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Abstract

This paper investigates the existence, multiplicity, and nonexistence of symmetric
positive solutions for the fourth-order n-dimensional m-Laplace system

¢m xX'@)N = WOfEx), 0<t<l,
=x(1) fo g(s)x(s) ds,
¢m X”(O) Om(x"(1)) :fo S)Prm (X" (s

The vector-valued function x is defined by x =[x, x5, ... x0T,

(1) =diaglyn (t),..., YD), ..., wa(0)], where i € [P[0, 1] for some p > 1. Our methods
employ the fixed point theorem in a cone and the inequality technique. Finally, an
example illustrates our main results.

Keywords: Symmetric positive solutions; n-dimensional system; m-Laplace
operator; Matrix theory; Fixed point technique

1 Introduction
Consider the fourth-order n-dimensional m-Laplace system

(0 (x"(@®)))" = W) (,x(2)), O<t<], (1.1)
subject to the following boundary conditions:

x(0) =x(1) = [ g(s)x(s)ds,

1.2
Gm(X"(0)) = $(X"(1) = [y hls)pm(X"(s5)) ds, (-2

where

x(0) = (210, 220), ., %,(8))

W(2) = diag[y1(8), Ya(0), ..., Yu(B) ],

£(6,x) = (%), ... fi(t, %), .., fult x))

B (X (8)) = (D (317(0)), o (22" (0)), s o (2" ()
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g(s) = diag[g1 (), £2(5); ... gu(s) ],
h(s) = diag[hl (s), h12(s),..., h,,(s)].

Here, we understand that f;(¢,x) means that f;(£,x1,%2,...,%,),i=1,2,..., 1.
Therefore, system (1.1) means that

(Pm(x1"(2)))" vi®) 0 -~ 0 N(tx)
(Pm(x2"(2)))" 0 Yo@® --- O fo(t,x)
. = . . ) . ) . (1.3)
(Pm (24" (2)))" 0 0 - YD) (2, X)
Similarly, (1.2) means that
x1(0) x1(1) gils) 0 - 0 x1(s)
x2(0) x2(1) 1 0 gafs) - O ) x2(s)
=l - 1=0 | s,
xn}o) xpn(1) 6 (') gn.(s) xn'(s)
dm(x1”(0)) Pm(x1” (1)) hi(s) 0 - 0 Sm(x1”(s)) (1.4)
Gm (2" (0)) (2 (1)) 1 0 () - O Bm(x2" (5))
= = /o . ds.
Pl () Bl (1) 0 0w m®/) \guwm o)
And then it follows respectively from (1.3) and (1.4) that
(Pm(x1"(£)))" = YO, x1(8), ..., xa(2), O<t<1,
(Pm(x2" ()" = Y (O)fa(t, %1 (2), ..., x4(2)), O<t<], 15)
e O = U610, 0(0), Ot < L,
x21(0) =21(1) = [y @ @ s)xl(s) ds,
¢m(xl ( )) ¢m xl ) fo ({bm X1 ( )) ds,
%2(0) = x5(1) = fo &2(s)xa(s) ds,
Gm(x2"(0)) = Ppu(x2"(1)) = fol o (8)Pm (%2 (5)) ds, (1.6)
%,(0) = = folgn xn( )ds,
¢m(xn”( )) = ¢m xn fo ¢m Xn (5)) ds.

From above, we know that system (1.1)—(1.2) is equivalent to system (1.3)—(1.4), and
system (1.3)—(1.4) is equivalent to system (1.5)—(1.6); thus, system (1.1)—(1.2) is equivalent
to (1.5)-(1.6).

A vector-valued function x is called a solution of (1.1)—(1.2) if x € C%([0,1], R") with
dm(X") € C*((0,1), R"), and satisfies (1.1) and (1.2). If, for each i = 1,2,...,n, x;(t) > 0 for
all ¢ € (0,1) and there is at least one nontrivial component of x, then we say that x(¢) =
(x1 (), 22(2), ..., %, ()T is positive on /.

For the case of n =1 and ¥(¢) =1 for t € ], system (1.1)—(1.2) reduces to the prob-
lem studied by Zhang and Liu in [1]. By using the upper and lower solution method and
fixed-point theorems, the authors obtained some sufficient conditions for the existence of
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positive solutions for the above problem. For the case of n =1, m =2, g(¢£) =0, h(t) =0 for
t €Jand ¥ € C[0,1] not ¥ € L?[0,1], system (1.1)—(1.2) reduces to the problem studied
by Graef et al. in [2]. By using Krasnosel’skii’s fixed-point theorem, the authors obtained
some existence and nonexistence results. For other related results on system (1.1)—(1.2),
we refer the reader to the references [3—27]. Moreover, for the latest development direc-
tion of the fourth order differential equations, see the references [28-31].

