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1 Introduction

In this article, we study the singular fourth-order elliptic problem:

A%y = ppm + Q) Yo Sl ulv|P + o h(x)|ul?y, in RN,
A= ity + QW) T S Ul A + oh()v v, inRY, (1.1)
Jan([Aul? +|Av[) dx < +o0 and  u,v#0, in RN,

where A? denotes the biharmonic operator, N > 5, ¢ > 0, 11 € [0,7z) with 7 £ = N*(N —
4)%, g € (1,2), ¢i € (0,+00), and «;, B; > 1 satisfy o; + B; = 2** (i=1,...,m;1 <m € N),

2 & A% is the critical Sobolev exponent; Q(x) and /(x) are G-invariant functions such
that Q(x) € ¥(RN) N L®(RN) and h(x) € LY (RN) with 6 £ 2*/(2** — g) (see Sect. 2 for
details).

There have been by now a large number of papers concerning the existence, nonexis-
tence as well as qualitative properties of nontrivial solutions to critical elliptic problems of
second order. With no hope of being complete, we would like to mention some of them [1-
4]. In most of these papers, the authors deal with the elliptic problems involving singular
potentials and critical exponents. For instance, Deng and Jin in [4] handled the following

singular equation:

-Au= M# + Q)% " u* @1 and u>0 inRY, (1.2)
x
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where N > 2, u € [0, i(N —2)%),5€10,2), 2*(s) = %, and 2*(0) = 2* £ %, and Q is
G-invariant with respect to a subgroup G of O(N). By applying analytic techniques and
critical point theory, several results on the existence and multiplicity of G-invariant solu-
tions to (1.2) were obtained. Subsequently, Waliullah [5] extended the results in [4] to the
weighted polyharmonic elliptic equations. In particular, Waliullah considered the follow-

ing semilinear partial differential equation:
(-8 U= QW™ u  inRY, (1.3)

where k > 1, N > 2k, 27, = 24, and Q is G-invariant. By employing the minimizing se-
quence and the concentration—compactness method, the author attained the existence of
nontrivial G-invariant solution to (1.3). Borrowing ideas from [4, 5], Deng and Huang [6—
8] recently established a few valuable results for the scalar elliptic problems in a bounded
G-invariant domain. Moreover, let us also mention that when i = 0 and the right-hand
side nonlinearity term |x| %> ®~1 in (1.2) is substituted by #7~! with 1 < g < 2*, there have
been a variety of remarkable results on G-invariant solutions in [9-11]. Furthermore, for
other results about this aspect, see [12] with singular Lane—Emden—Fowler equations, [13]
with singular p-Laplacian equations, [14] with biharmonic operators and [15] with p(x)-
biharmonic operators [16], and monograph [17] with generalized Lane—Emden—Fowler
equations or Gierer—Meinhardt systems involving singular nonlinearity.

For the systems of singular elliptic equations involving critical exponents, a wide range
of works concerning the solutions structures have been presented in recent years. For
example, Cai and Kang [18] studied the following elliptic system with multiple critical

terms:

Lo =L 2 ulv]Pr+ 22 |u| 2 2u|v|P2 + ay |u|"2u + azv, inQ,
Lo =SBy y|i=2y 4 282y )yf22y + gy + a|v|272y,  inQ, (1.4)

u=v=0, on 092,

where N > 3, @ C RV is a smooth bounded domain such that 0 € Q, £,, = -A — u|x|72,
< %(N—Z)Z,aj eR(j=1,2,3), 6 €(0,+00),q; € [2,2*),and o}, B; > 1 fulfill o; + B; = 2* (i =
1,2). By a variational minimax method combined with a delicate analysis of Palais—Smale
sequences, the authors proved the existence of positive solutions to (1.4). Very recently,
Nyamoradi and Hsu [19] investigated the following quasilinear elliptic system involving

multiple critical exponents:

. —a -2 _xm o giolul%2ulvibi m A 1g-2 :
—div(lx|"|VulP=*Vu) = 3 7", pi(;,b)‘x‘b,mb) +y W 1T, in 2,

. _ _ Bilu|% |v|Pi~2 f _ .
— div(|x| | VvP2vy) = Y % £ %W 2y, inQ, (1.5)

u=v=0, on 092,
where 0 € Q is a smooth bounded domain in RN, 1 <p<N,0<a< %, a<b<a+]l,
0<gpry i <+00,a4, Bi>1, 0+ B =p*(a,b) = % fori=1,...,m. By employing the
analytic techniques of Nehari manifold, the authors established the existence and multi-
plicity of positive solutions to (1.5) under certain appropriate hypotheses on the param-
eters g, B, A;, ;i and the weighted functions f;(x) (i = 1,...,m). Other results relating to
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second-order elliptic systems can be found in [20-23] and the references therein. For the
systems of fourth-order elliptic equations, we would like to refer the reader to the papers
[24-26] for the elliptic problems related to nonlinearities with critical growth.

Nevertheless, elliptic systems involving the G-invariant solutions have seldom been
studied; we only find a handful of results in [27-30]. To the best of our knowledge, there
are few results on G-invariant solutions for the singular fourth-order elliptic problem (1.1)
even in the scalar cases 0 =0, 0 < u <, m = 1, and u = v. Therefore, it is necessary for
us to investigate (1.1) thoroughly. Let Q > 0 be a constant. This work is dedicated to seek-
ing the G-invariant solutions for both the cases of o = 0, Q(x) # Q and o > 0, Q(x) = Q
in (1.1). Our arguments are mainly based upon the symmetric criticality principle due to
Palais [31] and variational methods.

The rest of this article is schemed as follows. The variational framework and the main
results of this paper are presented in Sect. 2. The proofs of G-invariant solutions for the
cases o = 0 and Q(x) # Q are detailed in Sect. 3, while the multiplicity results for the cases
o >0and Q(x) = Q are proved in Sect. 4.

2 Preliminaries and main results

Let 2**(RY) denote the completion of ¢;°(R") under the norm (fpx | Aul? dx)'/?, associ-
ated with the inner product given by (#,¢) = [pn AuAg dx. Recall the well-known Rellich
inequality [32]

2
/ IAulzdeE/ u—dx, Yu e 2**(RN), (2.1)
RN RN |x]*

where N > 5, 71 = .- N?(N - 4)%. We now employ the following norm in Z**(RN):

1
2
lul,, 2 UN(IAMF —mxr‘*zf)dx] ., 0<u<IL
R

Thanks to the Rellich inequality (2.1), we find that the above norm || - ||, is equivalent to the
usual norm ([ |A - |>dx)"/%. Besides, we define the product space (Z**(R"))? endowed

with the norm
1
[, = (Il +1vI2)%, Y v) € (Z*2(RY))". (2.2)

As usual, we denote by G any closed subgroup of O(N), the group of orthogonal linear
transformations. Let G, = {gx; g € G} be the orbit of x € RY; |G,| denote the number of
elements in G, and |Gy| = |Gw| = 1. Denote |G| = inf,gn, (o) | Gx|. Note that |G| may be
+00. We call Q a G-invariant subset of RY, if x € @, then gx € Q for all g € G. A function
f:RN > Ris called G-invariant if f(gx) = f(x) for every g € G and x € RV, In particular,
an O(N)-invariant function is called radial.

