Liu and Wang Boundary Value Problems (2018) 2018:62 @ Bounda ry Value PrOblemS
https://doi.org/10.1186/513661-018-0982-2 a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

Some properties of solutions
for an isothermal viscous Cahn-Hilliard
equation with inertial term

Changchun Liu” and Jiaojiao Wang

“Correspondence: liucc@jlu.edu.cn
Department of Mathematics, Jilin
University, Changchun, China

@ Springer

Abstract

In this paper, we study the global existence and blow-up of solutions for an
isothermal viscous Cahn-Hilliard equation with inertial term, which arises in
isothermal fast phase separation processes. Based on the Galerkin method and the
compactness theorem, we establish the existence of the global generalized solution.
Using a lemma on the ordinary differential inequality of second order, we prove the
blow-up of the solution for the initial-boundary problem.
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1 Introduction

In this paper, we are concerned with the following initial-boundary problem:

Sty + us — kAuy + A*u=Af(u), x€Q,t>0, (1.1)
ulye =0, Aulye =0, t>0, (1.2)
u(x,0) = p(x), uy(x,0)=v(x), x€€, (1.3)

where Q C R” (1 < 3) is a bounded domain with smooth boundary, § > 0 is an inertial
parameter, k > 0 is a viscosity coefficient, and f(s) is a given nonlinear function.
Equation (1.1) was proposed in [1] to model rapid spinodal decompositions in a bi-
nary alloy. Zheng and Milani [2] proved that the dynamical systems generated by problem
(1.1)—(1.3) admit exponential attractors and inertial manifolds. Zheng and Milani [3] show
that the dynamical systems admit global attractors and that these global attractors are at
least upper-semicontinuous with respect to the vanishing of the perturbation parameter.
Gatti et al. [4] considered problem (1.1)—(1.3). Their result is the construction of a ro-
bust family of exponential attractors, whose common basins of attraction are the whole
phase-space. They [5] also considered the same problem in the three-dimensional setting.
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Grasselli et al. [6] studied a differential model describing nonisothermal fast phase sep-
aration processes taking place in a three-dimensional bounded domain.

(@ +x)+V-q=0,
oq;+q=-V1,
kxe + xe — A(=Ax +ax: +d(x)-9) =0,

where o € [0, 1]. This model consists of a viscous Cahn—Hilliard equation characterized by
the presence of an inertial term y,, x being the order parameter, which is linearly coupled
with an evolution equation for the (relative) temperature ¢.

The blow-up of solutions for the fourth order equation has been intensively studied.
Chen and Lu [7] considered the initial-boundary value problem for the nonlinear wave
equation

U — Zhlxlxxt + A Uyxxx :f(ux)x'

They obtained the blow-up of the solution and the energy decay of the solutions. Wang
[8] studied the equation

Uy + A%u + pu, + au = |ulPu.

He gave necessary and sufficient conditions for global existence and finite time blow-up
of solutions. Escudero et al. [9] discussed a fourth order parabolic equation involving the
Hessian

u + APu = det(D?u) = Af.

The authors proved the global existence versus blow-up results. Qu and Zhou [10] studied
the following:

u, + D*u = Iulp_lu—][ P~y dx.
Q

By using the method of potential wells, they obtained a threshold result of global exis-
tence and blow-up for the sign-changing weak solutions and the conditions under which
the global solutions become extinct in finite time. In this paper, we consider the global
existence and blow-up of solutions for problem (1.1)—(1.3). To prove the blow-up of solu-
tions, we establish a new functional and consider the solution of the Bernoulli type equa-
tion. Basing on the required estimates and using a lemma on the ordinary differential in-
equality of second order, we prove the blow-up of the solution for the initial-boundary
problem. The main method is nontrivial because of both the nonlinearity of Af(x#) and
more delicate estimates which are necessary to overcome some delicate technical points.

The plan of this paper is as follows. In Sect. 2, we prove the existence and uniqueness
of the global generalized solution for the initial-boundary value problems (1.1)—(1.3) by
the Galerkin method. We also give some sufficient conditions of the blow-up of the solu-
tions for the initial-boundary value problems (1.1)—(1.3) in Sect. 3. Finally, in Sect. 4, we
discussed the decay rate of energy. For simplicity, we set § = 1 in this paper.
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2 Existence of the global solution
We are going to prove the existence and uniqueness for problems (1.1)—(1.3) by the
Galerkin method and the compactness theorem in this section.