At the same time, we notice that a class of boundary value problems with integral bound-
ary conditions has attracted many authors (see [20, 32—42]). It is an important and inter-
esting problem, which contains two-point, three-point, and multi-point boundary value
problems as special cases; for instance, see [43—58] and the references cited therein.

Here we point out that our problem is new in the sense of fourth-order n-dimensional
m-Laplace systems with integral boundary conditions introduced here. To the best of
our knowledge, the existence of single or multiple positive solutions for fourth-order n-
dimensional m-Laplace systems (1.1)—(1.2) has not yet been studied, especially for the

case

\I"(t) = diag[wl(t)) ceey I/fi(t)r ceey wn(t)];

where v; € L?[0, 1] for some p > 1. In consequence, our main results of the present work
will be a useful contribution to the existing literature on the topic of fourth-order n-
dimensional m-Laplace systems with integral boundary conditions. The existence, multi-
plicity, and nonexistence of symmetric positive solutions for the given problem are new,
though they are proved by applying the well-known method based on the fixed point the-
orem of cone expansion and compression of norm type.

Throughout this paper, we use i = 1,2,..., n, unless otherwise stated.

Let/ =[0,1], R, =[0,400), R =Ry X Ry X --- x R4, and

n

X= [xlfo,'H;xn]T S RZ

In addition, let the components of W, £, h, and g satisfy the following conditions:

(H1) ¥i(t) € LP(J) for some 1 < p < +00, and v;(£) is nonnegative, symmetric on J, and
there exists N > 0 such that v;(¢) > N a.e.on J;

(H) fi:] x R? — R, is continuous, and for all x € R”, f;(¢,x) is symmetric on J;

(H3) gi,h; € L1(J) are nonnegative, symmetric on J with

1 1
i ::/(; gi(s)ds €10,1), V; ::/0 hi(s)ds € [0,1). (1.7)

The organization of this article is as follows. In Sect. 2, we present some new properties
of Green’s function associated with system (1.1)—(1.2), and we list some definitions and
lemmas that will be used to prove our main results. Section 3 is devoted to prove the
existence, multiplicity, and nonexistence of symmetric positive solutions for system (1.1)—

(1.2). Finally, in Sect. 4, an example illustrating our main results is also presented.
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2 Preliminaries

In this part, we give some properties of Green’s function associated with system (1.1)—
(1.2), and we present some definitions and lemmas which are needed throughout this pa-
per.

Definition 2.1 (see [59]) Let E be a real Banach space over R. A nonempty closed set
P C E is said to be a cone provided that

(i) au+bvePforallu,ve Pandalla>0,b>0and

(ii) u,—u € P implies u = 0.
Every cone P C E induces a semi-ordering in E given by u <vifand only if v—u € P.

Definition 2.2 If x(¢) = x(1 —t), t € J, then x is said to be symmetric in J.
In our discussion, X = (x1,%s,...,%,)" is symmetric on J if and only if x; is symmetric

onj/.

Next, we reduce system (1.1)—(1.2) to an integral system. It follows from system (1.5)—
(1.6) that system (1.1)—(1.2) can be written as follows:

(G i2)) = Yi(O)filt, 21 (8), .., xa(8), O<it<]1,
%(0) = (1) = [ gi(s)xi(s) ds, (2.1)
Dn(x(0)) = (/" (1)) = [i} hi(s) (i’ (5)) dis,

where ¢,,(s) = [s|"2s, m > 1, ¢ =}, ot ow =1

Firstly, by means of the transformatlon

D (% () = =3i(8), (2.2)

we can convert system (2.1) into

yi"(t) = (t)f(t x(t )), 0<t<l,
{yl fo i(s)yi(s) ds, 23
and
%" (1) =~ (D)), 0<t<1, o
%(0) = (1) = [ @i(s)xi(s) ds. '

Lemma 2.1 Assume that (Hs) holds. Then system (2.4) has a unique solution x;(t) and x;(t)
can be expressed in the form

