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Abstract

This paper is concerned with the minimal wave speed in a nonlocal dispersal
predator—prey system with delays. We define a threshold. By presenting the existence
and nonexistence of traveling wave solutions, we confirm that the threshold is the
minimal wave speed, which completes the known results.
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1 Introduction

Spatial propagation dynamics of parabolic type systems has been widely investigated in
the literature. In the past decades, some important results were established for monotone
semiflows; see [1-6] and a survey paper by Zhao [7]. In particular, there are some im-
portant thresholds that have been widely and intensively studied, and one is the minimal
wave speed of traveling wave solutions, which plays an important role modeling biological
processes and chemical kinetic [8, 9]. Here, the minimal wave speed implies the existence
(nonexistence) of a desired traveling wave solution if the wave speed is not less (is less)
than the threshold.

It is well known that energy transfer is one basic law in nature and one typical model
on the topic is the predator—prey system, and the spatial distribution of individuals is also
important to understand the evolutionary process [10—13]. Since the work of Dunbar [14—
16], much attention has been paid to traveling wave solutions of reaction—diffusion sys-
tems with predator—prey nonlinearities to model the transmission of energy. However, the
dynamics of predator—prey systems is a very field of research since they do not generate
monotone semiflows, and there are many open problems on the minimal wave speed of
traveling wave solutions.

In this paper, we shall investigate the following nonmonotone system:
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in which x € R, £ > 0, (11, u;) € R?, r1, 1y, d; and d, are positive constants, F; and F, are
defined by

Fi(uy, up)(x,8) = 1 — aruy (%, )

0 0
—b1/ Ml(x;t"’s)d’]ll(s)_Cl/ us(x, t + ) dimoa(s),

T -7
Fy(ur,u2)(x,8) = 1 — asus(x,t)

0 0
—bz/ uz(x,t+S)dnzz(S)+Cz/ u1(x,t +5) dnai(s),

T -T

hereafter, a; >0, a2, >0, b; >0,by >0, ¢; >0, c; >0, T >0 are constants such that
n;(s) is nondecreasing on [-7,0] and  7;(0) —ny(-7)=1, §j=1,2.

Moreover, [J1 * u1](x, £) and [J; * u;](x, £) formulate the spatial dispersal of individuals (see
Bates [17], Fife [18] and Hopf [19] for the backgrounds and applications of dispersal mod-
els) and are illustrated by

U 1)) = fR T2 =) [110r8) — 115, 8)] by,

U 2], ) = fR Jot = P[00, ) — 10205, by,

where J1, J, are probability kernel functions formulating the random dispersal of individ-
uals and satisfy the following assumptions:

(J1) J; is nonnegative and continuous for each i = 1,2;

(J2) forany A € R, [, Ji()e" dy <00, i=1,2;

(J3) [xJiWdy=1,Ji(y) =Ji(-y), y R, i=1,2.

Clearly, (1.1) is a predator—prey system and does not generate monotone semiflows. In
Yu and Yuan [20], Zhang et al. [21], if a; = a; = 0 with small delay or b; = b, = 0, the
authors obtained a threshold. If the wave speed is larger than the threshold, they proved
the existence of traveling wave solutions, which formulates that both the predator and the
prey invade a new habitat. But the question remains open of the existence or nonexistence
of traveling wave solution if the wave speed is not larger than the threshold. Our main
purpose of this paper is to answer the question.

The rest of this paper is organized as follows. In Sect. 2, we recall some known results.
Section 3 is concerned with the existence of nonconstant traveling wave solutions. In
Sect. 4, the asymptotic behavior and nonexistence of traveling wave solutions are pre-

sented. Finally, we give a discussion of the methods and results in this paper.

2 Preliminaries
In this part, we shall give some preliminaries. Since a; > 0, a; > 0 are positive constants,

we assume that a; = a; = 1 due to the scaling recipe. Let

(ul(x) t)) MZ(x) t)) = (d’l (é)r ¢2(E)): %- =X+t
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be a traveling wave solution of (1.1). Then (¢1(§), $2(£)) and c satisfy

{dIUI * 1)) — cpy(§) + 1 (§)F1(d1,$2)(§) =0, § €R, @.1)

il + (E) - cOYE) + e ©Fs(r, 02)(E) =0, € <R,
with

U811 = [ HOM(E =) dy - 1(6),

V% 81(6) = [ Ja0)0a(e )y~ 9a(6)

and

Fi(¢1,$2)(€) =1-¢1(8)
0 0
b [ e+ e -ci [ oale + e dnats)
Fy(¢1,$2)(€) =1 — ¢a(&)

0 0
b [ 0ale + e dmas) v [ (e e s
7 -7
Similar to [20, 22], we shall focus on the positive (¢1, ¢2) satisfying
slim #i(§) =0, sﬁm €)=k, i=12, (2.2)

where (k1, k>) is the unique spatial homogeneous steady state of (1.1) and

~ 1+by—c1 ko = 1+bi+c
T (1 +b)A+by) +cic0 2 (1 +b1)(A +by) +cico

1
provided that
1+by>c. (2.3)

When the scalar equation is concerned, Jin and Zhao [23] studied a periodic equation
with dispersal. Their results remain true for the following equation with constant coeffi-

cients:

% =d[J * ul(x, £) + ru(x, £)[1 — u(x, t)],

ulx,0)=xx), xeR,

(2.4)

where J satisfies (J1)—(J3), d > 0 and r > 0 are constants, and the initial value y (x) is uni-
formly continuous and bounded. By [23], Theorem 2.3, we have the following comparison
principle of (2.4).
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Lemma 2.1 Assume that 0 < x(x) < 1. Then (2.4) admits a solution forallx e R, t > 0. If

w(x, 0) is uniformly continuous and bounded, and w(x, t) satisfies

W) > (S)dl + wl(x, ) + rwlx, O)[1 - wix, 1)), x€R,2>0,

wx,0) > ()x(x), x€R,
then
w(x, t) > (SDulx,t), xeR,t>0.