Let ;(x) be the orthonormal basis in L2(£2) composed of the eigenfunctions of the eigen-
value problem

Ay+iy=0,
I 2.1)
Yyl =0
corresponding to eigenvalue A; (i=1,2,...).
Let
N
un(x,8) = ynilt)yi() (2.2)

i=1

be the Galerkin approximate solution for problem (1.1)—(1.3), where yy;(t) are the unde-
termined functions and N is a natural number. Suppose that the initial value functions
¢(x) may be expressed as

o) =Y pyi), Y@= i), (2.3)
i=1 i=1

where w; and v; (i = 1,2,...) are constants.
Substituting the approximate solution uy(x,t) into Eq. (1.1), multiplying both sides by
ys(x), we obtain

(uNtt + UNt — kAMNt + AZMN;}’s) = (Af(uN)xys)r §= 1’2; “oe ’N; (24')

where (-, -) denotes the inner product of L2(2).
Substituting the approximate solution uy(x, ) and the approximations

N N
on@) =) i), YN =Y v
i=1

i=1
of the initial value functions into the initial condition (1.3), we get
Yns(0) = s, yns(0) =vs, s=1,2,...,N, (2.5)
where yy;(¢) = %yNs(t).
In order to prove the existence of the global generalized solution for problem (1.1)—(1.3),

we make a series of estimations for the approximate solution uy/(x, £).

Lemma 2.1 Suppose that ¢ € HX(Q) and € L*(Q) satisfy the boundary condition (1.2),
f€CUR),0<F(s)= [, f(n)dn,and |f'(s)| < Cy|s|*+ C,, where Cy >0, C; > 0 are constants.
Then the following estimate holds:

lunC,0)|5n + |50 > <, telo, T, (2.6)

where and in the sequel C > 0 is a constant which only depends on T.
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Proof Let w,, be the unique solution of the problem

Awy, = uy,

Wwylaq = 0.

Substituting the approximate solution ux(x,t) into Eq. (1.1), multiplying both sides by
2wni, we obtain

(v + e — kA + AzuN,2th) = (Af(un), 2wnr).

Integrating by parts with respect to x on €2, we have

d 1
d—|:HVWNt(',t) I?+ [ Van (o 0)|* + 2/ F(un)dx}
t 0
+ 2” Vwne(+ t) H2 + 2k||l41\1t(-,1,‘)||2 <0.
Hence, we know

IVwaell < C, (2.7)

[Vun| < C. (2.8)
By the Sobolev imbedding theorem, it follows from (2.7) and (2.8) that

llunlize < C, foranygq<oo (n=2), (2.9)

luxlls <C (n=3). (210)
Multiplying both sides of (2.4) by 2yng(£), summing up for s =1,2,...,N, we have
(uNtt +uny — kAupg + AZMN» 2MNt) = (Af(uN), 2”Nt)'
Integrating by parts with respect to x on €2, we get
d 2 2 9 2
SO+ | A (O] + 2l + 2k Ve -, 1)
1, 2 2
= 7 V@) Vun o[+ k| Vi 0

By |f'(s)| < C1lul? + Cy, hence
d 2 2 2 2
e 01" + | A O]+ 2luel® + k| Vi, )]
SC”l’”\/”io"'c' (2.11)

On the other hand, by the Gagliardo—Nirenberg inequality, (2.9), and (2.10), we see