1
- /0 H'(t,8)pm (i(s)) ds, (2.5)

where

. 1 1
H'(t,s) = G(¢,s) + / G(t,s)gi(7)dr, (2.6)
1-wiJo

i

(2.7)
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Proof The proof is similar to that of Lemma 2.1 in [60]. O
By (2.6) and (2.7), we can show that Hi(¢,s) and G(t,s) have the following properties.
Proposition 2.1 Assume that (H3) holds. Then we have

Hi(t,s) >0, G(t,s) >0, Vt,se€(0,1);

| (2.8)
H'(t,s) >0, G(t,s)>0, Vtse].
Proposition 2.2 Forall t,s € ], we have
1
e(t)e(s) < G(t,s) < G(t,t) =t(l—-t) =e(t) <e= max e(t) = 7 (2.9)
€,
G(1-t1-5s)=G(ts). (2.10)
Proposition 2.3 Assume that (Hs) holds. Then, for all t,s € ], we have
. . , . 1 .
p'e(s) < H'(t,s) < y's(1—s) =y'e(s) < ay’, (2.11)
where
1
) 1 ) e(t)g(t)dr
yie—  pi= u (2.12)
1—py 1-w
Proof By (2.6) and (2.9), we have
‘ 1
H'(t,s) = G(¢t,s) + / G(s,7)gi(r)dr
1-wiJo
1
> [ Genamar
1—uiJo
1
. s e(0)gi(r)dr (13
11—
= ple(s), te]. (2.13)
In addition, noticing that G(¢,s) < s(1 —s), we have
‘ 1
H'(t,s) = G(t,s) + / G(s,7)gi(r)dr
1-wiJo
1 1
<s(l-3s)+ / s(1-s)gi(r)dr
—HKiJo
1
<s(1 —s)|:1 + / gi(r)dt]
—MiJo
1
=s(1-s)
— i
=yles), te]. (2.14)
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Proposition 2.4 Assume that (Hs) holds. Then, for all t,s € ], we have
Hi(1-1¢1-5)=H{ss). (2.15)
Proof The proof is similar to that of Proposition 2.1 of [60]. d

Lemma 2.2 Assume that (H;)—(Hs) hold. Then system (2.3) has a unique solution

1
0=~ [ Hi@Iwi(x0) ds, 216)
0
where
. 1 1
Hi(t,s) = G(¢,s) + T / G, s)h;(v)dv. (2.17)
=i Jo
Proof The proof is similar to Lemma 2.1 of [60]. d

Remark 2.1 Assume that (H3) holds. Then, for all ¢,s € ], it follows from (2.17) that
Hi(t,s) >0,  pie(s) <Hj(ts) <ys(l-s) < Zy{, Hi(1-1¢1~5)=H,(ts5),

where

) [ e(m)hi(z) de S|

i _—_— =
,01— 1—1)1‘ ’ yl

1—1)1‘.

Assume that «; is a solution of system (2.1). Then it follows from Lemma 2.1 that
1 .
x(t) = — / H(t,)bm (7(5)) s, (2.18)
0
and then, it follows from Lemma 2.2 that
x;(¢) = / H'(¢, ), (/ Hi(s, t)lﬁi(t)ﬁ(r,x(r)) d'() ds. (2.19)
0 0

Let E=C[0,1],X =E X E x --- x E, and for all x = (x1,%3,...,%,)7 € X, the norm in X is
—_—

n

defined as

n
lIxl) = sup f].
=1 t¢J

Then (X, || - ||) is a real Banach space.
Define a cone K in X by

K= {x = (x1,%,...,%,)7 € X :2; > 0,x,(t) is symmetric and concave on /,

min ;xi(t) > §|x| } (2.20)
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where

i( i ym*-1
§ = min (Sl‘, Si:%.
1=izn vt

We also define two sets K, Kz by
K, ={xeK:|x| <r}, Kip={xeK:r<|x|| <R},

where 0 <7 <R.
To make our research significant, let g;(¢) £0, h;(t) £0foranyt e/, i=1,2,...,n.

Remark 2.2 By the definition of o', pi, y%, !, we have 0 < §; < 1, and then 0 < § < 1.

Let T : K — X be a map with components (T4,...,T},..., T,). Here, we understand Tx =
(T1x,...,Tx,..., T,x)T, where

(T;x)(2) :/0 H'(t,8) > (/0 H(s, )¥i(t)fi (7, x(1)) dr) ds. (2.21)

From the proof of Lemma 2.1 and Lemma 2.2, we have the following remark.

Remark 2.3 From (2.21), we know that x € X is a solution of system (1.1)—(1.2) if and only
if x is a fixed point of the map T.