For A > 0, define

/o infd[fR](y)e”dy— 1] + r
1>0 A

Then ¢’ > 0 holds. Moreover, it also admits the following property [23].

Lemma 2.2 Assume that x(x) > 0. Then, for any ¢ < ¢, we have

liminf inf u(x, ) = limsup sup u(x, t) = 1.
t—00 |x|<ct t—00 |x|<ct

If x (x) has nonempty compact support, then

lim sup u(x,t)=0, c>c.
E=>00 |xsct

For 1 >0, ¢ > 0, we further define ¢* = max{cj, ¢;} with

* .nfdl[th(y)eAydy— 1] +1r

=i

’

A>0 A
d M dy — 1] +
szixng 2[fR]2()’)€k ly —1] ’”2’

and
O1(1,¢) =d; |:/ Ji(y)e™ dy - li| —ch+ 1y,
R
O2(X,¢c) =dy |:/ L)eY dy - 11| —CA+ 1.
R

By the convexity, we have the following conclusion.

Lemma 2.3 Assume that c*, ©1(A, c), ©(A, c) are defined as the above.
(1) cf >0 holds and ®;(X,c) = 0 has two distinct positive roots 1{ < A,

for any ¢ > ¢* and

each i = 1,2. Moreover, for each i = 1,2, and ¢ > c}, if .; € (A{, 1S,,), then ©;(A;,¢) < 0.

(2) If ce€(0,c), then ©®;(x,c) >0 forany . >0and i=1,2.

(3) Ifc=c}, then ©y(A,c*) = 0 for any A > 0 and O;(X, c*) = 0 has a unique positive root

Af, where i=1,2.
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For convenience, we use the following notation:
(1, 91,62)(6) = 1 - 1 6)
b [ 0 e+ dnu-a [ 0 Balt + ¢5) (s,
Ho(@1, 0, 8)(&) = 1 - 42(6)

0 0
—52/ Y1 (€ + cs)dnaa(s) + 02/ 1(§ + cs)dna (s),

for any positive bounded continuous functions ¢1(£), ¥1(§), $2(§), & € R.
Similar to Pan [24], Theorem 3.2, we can prove the following conclusions.

Lemma 2.4 Assume that ¢ (§), 1(6), $,(6), &,(&) are continuous functions satisfying
(A1) 0<¢ () <) <1,0<¢ (6) <p,(§) <1+, R
(A2) there exists a set E containing finite points of R such that they are differentiable and
their derivatives are bounded if & € R\E;
(A3) they satisfies the following inequalities:

A\l * $1)(8) — ¢y () + 11 (E)H (61,6, ¢,)(E) <0, (2.5)

[y % §,1(€) — ¢! &) + 110 (EVH1 (D, 61, $2)(€) = O, (2.6)

dalla * B2)(8) — ¢y (&) + 12y (E)Ha (1,6, 8,)(€) < O, 2.7)

)2 * §,)(€) — ¢, (&) + 1200 (EVH(D |, 62, 0,)(E) = O, (2.8)
for &€ e R\E.

Then (2.1) has a positive solution (¢1(£), 2(€)) such that

3O <hE) <), 6, <hE) <hy(E), EcR.

Remark 2.5 Here, (¢,(&), ,(£)), (91(5)’%(5)) are a pair of generalized upper and lower
solutions of (2.1). Therefore, the existence of traveling wave solutions is deduced to the
existence of generalized upper and lower solutions, of which the recipe has been earlier
utilized in delayed reaction—diffusion systems by Ma [25] and Wu and Zou [26] for quasi-
monotone systems, and by Huang and Zou [27] for predator—prey systems. When the
dispersal models are involved, we also refer to [20, 21, 28-31].

3 Existence of traveling wave solutions
In this section, we shall present the existence of traveling wave solutions for any ¢ > c*.

When the wave speed is large, there exists a positive traveling wave solution.

Theorem 3.1 Ifc > c*, then (2.1) has a positive solution ($1(&), $2(§)) such that

0<¢(8) <1, 0<¢y(§)<l+cy, £€R (3.1)

and

Jim (61(6),¢2(6) = (0,0, 1lim ($1(E)e™ i, da()e ™) = (1,1).
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Proof We shall prove it by Lemma 2.4, and first construct generalized upper and lower
solutions. For convenience, we denote A{ by A; for simplicity, and we prove the result for
any fixed ¢ > c*.

Define continuous functions

¢,(€) = max{e1f —ge’™1,0}, ¢, (&) = max{e"* — g%, 0}
and
¢,(&) = min{e“é, 1}, ,(€) = min{ehs +pe2 1+ 02},

where

)\.3 )\.4 A.1+A2 )\.1+)\‘2

ne|l,miny —,—, s
AL A2 M A2

and p > 1, g > 1 are constants, of which the definitions will be clarified later. We now show
these functions satisfy (2.5)—(2.8) if they are differentiable.

If ¢,(€) = 1 < €M%, then H; (51,91,92)(;3) < 0 such that (2.5) is clear. Otherwise, ¢;(£) =
"% < 1 implies that

d U1 % $11(E) - ¢y (&) + 1161 E)Hi (81,6, 8,)(E)
< d[J1 % $1)(€) — ) (€) + 11 (€)

=d; [/R]l(y)al (E-y)dy- ekls] —cheMt ettt
<d [/Rh(y)e“(sy) dy - e’“g:| —cheMt ettt
=Mt {d1 [[léll(y)e“y dy — 1:| —ch + rl}
=0,

which implies what we wanted.

