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1 Introduction
In this paper, we consider a nonlinear Timoshenko-type system of thermoelasticity of type
IIT with delay:

P19 — K(dx + ¥)x =0, (%,2) € (0,1) x (0,00),
P2V — by + Ky + V) + BOs

+ e, ) + o £ = T) + f(¥) =0, (x,1) € (0,1) x (0,00),
P30y — 80xx + Y Yty — kOpzx = 0, (x,£) € (0,1) x (0,00),

(1.1)

in which p1, p2, p3, K, b, k, 8, v, 8, 41, to, T are positive constants. In this system, (1Y,
represents a frictional damping, p,y;(x, t — v) represents a delay term, and f () is a forcing

term. We impose the following initial and boundary conditions:

v(x0) =vo(x),  ¥:x,0)=v1(x), x€(0,1),
¢x,0)=go(x),  $(x0)=¢i(x), x€(0,1),
0(x,0) = 6p(x), 0:(x,0) = 01 (x), x€(0,1),
#(0,2) =¢(1,8) = ¥(0,2) =¥ (1, )

=0,(0,2) = 6,(1,£) = 0, t € (0,00),
Vel t — 1) = folx, t — 1), (x,8) €(0,1) x (0, 7).

(1.2)
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We start our literature review with the pioneer work of Messaoudi and Said-Houari [1].

The authors considered the system as follows:

101¢tt - [((¢x + 1//):6 = 0’ (x, t) € (Or 1) X (0’ OO);
P2V — b + K(@x + ) + B =0,  (w,1) € (0,1) x (0,00), (1.3)
0304 — 80,x + Y Vix — kOpx = 0, (x,t) € (0,1) x (0,00).

They obtained an exponential decay result under equal wave speeds (% = %), Later Mes-
saoudi and Fareh [2] studied the case of nonequal speeds (;—i # p—b2) and established a poly-
nomial decay result. In [3], the author consider a vibrating nonlinear Timoshenko system

with thermoelasticity with second sound as follows:

x,t) € (0,1) x (0,00),
x,t) € (0,1) x (0,00),
x,t) € (0,1) x (0,00),
x,t) € (0,1) x (0,00).

P1¢ — K(px + )y = 0,

P2V — by + K(y + V) + 86, + a(t)h(Yr) = O,
P30+ qx + Y Vi = 0,

Tq: + g +0x =0,

—~ o~ o~ o~

They established general decay results for the cases of ; = 0 and p # 0 with the constant

_ P1 (P2 _ PL 82p;
M—(t—m)(j—f)—b@so

On the other hand, Timoshenko systems with delay term have attracted extensive at-

tention, and the increasing complexity of their types makes research more significant. An
arbitrarily small delay may be the source of instability, see [4, 5]. Racke [6] considered the

following coupled system of linear thermoelastic equations with constant delays 7; and 7,:

avy — dve(x, t—11) + B0, =0, (x,2) € (0,L) x (0,00),
bO; — kB (x,t — T3) + Brgy = 0, (x,2) € (0,L) x (0,00), (1.4)
v(0,8) = v(L,£) = 0,(0,8) = 0,(L,£) =0, ¢t € (0,00).

He obtained that the solution of problem (1.4) is instable with any delay 7; > 0 or 7, > 0.
In recent years constant delay 7 has been extended to the time-varying function 7(¢) in
the thermoelastic equations, see [7]. Also, in [8] Nicaise and Pignotti studied the initial-

boundary value problem of wave equation with boundary distributed delay as follows:

Uy — Au=0, (x,8) € 2 x (0,00),

u=0, (x,8) € Ty x (0,00),

(1) + f:f w(S)u(t —s)ds + pous(£) =0, (x,8) € 'y x (0,00), (1.5)
u(x,0) = up(x), uy (%) = uy (%), xeq,

u(x, —t) = folx, —t), (x,£) € T'1 x (0, 1).

They proved an exponential stability result for system (1.5) with the condition

)
/ () ds < o,

1

and when the boundary distributed delay term in the above system is replaced by the in-
ternal feedback f:lz a(x)u(s)u.(t —s) ds with a(x) satisfying some suitable conditions. They
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also obtained that the energy of solution is exponentially decaying to zero under the con-
dition

1)
laloo / J et — 5) dis < puo.