Lemma 2.3 Assume that (H,)—(Hs3) hold. Then we have T(K) C K, and T : K — K is
completely continuous.

Proof For all x € K, from (2.21), we know that

1
(Tix)" = =P ( /0 Hi(t,8)yi(s)fi(s,x(s)) ds) <0, (2.22)

which implies that T;x is concave on J.
In addition, it follows from (2.21) that

(Tix)(0) = (Tix)(1) = 0.

Thus, for all ¢ € J, we have (T;x)(¢) > 0. Noticing that ;(¢) is symmetric on (0, 1), x;(¢) is
symmetric on J, and f;(-, x) is symmetric on J, we have

(Tx)(1-1¢) = /0 H(1 =¢85} (/o H;(s, )Yt )fi(7,x(1)) dr) ds
= / H 1 -¢t1-5)p,un (/ Hi(1-s, r)l//,'(r)fi(t,x(r)) dr) dl-s)
1 0
1 1
:/ H (¢, 8) (/ Hi(1 —s,r)wi(r)fi(r,x(t)) dr) ds
0 0

- /0 H 9
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0
X (/ H{(1-51-1)y;(1-1)fi(1-7,x(1-1))d(1 —r)) ds
1

1 1
= / H (L, 8) @y (/ Hi(s, T)¥i(0)fi (v, x(1)) dr) ds
0 0

= (Tix)(2),

which shows that (T;x)(1 — t) = (Tix)(¢), ¢ € J. And hence (T;x)(¢) is symmetric on /.

In addition, according to (2.14), we know that

1 1
(Tix)(¢) = /0 H'(t,5) @y (/0 Hi(s, T)¥i(t)fi (7, x(7)) dr) ds
. 1 1 1
<y'(y)" / e(s)Pm= (/ e(D)¥i(0)fi(7,x()) dr) ds, Vte].
0 0

Then

n n " 1 1
I'Tx]|| = Zsup(Tix)(t) < Zyi(yf)m 71/ e(s) P (/ e(T)l/fi(f)ﬁ(T,x(T)) dT> ds.
=1 i=1 0 0

Similarly, according to (2.13), we know that
n n 1 ’ . |
mi]n D (Tx)(@) = mi]nZ/ H'(t,8) G+ (/ Hi(s, T)¥i(1)fi (7, x(7)) dr) ds
te ) te ~ o ;
n X 1 .
> ;pi(Pf)m _1/0 e(8) </0 e(t)¥i(x)fi(1,x(1)) dr) ds

= Xn:(s,yi(yi)m*‘lfle(s)q& *(/le(r)w«(r)f(r x(1)) dr) ds
L i 1 A m A i i\T»
> $[ITx|l.

Thus, we have T;x € K, then there is T(K) C K.

Next, we show T is completely continuous, and we need to show 7; is completely con-
tinuous.

Let [ > 0 and define

7 =sup{fi(t,x(8)) :x e R, x|l <1} >0.
te]

We show that T} is compact.
For each [ > 0, let B; = {x € K : ||x|| < {}. Then B, is a bounded closed convex set in K.
V(X)) men € K, it follows from (2.21) that

1 1
|Tixm|=‘/0 Hl(t,s)q)m*(fo H{(s,t)wi(r)ﬁ(r,xm(r))dr) ds

11N L
51”’(13’1’) /O¢m</0 wi(t)ﬁ(r,xm(r))dr)ds
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IA
N

14

1\t _
) 0"
1 'm*—l
o) @

1 1

¢m*</ w,«(r)d1> ds
0 0
/ b (10111

IA
-

14

(
(

1 1 \" _16,» m*—1 -1
=27 (Zy) )" (i)

1 . m’ _ o
(U) @™ )™

Therefore, (T;(B;)) is uniformly bounded.
Next we show the equicontinuity of (T;X,,)ucnr- Due to H(¢,s) is continuous on J x /,
then H(t,s) is uniformly continuous. Thus, for any ¢ > 0, there exist [; > 0, ¢, € J, if

|t1 — t2| < [1, we have

1 1
(Tx)(t2) = (Tix)(81)] = ‘ f Hits,5)o ( f Hi s ()i (72 30m(0)) dr) ds
0 0

1 1
_f Hi(tl,s)(j)m*(/ H{(s,r)wi(r)ﬁ(f,xm(f))df)ds
0 0
1
_ ‘ | 1) - i)
0

1

*

1 N\ I .
5(ny) (2 7 /0 \H(t1,5) - H'(t5,5)| ds

<e,
which shows that (7;x,,),eAr is equicontinuous on /. Therefore, it follows from the Arzela—
Ascoli theorem that there exist a function T} € C[0,1] and a subsequence of (T;X,)men’
converging uniformly to 7} on J.