The natural functional space to frame the analysis of (1.1) by variational methods is
the Hilbert space (ZZ*(RN))?, which is the subspace of (2**(RN))? consisting of all G-
invariant functions. This work is devoted to the study of the following systems:

A%y = u# + Q) Yo7 S ululv|Pi + o h(x)|u|T?u, inRN,

(22 { A%y = o+ Q) p élT@ lu|%|v|Pi~2v + o h(x)|v|T%v, inRYN,

(w,v) € (2 RN))> and u,v#0, in RN,
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To clearly describe the results of this paper, several notations should be presented:

Jon (AU = 1123 dx

A, & inf > (2.3)
ue 2%2(RN)\{0} (f]RN || dx) ™
ye(x) & Ce™oU, ('i—') (2.4)

where € >0, Ay 2 %, and the constant C = C(N, ) > 0, depending only on N and wu.
From [26, 33], we mention that y. (x) satisfies the following equations:

2
[ (185 =25 =1 (25)
RN ||

and

gH_1 S Ye®
ye “pdx=Ay AyeAp — dx
RN RN

||

for all ¢ € 2%2(RN). Hence, we obtain (let ¢ = y,)

ok 2
/ yi odx=A.7 . (2.6)
]RN

According to [26, Lemma 2.1] and [33, Theorem 2], we remark that the function U, (x) in
(2.4) is positive, radial symmetric, radially decreasing, and solves

Ay = Mg+ w1, in RN\ {0},
ue 2%?(RNY) and u>0, inRN\{0}.

By setting r = |x|, there holds that

U,(r)=01(r''™), asr—0, (2.7)

U, (r) = 01 (r2®), u,(r) = O1(r2071),  asr— +oo, (2.8)

where O, (r!) (r — ro) means that there exist constants C;, C, > 0 such that ;7! < O, (r!) <

Cor' as r — ro, [1(1) & Ao (1), L(1) £ Ao(2 = 9 (w)), Ao = 252, and ¥ (w) : [0, ] > [0,1]
is defined as

\/N2—4N+8—4w/(N—2)2+,u

)21
() N_a

This implies (0) = 0, ¥ (i) = 1 and
0 <hi(u) < Ao <h(un) <2Ao, Yue(0,m). (2.9)
Moreover, there exist positive constants C; = C3(N, ) and Cy = C4(N, ) such that

LI N
0<Cs < U, (x)(lxl %0 + x| 20 )™ <Cy VxeRY\{0}. (2.10)
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The following hypotheses are needed.
(q-1) Q(x) is G-invariant.
(q.2) Qx) € €RN)NL®(RN), and Q, (x) # 0, where Q, (x) = max{0, Q(x)}.
(h.1) h(x) is G-invariant.
(h.2) A(x) is a nonnegative function in RY such that

¥k
Dk _ q'

1
7
0< ||hllo & (/ he(x)dx> <+00 withd =
RN

The main results of this work can be stated in the following.

Theorem 2.1 Assume that (q.1) and (q.2) hold. If

ok gk

" Q)2 dx = max{|GIF A3 7 Qu oo Ay T Q01 Ay T Qu(00)} 50 (2.11)

Jfor certain € >0, where Q,(00) = limsup,,_, ., Q+(x), then problem (@()Q) possesses at least
one nontrivial solution in (@éZ(RN))2.

Corollary 2.1 Assume that (q.1) and (q.2) hold. Then we have the following statements.

(1) Problem (@OQ) admits at least one nontrivial solution if

QO)>0, Q0) = max{|GI™F (As/ AT 1Qullse, Qu(00)},
and either (i) Q(x) > Q(0) + & |x|*" 2W=20) for some & > 0 and |x| small, or (ii)

|Q(x) — Q(0)| < &1]x|¢ for some constants & > 0, ¢ > 2**(lo(t) — Ao) > 0 and |x| small
and

/ (QW) - Q(0)) x| 2200 dx > 0. (2.12)
RN

(2) Problem (@OQ) has at least one nontrivial solution if limy_, - Q(x) = Q(00) exists

and is positive,
2-2%* e
Q(OO) = max{|G| 2 (AO/AM) 2 ||Q+ ”oor Q+(0)})
and either (i) Q(x) > Q(00) + & |x| 2" Ao~k W) for certain & > 0 and large |x|, or (ii)

|Q(x) — Q(00)| < &3|x|™ for some constants &5 > 0, k > 2**(Ag — 1 (1)) > 0 and large
|x| and

/ Q) - Q(00)) x| 21 dx 0. 2.13)
RN
(3) If Q(x) > Q(00) = Q(0) > 0 on RN and

Q(00) = Q) > 1GI*F (Aol A) T 1Qu 1o

then problem (4@3) possesses at least one nontrivial solution.
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Remark 2.1 Conditions (q.1) and (q.2) are essentially introduced in [9]. According to (q.2),
we only presume that Q(x) is bounded and continuous on RY. Hence, the above results

do not require the continuity of Q(x) at infinity.

Theorem 2.2 Assume that |G| = +o0 and Q,(0) = Q,(0c0) = 0. Then there exist infinitely
many G-invariant solutions to problem (9”(?).

Corollary 2.2 If Q is a radial function such that Q,(0) = Q,(00) = 0, then there exist in-
finitely many radial solutions to problem (5”(?).

Theorem 2.3 Let Q > 0 be a constant. Assume that Q(x) = Q and (h.1), (h.2) hold. Then
there exists o* > 0 such that, for any o € (0,0*), problem (%) possesses at least two non-
trivial solutions in (22*(RN))2.

Remark 2.2 The main results of this paper extend and complement those of [4, 5, 26, 29,
30]. Even in the scalar cases 0 =0, 0 < 4 < t, m = 1, and u = v, the above results in the

whole space are new.

Throughout this paper, we denote various positive constants as C; (i = 1,2,...) or C. The
dual space of (Z2*(RN))? (2**(RN))?, resp.) is denoted by (Z>*(RN))* (27*2(RN))?,
resp.). The ball of center x and radius 7 is denoted by B, (x). 0,(1) is a generic infinitesimal
value as 7 — o0o. For any € > 0, t € R, O(¢?) denotes the quantity satisfying |O(e?)|/e* < C,
and O, (¢?) (¢ — €p) means that there exist constants C;, C, > 0 such that Ce? < O;(€f) <
Cye' as € — €. In a Banach space X, we denote by ‘—’ and ‘—’ strong and weak conver-
gence, respectively. A functional F € €(X,R) is called to satisfy the (PS), condition if
each sequence {w,} in X satisfying F(w,) — cin R, F'(w,) — 0 in X* contains a strongly

convergent subsequence.

3 Existence and multiplicity results for problem (32(?)
The energy functional corresponding to problem (@OQ ) is defined on (@é’Z(RN )% by

1

Flu,v) = %H(u, I, - 5=

QW) Y gilul* v dx. (3.1)
R i=1

It follows from (q.2) and the Rellich inequality (2.1) that F is a well-defined 4! functional
on (.@ég(RN ))2. Then the critical points of F correspond to weak solutions of problem
(323). According to the principle of symmetric criticality (see Lemma 3.1), any critical
point of F in (22*(RN))? is also a solution of (28) in (2%*(RN))2. This means that (i, v) €
(2% (RN))? satisfies (22) if and only if, for any (g1, ¢2) € (222(RN))?,

(f/(ur V): ((/)h (/)2)>

+ W
= / Aulg; + AvAgp, — ,uw dx
RN ||

1 < PR < .
2 | Qx) (‘Pl Z siiulull’ + g Z Siilul* v|F 21/) dx=0. (3.2)
R i=1 i=1



Deng et al. Boundary Value Problems (2018) 2018:53

Lemma 3.1 If Q(x) is a G-invariant function, then F'(u,v) = 0 in (9&2'2(1[{1\[))2 implies
F'(u,v) =0 in (27>2(RN))2.