2
q+2

lulloo < CllAul*llully ™ < ClAul®, a= (n=2),

lulloo < Cl AU |ullg? < ClAul*®  (n=3).
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Therefore, by (2.11),
d 2 2 9 2
SO+ [ Aun (O[] + 20wl + k[ Vune D)
< C|lAuyl|?® + C. (2.12)
Then, integrating (2.12) on [0, ¢] and using the Gronwall inequality, we deduce
lun GO |2p + w2 0] < CeT (@l + 1w 12 +1), €0, T). (2.13)
Immediately, we get (2.6) from (2.13). The proof is completed. O
Lemma 2.2 Suppose that the conditions of Lemma 2.1 hold. If f € C3(R), ¢ € HX(R),
W € HX(Q), and |f"(s)| < Css| + Ca, |[f""(s)| < C, then the approximate solution for problem
(1.1)—(1.3) satisfies the following estimate:
Jun G 0)]| 3 + |une 0| + |una 0| < C(T), 0<t<T. (2.14)
Proof Multiplying both sides of (2.4) by 2A2y(£), summing up for s = 1,2,..., N, we have
(e + tne — kAung + APun, 20%up;) = (Af (un), 28%uny).
Integrating by parts with respect to x, we get
%(”Aum(-,t)nz + | A2un(,8)|P) + 2] Aune 1) |P + 2k |V Aua (0|
=2 /Q Af(uy) - A’up, dx.
On the other hand, we know
2/9 Af(uy) - A?upn, dx = —2/Q VAf(uy) -V Auy; dx
and
VAf(un) =" (un) [V un [ Vuy + 3f" (un) Vi Auy +f'(un)V Auy.
By (2.13), we know that ||u#||, < C, hence
2/Q Af(un) - Aun; dx
< C([IVan P||* + 1V un Au | + 1V Aua %) + k|| V Aune (-, )|
Thus,
@ ([ ausete 0+ | A% 0]) + 2] Ao, O] + K] ¥ Aao 0

< C(|Van )] o + [ Van ) o | Aun (- 0) 14 + |V A 0)[). (2.15)
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By (2.13) and the Sobolev imbedding theorem, we see that

|Vunllze < C, foranyg<oo (n=2),

[Vunle <C  (n=3).
Using the Gagliardo—Nirenberg inequality, we conclude
P e IS o

< C” AzuN(-,t)H +C, wherea= u (n=2),
4 +4q

3/8 5/8

| Aun (0|2 < €| A%un 0| | Vun (0)| 56 < C|A%un(, 0]+ C (n=3).
On the other hand, by boundary conditions (1.2), we obtain
IV Auy|* < Cl|A%un >
Substituting the above inequalities into (2.15), we get
d 2 2 2 2 2
S am 0"+ [a%un(0]7) = CT) + [ A%un ()]
Integrating the above inequality, and using the Gronwall inequality, we have

| Aune 0| + | A2un (0| < CT)(lol2u + 112, + 1), £€[0,T). (2.16)

Similarly, multiplying both sides of (2.4) by ysu(£), summing up for s =1,2,...,N, we de-

duce
(MNtt +uny — kAup, + A2MN» MNtt) = (Af(MN); MNtt)~
Integrating by parts with respect to x and using the Cauchy inequality, we have

||uNtt("t) ”iz
:—/ uNtuNttdx+k/ AuNtuNttdx—/ AzuNuNttdx+/ Af(un)ungy dx
Q Q Q Q
< 2||uNt(~, t) ||2 +2k? || Aum(-,t)“2 + 2|| AzuN(-,t)”2
1
+ 2] A )| + 2 Jaenee - )]
Therefore, we conclude

|une20) |72 < C(T),  te[0,T). (2.17)

Immediately, we get (2.14) from (2.16) and (2.17). This completes the proof. O
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Theorem 2.1 Suppose that ¢ € H(Q) and € H*(Q) satisfy the boundary conditions
(1.2),f € C3(R),0 < F(s) = [y f()dn, |f'(s)] < Cils|>+Ca, [f"(s)] < Csls| + Cy, and |f"(s)| <
C. Then problem (1.1)—(1.3) has a unique global generalized solution

ue C([0, T H*(R2)) N C'([0, TT; H*(R)) N C*([0, T1; L*(R)). (2.18)

Proof From (2.14) we know that uy € C([0, T]; H*(2)), un; € C([0, T); H*(R)), uns: €
C([0, T]; L*(R2)). Using the Sobolev imbedding theorem, we have Dfuy € C([0, T] x ),
0 < k < 2. It follows from the above two relations and the Ascoli—Arzeld theorem that
there exist a function u(x, ) and a subsequence of uy(x, t), still denoted by uy(x, £), such
that as N — 00, un(x,t) uniformly converges to u(x, ) in [0, T] x Q. The corresponding
subsequence of Aup(x,t) also uniformly converges to Au(x, t) in [0, T] x Q. According to
the compactness theorem, the subsequence Dfun(x,£) (0 < k < 4), DXup(x,8) (0 < k <2),
and un (%, t) weakly converge to D¥u(x, t) (0 < k < 4), D*u,(x,t) (0 < k < 2), and uy/(x, t)
in L2([0, T] x ), respectively. Hence, we know that u(x, t) satisfies (2.18). Therefore u(x, t)
is the generalized solution for problem (1.1)—(1.3). It is easy to prove the uniqueness of the
solutions for problem (1.1)—(1.3). This completes the proof of the theorem. O

3 Blow-up of solutions

In the previous sections, we have seen that the solution of problem (1.1)—(1.3) is globally
existent, provided that F(s) > 0. In this section, we will prove the blow-up of the solution
for F(s) < 0. For this purpose, we need the following lemma.