We prove the continuity of T;. Let (X,,)cn” be any sequence converging on K to x € K,
and let L > 0 be such that ||x,,|| < L for all m € V. Note that f;(¢,x) is continuous on J x Kj.

It is not difficult to see that the dominated convergence theorem guarantees that
lim (Tix,,)(2) = (Tix)(t) (2.23)

for each ¢ € J. Moreover, the compactness of T; implies that (7;x,,)(£) converges uniformly
to (T;x)(¢) onJ. If not, then there exist &g > 0 and a subsequence (xm]. )jenr of (X)) mens such
that

sup |(Tix) () — (TX)(8)| = 80, jEN. (2.24)
te]

Now, it follows from the compactness of 7; that there exists a subsequence of (xm},)/e AN

(without loss of generality, assume that the subsequence is (X, )je ) such that (TiX,;)jen
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converges uniformly to yo € C[0, 1]. Thus, from (2.24), we easily see that

sup lyo(®) = (Tx)(8)| = €0, jeEN. (2.25)

On the other hand, from the pointwise convergence (2.23) we obtain

Yo(t) = (Tix)(t), te].

This is a contradiction to (2.25). Therefore T; is continuous.
Therefore T; : K — K is completely continuous. This completes the proof of
Lemma 2.3. |

In the following lemma, we employ Holder’s inequality to obtain some of the norm in-

equalities in our main results.

Lemma 2.4 (Holder) Lete € LP[a, bl withp > 1,h € L1[a,b]l withq > 1, and % + % =1.Then
eheLa,b], and

llenllr < llellpll7allg-
Letec L'[a,b] and h € L®|a,b). Then eh € L'[a, b], and
llehllr < llell1l|Alloo-

Finally, we state the well-known fixed point theorem of cone expansion and compression
of norm type.

Lemma 2.5 (see [59]) Let P be a cone in a real Banach space E. Assume Q1, 2 are bounded
open sets in E with 0 € QI CQ,A:PN(Q\ Q) — Pis completely continuous such that
either

@) NAx[l < llx[l, Va € PN 0Qy; |Ax| > [lxl|, Y € PN 32 or

(ii) | Ax|l > [lx]l, Vo € PN 0Qy; [|Ax|| < [lx]l, Yx € PN 2.
Then A has at least one fixed point in PN (2 \ ).

Remark 2.4 To make it clear for the reader what Q1, Q,, 31, 32, and €5 \ €; mean, we
give typical examples of ©2; and £2,.
Q= {x € Cla,b] : ||x| < r}, Q) = {x € Cla,b] : ||x|| <R},

0\ Q ={xeCla,b]:r<|lx| <R},
where 0 <7 <R, ||x|| = maxse[qs) [%(2)].

3 Main results

In this part, by using Lemmas 2.1-2.5, we show the existence, multiplicity, and nonex-
istence of symmetric positive solutions for system (1.1)—(1.2) under the following three
cases for ; € LP[0,1] : 1 < p < oo, p =1, and p = o0.
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For convenience’s sake, we introduce the notations:

ACEY ALY

B
= limsu : liminfm:
f=i Jip = Uminfmin s

HXH—>ﬂp e o (Ix)’

1 .. 1 ) n" *_1
D= cny'(villellgllend,)™ Da=<g) ny (riN)"

where 8 is 0 or co.
The first existence theorem deals with the case 1 < p < 0.

Theorem 3.1 Assume that (H,)-(Hs) hold. Furthermore, assume that one of the following
conditions is satisfied.

(C1) There exist two constants r, R with 0 <r <8R such thatf(t, x) < ¢m(DLi)f0r te],

0 < IIxll < r, and £(,) = du(>

(C) fio> ¢m(5D, ) and f° < q’)m(D ) (partzcularly,fo =00 cma,’foc =

Then, system (1. 1) (1.2) has at least one symmetric positive solution.