If §,(€) = 1 + ¢y < €% + pe2%, then H2($1,QZ,$2)(S) < 0 such that (2.7) is clear. Other-
wise, ¢, (£) = 25 + pe’ 2% < 1 + ¢, such that

1265 (E)Ha (1, 9., 62)(8)

= V2¢’2(§)[1 - $,(8) — bz/ @, (& +cs)dnan(s) + 02/ ¢1(& +cs) dﬂ21(5)i|

J— 0_
< 7‘2¢>2(5)|:1 + C2/ ¢1(& +cs) dﬁzl(s)]

<1205 (E)[1 + c2e™¥]
=r [e)‘zé5 +pe”)‘2§] [1 + czekls]

= rz[esz +pemzé] + rzcze)‘lé [e,\zg +pe”x25]
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and

dal)2 % $)(8) — By (&) + rao(€)Ha (1, b, 62 (€)
i [ 0B - - (@ )|
— c(A2€"2 + pniae”) + ray (E)H (b1, 8, 62)(€)
< dz[ /R L[ 1 per 6] dy - (2 4 penxzs)]
= c(Aa€™ + pniae™ ) + ras(E)H(P1, 8, $) (€)
- dz[ /R RO + peP €N dy - (% + penxzs)]
— (32 + prage™ ) + ry[ 2 + pe2 ] + rycyeti [ + petaf]

+ racpeE [ + pe2t ]
= pOy(nhy, c)e™ + rzcze’\lé[elzé +pe"}‘25]

= g2 [p@g(?’])nz, )2+ rzcze(*”“_"’\z)f] + pe*2t [@g(nkg, /2 + rzcze“g].

Note that

1+c
]7)"2&<1n 2;
p

then there exists p; > 1 + ¢; such that p = p; leads to
PO2(nha,c)/2 + racyet1ti2amiE o) Os(Nha, €)/2 + racre® <0

since A1 + Ay — iy > 0, & <0 and ®,(nAsy,c) <0 is a constant.

When ¢ (£)=0> eM — ge™¢ | then H; (gl,al,az)(é) = 0 such that (2.6) is clear. Other-
wise, ¢ (§) = "5 —ge”1% > 0. Firstly, let g > q1 > 1 such that €1 —g;¢71% > 0 implies & <0
and

52 (%_) < 26)05 )

which is admissible once p is fixed. Therefore, the monotonicity and g > ¢; indicate

r¢ (§)Hi(P1, Y1, ¢2)(E)
o 0
=F191(§)[1—91(5)—b1/ ¢1($+05)d7711(3)—01/ ¢2(E+03)d7712(5)]

> 19, (6) - 11¢*(E) - rib1g (€)1 (£) - 2ric1e* ¢ (&)
> r1¢p, (€) — r1(1 + by)e?* — 2ry ¢+

= et - 7"1qlen)”ls -r(1+ bl)e”‘ls - 2r101e(}‘1+)‘2)5,
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By what we have done, (2.6) is true once
drlJy % ¢, 1(8) = @’ (§) + r1€"1" — rigue™ — ry(1 + by)e?1® - 2rycpelt1+2)8

>d, [/ ]I(y)(eh(é—y) _ qenh(é—y)) dy _ (e)»lé‘ _ qenhé)]
R

_ (C)\'le)hlé _ an)\lenhé) + rleklé _ rlqe'mg

—r1(1 + by)e*1E — 2r e+

= —qe"™* {dl [/ J1(y)e"™ dy - 1:| —cnhy + 7’1}
R

—r1(1 + by)e?1E — 2y el
= —qO1(nh1, Q)€™ = ri(1+ by)e?E — 2rycye142F

> 0. (3.2)

Let

ri(1+by) +2riq o
®1(nhi1,¢) n=
then (3.2) holds since & < 0 and

e™E 5 g2Mé 0, eMMé 5 p1+i)é

The verification of (2.6) is finished.
We now consider (2.8), which is clear if ¢, () = 0 > et — gentat, Ifg (§)= eMt —get >
0, we first select g3 > g, implies

52(5 ) < 228

for any g > g3, which is admissible for fixed p = p;. Then

120, (E)Ha(d |, b2,9,)(E)
0_ 0
= rzgz(é)[l -¢,8) - bz/ ¢(& + cs)dn(s) + C2/ ¢, +cs) dnm(S)}
0_
> rzgz(s)[l ~0,6)-b: [ Bt dﬂzz(S):|
> 7‘292(5)[1 -t~ 2b2e“§]

=129, (£) = ra(1 +2b2)@ (§)€">*

>y (ekZS - qe’mf) —ro(1 + 2by)e™2¢,

Therefore, if
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then (2.8) holds since

]2 % §,1(8) — e, () + 120, (E)H2(d |, b2, 9,)(E)
. dz[ /R L) — ge e dy - (2% qerms)]
— c(R2€"% — qnise™) + 1y (% — ge™2F) — 1y(1 + 2b,)e™ 2
= —qe"* {d2 [ /R J(y)e™ dy - 1} —cnha + m} — (1 +2by)e*2®

= —qOs(nha, €)e™ — ry(1 + 2by)e***
>0, &<0.
Summarizing what we have done, it suffices to verify that (3.1) is true. We now show

$1(£) >0, & e R. If ¢1(&o) = 0, then it arrives the minimal and so ¢; (&) = 0, which further
implies that

/R T )1 (Eo — y) dy = 0.

