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Abstract

In this paper we consider the existence and regularity of solutions to the following
nonlocal Dirichlet problems:

AYU-AL +uP=fx), xeQ,

|X|25
u>0, X € L,

u=0, XERN\Q,

where (-A) is the fractional Laplacian operator, s € (0, 1), € ¢ RV is a bounded
domain with Lipschitz boundary such that 0 € €2, f is a nonnegative function that
belongs to a suitable Lebesgue space.

Keywords: Fractional Laplacian; Hardy potential; Regularizing effect

1 Introduction

Recently, the fractional Laplacian has more and more applications in physics, chemistry,
biology, probability and finance. The fractional Laplacian (-A)* is a pseudo-differential
operator defined by

ulx) —u(y) dy, se€(0,1),

(—A)sll = ﬂN,sP.V./ W y

RN

where P.V. stands for the Cauchy principal value and ay is a constant given by

e / 1-cosx _1222371717%1*(1\[;23)
SRV IT(=9)]

For some equivalent definitions of (—-A), see [1-5].

The operator (—A)* is well defined as long as u belongs to the space Cllc;i N L, where

I - I |u(x)|
s=\UE L RNW<OO .
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In this paper, we establish existence and regularity of solutions to the following nonlocal

problem:

(=AYu-r IxL\{ZS +uf =f(x), xe€Q,
u>0, xeQ, (1.1)
u=0, X € RN \ Q,

where s € (0,1), p>0, 2 C RY is a bounded domain with Lipschitz boundary such that
0 € @, f is a positive measurable function in .

Before stating our main theorem and related results, we give some notions used in this

paper.
Definition 1.1 Let s € (0,1), @ C RV, define the fractional Sobolev space

|u(x) — u(y)]

N+25

H(Q) = {u eLX(Q):
le—yl 2"

e LY x Q)},
and the space Hj(RY), defined as
Hy(RN) = {u e H*(RY) :u=0,x e RV \ @},

endowed with the norm

) - u(y)|* ) 2
||u||Hg(Q)= QW ’

where Q =RN x RV \ (C2 x CR).

The Hardy inequality plays an important role in this paper [6-8],

ﬂNs |u(x) ”(J/ |2 N
A dxdy, € CP(RY), 1.2
N'S/H;N |x|25 - /RN A;{N lx — y|N+2s xay, U 0 ( ) (1.2)
where
2 (N2
Ans= 22872(1\[‘_‘28)
2 (=32)

is optimal and not attained.
We need to make precise the sense of solutions that we will handle here and distinguish

two types of solutions, according to the regularity of f.

Definition 1.2 Assume 0 < X < Ay, For f € H™*(Q2) we say that u € Hj(€2) is a finite en-
ergy solution to problem (1.1) if, for any w € H3(2),

aNs(( AYuw A/ uw
Q

FE dx+/9u”wdx=(f,w),
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where (-, ) is the natural duality product between H and H~, be defined as

s (u(x) ~u() (W) -wl)
(At W)y = PV /RN RN = T;(Y yllf’j;s vy

Definition 1.3 For f € L™(Q), m > 1, we say that u € L}(R2) is a weak solution to problem
(1.1) if u” € LY(R), u = 0 in RN \ Q and the following equality holds:

/u(—A)%pdx—A/ L¢dx+/ u"q&dx:ffd)dx, Vo € H3(S).
Q o x> Q Q

Recently a great attention has been devoted to understanding the role of the Hardy po-
tential in the solvability of fractional elliptic problem; see for instance [9-13] and the ref-
erences therein. In particular, Abdellaoui et al. [12] obtained regularity of solutions to the
following nonlocal nonlinear problem:

(=AYu-r IxTZ* =f(x), x€,
u>0, x €, (1.3)
u=0, xeRVN\ Q,

with f € L"(2) and 0 < A < Ay, where Ay, appears in the Hardy inequality (1.2). The
main results of [12] can be summarized as follows:
o Iffel™(Q),m> 7 the unique energy solution u € Hj(2) to problem (1.3) with
A< Angs satlsﬁes u < C|x|7 for some constants C and y.
I <m <5 N the unique energy solution u to problem (1.3) verifies u € L' (),

N+2s —
m* = = prov1ded A< ANS#.
e Iflcmc< N+25 the umque weak solution u to problem (1.3) verifies

uel” (Q)N Wslm () for all s; <s and m} = Z2L W

The main objective of this work is to explain the combined influence of the Hardy po-