Lemma 3.1 ([7]) Assume that u' = G(t,u), v > G(t,v), G € C([0,00) x (-00,0)), and
u(ty) = v(to), to = 0, then when t > ty, v(t) > u(t), where u' = %u(t).

Let w be the unique solution of the problem

Aw = u,

wlaq = 0.
We have the following theorem.

Theorem 3.1 Suppose that
(1) f(s)s < yF(s), F(s) < —als|P*!, where F(s) = f(ff(u) du,y >2,a>0,andp>1 are
constants.
(2) ¢ e HY(Q), ¥ € HX(Q) and

E(0) = ||Vw,(0) ||2 + | Vol? + Z/QF((/J(x)) dx

2p
_2p—1

<0,

N (_“;V;B?));%(l _elypT

then the generalized solution u(x, t) of problem (1.1)—(1.3) blows up in finite time, i.e.,

t t t T
||Vw||2+/ ||u(-,r)||2dr+/ ||Vw(-,1:)||2dr+/ / lul?dsdt — oo, ast— T*.
0 0 o Jo
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Proof Let

t
E(t):/wwmdmzk/ / |u,(x,r)|2dxdz+/ \Vul? dx
Q 0 JQ Q

t
+2/F(u)dx+2/ / |Vw,(x,r)|2dxdr.
Q 0 Ja

A simple calculation shows that

dE(t
—() :2/ ththtdx+2k/ |ut|2dx+2/ VuVu;dx
dt Q Q Q
+2/f(u)utdx+2/ |Vw, |2 dx
Q Q
:—2/ utwttdx+2kf utAwtdx—2/ Auu, dx
Q Q Q
+2/f(u)utdx—2/ Welty dx
Q Q
=— /[Wﬁ—kAwt + Au —f(u)+w,]utdx.
Q

Noticing equation (1.1), we know that

dE(t)

_:/ V[wtt—kAwt+Au—f(u)+wt]2dx:0,
dt Q

which implies

Moreover, we easily see
t
y/F(u)dx=2E(0>—2||th||2—4k/ ite | d — 2] Ve
Q 0
t
—2/ |Vw, > dt + (y —2)/ F(u)dx.
0 Q

Now, we define

t t t T
H(t) = | Vw|? +/ ||u(~,t)||2dr +/ ||VW(~,T)||2d‘E +/ / lul?dsdr.
0 0 o Jo

It is obvious that

H
w:zf VWVW;dx"'/ ‘I,{(,t)|2dx
Q Q

dt
9 t
+/ |Vw(-, 1) dx+/ / lu*dxdr.
Q o Ja

Page 8 of 15

(3.2)

(3.3)

(3.4)
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Further, we have

d*H(t [ 1
2( ) :2/ IVw:|? — wig + u(, )ue + VwVw, + —|u|? | dx
dt ol 2

g

i 1
2/ |th|2+w(ut+A2u—Af(u)) +VwVw, + §|u|2] dx
el

1
IV, |2 = wiy + w(-, £) A, + VWV w, + 3 |u|2:| dx

i 1
= 2/ IVw|? = VwVw, — |Vul® - f(u)u + VwVw; + §|u|2] dx
QL
> 2[|Vwg||* - 2| V> ~ y/F(u)dm Jlue]|*
Q
t
zz||th||2—2||wn2+||u||2—2E(0>+2||Vut||2+2/ lluae||* d e
0
t
+2||Vu||2+2/ |th|2dr—2(y—2)/F(u)dx
0 Q
> 2|[Vw|I* + lull* = 2E(0) - 2(y —2)/ F(u)dx +2|| Vi ||* > 0.
Q
Integrating (3.5), we conclude that

H'(t) = =2E(0)t — 2(y —2) /O t /Q F(u(x, 7)) dxdr + H'(0).