Therefore, ¢1(£) = 0 on an interval. Repeating the process, we see that ¢,(§) =0, & € R.
A contradiction occurs since ¢ 1(5 ) > 0 if —& is large. Similarly, we can verify (3.1). The

proof is complete. O

Theorem 3.2 Assume that c* = ¢} > c;. Further suppose that k(y) admits compact sup-
port. Then (2.1) with ¢ = ¢* has a positive solution (¢1(§), p2(&)) such that

0<¢1(5)<L,0<h(§) <1+c,6 R, sl—i>r—noo(¢1(§)’¢2(€)) =(0,0)
and
$16) ~ O(=£€15),  pa(§) ~ O(%), & — —oo.
Proof By Lemma 2.3, ®;(, c*) arrives at its minimum when A = A}, and so
dy /Rh(y)yeyfy dy=c".
Let S > 0 be a constant such that k;(y) =0, |y| > S. Moreover, let n > 1 such that
A2+ Ay —1nhy >0, ®2(nkz,c*) <0.

Consider the continuous function —L& M, £ <0, where L > 0 is a constant. Clearly, if

L > 1 is large, then

r?%x{—LgeATE} >1, & —&>28+c'1, (3.3)
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where &, & with & — & > 0 are two roots of —LEe*1é = 1. Moreover, let ¢ > L be a constant
clarified later, then there exists £ = —g?/L? < —1 such that

(-L& — q/—-€)e 1 >0, &<é&.

By the above constants, define the continuous functions

—_LE — g /—E)eME, ,
5.(6) - | CHE IV <k
0’ E 253:
_ —LEEMS, ,
$,(6) = 5 s
11 %- = éjl;
and
92(5) =max{e)‘25 _qerzkzé,o}, 52(5) =min{e)‘2§ +pe"’\2§,l +62},

where p > 1, ¢ > 1 are constants, of which the definition will be further illustrated later. We
now show these functions satisfy (2.5)—(2.8) if they are differentiable.

If $,(£) = 1, then HI(EI,QI,QQ(&) < 0 such that (2.5) is clear. Otherwise, ¢,(&) =
—LEeM < 1 implies that

n$1EHI(B1,8,,8,)E) <rdy(6) = -nLET, &<,
and (3.3) indicates that
1 % $,(8) - " (8) + g (E)Ha (1, ¢, ,)(€)
< di[J1 % §11(E) - G, (€) + 11, (8)
< —dlL[ /R hO)E -y)e 1D dy - se”fé]
+c*LeME 4+ *AILESME — rLESME
- —dlL[s /R 06D dy — e /R Tyt dy]
+ " LMt + FATLEME — rLEME

= —LEeME {dl [f J1 ()€ dy — 1] — AT+ rl}
R

+dLeME |:/ J1(y)ye 1 dy:| + c*LeME
R
= 0’

which implies what we wanted.
If §,(€) = 1 + ¢y < €% + pe”2%, then Hz@l,g,%)(é) < 0 such that (2.7) is clear. Other-
wise, let py > 0 such that ¢,(£) = *2° + pe’™ 2% < 1 + ¢, with p > p, implies that

$1(5) <17,
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which is evident by simple limit analysis. Thus, the monotonicity implies

’”252(5)1'[2 (51: ?2: 52)(5)

=Vz¢2(§)[1—¢>2(£)—b2/ 0, (5 +c's) d7722(S)+02/ ¢, (& +cs) d’?Zl(S)]

-7 —

— 0_
< 7‘2¢2($)|:1 + Cz/ b1 (& +c*s) d’?21(5)i|

<12¢y(E)[1+ 2617
- rz[e*ﬁ +pe”*2$][1 + czekfé/z]

= r’z[e)nzf +peﬂ)»25] + FZCZeKTE/Z[e)LZE +pe”l25]

a2 * $,)(E) —  B3(E) + 1o (E) (1, &, ) (E)
=d; [/ F()a (& —y) dy — (¢ +pe'7’\25)]
R

= (126" + pniae”®) + 1ahy () Ha (1, 6, 65)(8)

<d, /lz(y)[e“(g_y) _,_penkz(é—y)]dy_ (e“é +pe'”25)
/R

= " (A€ + priae”F) + raghy(E)Ha(1, ¢, 65)(E)

<d, /]2@)[ekz(é—y) +pen/\z(é—y)] dy - (eng +pe”k25)
L/R

— c* (A€ + pnrse™?F) + ro[ €2 + pe ] + ryciehis? [ + pe”2¥]

= pe'2t {dz [/ T (y)e™ dy — 1] —c'nig + r2} + rycye1El2 [ekzs +pe"'\2‘§]
R

= pO, (7))»2, c*)e”’\25 + rycyeiEl? [e“f +pe”“5]
= 28 [p@g (T])\.g, c*)/2 + rzczewf/z"“_"“)é]

+ pel*2 [@2 (77)»2, c*)/2 + 7202&’1‘5/2].

Note that

l+c
nio€ <1In 2,
p

then there exists p3 > p> + 1 + ¢ such that p > p3 leads to

PO2(nh2, )12 + rycyet2ammt

@2(nkz, c*)/2 + 190152 < 0

Page 11 of 26

since AT/2 + Ay — kg > 0, £ <0 and Oy(n)y, c*) < 0 is a constant. Now, we fix it by p = ps.
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When ?1(5) = 0 with & < &3, then H; (91,51, ¢,)(€) = 0 such that (2.6) is clear. Otherwise,

if & > &3, then 91(5) = (L& —q/=E)eE > 0. Firstly, let g > ¢1 > 1 such that -L& —g/-£ >0
implies £ <0 and

P2(E) <26, § (5) < y(E) <”E

for some 6 € [%, 1) with O + A5 > A3, which is admissible once p is fixed. Therefore, g > ¢;

indicates

ng (OH 6,51, 8))
0_ 0_
=r191(€)[1— 6.(6) - by / F1( + ) dn() -1 / %a(& +c*5) dnu(S)}

