)


n(N + ϑ)

∣
∣
∣
∣

× Tβ+1
p(α)
m(α + β + 1)
p(α + 1)

p(α + β)
m(α + β – ν + 1)
p(α + β + 1)
q(β + 1)

}

=
(
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)
�2. (3.12)

Hence, we have

∣
∣(Au)(t)

∣
∣ ≤ (

λ1ψ1
(‖u‖)‖z1‖L1 + λ2ψ2

(‖u‖)‖z2‖L1
)

×
{

�1

|�|Tβ–1 +
�2

|�|
Tα+β–1
p(α)

p(α + β)

+
Tα+β
p(α + 1)


p(α + β + 1)
q(β + 1)

}

:=
(
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)
�, (3.13)

and, for i ∈N0,M–1,

∣
∣
(
Dγ –i

r Au
)
(t)

∣
∣

≤ (
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)
{

�1

|�|
TN–γ –1
r(N)


r(N – γ )
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+
�2

|�|
TM+β–γ –1
p(M)
r(M + β)

p(M + β)
r(M + β – γ )

+
Tα+β–γ 
p(α + 1)
r(α + β + 1)


p(α + β + 1)
q(β + 1)
r(α + β – γ + 1)

}

≤ (
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)
�. (3.14)

Consequently, ‖Au‖C ≤ (λ1ψ1(‖u‖)‖z1‖L1 + λ2ψ2(‖u‖)‖z2‖L1 )�.
Further, we will show that A maps bounded sets into equicontinuous sets of C(IT

χ ,R).
Letting t1, t2 ∈ IT

χ with t1 ≤ t2 and u ∈ Bρ , we have

∣
∣(Au)(t2) – (Au)(t1)

∣
∣

≤ 1
|�|P

[
F(u) + G(u)

]∣
∣tN–1

2 – tN–1
1

∣
∣

+
1

|�|Q
[
F(u) + G(u)

]
∣
∣
∣
∣

∫ t2

0

(t2 – ps)(β–1)


p(β)
sM–1 dps –

∫ t1

0

(t1 – ps)(β–1)


p(β)
sM–1 dps

∣
∣
∣
∣

+
(
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)

×
∣
∣
∣
∣

∫ t2

0

∫ s

0
(t2 – ps)(β–1) (s – qy)(α–1)


p(β)
q(α)
dqy dps

–
∫ t1

0

∫ s

0
(t1 – ps)(β–1) (s – qx)(α–1)


p(β)
q(α)
dqx dps

∣
∣
∣
∣

≤ (
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)
{

�1

|�|
∣
∣tN–1

2 – tN–1
1

∣
∣

+
�2

|�|

p(M)


p(M + β)
∣
∣tM+β–1

1 – tM+β–1
2

∣
∣

+

p(α + 1)


p(α + β + 1)
q(β + 1)
∣
∣tα+β

2 – tα+β
1

∣
∣

}

, (3.15)

and, for i ∈N0,M–1,

∣
∣
(
Dγ –i

r Au
)
(t2) –

(
Dγ –i

r Au
)
(t1)

∣
∣

≤ (
λ1ψ1

(‖u‖)‖z1‖L1 + λ2ψ2
(‖u‖)‖z2‖L1

)

×
{

�1

|�|

r(N)


r(N – γ )
∣
∣tN–γ –1

2 – tN–γ –1
1

∣
∣

+
�2

|�|

p(M)
r(M + β)


p(M + β)
r(M + β – γ )
∣
∣tM+β–γ –1

1 – tM+β–γ –1
2

∣
∣

+

p(α + 1)
r(α + β + 1)


p(α + β + 1)
q(β + 1)
r(α + β – γ + 1)
∣
∣tα+β–γ

2 – tα+β–γ
1

∣
∣

}

. (3.16)

As t2 – t1 → 0, the right hand side of (3.16) tends to zero independently of u ∈ Bρ .
As A satisfies the above assumptions, it follows by the Arzelá–Ascoli theorem that A :
C(IT

χ ,R) → C(IT
χ ,R) is completely continuous.

Let u be a solution. Proceeding by similar computations to the first step for t ∈ IT
χ , we

have

∣
∣u(t)

∣
∣ ≤ (

λ1ψ1
(‖u‖)‖z1‖L1 + λ2ψ2

(‖u‖)‖z2‖L1
)
�.