Integrating (3.6), we deduce

H(t) > —2E(0) - 2(y — 2//f

Combining (3.5, (3.6) with (3.7), we derive

H'(t)+ H'(t) + H(¢)

12
220{()/—2)[/ |u|””dx+/ /|u(x,t)|””dxdr
Q 0 Je
t T t2
+// /|u(x,s)|p+ldxdsdr]+||u||2—2E(0)<l+t+—)
o Jo Ja 2

+ H'(0)(1 +t) + H(0) + 2| Vw, |12 + 2| Vs || %
Substituting (3.4) into (3.8), we get

H”(t)+2/ VWVWtdx+/ |u(-,t)|2dx+/ (V. 1)|* dx
Q

//|u| dxdt + H(t)
> 2a(y - 2)[/ |u|”+1dx+//|u(x, |p dxdrt

x,s) dxdsdt + H' (0)t + H(0).

Page 9 of 15

(3.5)

(3.6)
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t T . t2
+/ / / |u(x,s)’p ldxdsdr:| + ||lu)|? —2E(0)(1 +t+ —)
0 Jo Ja 2

+ H'(0)1 +£) + H(O) + 2| Vw,||> + 2|| Vs || % (3.9)
Recalling H”(¢) > 0, H(t) > 0, and
2/ VwVwedx < |Vw|? + || Vw||%
Q

therefore, from (3.9) we obtain

H'(t) + H(?)

a(y—2)|:/n|u|1’+1dx+/0t/9\u(x,r)|p+1dxdt
+/Ot/01/s;|u(x,s)|p+ldxdsdt:|

£\ 1 1
—E(O)(l +t+ E) + EH’(O)(I +1)+ EH(O)' (3.10)
On the other hand, the Holder inequality implies that

p-1
Nk / P dx > ],
Q

2

+1

//Iul dxdr < 57 |Q| ”1(//|u|ﬁ“dxdr) ,
PN

// /|u| dxdsdt<(5> Q1 (/ / /|u|1‘”1dxdsdr)

Thus

2
+1

+1

¢ 1-p 1-p ¢ pT
/ / lulP* dxdr zt2|§2|z</ / |u|2dxdt) ,
0 Ja 0 Ja
t T -1 t T I%l
/ / / |u|’7+1dxdsdt222tl_p</ / / |u|2dxdsdr)
0o Jo Ja 0o Jo Ja

Substituting the above inequalities into (3.10), and by the fact (x +y +2)" < 220D (x" + y" +
z"), x,5,z >0, n > 1, we know that

H"(¢) + H(t)

_ _ ¢ 2l
za(y—2)|sz|17”[||u||l’“+t17”</f|u|2dxdz>
p+l
127 tl“’(/ / /|u| dxdsdr) :|

_E(O)(l +t+ 5) + 1H/(O)(l +1)+ H(O)
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- . 2
> aly —2)|Q P23 vy —F(O)(l v+ E)
1, 1
+ S H O+ + ZHO), t=1. (3.11)
In addition, note from (3.6) and (3.7) that H'(t) — +00 and H(t) — +00 as t — 00. There-

fore, we see that there is £o > 1 such that when ¢ > ¢y, H'(¢) > 0 and H(¢) > 0. Multiplying
(3.11) by 2H'(¢), we get

d d
S 1] = e EH”T3 10, t>to, (3.12)
where

aly -2)lQ| 2l
B p+3

M

’

2
I(t) = [-4F(0)t + 2H'(0)] [—E(O)(l +t+ %) + %H’(O)(l +1)+ %H(O)].

It follows from (3.12) that

%[ﬂ”‘l(H’2 +H?) —MH%g] > U@, t>t.

Integrating the above inequality over (£, ), we easily see

n+3

Y (H*+H*)-MH *

> / P (r)dr + 87 (H(t) + H(to)) - MHF (), > to. (3.13)

to

Note that when ¢ — o0, the right-hand side of (3.13) approaches positive infinity, hence,
there is #; > o such that when ¢ > ¢4, the right-hand side of (3.13) is larger than or equal to
zero. We thus have

L (H' +H)2 > (H? + H?) ZMHP_ZL3 (t), t=>to,

that is,

p+3

.
H +H>t T MHT @), t>t,

where M; = M2,

Now, we consider the initial value problem of the ordinary differential equation

1-p p+3

S'(@t)+S(e) =Mt (S@) * (2),

S(t) = H(ty).
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Therefore, we conclude that

t
S(t) = e—(t—tl)[H%(tl) _ Ml(l;_ 1) / el ) dr]
t1

4
-

= DH(L) TR (),

where

Mip-1) o1 ' 10 e
](t)=1-—1(’fL )HpTl(tl)/ v e ) g,
t1

It is obvious that /(¢;) = 1 > 0, and

p-1 1-p 1+l p—l( 1)
1 H7 ()t +1)2 / e &t
51

-1 1- -1
—1-MHT ()6 +1) 7 (1-e'7).