Proof The proof is similar to that of [9, Lemma 1] and is omitted here. d
For u € [0, ), ¢; € (0, +00), &, Bi > 1, and o; + B; = 2** (i = 1,...,m), we define

2.2
S (Al + | AV — 242 dix

A 2 inf > (3.3)

(u,v)€(222(RN)\{0})2 (flRN Z:‘:l c;|u||v|Bi dx)7F
1+72

Bret—"T . =0 (3.4)
(Zi=1 S‘ifﬁi)zT*

B(Tmin) = mig HB(t) >0, (3.5)

>
where T, > 0 is a minimal point of Z(7) and hence a root of the equation

m

Z gir’s"_l(airz - ﬂi) =0, 17>0. (3.6)

i=1

Lemma 3.2 Let y(x) be the minimizer of A,, defined in (2.4), u € [0, 1), ¢; € (0,+00), a;,
Bi>1,ando; + B; =2 (i=1,...,m). Then we have the following statements.

(i) Au,m = f%(tmin)-Au;

(i) Ay m has the minimizer (Ye(x), Tminye (%)) for all € > 0.

Proof The proof is a repeat of that in [19, Theorem 2.2] (see also [21, Theorem 5]) and

hence is omitted here. O

To find conditions under which the Palais—Smale condition holds, we need the following
concentration compactness principle due to Lions [34].
Lemma 3.3 Let {(u,,v,)} be a weakly convergent sequence to (u,v) in (@é’z(RN )2 such
that | Au,|> = 0D, |Av[* = 0@, Jug | |valP = v (i = 1,...,m), lxl™|u, > — y©, and
%74V |> = y@ in the sense of measures. Then there exists some at most countable set I
{ﬂ;l) > O0}je_suiops {U;Z) > 0}je_suioys {V,'(i) > O}je_zuioy Vo(l) >0, Vo@) >0, {x;}jc s C RNV\{0}
such that

(@) 0D > AU+ Y 4 08y + 06 80, n® = [AV2 + Y 4 0P8y + g S0,

(b) v@ = |y||v|f + Yies v},(i)éx/ + v(()i)éo, i=1,...,m,

(© ¥ =l ul? + v5 80, ¥ @ = |V + v S0,

(@) Ao w7 <V 4 n?,

© A (X0 )7 <0 402 = (i + 1),
where 8., j € 7 U{0}, is a Dirac mass of 1 concentrated at x; € RN,

To establish the existence results for problem (98 ), we need the following local (PS),

condition, which is indispensable for the proof of Theorem 2.1.

Page 7 of 21



Deng et al. Boundary Value Problems (2018) 2018:53 Page 8 of 21

Lemma 3.4 Assume that (q.1) and (q.2) hold. Then the (PS). condition in (@é’z(RN ))?
holds for F if

S

. N 1-N N 1N N 1N
min{|G|Ag,[|Q:lloc ¥, AbmQ: (0)' "%, AL, Q. (00) "% }. 3.7)

Z |

*
c<c

Proof We follow closely the arguments in [9, Proposition 2]. It is trivial to check that
the (PS), sequence {(u,,v,)} of F is bounded in (Qé’z(RN ). Then we may assume that
(th V) — (u,v) in (Z2*(RN))%. In view of Lemma 3.3, there exist measures 1", n®,
v® (i=1,...,m), y, and y® such that relations (a)—(e) of this lemma hold. We begin
by considering the concentration at the point x; € RN\{0},j € _#. For € > 0 small, we de-
fine the cut-off function I/f;]_ (x) € € (RN) such that 0 < I/f;]_ (x) <1, 1//; (%) = 1 in B.(x;),
V5 (x) = 0 on RN\ By (x)), Vg | < 2/, and [AYg] < 2/€? on RN, Then, by Lemma 3.1,
limy,_, oo (F' (4, V), (u,,l/f;, V,,,I/f;j)) = 0; hence, combining (3.2), the Holder inequality, and

the Sobolev inequality, we derive

m
€ Gi i
fRN v, {dn(“ +dn® = pu(dy +dy®) - Q) 3 e+ p v }

i=1

< lim {Z‘Aun(Vu,,, VW;/,) + Av,,(an, le;j)’ + ’(uV,Au,, + V,,Av,,)Alp;j ‘ } dx

n—00 JpN

1 1
2 2
5sup</ |Aun|2dx) [2 lim </ |Vun|2|V1ﬂj,|2dx)
n>1 RN n—00 RN 7]
1
S ) 2
+ lim (/ AR dx) ]
n—00 RN /i
1 1
2 J— 5 2
+sup(/ |Avn|2dx) [th (/ |Vv,,|2|V¢;,| dx)
n>1 RN n—00 RN j
1
—_ 2 2
+ lim (/ |V,,|2’Aw;,’ dx) i|
n—00 RN ]
1 1 1
2 €2 2 2 €2 2
1Vl \vw Pdx) + lul?| Ay |“dx ) + | Ay |“dx
RN / RN j
1 % %
VY[V | dx) }chf |Vu|A2f_Nde) (/ {Vx/f;|Ndx)
BZé(xj> RN /
2
o EE3 N\ N
() (Lot
B x/ RN 7
1

=\(/

(L

U
(e (Lnl?)

( f
(/.

1

)

1
2N N IN
IVVINde> (/ |V¢;,{Ndx> }SC{ (/ |Vu| Rz dx)
Bac@) RV Bre®)

: % o B
|Au| dx) + (/ |Av|2dx) + (/ |Vv|N-2 dx) } (3.8)
Bae x} Bae (x;) Bae (x/)
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As € — 0, it follows from (3.8) and Lemma 3.3 that
m .
Qw) Y =0 + . (3.9)
i=1

This means that the concentration of the measures v (i = 1,..., m) cannot occur at points
where Q(x;) < 0. By virtue of (3.9) and (d) of Lemma 3.3, we conclude that either (i) vj(i) =
0(=1,...,m)or (ii) > I, g,-vj(i) > (Aoyn/ Q4 lloo)N'%. Let us now study the possibility of
concentration at x = 0 and at co. By the argument similar to that of x; € R¥\{0}, we find
r](()l) + n(()z) - /,L()/O(l) + yo(z)) -Q(0) X", g,»v(()i) < 0. Together with (e) of Lemma 3.3, it follows
that either (iii) v(()i) =0(=1,..,m) or (iv) ), giv((,i) > (Aum/ Q4 (0)N'4. To discuss the
concentration at infinity of the sequence {(,, v,)}, we define the following quantities:

(1) 7S = limp oo T, o [, [Asl? dt, 2 = limg oo M, og [, 5 | Ava[? i,

(2) v = limp oo iMoo [y p 1l vali it i = 1,...m,

(3) YA = limg s o0 Timyy o [l p 161~ 142 o, Y2 = Timp oo iMoo [, I 74Vl dix.
It is obvious that nélo), r](o%), vé@ (i=1,...,m), yo%), and yé? defined by (1)—(3) exist and are
finite. For R > 1, let Yz(x) € €°(RY) be a function such that 0 < yz(x) < 1, ¥z(x) = 1 for
lx| > R + 1, Yr(x) = 0 for |x| < R, |Vyr| < 2/R, and |Ayrz| < 2/R%. Because the sequence
{(un¥r, var)} is bounded in (25*(RN))?, we deduce from (3.2) and the fact that o; + f; =

2** (i=1,...,m) that
0= nli)rrolo(f/(u,,, Vi), (UnYRs VaWR))
- Iim / { <|Aun|2 o -l g5 gi|un|“f|vn|f‘f) U
% Jgn B -
+ (28U (Vity, VYR) + thy Aty APk + 2A0,, (Vv V) + v AV, AYig) ] dx. (3.10)
Furthermore, by utilizing the Holder inequality and the Sobolev inequality, we obtain

lim Tlim (2|Aun<VMmV1//R)| + |MnAMnA1/fR|) dx

R—0con—00 JpN

1 1
[ 2 b
< lim lim ([ |Au,,|2dx) [2([ |Vun|2|V1pR|2dx)
R— 00 n—00 RN RN
3
+([ |un|2|AwR|2dx”
]RN
3 3
§Clim{</ |Vu|2|V1pR|2dx> +</ |u|2|AwR|2dx) }
R— 00 R<|x|<R+1 R<|x|<R+1
N-2 1
N 2N 2
§Clim{</ |Vu|mdx> +(/ |Au|2dx) }:0.
R—o00 R<|x|<R+1 R<|x|<R+1

Similarly, we have limg_, o0 lim,— o [on (21 AV, (VVy, VYR)| + [Vy Av, AYg|) dx = 0. Conse-

quently, it follows from (3.10) and definitions (1)-(3) of the quantities n&), nézo), ué‘g (i=
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1,...,m), yo%), and yé? that

m
H(00) Y vl = W+ 0 - u(y Y + v D). (3.11)

2

Moreover, in view of (3.3), we find A,,,,(}"1"; glvo’;)f < n&) + nézo) - /L(yéol) + yg)). This,
combined with (3.11), implies that either (v) v =0 (i=1,...,m) or (vi) > givgo) >
(A m! Qi (00))N /4 In the following, we claim that (ii), (iv), and (vi) cannot occur. For every

continuous nonnegative function v such that 0 < v (x) < 1 on RV, we find

i(]'—/(un! Vn)! (u”l’ V”)>)

=1li ]:nrn_
c 1m( (¢4, Vi) e

n— o0

2 un|* + |val?
== lim <|Aun|2+|Avn|2—M%)dx
X

N n—oo RN
2 —— un|* + |val?

> —Tim |Aun|2+|Avn|2—MM W (x) dx.
N n—oo RN |x|4

Note that the measures v® (i = 1,...,m) are bounded and G-invariant. This means that if
(ii) holds, then the set ¢ must be finite. Moreover, if x; # 0 is a singular point of v (i =
1,...,m), so is gx; for each g € G, and the mass of v® (i = 1,...,m) concentrated at gx; is
the same for every g € G. Assuming that (ii) occurs for some j € _# with x; # 0, we choose
¥ with compact support so that ¥ (gx;) = 1 for every g € G, and we derive

2
2 W, @ 2 - 0)
¢z <1600+ 0”) = <161 Aom | D i
2 **
> 171G Ao (Aom/1Qulloe) 72 = |G|A Q05T

which is impossible. Similarly, assuming that (iv) holds for x = 0, we take ¥ with compact

support so that ¥(0) = 1, and we have
2
2**
( S )

N N
AmQ.(0) 4,

\S}

1 2 1
c= =+ 0y =l - ny?) =

Z
ZlhJ

\S}

_2
> ﬁAu,m (Au,m/Q+ (O)) 72 = ﬁ

a contradiction to (3.7). Finally, if (vi) occurs, we choose v = yz to obtain

2

2 oFE
(% + 1 =yl - rl) = um(ngl))

2 N 1-N
Aﬂ,m(Aﬂ,m/QJoo)) = ﬁA/imQ+(°°) -1

c=

\Y
Zle z|w

which contradicts (3.7). Hence, vj(i) =0(=1,...,m)forallje # U{0,00}, and this yields

n—00

m m
“m/ Z;i|un|“f|vn|ﬁfdx=/ D silul* v dx.
RN 0 RV
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Finally, taking into account lim,_, o (F' (¢4, vs) — F' (4, v), (u,, — 14, v, — v)) = 0, we naturally

deduce (u,,v,) — (u,v) as n — oo in (Z>*(RN))2. O
Thanks to Lemma 3.4, we immediately obtain the following result.

Corollary 3.1 If|G| = +o0 and Q. (0) = Q.(c0) = 0, then the functional F satisfies the (PS).

condition for every ¢ € R.

Proof of Theorem 2.1 Let y. be the extremal function satisfying (2.4)—(2.10). We now
choose € > 0 such that (2.11) is fulfilled. It is clear from (q.2), (3.1), and (3.2) that there
exist constants g > 0 and p > 0 such that F(u,v) > o for all ||(»,v)||,, = p. Moreover, if we

set U =y, V = Tmin¥e, and

2
@(t) -/.'.(tyer tfmmye) - (1 + Tmm) / ('Aye| - |yT4) dx

tZ** m

2** gl mm/ Qx)ye d‘x

with ¢ > 0, then max;-q ®(¢) is attained for some finite Z > 0 with ®’(z) = 0. This yields

(1 +rmm (|Aye| —KUiE )dx **iz
f]RN \x\‘* } 2 ' (3.12)

o 2
max D(t) = F(tye, tTminye) = N {
- (Zi=1 §iTmin fRN Q(x)yf dx) 2**

Besides, because F(tye, tTminye) — —00 as t — +00, there exists £y > 0 such that ||(zoye,

toTminYe)llx > o and F (toYe, toTminYe) < 0. Now, we define

¢o = inf max F(y®), (3.13)

where T = {y € €([0,1],(2Z*(RN))); ¥ (0) = (0,0), F(¥ (1)) < 0, [ly (1)l > p}. It follows di-
rectly from (2.5), (2.11), (3.4), (3.5), (3.7), (3.12), (3.13), and Lemma 3.2 that

_ — 2 (1+tmm f]RN |Ay€| _M\x\4)dx 2**_2
co < F(tye, tTminye) = N
(Zi:l §ifmin fRN Q(x)yZ dx) 7= 2**

2{ tmm fRN |AJ/5| _M‘x‘z})dx

ok

< —

*

(max{|G|7A0 2 ||Q+||oo,-Au Q+(0) A/L Q+(oo)})2l* }

2 N N N X N
:ﬁmm{|G|AO‘f,,,IIQ+IIio4,A,Z*,mQ+(0)1 ¥ ALQu (00 ) =

If ¢y < cf, then the (PS), condition holds by Lemma 3.4. Thus we arrive at the conclusion
by the mountain pass theorem in [35]. If ¢y = ¢, then y(t) = (ttoye, ttoTminye), With 0 <
t <1, is a path in I" such that maxc[o,1] F(y(¢)) = co. Hence, either ®’'() = 0 and we are
done, or y can be deformed to a path ¥ € I' with maxc[o,1] F(¥(¢)) < co and we have a
contradiction. Thus we conclude from Lemma 3.1 that there exists a nontrivial G-invariant
solution (19, vo) € (Z5*(RN)\{0})? to problem (28) and the results follow. O
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Proof of Corollary 2.1 In view of (2.6) and Theorem 2.1, it is sufficient to prove that