Proof Case (1). Considering the condition (C;), for all x € dK,, we have |x|| = r and
filt,x(2)) < ¢m(DLi), i=1,2,...,n. Thus, for all £ € J, we have

ITxl| =) sup(T;x)(z)

=1 t¢J

sup/ H(t, 5) (/ Hi (s, ) ¥i(0)fi (v, x(1)) dr)

i1 te]

” . -1 1 1 r
‘n m* i m\ ~ d d
N R R e T I

<Zy yi) / e(s)¢m*< / lellg ||wl||pdr)

"1 ., w1 T
=;gyl(y{||e||q||winp) 15

n

=== Il GD

i=1

In addition, for all x € 9Ky, we have ||x|| = R, and then it follows from (2.20) and (C;)
that

ITx]| = Zsu;(ﬂx)(t)

=1 €

sup/ H(t,5) P (/ Hi (s, T)¥()fi (7, x(7) )dr)

i-1 €

n . 1 1
> Zpi(p{N)m _1/0 e(8) Py (/0 e(t)dym, (81; )dt) ds

i=1
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n m*
1) m R
= - Siy’(yllN) ,
(s
n
R
=Y~ =l (32)
n

Case (2). Considering condition (C,), it follows from the definition of fjy and fj >

.(—=) that there exists r; > 0 such that
8,D"
i1

fit,%) = (fio - €1)dm(lIxIl), Ve ,0< x| <r,

where ¢! > 0 satisfies D 8(fip — £1)" ' > 1,i=1,2,...,n. Then, for all t € ], x € 3K,,, we
have

n

ITxl| = sup(T;)(z)

=1t
n

1 1
:Zsup /0 H(t,8) P ( /0 Hi(s,r)npi(r)ﬁ(r,x(t))dt) ds

=1 ¢

=3 pl(oiNy" | a9 (/ @) (f e (Ixi)dr ) ds
el — 1 0 m ) i0 1)¥m

" e N
-3 (5) O -

i=1

x|
>y =Ixl. (3.3)
i=1

Next, turning to f;>° < ¢m(Dii), i=1,2,...,n and we know that there exists R; > 0 such
that

[(6x) < (F° +b)pm(IIxl),  VEeT, x| =Ry,

where &} > 0 satisfies D;(f® + &))" 1 < 1,i=1,2,...,n.
Let

M= max fit,x), i=12,...,n
O<|x[|<Rq,te]

Thus, for all ¢ € ], x € K, we have fi(¢,x) < M’ + (f + epm(Ix1), i=1,2,...
Letting

% S maX{Vl,ﬁl, (Mi)m*_lDi(l _Di(fioo + Eé)m*_l)_l}
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then, for all £ € /, x € 0Kp,, we have

ITx|| = Zsup(Tx ()

sup/ Hit, $) (f H{(s, D) ¥i(t)fi(z, x(r))dr) ds

i-1 te]

" *_ 1 1 . .
<Y Oletavit)” ™ [ e ( [ +s;)¢m(uxn))dr) s
i=1 0 0
" - D; wio1. . Dj
= D) (e ) =
i=1

o b D:
Z - —Rl(f"" r b)) T (f ) 1||x||7l

n

DI

i=1

(3.4)

Applying Lemma 2.5 to (3.1) and (3.2), or (3.3) and (3.4) yields that T has at least one
fixed point x* € K, , orx* € I_<71'R1 . Thus it follows from Remark 2.3 that system (1.1)—(1.2)

has at least one symmetric positive solution. This finishes the proof of Theorem 3.1. [
The following theorem deals with the case p = oco.

Theorem 3.2 Assume that (H,)-(Hs), (C1) or (H1)—(H3), (Cy) hold. Then system (1.1)—

(1.2) has at least one symmetric positive solution.
Proof Let |le]l1]|¥:llo replace |le|l;||¥;ll, and repeat the argument above. O

Finally, we consider the case of p = 1.
Let

*

Lo wio1( 1 m-1
D; =ny'(v{) 1(||1/fi||1) 1(1) .

Theorem 3.3 Assume that (H,)—-(Hs), (C1) or (H1)—(H3), (Cy) hold. Then system (1.1)—

(1.2) has at least one symmetric positive solution.

Proof Similar to the proof of Theorem 3.1. For all £ € ], x € 9K, we have
1Tl =)~ sup(T:x)(z)
=1

sup/ H(t, 8) gy (/ Hi(s,t Iﬂ,(l’)f(l’ x(t ))d‘()d

i-1 te]
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<Xn:yi(yi)m*—1/16(.§)¢) *</ e(t)y;(t)¢p ( )dr>d
= - 1 A m i m D;

- 1 m* -1
Zy )" ||1/fl||1) 1(1)

n

-y % - IxII. (3.5)

i=1
Next, similar to the proof of Theorem 3.1, we can finish the proof. O

In the following theorems we only consider the case of 1 < p < co.