= r@l(%) - r@f(&) - 7‘1[’)191(&)51(5) _ Zrlcle)»zé?l(g)
= r1¢ (‘5) - V}(l + bl)ezgk 18 2r 1 e(“ﬁ?»z)é

_ 7'1( —LE — q [/ _ rl 1 + hl)eZQ)»’fS _ 271616(6'\T+}”2)§,
Moreover, (3.3) leads to

dili % ¢,16) - "/ (§)

_d, [ / TG —y)dy—gl(s)] — )
> d{/ O (L& - 3) - ay/=E )6 ] dy
- (L6 - gy B - [ (-Le -y De]
~anee] [ RO(Le =) ) dy s 1e]
R
- qd, ¢ [/Rh(y)\/—(é —y)eV dy - E}
FL(1+A] é) ftc q()ﬁl‘\/» )
By what we have done, (2.6) is true if

di[J1 % ¢ 1(§) = ¢* ¢ (§) + g (E)H (¢, 1, 6,)(E)
> dy et [ /R JO[(-LE - p)e ] dy + Ls]

- qd, ¢ [ / Ji9)V/—=(€ - )™ dy - E}

+cL(1+A$)*E+cq()\ £ - 2\/_> A

+r(=L&E - q\/—f;‘)e’vf‘E —r1(1 + by)e*PME — 2y 0P8
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Page 13 of 26

=—LEeME {dl [ / J1(y)e™ 1 dy — 1} — AT+ fl}
R

b diLE [ /R RO)ye 7 dy + c*] _ qdy it [ fR T W= —y)e ™ dy - JE}

+c*q(wz-

= —qd, " E|:/ Jily

>e*’fg —rqy/—-E€ME — (1 + by)e?®*1E — 2 c @128

R R

—riqy/ € £M5 — ri(1 + by)e®MiE — 2 1M 1H42E

] o

cra- i)

— g/ = ri(1 + by)e®VHE _ oy ¢, 0F 1218 }

>0

or

1
ol Lo e ] e (e ) -]
>r(1+by)e @0-1a15 | 2r1cle(9AT*'\2’AT)S.
We first analyze the left of the above inequality
* 1
| [T e (i )
R -

~-aif [ A+ VE=R - Ve -

+c* ()ﬁf\/? -
~-a| [KOVE -] -

sme) E

1
2-%

* d *
- dl{ [ - V&= dy} = [ noeiray

:dl'[Rh()’) %

:dlth(Y)_

=d, v[Rh()’)

:d1/R/1()’)_
:dI/Rh(y):zﬁ

E Ve dy

y y ] W gy
[2V-E  J=E+/-(E~-Y)
r y _ y i| 1ydy
[2V-E J=E+/-(E-y
Iy~ —y) - V7E ]e—w "
L2V=E[V-E+/-( - )]
yZ :| —)\’fyd
NEENEGT D
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2

>dy | ] [ - }_md
> 1/R 1) 2/~ - S)[Y-(E - 8) +/-(€ - 9)]? ‘ g

_ di 2 A%
BTG ER /Rh(”y e dy.

Let

_ maxeof8[-(§ - )P [n (1 + by)eP0-VHE 4 2 @123 D8]

- dy [z i 0)y*e ™ dy

+4q1:=4>

then (3.2) holds since & < 0 and
(260 —1)A7 >0, OA] + A2 — A7 >0.

The verification of (2.7) is finished.
We now consider (2.8), which is clear if ¢ (£) = 0 > &2t — gentat, Ifg (§)= eMt —get >
0, we first select g3 > q» such that ¢ 2(5 ) > 0 implies

$2(8) < 2%
for any g > g3, which is admissible for fixed p = p;. Then
120, () Ha( |, b2,9,)(E)

0o 0
= 7292(5)[1 -9,6)- bz/ by (& +c*s) dnals) + Cz/ ?, (& +c's) d7721(s):|

0
> F2Q2(§)|:1 -9,6)- bz/ b (& + ") dﬂzz(s)]
> rag, (§)[1 - €% — 2bye" ]

=n¢,E) - 7’2?2(‘5)[6”E +2bye"* |

> r2(e)‘2$ _ qenlzé) _ rzelzé [e)»zé + 2b26>»2$]'

Therefore, if

7'2(1 + 2b2)

>3 — —————— =g,
1% ©1(nhy, c*) 7

then (2.8) holds since
d [ % ¢,1(8) = "9, (§) + 120, (E)Ha(®, 6, 8,)(5)
. dz[ / )26 — qe 2N gy — (25 - qenkzé)]
R
-c* ()\26)‘2‘é - anze”kzé) +7y (e’\25 - qe"}‘z‘g) — rpet?® [e’\z'g + 2bze)‘25]
= —qe™?* {dz ['/Rjz(y)e”’\” dy — 1:| - iy + 7'2} — e [eA2$ + 2bze’\25]
>0, £<0.