/ (Qw -Qu2~ ( il ) dx>0 (3.14)
]RN

€

for some € > 0, where Q = max{|G| ﬁ(Ao/.AM)_? | Qs llsos Q4+ (0), Q. (00)}.
Part (1), case (i). By virtue of (3.14), we need to show that

€

efWW/(@@—qmuf<m)Mzo (3.15)
RN

for certain € > 0. By the hypothesis, we choose 0o > 0 so that Q(x) > Q(0) + &|x|>" (2(W)-A0)
for |x| < go. It follows from 2** Ay = N and (2.8) that

—2%* () —ooNL>" (m>d
e ‘ngqm Qo (%) ax

Kok sk ok x
> ‘;)_-0/ €2 lz(u)|x|2 (lz(u)—Ao)ui (U) dx
Ixl<eo €

|x] la (1) |x| 2% N
=€o/ [<?) UM<?>} lx| ™ dx — +00 (3.16)
x| <00

as € — 0. On the other hand, for any € > 0, we deduce from (2.8), (2.9), and the fact that
2**[>(14) > N that

‘6_2**,2(M)/H (Q(x) _Q(O))ui**<%) dx‘
xX[>00

_ 0 (1) 2%
L ()]
%00 |x| (1) € €
1 —
f C/;C>QO |x|2**12('u) dx S Cl (317)

for some constant C; > 0 independent of . Combining (3.16) and (3.17), we obtain (3.15)
for € sufficiently small.

Part (1), case (ii). By the hypothesis, we choose ¢; > 0 so that |Q(x) — Q(0)| < & |x|¢
for |x| < g;. Taking into account ¢ > 2**(lr(u) — Ag) >0, N - 1 + ¢ — 2**[5(n) > -1 and
N —-1-2"[(u) < -1, we derive

27w / |Q(x) _ Q(0)|Uﬁ** (M) dx
RN €

1Q) — QO T ( 1x1\2™  (1x\T*"
<[ () w(T)] e

<[ 120 -0
RN

|2 2 (1)

dx

< C(Sl/ |72 20 g 4 / |Qx) - Q(0)||x|72**lz(u) dx)
ll=e1 IxI>01

Ql Kk oo *k
< C(/ PN-1+e=27h(1) gy +/ PN-1-27 b (1) dr) < 4+00.
0

01
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Thus, by (2.8), (2.12), and the Lebesgue dominated convergence theorem, we have

lim [ 27200 (Q) - Q(O))UZ**<|’;—|) dx

e—0 RN
Ih(n ¥k
s -2 (2]
=C / (QW) ~ QO) x> dx > 0.
RN

Hence (3.15) holds for € small enough.
Part (2), case (i). According to (3.14), we need to prove that

20w /R Q- Q(oo))UZ” ( |x|> dx>0 (3.18)

for certain € > 0. By the assumption, we take g > 0 such that Q(x) > Q(co) +
£ || 2" (Do) for all |x| > @s. It follows from (2.7) that

=21 () e M)
2 /| (- Qea); (6 dx
e[ (N, (ENT
[, (e[ () ()] e
11 (1) 2%
EEZ/H |x|‘N|:(%> Muu(lf—|):| dx — +00
x|=02

as € — +00. On the other hand, for any € > 0, we conclude from (2.7), (q.2), and the fact
that N — 1 —2**[;(u) > -1 that

/ 20 () (Q(x) _ Q(oo)) Ui** (%) dx‘
lx|<02

1Q(x) — Qo) T ( 1x\" ™ /1x1\T*"
ffpc.<@2 Joc| 20 [(?> ”"(?)} >

_ 1
< Cf |Q(x) — Q(c0)] dx < C/ : AN-1270) g < C
Ix|<02 0

e 2100

for some constant C, > 0 independent of € > 0. By putting these two estimates together,
we obtain (3.18) for € > 0 large enough.

Part (2), case (ii). By the assumption, we take g3 > 0 such that |Q(x) — Q(c0)| < &3|x|™*
for all |x| > p3. Taking into account « > 2™*(A¢ — l1(1)) >0, N -1 —k —2**/3(u) < -1 and
N -1-2"[(u) > -1, we find

27w / |Q(x) _ Q(OO)|UZ** (M) dx
RN €

1Q(x) — Qo) T ( 1x1\" ™ /1x\T*
:/RN o 27100 [(e) u"<?)] >

EC/ IQ(x)—Q(OO)Idx
RN

|| 2711 ()
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= C(gg/ |x|—K_2**[1(/L) dx + / |Q(x) - Q(OO)“xl_z**ll(;L) dx)
[x|>03 Ix|<03

+00 o
=< C( PN-1=270 () g +/ ’ N2 ) dr) < +00.
0

o3

Therefore, by (2.7), (2.13), and the Lebesgue dominated convergence theorem, we obtain

|x

lim | e7M(Q(x) - Qoo)) U2 (—) dx

€—>+00 JpN €

) Qx) — Q(oo) [ ( || h(w) Ix| paia
[ S () ()] e
~c [ (@@ - Qoo >0

RN

Thus (3.18) holds for € > 0 enough large. Similar to the above, we find that part (3) fol-

lows. O

To prove Theorem 2.2, we need the following symmetric mountain pass theorem (see
[36] or [37, Theorem 9.12]).

Lemma 3.5 Let X be an infinite dimensional Banach space, and let F € € (X,R) be an
even functional satisfying the (PS). condition for each c and F(0) = 0. Furthermore, one
supposes that:
(i) there exist constants & > 0 and p > 0 such that F(w) > & for all |w| = p;
(ii) there exists an increasing sequence of subspaces {Xi} of X, with dim Xy = k, such that
for every k one can find a constant Ry > 0 such that F(w) <0 for all w € Xy with
Wl = Ry.

Then F possesses a sequence of critical values {c} tending to co as k — co.