, provided A < An ¢

tential and lower order terms on the existence and regularity of solutions to problem (1.1).
The influence of the Hardy potential for fractional Laplacian was studied in [12], the main
effect of the Hardy potential in (1.3) is that the weak solutions to problem (1.3) satisfy
u(x) > Clx|”" for some constants C and vy, this fact shows that u(x) is unbounded in a
neighborhood of the origin, instead of u(x) € L*°(€2). On the other hand, it is well known
that the lower order term #” produces a regularizing effect; see [14—17] and the refer-
ences therein. Therefore, thanks to the regularizing properties of the lower order term,
we will prove that summability of finite energy the solution to problem (1.1) increases as
the power of the lower order term increases; see (1.4) below.

According to such a definition, we can now state our existence results for problem (1.1).

Theorem 1.4 Assume A < Anys. Then, foranyf € L"(Q)withl <m <1+ %,pmblem (1.1)
has a weak solution. More precisely, u € Hy(2) N LP*1(Q).

In the case where f € L™(Q2) withm > 1 + 1%’ we will prove the following existence result.
Theorem 1.5 Let f € L"(Q) withm > 1+ }7, and

4p(m —1)

P 1y 1
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Then there exists a finite energy solution u to problem (1.1) that verifies

llllpmsp @y < CIF s (1.4)
where
Np(m-1)+1)
My = ——————.
N —2s

Remark 1.6 Obviously,

Npm-1)+1)

— 400 asp — 0.
N —2s

Thus the summability of the solution to problem (1.1) increases as p increases.
Remark 1.7 When s = 1, the above theorem was proved by Adimurthi et al. [18].

The paper is organized as follows. In Sect. 2 we collect some useful tools, such as
Sobolev’s imbedding theorem and a certain algebraic inequality. Furthermore, we also ob-
tain a prior estimate of the absorption term #” by analyzing the associated approximating
problems. The proofs of Theorem 1.4 and 1.5 will be given in Sect. 3.

2 Useful tools and preliminaries
In this paper, we will use the classical truncating method. Given u a measurable function
we consider the k-truncation of u defined by

u, lu| <k,
Ti(u) =

k&

e |u| > k.

The remainder of the truncation Ty (u) is defined as Gi(u) = u — Ty (u).
We will also need the classical Sobolev theorem; for an elementary proof of this inequal-
ity, see [1].

Lemma 2.1 Let s € (0,1) and N > 2s. There exists a constant C(N,s) such that for any
measurable and compactly supported function f : RN — R,

If @) - fO)1?
Hf”in(RN) < C(N,s) /]RN /I;N dedy, (2.1)
where 2; = 2 is called the Sobolev critical exponent.

The next algebraic inequality will be used in our article.

Lemma 2.2 Let si,s, > 0and a>0. Then

a+l a+l
da G T2

(51 —sz)(s‘f —5‘2’) > m(s1 -, ) . (2.2)

Proof The complete proof is given in [12], for the reader’s convenience, we include here a
sketch of the proof.
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If s; = 0 or s, = 0, This conclusion is obvious. We can assume s; > $5 > 0, let x := s5/s7,
then (2.2) is equivalent to

_Cﬁ%ﬁu xT)’, xe(0,1). (2.3)

(1-x)(1-x%)
Set

h(x) = (1-%)(1 - 2%)(a + 1)* — da(1 -x)".
Rewrite / as

hx) = (a-1)°(1-xF) = (@+1)*(x? —x3)”.
For a > 1, we claim that

(@-1)(1-x7) > (@+1)(x? —x%).
Define

@)= (a-1)(1-x%) = (@+1)(x? —x?).

Clearly,

a_q a-—1 1
i<
a

Therefore /1 (x) > /(1) = 0, which shows that (2.3) holds.
For a < 1. Firstly we show that

(1-a)(1 —xa_gl) > (a+ 1)(x% —x%).

In order to do this, define

a

hy(x) == (1-a)(1 —quﬂ) —(a+1)(x2 —x%).