By Lemma 2.4 and a discussion similar to (3.1), we complete the proof. d
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Theorem 3.3 If ¢* = ¢ > ci. Further suppose that ky(y) admits compact support. Then
(2.1) with ¢ = ¢* has a positive solution ($1(&), p2(&§)) such that

0<1(§) <LO<hE) <l+ert R, lim (61(6),42(8)) = (0,0,
and

$1(E)~O(F),  po(§) ~ O(-§€F), & — —oo.
Proof Under the assumption, we see that

dy /R h()ye"? dy = c*

by Lemma 2.3. Let S > 0 be a constant such that k,(y) = 0, |y| > S. Select a constant > 1
such that

A5/2+ 1 —nhy >0, O1(niy,ct) <O.
Let L > 1 be large enough such that
—LESE =1+ ¢y

has two real roots & < & and & — &5 > 28S.
We now define

8,(6) = max(et g0}, ,(6) = minfe 1)

and
_LE — g /=E)eMs, ,
0,(6) = (—LE — g /-E)e & <&
0, E > %'3,
_ -L —£)e**, ,
56 | CLEr VB sk
1+ C, g Z 54,

where &3 = L?/¢* and &, < & such that ¢,(£) is continuous.
For ¢, (£), the verification is similar to that in Theorem 3.1 and we omit it here. If ¢, (&) =
1 + ¢y, then H2($1,92,$2)($) < 0 such that (2.7) is clear. Otherwise, let p; > 0 such that

$:(6) = 6,6, EeR.
Thus,
’"252(5)]'[2(51: Qz: 52)(5)

:'”2¢2(-‘§)[1—¢2(5)—b2/ 92(5 +c*s) dﬂ22(5)+02/ ¢1(8 +c*s) d’?zl(s)]

-7
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— O_
< Vz¢z($)[1 + Cz/ ¢1(§ +c%s) dﬂ21(5)i|
<12y (E)[1 + c2e™¥]

= rp€' 3 (=LE + py/=§)[1 + cre™*]

and

da ) % $5)(8) — ' Bo(&) + 1oy () Ha (B, 6, 62) (€)
< o] [ HO(-HE -5+ p )y

- [(-L& +N¥>eki’<‘]}

T VM€ o1 L 13
A5 (-LE +p\/_?;‘)e c ( L 2\/¥)e
+ 122 (L + py/=E) + rycae’ ¥ €M1 (- LE + py/=E)

= —Lge* {dz [/ Jo ()™ dy — 1i| — Ay + rz}
R
+doL |:/ J(y)ye ™ dy + c*]
R
e { [/RWN & -y dy- E] - AYE + r@}

C*p AxE AEE AqE
+ ———¢€"2° + rycpe™2 e (-LE +p\/¥)
2v-¢

= e { [/R/Z(Y)\/ —(& —y)e dy - \/¥] — A/ -E+ r\/z}

C*p AE AEE €
+ ———¢€"2" + et et (-LE +p\/¥)
2v-¢

= dype*s* /R/z(Y)[\/T—y)—\/g]e’Wdy

c*p

+ 5 e s ned e (LE +pyE)
-d A;E/] )[ J ]—Aﬁyd
RO Rl e e POV

- | Jz(y)[ A }—wy
Rl W W= W=

+ 190025 M8 (—LE + p\/—E)

AVE—VEN gy,
2VElY=E-) + /E]

+ rZCZeFZFEe’“E(—LE +py-§)

= dype*t / 1(y)
R



Li et al. Boundary Value Problems (2018) 2018:49 Page 17 of 26

2
= dype® | ] —

e | B0 v
+racpe e (L +p\/¥)

_ €
< dopet

8(|&] +S)2 /](y)y e dy + rycy 25 M8 (—LE + p/-E)
+8)2

e dy

<0
if

- maxg{8raca(|&] +S)2€Alé (=L& + p/-
- dy [3 J2()y*e” "2 dy

When fl(é) =0 with & < &3, then H; (Ql,al, ¢,)(£) = 0 such that (2.6) is clear. Otherwise,
if £ > &, then ¢_ (&) = eMé — ge"™¢ > 0. Firstly, let ¢ > q; > 1 such that e*1% — ge"1 > 0

implies £ < 0 and
Ba(E) <2655, ¢ (5) <$y(5) <f

which is admissible once p is fixed. Therefore, g > ¢; indicates

g, (E)Hi(¢,, ¢1,$2)(E)

0
=r191(s)[1—91(s)—b1 /

-7

0
G.(5 + ') dnn(s) / Fa(& + %) dnu(s)}

>rg (§)- hﬁ(é) - rlblgl(g)al(,g) _ 2r1c1e”2‘591(5)
>rg¢ (§)-n(l +b1)e?E — 2y cret1t)E

= rl(eME _ qerlllé) _ r1(1 + bl)e2A1§ 2r1e1 e(’\”’\ )5
Moreover, (3.3) leads to

di[h *Ql]@) - 5*9’1(5) + ”191(‘5)]_11(91’51:52)(5)
e dl[/R]l()’)?l(E —J’)d}’—fl(é)} -l ()
+ rl(emé _ qe'ms) -1+ bl)ezhé _ zrlcle(hﬂ\;)g
>d; [/ ]I(y)[(en(éfy) _qenm(éfy))] dy - (e}‘ls _ qe”’\ls)]
R

_c* ()\16}‘1E _ anlenhé) +n (ehé _ qe"}‘l‘f)
— (1 + by)e?1E — 2p ¢ e1)E
= —q@l(n)»l,c*)e”’\15 —r1(1 + by)e?é — 2r1c1e(k”’\3)5

>0
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provided that

1"1(1 + bl) - 27’161

+q1:=qs.
-01(niy,c*) T

Let g3 > ¢ such that g > g3 indicates
$,(6)<$,(6), EER,
and q > q3, (L& — g</=€) > 0, imply
(—L& + q\/z)exéé < e*2t/3
and so

120, () Ha( |, b2, 9,)(E)

0

0
:rzgz(g)l:l—fz(é)—bzf 52(§+c*s)dn22(s)+czf

-7

6,(E+c's) dnzl(S)]

0
Zfzfz(g)[l—fz(f)—bzf $y(& +¢"s) d’lzz(s)]

2 12 O - (1 + b))

= ro(—LE — qy/=£)€"E —ry(1 + by)e¥253,
By direct calculations, we see
Bl 8,16~ L) + rag, VI, B 6,)(E)
> d, [ [ RONL6 -9 - av=E= )iy (-L¢ - qﬁ)e*ﬂ