Proof of Theorem 2.2 We follow closely the arguments in [9, Theorem 3] (see also [38,
Theorem 3]). By virtue of Lemma 3.5 with X = (@é’z(RN))2 and w = (u,v) € X, we easily
see from (q.2), (2.2), (3.1), and (3.3) that

Fun = @] - = 1Qlent )]
2 w g ’ "
Thanks to 2** > 2, there exist constants @ > 0 and p > 0 such that F(u,v) > & for any
(u,v) with ||(#,v)|l,, = p. To find an appropriate sequence of finite dimensional subspaces
of (.@é’Z(RN))Z, we set Q = {x € RN; Q(x) > 0}. The set Q2 is G-invariant, and we can de-
fine (Z2*(2))%, which is the subspace of G-invariant functions of (2>?(2))%. Extending
functions in (Z5%(£2))* by 0 outside 2, we can presume that (Z2%(2))? C (2&*(RN))%.
Let {Xi} be an increasing sequence of subspaces of (9@‘2(9))2 with dim Xj = k for ev-
ery k. As in [38, Theorem 3], we define @1, ..., prx € Gg°(RY) such that 0 < ¢ <1,
supp(¢i) N supp(g;x) =¥, i #, and

’Supp(go;,k) N Q| >0, |supp(<p,,k) N Q| >0, Vije{l,... k}.
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Taking e;x = (a@ix, boix) € Xk, i = 1,...,k, and Xy = span{ey,..., ek}, where a and b are
two positive constants, we conclude from the construction of Xj that dim Xj = k for ev-
ery k. Therefore, there exists a constant €(k) > 0 such that

/Q(x)(gnm“wwﬂl et Gl [91P) dx
Q

k o] A
= / Qx) <§1 Zﬂti,k%k ikPik| +ov
Q2 i=1
k Um k m
+Gm| Y atikpik| | btk ) dx > (k)
i=1 i=1

for all (,v) = Zle tikeix € Xi, with [|(&, V)], = 1. Hence, if (&, v) € Xi\{(0,0)}, then we
write (u,v) = t(&1, V), with ¢ = || (&, V)|, and ||(&z, V)|, = 1. Therefore, we derive

kk 1 k kk
J-'(M,V)"’f ‘Wtz fQ(x)ZszIMI“’IVIﬁ'dx< £ - ()2 <0

for ¢ > 0 sufficiently large. By Corollary 3.1 and Lemma 3.5, we conclude that there exists
a sequence of critical values ¢y — 00 as kK — 0o and the results follow. g

Proof of Corollary 2.2 Because Q(x) is radial, we know that the corresponding group
G = O(N) and |G| = +00. By Corollary 3.1, F satisfies the (PS), condition for every c € R.
Therefore, we deduce from Theorem 2.2 that the results follow. O

4 Multiplicity results for problem (@E)
The purpose of this section is to investigate problem (£?2) and prove Theorem 2.3; here

we always presume that o > 0 and Q(x) = Q > 0 is a constant. The corresponding energy
functional of problem (#9) is defined on (2Z*(RN))? by

@@(u,v)_—| I? 2**/ Zg|u|%|v|ﬂzdx /h(x)(|u|q+|v|q)dx, (4.1)

;L

where 1 < g < 2. In view of (h.2), (2.3), and the Holder inequality, we find

/ h(x)(|u|q + |V|q) dx
RN

( /H{Nhe(x)dx)%{( AN|M|2**dx)%+( [ )]

_41
< A2 Il (el + 1v11%) < Cllalo ] ). (4.2)

It follows from (4.1) and (4.2) that &, € €' ((Z5*(RN))?,R) and there exists a one-to-one
correspondence between the weak solutions of (33(76) and the critical points of &,. We now
observe that an analogously symmetric criticality principle of Lemma 3.1 clearly holds.
Consequently, the weak solutions of problem (29) are exactly the critical points of the
functional &;.
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Lemma 4.1 Assume that (h.1) and (h.2) hold. Then there exists a positive constant M
depending only on N, q, A,, and |h|y, such that any bounded sequence {(u,,v,)} C

(2 (RN))? satisfying

2

2 _17% % 7
ga(um Vv) — < NQ .A#,m — Mo 4,
(4.3)

/
& (U, vy) >0 (n— 00)
contains a convergent subsequence.

Proof By the hypothesis, {(u#,,v,)} is bounded in (.@é’z(RN ))?. Hence we obtain a subse-
quence, still denoted by {(u,,v,)}, satisfying (u,,v,) — (&,v) in (QéZ(RN))Z, (thy Vi) —
(n,v) a.e. in RN and (u,,v,,) — (u,v) in (L] .(RN))? for all € [1,2**). By virtue of (h.2), the

Holder inequality and the Lebesgue dominated theorem, we derive

lim h(x)(lunlq + |vy,|q) dx = / h(x)(lu|‘17 + |v|q) dx. (4.4)
N RN

n—00 R

Applying the standard argument, we easily check from (4.4) that (i, v) is a critical point of
&5 . Further, in view of (h.2), (4.1), (4.2), and the Holder inequality, by direct calculation,

we obtain
1 /
& (u,v) = &5 (u,v) - F(gg (,v), (,v))
2
-5 || (u,v) ||i - 21q(2** -q) ,/]RN h(x)(|u|q +v|7) dx
2 o k% -1
> ﬁ(llulli +IvIi7) - 2**61(2 —q) A llo (Il + Iv11%)
N\ 7 (27 g\
—-q - _4 —q 2 2
>—(2 _q)<q7) ( . T4 ||h||9> o1 £ Mo, (4.5)
q

e g § 2 . -
where M = (2 - q)(%)z-q (22**; A,? ||hlle) %4 is a positive constant. We now set i, = u, —u

and V,, = v, — v. Then, by the Brezis—Lieb lemma [39] and arguing as in [40, Lemma 2.1],

we have

|G )", = [ v) |7 = [ )] + 01), (4.6)

/N |ﬁn|“frv‘n|"fdx=/N|un|“f|vn|"fdx—fN|u|“f|v|ﬂfdx+on(1), i=1,..,m. (47)
R R R

Taking into account &; (i, v,) = ¢ + 0,(1) and &, (4, ) = 0,(1), we conclude from (4.1),
(4.4), (4.6), and (4.7) that

e+ 0,(1) = 6 1) = & ) + | G T

5/ Xm: e
- Gil T |% [V % dox + 0,,(1) (4.8)
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and
) m
|G =Q [ 3 s 5,17 d = 0,0, 9)
RY o1
As a result, for a subsequence {(%,,7,)}, we find
) m
|G} > E20. Q[ S sl
RY i1

as n — oo. It follows from (3.3) that Aﬂ,m@/é)z*i* < E. This yields either £ = 0 or £ >
1N N — NN
Q1 YAL ILE > Q1 * A, then we deduce from (4.5), (4.8), and (4.9) that

which contradicts (4.3). Therefore, we obtain ||('L7n,'17n)||i — 0 as n — +00, and hence,
(thy Vi) — (1, v) in (ZZ*(RN))2. The conclusion of this lemma follows. O

Lemma 4.2 Assume that (h.1) and (h.2) hold. Then there exists o) > 0 such that for any
o € (0,07) the following geometric conditions for &, (u,v) hold:
(i) &5(0,0) = 0; there exist constants & > 0 and p > 0 such that &, (u,v) > & for all

()l = p;
(ii) there exists (e,,e,) € (257 (RN))? such that ||(ey e,)|l. > p and &, (eyre,) < 0.