By Young’s inequality, we obtain /(x) < 0 for all x € (0,1) and hence h;(x) > /;(1) = 0
which shows that (2.3) holds again. Therefore, (2.2) holds. O

Now we consider the following approximation problems:

(=A)u, —)\.‘ ‘25 T +u n=fux), x€Q,
u, >0, x€Q, (2.4)
u, =0, xeRN\ Q,

where f,(x) ( L

:|»—A’
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Lemma2.3 Letf € L"(2), m > 1. Then, for every n € R, there exists a solution u,, € H3(S2)
to problem (2.4) such that

fQ < /Q I3 (25)

Proof To show estimate (2.5), we will consider the case m > 1 and m = 1 separately.
Case m > 1. Choose ¢ = uﬁ(m_l) as a test function in (2.4), we get

ans [ [ W)=t @ =" o) [
LA, e

|x _y|N+2s

up(m—1)+1
[ [
Q o |x*

Then (1.2) and (2.2) yield

-1) m-1

plm-1)+1 p( )+1
@( dp(m-1) & )// n > @ -uy > ¥)°
2 \(pm-1)+1)2  Ans/) JaJa | — y|N+2s

-1
+/uﬁm§/fuﬁ(m ).
Q Q

Therefore
f " < / fub" Y, (2.6)
Q Q
provided
A < 419(”’1 - 1)AN,S

(p(m—1) +1)>
Applying Holder’s inequality on the right-hand-side of (2.6), we obtain

m/
/fuﬁ(m_l)illfllm(sz)(/ Mﬁm) ,
Q Q

where m' = -, which together with (2.6), implies that (2.5) holds.
Case m = 1. Using @ as a test function in (2.4), we get

an s / f (0 (%) — 1, (V) (Ti (1 (%)) — Tac(4 (%))
2k JolJa | — y|N+2s

_&/ uy Ti(uy) +/ WP Ti(ur) =ff Ti(utn)
klo 1 CJom ok S kT

Since for any o € RN, o = Ty (o) + Gi(0),

(%) = 10n ) (Tic (0 (%)) — Ti ()
= (Te(un(®)) = Te(un)))” + (Ti (12 %)) = T (02 )) (G (42 (0) = G ().
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Moreover, by Lemma 4 in [19], we know that

(T () = Tic(49))) (G (10 x)) = G () 2 O,

and using Hardy’s inequality (1.2), we get

aN,s Tk un Tk Mn()’ / P Tk(un) / Tk(u )
< ANS)/-/ Ix yIN”S ' Qun [ an k

Since A < Ay, we have

Fatou’s lemma implies, for kK — 0o, that estimate (2.5) holds. O

3 Proof of main results
Let us begin with the proof of Theorem 1.4.

Proof of Theorem 1.4 Setf, = 1 , obviously, f, — f in L}(2) as n — oo. Let ¢ = Ti(u,,) as

a test function in (2.4), we have

ans / f (0 (%) — 1, (W) (Ti (1 (%)) — Tic(4(9)))

|x _y|N+25

Yy / ””Tk(”‘;) + /Q WP Tiuty) = /Q FoTi(ua). (3.1)

Q %%+

Since for any o € R, 0 = Ti(0) + Gi(0),

(%) = 1n ) (Tic (0 (%)) = Ti ()
= (Ti (1)) = T ()
+ (Te (un®) = T () (Gi (40 (%)) = G () ). (3.2)

Moreover, by Lemma 4 in [19], we know that

(T (4 (%)) = Tie(n () ) (G (4 (%)) = Gr(#a(9))) = 0. (3.3)

Therefore, (3.1)—(3.2) lead to

ay,s (Ti(un(%)) = Ti(un(9)))? u,
7/9‘/;2 N /u"Tk Uy,) <k/ [f|+)»/Q E (3.4)

Recall that

f ur [ (Ti(wn) + Ge(un))?
Q

> Jo Jo[>s

T]?(M,,) G]%(un) T/((M,,)Gk(bt,,)
= 2 . 3.5

|x|28 |x|2s |x|25
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On the other hand, using G(u,,) as a test function in (2.4), we have

ﬂN,g// |Gkun(x)_Gkun(x)|2_)L/ 1, Gy (1)
2 JalJa | — y|N¥2s o |xl*

. /Q Gty < /Q FGeun). (3.6)

Moreover, u,Gi(u,) = G2(uy) + Ti(14,)Gr (1), thus this fact combined with (3.6), implies
that