* we\ AEE % e 1 ) ke
+c*L(1+238)em" +¢ 4()\2\/75 Ne o
+19(=LE = gy/=E)e"S® = ry(1 + by)e*35
" |:/ S 0)(-L(E =) dy + Lseﬁé] + " L(1+ A3E) €M — rpLEehs
R
- Q\/Edz / fz(y)e)“;(sfy) dy + q\/ge)‘izﬁE
R
+ Ay~ 1 ry(-LE — qy/-E)e!3E
+ dzq/ ]2(3’)[\/5— \/T—J’)]ekz(é_y) dy - °q_ &6 ry(1 + by)eHE13
* 2V-¢
= dzq/ ]2()’)[@— \/ﬂ]ekﬁ(s—ﬂ dy - C*_qekié —ry(1 + by)e¥3E
" 2E

:|eA§(§—y) dy - 3 (1 + by)e™2E /3

c*q &
2J-F

j|exg(g—y) dy—ry(1+ 192)6“35/3

<t [ 20 s

= dy 2 y _ y
af m[zﬁ N= PN

Page 18 of 26
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2

=d
”Ath¢¥w74¢4ew1

]exg(s—y) dy —ry(1 + bg)e‘“’ﬁm

A5 (E-y)
yre 42303
- dag [ 20) dy =11 + by)e¥s
R 2J/E[VE+/-E -y
3y
e {dzq / () e dy—ry(1+ bz)ekzw}
R 2JE[VE+/-E -y
AEE yrerv ALE/3
> {qu/JZ(y)Wdy—rz(l + b }
>0
if
4> sup 8e"253(S + |£])¥ (1 + by) vgi=q
= * 4:=(5.
£<0 dy [z 2 ()y*e"? dy
Fix g = g5, we complete the proof by Lemma 2.4 and a discussion similar to (3.1). d

Theorem 3.4 Assume that ci = c;. Further suppose that ki, ky have compact supports.
Then (2.1) with ¢ = ¢* has a positive solution (¢1(§), $2(§)) such that

0<1(§)<L0<hHE) <1+ e R, lim (41(6),6:(6) =(0,0)
and
P1(E) ~ O(=E€5),  $o(§) ~ O(=€2¥), & — —o0.

Proof Using the notation in Theorems 3.2—3.3, we define

_LE — g /=E)eM3, ,
6,(6) - (—LE — g /-E)e E<&
O, EZ%'D
_ —LEEME, ,
G- EET BB
1’ 5252,
and
_LE — g /=E)eMs5, ,
5.(6)- | VR E<E
O: EZSSr
_ -L —£)e*t, ,
7,6 = (—LE + p/-E)e §<&y

1+c, &> &,

where p, q > 1 are large enough, &, &, &3, &, are similar to above. Then we can obtain a pair
of upper and lower solutions. Since the verification is similar to those in Theorems 3.2-3.3,
we omit it here. O

Page 19 of 26
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4 Asymptotic behavior and nonexistence of traveling wave solutions

In the previous section, we obtain the existence of nonconstant traveling wave solutions of
(1.1). In this part, we shall first consider the behavior if £ — oo by the idea of contracting
rectangle [32] in Lin and Ruan [33]. For s € [0, 1], define the continuous functions

ai(s) = sk, bi(s)=ski + (1 -s)(1 +¢€)
and
ay(s) = (L=s) + sk, ba(s) =sko + (1 =s)(L + c2)(1 + €)
with € € (0,1) such that
1-b1(1+e)—a(l+c)(1+€)>0, 1-b(1+c)(1+€)>0.

Then they satisfy
(C1) 1-ai(s) = b1bi(s) — c1ba(s) > 0,
(C2) 1 —ay(s) — baby(s) + caai(s) > 0,
(C3) 1-b1(s) — brai(s) — c1aa(s) <O,
(C4) 1-Dby(s) — bras(s) + cabi(s) <0,
for any s € (0, 1), we now verify them [34]. In (C1), we have
1—ai(s) — b1bi(s) — c1by(s)
=1-sk; — bl[skl +(1-s)(1+ e)]
—cifsky + (1 =5)1 +c)(1 +¢€)]
=(1 —s)[l —-bi(1+€)—c1(1+c)(1+ e)]

> 0.
(C2) is true since

1 —ay(s) — baby(s) + caai (s)
=1-sky - bz[skz +(1=s)(1+c)(1+ e)] + co5kq
= (1 —S)[l - b2(1 + 62)(1 + E)]

> 0.
On (C3), we have

1= bi(s) = brai(s) - craa(s)
=1—[sky + (1=5)(1 + )] - busky — 1 [(1 = 5) + 5ks]
<1-[ski+(1-9)] - biski — c1[(1 - s) + sk, |
=—ci(1-5)

<o0.
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Finally, (C4) is true since

1= by(s) — baas(s) + cab1(s)
=1-[sky+ (1 -9)(1+c)(1+€)]
—by[(1-5) + ska] + co[sky + (1= 5)(1 +€)]
<1-[sky+(1-5)1+c)]
~bo[(1-5) +sky] + caski + (1 - 9)]
=(1-9)[1-(1+c)—by+c]
= —by(1-5)

<0.

Remark 4.1 In Pan [34], we proved the stability of positive steady state by (C1)—(C4) of
the corresponding kinetic system. Moreover, Faria [35] gave some sharp conditions on the

general Lotka—Volterra systems with delays.