Proof In view of (h.2), (3.3), (4.1), (4.2), and the Holder inequality, by direct computation,

we derive

£y 2 S|P - 2t | w2 - Zcihlo @)
2 L) g a
1 Q _z* o 2

> (5 - go) || - %Aﬂ,g l@ v} - Clso)o (4.10)

for any ¢o € (0, 3), where C(go) = (% —1)¢olCllhll6/(250)]¥* 9 is a positive constant. It
follows from the last inequality in (4.10) that there exist constants @ > 0, p > 0, and o >0
such that &, (u,v) > & > 0 for all || (&, v) ||, = p, 0 € (0, %) and o € (0,07). This yields (i).
On the other hand, taking into account fRN h(x)(|u|? + |v|7) dx > 0, we deduce from (4.1)
that there exists (&,V) € (@é’z(RN)\{O})2 such that &, (tit, tv) — —oo as t — +00. There-
fore, we can choose (e, e,) = (T%, TV) (T > 0 large enough) such that ||(e,,e,)|, > p and
&y (ey,ey) < 0. Thus (ii) follows. |

Lemma 4.3 Assume that (h.1) and (h.2) hold. Then there exists o > 0 such that

1-N 2

2 N 2
Sup &y (tye, ttminye) < NQ Y AL — Mo 71 (4.11)
t>0

forany o € (0,05) and small € > 0, where M > Q is given in Lemma 4.1 and Tmin > 0 satisfies
(3.4)-(3.6).
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Proof Similar to the proof in Alves [41, Theorem 3], we define the functions

x|

ok m
;** (Z GiT mm)Q/ y¥ dx - —tq(l + ‘Emm)/ h(x)y? dx (4.12)
RN

tZ y2
V(1) = & (tyes tTminYe) = (1 + Tmm) / <|Ay€|2 - 64) dx
2 RN

and

- 2 2 .
‘I/(t) ;(1 +‘Kmm)/ (lAys|2 |y ) o (Z SiT, mln)QANyz dx (4‘13)

with ¢ > 0. Note that E’(O) =0, \I'(t) > 0 for t — 0%, and lim;_, . lNlll(t) = —00. Hence,
SUp;=.o U(¢) can be achieved at some finite t2 > 0 at which U'(¢) becomes zero. In view
of (2.5), (2.6), (3.4)—(3.6), (4.13), and Lemma 3.2, by simple arithmetic, we derive

(1 ){(1+rnim)fRN(lAyel —Mx|4)dx}2** =

2027007 el fon 2 dx] 7
—1-N

(%(Tmin)Au) ¥ = _Q ! A/fm (4.14)

sup \I’(t) = \’IT'(tO) =
=0

1—

=z

=-Q

2
N
Let & > 0 be such that

2_1-N N 2
]T]Q YAt —MoT1 >0, Vo €(0,7).

On the one hand, by virtue of (h.1), (h.2), (2.5), and (4.12), we conclude that

W(£) = o (e, tTminye) < = (1 + 70,),  VE=0,0 >0,

min

SN

and there exists Ty € (0, 1) independent of € such that

T2 —1-N N 2
sup W(¢) < 7(1 + ‘L'mm) Q *Afn—-Mo™, VYo €(0,0). (4.15)
0<t<Ty

ZIN

On the other hand, it follows from (4.12), (4.13), and (4.14) that

sup W (f) < sup W(¢) - —Tq L+tl / h(x)y? dx
q

t>To t>0
2 _1‘%{ % q q
= NQ Aim — —T (1+7l) h(x)y? dx. (4.16)
q RN
Now, taking o > 0 such that - T¢( + 1k fen h(x)y? dx < —~Mo 2=, namely
T 2
q
0<o < [ 1 +tl / h(x)y? dx] £5,
qM
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we find from (4.16) that

N 2
1-7 27

2_ N ~
sup¥()<—=Q *Ap,-Mo>1, Vo €(0,5). (4.17)
t>To N

Choosing o5 = min{c, 5}, we deduce from (4.15) and (4.17) that

2N N 2
sup¥(t) < —Q *Ap,,—MoT1, Vo e (0,02*),
t>0 N
which implies (4.11). Hence the results of this lemma follow. a

Proofof Theorem 2.3 Taking p > 0and o* = min{o;, 05}, for 0 < o < ¢*, given in the proofs

of Lemmas 4.2 and 4.3, we define

c1 2 inf &, (u,v),
B (0)

where EP(O) ={(u,v) € (Qé'z(RN))Z; |z, V)|l,. < p}. It is easy to see that the metric space
E,,(O) is complete. According to the Ekeland variational principle [42], we deduce that
there exists a sequence {(u,,v,)} C EP(O) such that &; (1, v,) — ¢1 and &, (4, v,) — 0 as
n— oo.

Let @o, Yo € 65°(RN) be the G-invariant functions such that ¢y, ¥ > 0. It follows from
(h.1) and (h.2) that f]RN h(x)(<p0 + w )dx > 0. In view of 1 < g < 2 < 2**, we find that there
exists fy = £y(¢o, ¥o) > 0 sufficiently small such that

72

~ ~ L,
&, (fogpo, toWo) = 5°|| (¢0 o),
~2** o Bi g 954 q
T o ty / Zgz Yo' dx th/RNh(x)(goo+wo)dx<O.

This yields

N
-7

X
o

_ N
a<0<=Q *Al,-MoT1, VGG(O,U*).

Z |

By virtue of Lemma 4.1, &, admits a nontrivial critical point (3, v1) with &, (11, v1) = ¢; < 0.
Applying the principle of symmetric criticality, we obtain that (u1,v1) is a nontrivial G-
invariant solution of problem (£2%).

Furthermore, we now define

¢ £ inf max & (y (1)),

yel te[0,1]

where T = {y € €([0,1],(Z2Z*(RN))2); ¥ (0) = (0,0), ¥ (1) = (e, e,)}. It follows from Lemmas
4.2 and 4.3 that

1N
O<a< 4

™
L

Q Agm—Ma i, Vo e(0,0%).

ZIN
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This, combined with the mountain pass theorem, implies that ¢, is another nonzero crit-
ical value of &,. Similar to the above arguments, problem (#2Q) possesses another non-
trivial G-invariant solution (i, v,) with &, (42, v3) = ¢ > 0. O

Acknowledgements

ZD and DX are supported by the National Natural Science Foundation of China (Nos. 11471235;11601052) and
Chongging Research Program of Basic Research and Frontier Technology (No. cstc2017jcyjBX0037). YH is supported by
the National Natural Science Foundation of China (No. 11471235).

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analyzed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors declare that this study was independently finished. All authors read and approved the final manuscript.

Author details
'Key Lab of Intelligent Analysis and Decision on Complex Systems, Chongging University of Posts and
Telecommunications, Chongging, PR. China. 2Department of Mathematics, Soochow University, Suzhou, PR. China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 19 December 2017 Accepted: 2 April 2018 Published online: 11 April 2018