Patanarapeelert and Sitthiwirattham Boundary Value Problems  (2018) 2018:41 Page 18 of 20

Hence,

‖u‖C
(λ1ψ1(‖u‖)‖z1‖L1 + λ2ψ2(‖u‖)‖z2‖L1 )�

≤ 1.

Under (H6), there exists K such that ‖u‖C �= K . We set

U =
{

u ∈ C
(
IT
χ ,R

)
: ‖u‖C < K

}
.

Note that the operator A : U → C(IT
χ ,R) is continuous and completely continuous. We

find that there is no u ∈ ∂U such that u = σAu for some σ ∈ (0, 1). Consequently, by the
nonlinear alternative of Leray–Schauder type (Theorem 3.2), we can conclude that A has
a fixed point u ∈ U which is a solution of the problem (1.5)–(1.6). This completes the
proof. �

4 Example
The following boundary value problem is an example illustrating our main result. Consider
the second-order q-difference equation with q-integral boundary conditions

CD
5
2
1
2

CD
4
3
1
3

u(t) =
e– sin2(2π t+5)

200 + ecos2(2π t)
·
|u(t)| + |D 4

3
3
4

u(t)| + |D 1
3
3
4

u(t)|
[1 + |u(t)|]

+
e– cos2(2π t)|u(t)| + |
 1

4
2
5

u(t)|
(t + 10)2[1 + |u(t)|] ,

u(0) = D 1
3

u(0) = D
4
3
1
3

u(0) = D
7
3
1
3

u(0) = D
10
3

1
3

u(0) = 0,

D
1
5
2
3

u(0) = 10D
1
5
2
3

u(6), u
(

1
10

)

= 2I
3
4
1
4

ecos( π
36,000 )u

(
π

36,000

)

,

(4.1)

where t ∈ I6
1

60
= {6( 1

60 )n : n ∈N} ∪ {0, 3} and 

1
4
2
5

u(t) = 1

 2

3
( 1

4 )

∫ t
0

e–s

(t+20)2 · u(s) d 2
3

s.

We apply Theorem 3.1 when q = 1
2 , p = 1

3 , r = 3
4 , w = 2

5 , m = 2
3 , n = 1

4 , M = 3, N = 2,
α = 5

2 ,β = γ = 4
3 , θ = 1

4 ,ν = 1
5 ,ϑ = 3

4 , T = 6, λ1 = e–5,λ2 = 1,μ = 10, τ = 2, χ = 1
60 , ξ = 1

10 ,η =
1

36,000 and ϕ0 = sup{ϕ(t, s)} = 1
400 .

Since

∣
∣F

(
t, u, Dγ

r u
)

– F
(
t, v, Dγ

r v
)∣
∣ ≤ 1

201e
[|u – v| +

∣
∣Dγ

r u – Dγ
r v

∣
∣ +

∣
∣Dγ –1

r u – Dγ –1
r v

∣
∣
]
,

∣
∣H

(
t, u,
θ

wu
)

– H
(
t, v,
θ

wv
)∣
∣ ≤ 1

100e
|u – v| +

1
100

∣
∣
θ

wu – 
θ
wv

∣
∣,

so (H1)–(H2) are satisfied with L1 = L2 = L3 = 1
201e , L = 2

201e and �2 = 1
100e ,�1 = 1

100 = �.
In addition, since 1

e ≤ g(t) ≤ e, then (H3) is satisfied with G = e. Moreover, we can show
that

|�| = 22.0923, �1 = 10.3252 and �2 = 28.9938.
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We obtain

� ≈ 0.0329 < 1.

It implies that (H4) holds. From Theorem 3.1, we can conclude that the assigned problem
(4.1) has a unique solution on I6

1
60

.

5 Conclusion
We have proved the existence results of the four-point fractional q-integral and Riemann–
Liouville fractional q-derivative boundary value problem for a sequential Caputo frac-
tional q-integrodifference equation involving separate nonlinearity (1.5)–(1.6), by using
the Banach contraction mapping principle as regards the existence and uniqueness of a
solution, and the Leray–Schauder nonlinear alternative for the existence of at least a so-
lution. Our problem contains 2(M + N + 1) different orders and six different numbers of
q in derivatives and integral, which is a new idea.
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