By (3.7), we can take ¢; sufficiently large such that

H% (06 + 1) = S (<E0) 7.

1
-2
Condition (2) of Theorem 3.1 implies

J@) <0, t>=t+1

Noticing the continuity of /(¢), we know that there is a constant 7* (t; < T* < £ + 1) such
that J(T™) = 0. Hence S(t) — oo, as t — T*. It follows from Lemma 3.1 that when ¢ > ¢,
H(t) > S(¢). Thus, H(t) - oo as t = T*. Theorem 3.1 is proved. (I

4 Decay rate of energy

In this section, we are going to discuss the decay rate of energy for problem (1.1)—(1.3).
We need the following lemma.

Lemma 4.1 ([11]) Suppose that ] : [0,00) — [0,00) is a non-increasing function and as-
sume that there is a constant L > 0 such that

f J(s)ds < Lj(t), Vt=O0.
t
Then

J(6) <J (e f, Ve=o.

Theorem 4.1 Suppose that the assumptions of Theorem 2.1 hold and 2F(s) < f(s)s. Let
u(x, t) be a global generalized solution for problem (1.1)—(1.3). Then we have

G(t) < G(0)e' ™",

where G(t) = [ [Vw|*dx + [ |Vul*dx +2 [, F(u) dx.
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Proof Recalling (3.1), we derive

— 2 2
G(t) = /Q|th| dx+/Q|Vu| dx+2/QF(u)dx
= | vw.0]* + ||V¢||2+2/QF(¢(x))dx—2k/0t/Q|ur(x,r)|2dxdr

t
—2//|Vwr(x,r)|2dxdt.
0 Ja

A simple computation gives, for any 0 < ¢ <t, < 0o,

to 2
G(tl)—G(tz)zzkf /‘ut(x,t)|2dxdt+2/ /|w,(x,t)|2dxdt
0 Q 0 Q

151 t
- (2/(/ / ‘ut(x, t)’zdxdt+2/ / |th(x, t)’zdxdt)
o Ja 0o Ja

ty 5]
:2k/ /|ut(x,t)|2dxdt+2/ /|th(x,t)|2dxdt, (4.1)
t1 Q 151 Q

which shows that G(¢) is non-increasing.
Multiplying (1.1) by w(x, ), integrating over (¢1,£,) X €2, and integrating by parts, we

have

ty
—/ /(|th|2+|Vu|2+2F(u))dxdt
t Q

(e[ e)

+/;1 /Q(ZF(M) —f(u)u)dxdt,

ty

5]
- ( / |Vw|2dx>
t Q

5]

which implies

5] 5]
/ G(t)dt:Z/ /Ithlzdxdt
151 t Q
12} 2]
- (/ Vwthdx> - </ u2dx) - (/ |Vw|2dx>
Q t Q t Q

+/:2/;2(2F(u) —f(u)u) dx. (4.2)

12}
t1

Recalling the assumption f(s)s < 2F(s), we know

ty ty
/ G(t)dt§2/ /|th|2dxdt
51 t Q
2
- </ Vwthdx) - (/ u? dx)
Q H Q

12}

(4.3)

t2
- ( |Vw|2dx)
t Q

5]
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Using the Poincaré inequality, we obtain

/ 2=, / Vul?dx < C,G(@),

Q Q

/|Vw|2§C*/ |u|2dx5c§/ [Vul?dx < C2G(¢).
Q Q Q

The Cauchy inequality yields

/ VwVw; dx
Q

1 1 1
< —/ IVw|? dx + —/ |Vw|dx < —(Cf + l)G(t).
2 Ja 2 Jao 2

On the other hand, by the non-increasing property of G(), we get

5]
2/ / |Vw, |>dxdt < G(t)) — G(t,) < G(t,).
t Q

Using (4.4)—(4.7), we deduce

1

/tz G(t)dt <2(C. +3C2+2)G(t) = MG(tl)'

By Lemma 4.1, we conclude that
G(t) < G(0)e! ™,  vt>o0.

This completes the proof.
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