Theorem 3.4 Assume that (H,)-(Hs) hold. Furthermore, assume that one of the following
conditions is satisfied.
(C3) There exists two constants r, R, which satisfy 0 < r <8R, such that f;(t,X) > ¢ (=
forte],0< Ix|| < r, and f;(t,x) <¢m( )forte], SR < ||x|| <R;

(Cy) fio < qu ) and fioo > ¢”’(5 o ) (partzcularly,fo 0 and fix = 00),
wherei=1,2,.. ,n Thus, system (1 1) (1.2) has at least one symmetric positive solution x*.

)

(SD’

Proof The proof is similar to that of Theorem 3.1, so we omit it here. d
Next, we discuss the multiplicity of system (1.1)—(1.2).

Theorem 3.5 Assume that (H1)—(Hs) and the following conditions hold.
(Cs) fio> %(ﬁ) and fis > %(ﬁ) (particularly, fio = fioo = 00);
(Ce) there exists a constant b > 0 such that maX;ej x| =5fi(t, X) < qu([%).
Then system (1.1)—(1.2) has at least two symmetric positive solutions x*, x** with

0< ||x** || <b< ||x* “ (3.6)

Proof Choose two constants 7, R with 0 < r < b < R. It follows from (Cs) that
if fio > ¢m($), then by means of the proof of (3.3), we obtain that
i1

ITx|l > [Ix]l, Vxe€dKy; (3.7)
if fioo > ¢m($), then by means of the proof of (3.3), we obtain that
i1
ITx| > [Ix]l, Vxe€dKg. (3.8)

On the other hand, it follows from (Cs) that

1 1
ITx|| = Zsup/ Hl(t,s)¢m*(/0 Hi(s,r)l//i(r)ﬁ(r,x(r))dr>ds

i-1 te]

<i o) / ey ( f el lill fi(e X(T))dt) ds
— — Y y] 0 m 0 q pli\“»
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n

. ot — 1 1 b
<V /0 e<s)¢m»«(/0 ||e||q||wi||p¢m<5)df)ds

i=1

n
Lo m*-1 b
=;gy (villellglwill,») )

=b=|x|l, VxeakK. (3.9)

Applying Lemma 2.5 to (3.7), (3.8), and (3.9) yields that T has a fixed point x** € K,
and a fixed point x* € K, z. Then it follows from Remark 2.3 that system (1.1)—(1.2) has at
least two symmetric positive solutions x* and x**. Noticing (3.9), we obtain [|x*|| # b and
[Ix**|| # b. Therefore (3.6) holds, and the proof of Theorem 3.5 is complete. O

Similarly, the following Theorem 3.6 can be obtained.

Theorem 3.6 Assume that (H1)-(Hs) and the following conditions hold.
() £ <bm(5) and f° < ()
(Cg) There exzsts a constant B > 0 such that mingej,x =g fi(t, X) > DL

).
§;Df
Then system (1.1)—(1.2) has at least two symmetric positive solutions X* and x** with

0< ||x**|| <B< ||x*||

Theorem 3.7 Assume that (H,)—(Hs) hold. If there exist 2n positive numbers by, dy,
k=1,2,...,n,withby <8dy <di <by<é8dy<dy<---<b,<éd, <dy,,suchthat
(Cy) f(t X) < ¢l for t €, 8bx < x| < by and f(6,X) = ¢
Ix|| <dy, k= 1 2,...,1; 0
(Cro) filt,x) = Pl 6D’ )for te], 8by < ||Ix|| < by and fi(t,x) < ¢ D—k fort €], ddy <
x| <di k=1,2,..

Then system (1.1)—(1.2) has at least n symmetric positive solutions Xy, and Xy satisfy

b <|Ixill <dp, k=1,2,...,n

Finally, we discuss the existence result corresponding to the case when system (1.1)—
(1.2) has no symmetric positive solutions.

Theorem 3.8 Assume that conditions (H,)—(Hs) hold and f;(t,x) < qu(Di) vee], lIx|| > 0.
Then system (1.1)—(1.2) has no positive solution.