2 2
%/ |Gritn(x) — Gty (x)] _ )\/ Gk(un) +/ uﬁGk(un)
QJIQ Q Q

2 |x_y|N+2s |x|25
Gk(un)
§k/ n+kk/ . (3.7)
Qf o lx*

Applying the Young inequality on the right-hand-side of (3.7), we get

/ Gr(uty) 1/ G (uy) 1/ 1
<- + = .
o I T 2]/ [k 2 Jq |«

Taking into account that A < Ay, by the Hardy inequality we obtain

/ (Gilatn0) = GO _ e ps n
QJQ

|x _y|N+25

Therefore {Gy (i)} 1er is uniformly bounded in H§(2), it implies

Gy (un)
<C(f,k, A, Ans).
./Q |x|23 = (f N,s)

Then we get

/ M%, _/ (T/<(Mn)+Gk(un))2
ol Jg e[

T/?(un) G]%(un) T (1) G (1)
= 2s + 2s +2 2s
o x| o |« Q [oc]

< C(f! k; )"1 AN,S)' (38)

Putting together (3.4)-(3.5) and (3.8), it follows that

an / (Ti(un(x)) = Ti(un()))?
QJIQ

+ | 1! u,) <C(f,k, 1, Ans).
s i /Q P () < Clf K, 2y A )

We deduce that Ty(u,) is uniformly bounded in H§(2) N LP*1(2). Then we pass to the
limit in the approximation problem (2.4); up to a subsequence, there exists a function
u € Hy(Q) N LF(Q).
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Now we want to prove that #, — u in L'(R2). Let ¥;(c') be defined by

1, o>t
Vi(0) =10, |o|<t, (3.9)
-1, o<-t.

Choosing ¢ = ¥;(u,) as a test function in (2.4), we get

/Q W) < /Q S,

which implies that

/ ub < / f.
{up>t}NQ2 {up>t}NQ2

Let E is any measurable subset of Q. For any ¢ > 0 we have

/uﬁft”|E|+/ ubl <t’|E| + Ifl.
E

EN{uy,>t} {un>t}

The above fact and f € L'(€2) allow us to say that, for any given ¢ > 0, there exists £, such

that
/ Ifl<e.
{un>te}
Hence
fuﬁ <t|E| +e.
E
Therefore

lim [ ) <e.
IEl—~0 J £

Thus we prove that limg|_.o [, #}, = 0. Vitali’s theorem implies that u}, — u” in L'(Q) i.e.

lim ub = | uP. O
n— o0 Q Q

Let us show Theorem 1.5, that is, the existence of solution to problem (1.1) in the case
where f € L™(2) with m > ’%1.

Proof of Theorem 1.5 Define B = p(m — 1), that satisfies p + B = fm’. Using ¢ = ul asa test
function in (2.4), we have

ans [ [ @) = 0O ®) = ua0) [ . 5 it
= Wl + A
/Q i +/Qun /qu +

2 |x_y|N+2s o |x|2s’
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Now, by Lemma 2.2, we get

(v (%) — un () (1 () — i (9)) =

Using Hardy’s inequality, we have

B+1

B+l B+l
/uﬁ“ > ang /(u 2 (%) —u,” ()
) .

el Jo o lxl* ZANs Joc — y [N+

We conclude that

B+1 g+l
ans (n® (%) —un” (9)* »
((ﬁ+1 ANS)// o= y N2 +fg”ﬁ
<l (/Q “f”")

With this choice of 8, by Lemma 2.3 we obtain

L

g1
7 ()2
/ / = Ix y|N+zs o = Clifllzm

By Lemma 2.1, we arrive at

(/3+1)2$

1
%
( Uy ° ) < Cllfllzm
Q

Furthermore,

(B+1)2F Npm-1)+1)
= = M.
2 N -2s

)23

As a consequence there exists a function u € L (R2).

Page 10 of 12

(3.10)

(3.11)

Finally, we want to prove that #, — #” in L'($2). Using (3.10) as a test function in (2.4),

we have

/Q W) < /Q Fiitasn).

For any ¢ > 0 and E C Q2 is measurable. we get

/uﬁftp|E|+/ W < t*|E| + If].
E ENn{uy, >t} {un>t}

There exists t, such that

/Eu’,’lftﬂEHs.
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We see that |E| — 0 implies

/uﬁfs,
E

i.e., the sequence i, is equiintegrable. Consequently

lim / ub = / u.
H—>0Q Q Q
Thus we have proved the existence result. d

4 Conclusion

In this paper, we main study the regularizing effect of a nonlinear term #”, and the influ-
ence of the Hardy potential on the existence of solutions to fractional Laplacian equations.
Specifically, the positive effect of the nonlinear term #” is shown.
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