References
1. Brezis, H., Nirenberg, L.: Positive solutions of nonlinear elliptic equations involving critical Sobolev exponents.
Commun. Pure Appl. Math. 36, 437-477 (1983)
2. Cerami, G, Zhong, X.-X., Zou, W.-M.: On some nonlinear elliptic PDEs with Sobolev-Hardy critical exponents and a
Li-Lin open problem. Calc. Var. Partial Differ. Equ. 54, 1793-1829 (2015)
3. Bhakta, M, Santra, S.: On singular equations with critical and supercritical exponents. J. Differ. Equ. 263, 2886-2953
(2017)
4. Deng, Y-B, Jin, L-Y.: On symmetric solutions of a singular elliptic equation with critical Sobolev-Hardy exponent.
J. Math. Anal. Appl. 329, 603-616 (2007)
5. Waliullah, S.: Minimizers and symmetric minimizers for problems with critical Sobolev exponent. Topol. Methods
Nonlinear Anal. 34, 291-326 (2009)
6. Deng, Z-Y, Huang, Y-S. Existence and multiplicity of symmetric solutions for semilinear elliptic equations with
singular potentials and critical Hardy-Sobolev exponents. J. Math. Anal. Appl. 393, 273-284 (2012)
7. Deng, Z-Y, Huang, Y-S.: Existence and multiplicity of symmetric solutions for the weighted critical quasilinear
problems. Appl. Math. Comput. 219, 4836-4846 (2013)
8. Deng, Z-Y, Huang, Y.-S.: On positive G-symmetric solutions of a weighted quasilinear elliptic equation with critical
Hardy-Sobolev exponent. Acta Math. Sci. 34B, 1619-1633 (2014)
9. Bianchi, G, Chabrowski, J,, Szulkin, A: On symmetric solutions of an elliptic equations with a nonlinearity involving
critical Sobolev exponent. Nonlinear Anal. 25, 41-59 (1995)
10. Bartsch, T, Willem, M.: Infinitely Many Non-radial Solutions of an Euclidean Scalar Field Equation. Mathematisches
Institut, Universitat, Heidelberg (1992)
11. Chabrowski, J.: On the existence of G-symmetric entire solutions for semilinear elliptic equations. Rend. Circ. Mat.
Palermo 41, 413-440 (1992)
12. Ghergu, M., Radulescu, V.: Multi-parameter bifurcation and asymptotics for the singular Lane-Emden-Fowler
equation with a convection term. Proc. R. Soc. Edinb. A 135A, 61-83 (2005)
13. Maultsby, B.: Uniqueness of solutions to singular p-Laplacian equations with subcritical nonlinearity. Adv. Nonlinear
Anal. 6,37-59 (2017)
14. Demarque, R., Miyagaki, O.: Radial solutions of inhomogeneous fourth order elliptic equations and weighted Sobolev
embeddings. Adv. Nonlinear Anal. 4, 135-151 (2015)
15. Kong, L.: Multiple solutions for fourth order elliptic problems with p(x)-biharmonic operators. Opusc. Math. 36,
253-264 (2016)
16. Ghergu, M., Rddulescu, V.: Singular elliptic problems with lack of compactness. Ann. Mat. Pura Appl. 185, 63-79 (2006)
17. Ghergu, M., Radulescu, V.: Singular Elliptic Problems: Bifurcation and Asymptotic Analysis. Oxford Lecture Series in
Mathematics and Its Applications, vol. 37. Oxford University Press, Oxford (2008)
18. Cai, M-J, Kang, D--S.: Elliptic systems involving multiple strongly coupled critical terms. Appl. Math. Lett. 25, 417-422
(2012)
19. Nyamoradi, N, Hsu, T-S.: Existence of multiple positive solutions for semilinear elliptic systems involving m critical
Hardy-Sobolev exponents and m sign-changing weight function. Acta Math. Sci. 34B, 483-500 (2014)
20. Cortazar, C, Elgueta, M., Garcia-Melian, J.: Analysis of an elliptic system with infinitely many solutions. Adv. Nonlinear
Anal.6,1-12 (2017)
21. Alves, CO, de Morais Filho, D.C,, Souto, M.AA.S.: On systems of elliptic equations involving subcritical or critical Sobolev
exponents. Nonlinear Anal. 42, 771-787 (2000)



Deng et al. Boundary Value Problems (2018) 2018:53 Page 21 of 21

22.

23.

24.

25.

26.

27.

28.

29.

30.

31
32.

33

34.

35.

36.

37.

38.

39.

40.

42.

Kang, D-S.: Positive minimizers of the best constants and solutions to coupled critical quasilinear systems. J. Differ.
Equ. 260, 133-148 (2016)

Benrhouma, M.: On a singular elliptic system with quadratic growth in the gradient. J. Math. Anal. Appl. 448,
1120-1146 (2017)

L0, D-F: Multiple solutions for a class of biharmonic elliptic systems with Sobolev critical exponent. Nonlinear Anal.
74,6371-6382 (2011)

Alvarez-Caudevilla, P, Colorado, E., Galaktionov, V.A.: Existence of solutions for a system of coupled nonlinear
stationary bi-harmonic Schrédinger equations. Nonlinear Anal., Real World Appl. 23, 78-93 (2015)

Kang, D-S., Xiong, P: Ground state solutions to biharmonic equations involving critical nonlinearities and multiple
singular potentials. Appl. Math. Lett. 66, 9-15 (2017)

Deng, Z-Y, Huang, Y-S.: Existence of symmetric solutions for singular semilinear elliptic systems with critical
Hardy-Sobolev exponents. Nonlinear Anal,, Real World Appl. 14, 613-625 (2013)

Kang, D--S., Yang, F. Elliptic systems involving multiple critical nonlinearities and symmetric multi-polar potentials. Sci.
China Math. 57,1011-1024 (2014)

Deng, Z-Y, Huang, Y.-S.: Symmetric solutions for a class of singular biharmonic elliptic systems involving critical
exponents. Appl. Math. Comput. 264, 323-334 (2015)

Deng, Z-Y, Huang, Y--S.: Multiple symmetric results for a class of biharmonic elliptic systems with critical
homogeneous nonlinearity in RY. Acta Math. Sci. 37B, 1665-1684 (2017)

Palais, R: The principle of symmetric criticality. Commun. Math. Phys. 69, 19-30 (1979)

Rellich, F.: Perturbation Theory of Eigenvalue Problems. Courant Institute of Mathematical Sciences, New York
University, New York (1954)

D'Ambrosio, L., Jannelli, E: Nonlinear critical problems for the biharmonic operator with Hardy potential. Calc. Var.
Partial Differ. Equ. 54, 365-396 (2015)

Lions, PL.: The concentration-compactness principle in the calculus of variations, the limit case. Rev. Mat. Iberoam. 1
(part), 145-201 (1985) 1 (part Il) (1985) 45-121

Ambrosetti, A, Rabinowitz, PH.: Dual variational methods in critical point theory and applications. J. Funct. Anal. 14,
349-381(1973)

Pucci, P, Rddulescu, V.: The impact of the mountain pass theory in nonlinear analysis: a mathematical survey. Boll.
Unione Mat. Ital. (9) 3, 543-582 (2010)

Rabinowitz, H.: Methods in Critical Point Theory with Applications to Differential Equations. CBMS. Amer. Math. Soc.,
Providence (1986)

Nyamoradi, N.: Solutions of the quasilinear elliptic systems with combined critical Sobolev-Hardy terms. Ukr. Math. J.
67,891-915 (2015)

Brezis, H., Lieb, E.: A relation between pointwise convergence of functions and convergence of functionals. Proc. Am.
Math. Soc. 88, 486-490 (1983)

Han, P-G.: The effect of the domain topology on the number of positive solutions of some elliptic systems involving
critical Sobolev exponents. Houst. J. Math. 32, 1241-1257 (2006)

. Alves, CO. Multiple positive solutions for equations involving critical exponent in R, Electron. J. Differ. Equ. 1997, 13

(1997)
Ekeland, I.: Nonconvex minimization problems. Bull. Am. Math. Soc. 3, 443-474 (1979)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	On G-invariant solutions of a singular biharmonic elliptic system involving multiple critical exponents in RN
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries and main results
	Existence and multiplicity results for problem (PQ0)
	Multiplicity results for problem (PsigmaQ)
	Acknowledgements
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