Proof Assume to the contrary that x is a positive solution of system (1.1)—(1.2), then for
any 0 < £ < 1, we have x € K, x;(¢) > 0, and

n
lIxll = > supaxi(2)
=1

sup/ H(t, )b (/ Hi (s, ) ¥(0)fi (7, x(1)) dr) ds

-1 t€/

n o [T 1
SZW(V{) /Oe(s)cbm*(/o e(t)wi(t)fi(t,x(t))dr)ds

i=1
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n Lol 1
<;y"(yf)’” ! fo (5 ( /0 e(r)%(r)%('ﬁ')dr) ds

o amt Xl 1
SiZ:;V(Vl) 11’; /O e(s)¢m*(/0 ||e||q||'lfi||pdr>ds

1 x|
. . m*—1
= v (rillelglvill,) o

i=1

= x|l
This is a contradiction, and this completes the proof. 0

Similarly, we have the following results.

Theorem 3.9 Assume that (Hy)-(Hs) hold and fi(t,x) > ¢ ”x”) ve e ], x| >0,
i=1,2,...,n. Then system (1.1)—(1.2) has no positive solution. ~

Proof Assume that x is a positive solution of system (1.1)—(1.2). Then, for any 0 < ¢ < 1,
we have x € K, x;(¢) > 0, and

x| = Zsupxl
i=1

sup/ H(t, 8) </ H: (S,t)lﬁ,(t)f(r x(r)) d‘L’) ds

-1 €]

=3 i) [ e ([ (e ) as

sl — 1 ) m o i\t
n . 1 1

= ;Siyi(ny)m _1/0 e(S) (/0 e(t)fi(7,x(1)) dt) ds
iyt [ ! |

> Z:(Sn/ (viN) /O e(8) P (/0 e(r )¢m<51D,l> dr) ds

() ol

= [Ix]l.

This leads to a contradiction, and this finishes the proof. d

4 An example
In the following example, we select n =2, m=2,p=2,and N = 1.

Example 4.1 Consider the following system:

(p2(x"(1)))" = W(D)f(t,x(2)), O0<t<]1,
x(0) =x(1) = fol g(s)x(s) ds, (4.1)
$2(x"(0)) = p2(x"(1)) = [ h(s)a (X (s)) s,
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where

3 3 0
g(t)=<0 ), h(t)=<0 %>,
(6 0 [ L+ sinmo)ad
\I/(t)_<0 3), f(t,x)_( ” )

Then, by calculations, we obtain that m* = 2, u; =ty = vy = %, Vg = %, yl=y2=yl=

2
2.3 1_ 2_ . 1_1 2_1 s _ 1 ¢ _ 1 _ 1 _ 8 _ 3 1_2
Vi=5 P =P =P =5 P =13 0= 13 0= 55 0=535 D1= Dy = Dy=3
D?=1 and
1= 5

D= O

1
H(t,s) = Hll(t,s) =H%(t,s) = G(t,s) + / G(s,1)dr,
0

1 1
le(t,s) =G(t,s) + E/ G(s,7)dT,
0
where

t(l1-s), 0<t<s<l,

G(t,s) =
s(1-¢), 0<s<t<l.

Clearly, conditions (H;)—(H3) hold. Next, we show that the condition (C;) of Theo-
rem 3.1 holds. Choosing r = %, R = 6° x /3, we obtain that

r 1 430 +/30 R 9
¢2<D—1):§XT=1—y ¢2<m):144x§x65x{’/§=3x68x\6/§,
r 1 /30 +/30 R
¢2<D—2):§XT:T, ¢2<@):216X6X65X\6/§:X69X\6/§,

1\° 1
fl(t,x):(1+sin7rt)x?§2><r6:2><(5) :3—2, forte],0<|x| <r,

1 6
fAlEx) =1+ sinnt)x? > (8;R)°® = (m X 6° X x6/§> =3 x (54)°,

forte/,6R < ||x|| <R,

1\* 1
fz(t,X)=x3§r4=<§> e’ forte],0<|x| <r,

1 4
filt,x) = x5 > (82R)* = (ﬁ X 6° x f/§> =33 x 6%, forte/,0R<|x| <R

Therefore, fi(t,x) < q)z(DLl_), forallt €], 0 < ||x|| <r, and fi(¢,x) > ¢2(%), forall t €/,
SR < x| <R, i=1,2. 1

Therefore, it follows from Theorem 3.1 that system (4.1) has at least one symmetric
positive solution.

5 Conclusion

In this paper, we obtained several sufficient conditions for the existence, multiplicity,
and nonexistence of symmetric positive solutions for the fourth-order n-dimensional m-
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Laplace system with integral boundary conditions. Our results will be a useful contribu-
tion to the existing literature on the topic of fourth-order n-dimensional m-Laplace sys-

tems.
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