Theorem 4.2 Assume that ¢ > c*. Further suppose that (¢1(§), $2(£)) is a solution of (2.1)

and satisfies

0<¢1(§)<1,0<a(§) <1+0r6 €R, gEljfloo(<751(§),¢>2(f§)) =(0,0). (4.1)
If

bi+a(l+e)<l,  b(l+c)<l, (4.2)
then

Jim ¢i(€) =k, i=1,2. (4.3)

Proof We first verify that
lgminfq&i(é) >0, i=12.
By (4.1), we see that

dilJ1 * ¢11(€) — gy (&) + rid1(§)Fi (1, 2)(€)
> di[J1 % 1) — cp1(€) + ri (E)[1 = by —c1(1 + ¢2) — 1 (&)]

for any £ € R. Then u;(x,t) = ¢1(x + ct) satisfies

aula—(tx’t) > di[1 % ur](x,£) + i (x, £)[1 = by — c1(1 + ¢2) — ua (x, 7)),

u1(x,0) = ¢1(x),
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forx € R, t > 0. By Lemmas 2.1 and 2.2, we have

liminfu(0,£) >1-b1 —c1(1+¢) >0

t—00

and so
liﬁminfgbl(&) >1-b1—-c1(1+¢)>0

by the definition of traveling wave solutions.
Similarly, we have

220 > o[y x un) (6, ) + rauta (%, £)[1 = ba(1 + €3) — arun (%, 1)),

us(%,0) = ¢ (%),
forx € R, t > 0. Then Lemmas 2.1 and 2.2 imply that
ligigfuz(o, t)>1-by(1+¢)>0
and so
lggi(gfm(é) >1-by(1+c)>0.
Define
liminf:(§)= g7, liminfga(¢) = 6,

limsup ¢1(§) = 7, 1i;n sup o (&) = ;.

E—o00

Then there exists s’ € (0,1] such that

Define s = sups’. If s = 1, then the result is true. Otherwise, s < 1 and at least one of the

following is true:

ai(s) = ¢1, ¢1 = bi1(s), ax(s) = ¢y, 5 = ba(s).
If a1 (s) = ¢7, then there exists {§,,}°c_; such that

W}I_I)I;o & = 00, W}l_f};o $1Em) = ar(s)

and

tim inf[d; [, % ¢1](&n) = e} (€] = 0.
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By (C1), we see that

0 0
timint] 1 16,0 -1 | 016t )0 —r [ a6 e |

> 1-ai(s) — biby(s) — c1h1(s)
>0,

which implies a contradiction by the definition of ¢, (£), ¢ (§).
By a similar discussion of

1 =bils),  axs)=¢,, ¢ =ba(s),
we complete the proof. O
We now present the nonexistence of (2.1) with (2.2) if ¢ < ¢*.
Theorem 4.3 If ¢ < c*, then there is not a positive solution of (2.1) with (2.2).

Proof Were the statement false, then, for some ¢’ € (0,c*), there is a positive solution
(1(8), p2(£)) of (2.1) with (2.2). Firstly, it is easy to confirm that

0<¢(8) <1, 0<r(&)<l+cy, E€R.

If ¢* = c], then there exists € > 0 such that

i di [th(y)e”di— 1] +r(1-¢) e
A>

Let &’ € R such that

0 0
sup [bl / $1(x+'s)dnu(s) + a1 f $a(x+C's) dnu(s)} =,

x<§&' T -7

then

dilli * 911(€) — ch1(§) + i (E)[1-€e - (§)] =0, & <&

Define inf,>¢ ¢1(§) = ¢1, then ¢1 > 0 by the positivity and limit behavior. Let M > 1 such
that o o

< b1 +Cl(1 +C2)

A

M-1

’

then

dilli % ¢11(5) — ey (§) + 1 (§)[1 - e M1 (£)] =0, & eR.
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Therefore, ¢1(&) = ¢1(x + ¢'t) = u1(x, t) satisfies

2D > gy [y % m)(@, ) + i (6, 8)[1 - € - My (,8)],  x€R,£>0,
u1(x,0) = 91(x), xe€R.

By Lemma 2.1, we see that if

Y da — _
_Zx:[ikngdl[th(y)e dj}i 1]+ (1 E)+c/]t,

then

€
>0,

liminfu; (x, t) >
t—00
which also implies that x + ¢t — —o0, t — 0o and
lim ¢1(€) =limsupu;(x,t) =0,
§—>-00 t—00

a contradiction occurs.

Similarly, we can prove the result if ¢* = ¢}. The proof is complete. O

5 Conclusion and discussion

In this paper, we firstly show the existence and nonexistence of traveling wave solutions
for all positive wave speed, and thus obtain the minimal wave speed. In [20, 21], the au-
thors studied the existence of traveling wave solutions when ¢ > ¢*, and the traveling wave
solutions decay exponentially. In this paper, if ¢ = ¢*, these traveling wave solutions do not
decay exponentially, the asymptotic behavior coincides with the conclusions in [36, 37]
when b, = b, = ¢; = ¢p. That is, for the minimal wave speed, the corresponding traveling
wave solutions may have different properties. Moreover, there are also some results on the
minimal wave speed of nonmonotone coupled systems with time delay, which was proved
by constructing upper and lower solutions, part of recent results can be found in Fu [38],
Lin [39] and Yang and Li [40].

In mathematical biology, the spreading speed is also an important threshold [41]. For
monotone systems, see Liang and Zhao [3], Lui [4, 42], Weinberger [5], Weinberger et al.
[6]. Recently, Pan [43] estimated the invasion speed of the predator in a predator—prey sys-
tem, which equals the minimal invasion wave speed in Lin [44]. It is a challenging question
to estimate the spreading speeds of (1.1), of which the corresponding undelayed system
with classical Laplacian diffusion were studied by Lin [45], Pan [46], Wang and Zhang [47],
Wang and Zhao [48].
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