1

We refer the reader to [9-14] for more analogous results. Kafini et al. [15], considered a

one-dimensional Timoshenko-type system

p1¢tt - I<(¢x + w)x + /Llllft(xr t) + leﬁt(x: t— f) = 0! (x’ t) S (Or 1) X (Or OO),
prtt - bWxx + I<(¢x + W) + ﬁetx = 0! (x! t) S (Or 1) X (Or OO), (16)
p39tt - Sexx + thx - ketxx =0, (x, t) [S (0, 1) X (0, OO)

They proved the well-posedness of system (1.6) and established an exponential decay

result under the condition ;—i = p_b2 and a polynomial decay result under the condition

K

o :42. For a Timoshenko system with time delay and forcing term at the same time

P1Pu _I<((px + 'S[f)x =0, (x: t) € (Or 1) X (Or OO):
/021//tt - bvfxx + I<((px + I;[/) (17)
+ () + (=) +f(¥) =0, (1) € (0,1) x (0,00),

Feng and Pelicer [16] obtained an exponential stability under equal wave speeds. In the
b
Ey
thermoelasticity of type III by using the perturbed energy functional technique as well,
and when ;1>_<1 # :42, we achieve a polynomial decay estimate.

This paper is organized as follows. In Sect. 2, we present some assumptions and pre-

present paper, when /I)—i = =, we extend their result to nonlinear Timoshenko system of

liminary works. In Sect. 3, we establish the well-posedness of system (1.1)—(1.2) by using
semigroup theory in [15, 16]. In Sect. 4, we prove the decay results in two cases by using
energy methods.

2 Preliminaries

In this section, we present some materials needed for our main results. For simplicity of
notations, hereafter we denote by || - ||, the Lebesgue space L4($2) norm, and by || - | the
Lebesgue space L*(2) norm.

Assumption 2.1 Assume that f : R — R with £(0) = 0 satisfies

@) —f @) sko([W! [+ 02 )w' - w2, vhy?eR, 2.1)
where ko > 0, ¢ > 1 are constants such that

fW)| <klylclyl, veR (2.2)
In addition we assume that

0<f() <fW)V, VeR, (2.3)

in which f () := [/ £(s)ds.



Hao and Wei Boundary Value Problems (2018) 2018:65 Page 4 of 17

In order to deal with the delay term, we define the following new variable:

z(x, 0,t) = Yy(x, t —10), x€(0,1),0€(0,1),£>0.

Thus we have

t2:(%, 0,8) + 2,(x, 0,£) =0, p €(0,1),£>0.

Then system (1.1)—(1.2) is transformed to

p1¢tt - I<(¢x + w)x = 0! (xr t) S (Or 1) X (Or OO),
prtt - bw:cx + I<(¢x + W) + ﬂetx
+ Mth(x; t) + MZZ(x’ 17 t) +f(W) = Or (xr t) S (Or ]-) X (O’ OO),
p39tt - Sexx + thx - ketxx = 0: (xr t) S (Or 1) X (O’ OO):
12:(%, 0, t) + 2, (%, p,£) = 0, (x,0,) € (0,1) x (0,1) x (0, 00),
w(xr 0) = \lfo(x), I//t(xr 0) = 1/f1 (x): (2 4)
z(x,0,£) = Yy, £), x€(0,1), '
¢, 0) =o(x),  ¢:(x,0) = p1(x), x€(0,1),
0(x,0) =6p(x),  0i(x,0) =01 (x), x€(0,1),
¢(O’ t) = ¢(1’ t) = Iﬁ(O, t) = w(lrt)
=0,(0,t) = 0,(1,£) = 0, t € (0,00),
Z(x’ IO’O) :f()(x’ —,O‘L'), (x¢ ,0) € (Or 1) X (0¢ 1)

In order to use the Poincaré inequality for 6, as in [15], we introduce

1 1
O(x,8) :=0(x, t) — t/ 01 (x) dx — / B (x) dx.
0 0

Then by (2.4); we have
1 -
/ O(x,t)dx=0, t>0.
0

After a simple substitution, we see that (¢, ¥, 6, z) satisfies (2.4). From now on, we work

with 0 but write 6 for convenience.

3 Well-posedness result

In this section, we shall investigate the well-posedness of problem (2.1) with semigroup
theory, we start with the vector function U(¢) = (¢, ¢, ¥, u,6,v, 2)T, where ¢ = ¢, u = Y,
and v = 6;. We introduce as in [15]

1
13(0,1) = {w e 12(0, 1)]/ w(s)ds = o},
0

H0,1):= H*(0,1) N L(0,1),

H2(0,1) := {w € H*(0,1)|wx(0) = wy(1) = 0}.
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Then we define the energy space by
H := Hy(0,1) x L*(0,1) x Hy(0,1) x L*(0,1) x H}(0,1) x L2(0,1) x L*((0,1),L*(0,1)),

equipped with the following inner product:

1
U Uy =y / [010@ + pouli + K(ps + ¥) (@ + V) + b | dix
0
1 _ 1,1
+p f (p3VV + 86,0x) dx + & / / z(x, p)Z(x, p) dp dx, (3.1)
0 o Jo

in which £ is a positive constant satisfying

YTu2 <& < yt(2ur — pa). (3.2)
Thus system (2.4) can be re-written as

LU(t) + AU(E) = FU),

- (3.3)
Uuo) =ty = (¢o,¢1,lﬁo,lﬁl,@o,@l,ﬁ)(',—w)) )
where the operators A and F are defined by
o 0
_[I,_i(ﬁbx + I/f)x 0
_u 0
- b K B H1 “2 =] -1
AU = | =Z W+ oo (e + ) + Dve+ Blus B22(x,1L,0) |, FU) = | - -f (W) |,
- 0
—2 0+ Lu, Vi 0
03 03 03
T2 0
with
D(A) = {u € H|p, ¥ € H*(0,1) N H;(0,1),6,v € H}(0,1), ¢, u € Hy(0,1), } (3.4)
186 + kv e H2(0,1), 2,2, € L*((0,1),L%(0,1)), z(, 0) = ¥ (%) '
and the initial value (6, 0;) satisfies
6o 1= 00(%) — [, bo(@) d, 55)
61 := 61 (x) — [, 61 (x) dx.

By using the same methods as those in [15] and in [16], we can obtain the following Lem-
mas 3.1 and 3.2, respectively. We omit the proof.

Lemma 3.1 The operator A defined in (3.3) is the infinitesimal generator of a Cop-

semigroup in H.

Lemma 3.2 The operator F is locally Lipschitz in H.
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According to Pazy [17], Chap. 6, we can obtain the existing results as follows. We omit
the proof.

Theorem 3.3 Suppose that Assumption 2.1 holds and p, < 1. For any initial value Uy €
H, system (3.3) admits a unique solution U € C(0, 0o; H). Moreover, if Uy € D(A), system
(3.3) admits a unique solution U € C(0,00; D(A)) N C1(0, 00; H).

We introduce the first order energy of problem (2.4) as

1
E(t):= 1 / [V (0197 + K(¢s + W) + 02007 + b)) + B(p367 +667)] dx

2 Jo
i 1 12 1
+2/(; /0 z(x,,o,t)d,odx+y/0f(1//)dx, (3.6)

and the second order energy of problem (2.4) as (if Uy € D(A))

1 1
Ext):= /O [ (017 + K(du + ¥0)* + paipy; + bYL,) + (036, + 86,) ] dx

1,1 1
+5 / / 2(x,p,t)dpdx+y / Fry) dx. 3.7)
2Jo Jo 0
Lemma 3.4 Let (¢,V,0,z) be the solution of problem (2.4). Then the energy functional
defined by (3.6) satisfies
1
E) < —C/ (Gfx +Yldx+ 22 (x, 1, t)) dx <0, (3.8)
0

with some constant C > 0.

Proof Multiplying the first three equations in (2 4) by y ¢+, ¥ ¥+, B0, respectively, and in-
tegrating over (0, 1), and multiplying (2.4), by and integrating over (0,1) x (0, 1) with
respect to p and x, we get

1d

1
2di ), [v (0107 + K(¢s + ¥)* + 0207 + ) + B(p036} +867) ] dx

2dt/ / 22(x,1, t)d,odx+y—/f1//(t)

=—,3K/ Qédx—yulf wtdx——/ f zz,(x, p,t)dp dx
0 0

1
-Vl / Yez(x, 1,t) dx. (3.9)
0

For the last two terms on the right-hand side, by using Hélder’s inequality and Young’s
inequality, we have

g 1 1
——/ / zzp(x,p,t)dpdx———// 2(x, p,t)do dx
TJo Jo
=—</ wfdx—/ zz(x,l,t)dx> (3.10)
2t \ Jo 0
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and

1
—)/sz Yez(x, 1,8) dx < &</ 1/% dx+/ 2(x,1,2) dx). (3.11)

Combining (3.9)—(3.11), we obtain

E’(t)f—ﬁK/ 2 - y(ul—m——)/ Y2

E M2 12
-yl —=—-= ,1,t) dx.
y(2TV 2>‘£ sl

The above assumption (3.2) implies that there exists a constant C > 0 such that

1 1 1
E(t) < —C{/ Qédx +/ %2 dx+/ 22(x, l,t)dx} <0.
0 0 0

This gives (3.8). O

4 Energy decay result

In this section, we shall state and prove our decay result.

Theorem 4.1 Suppose that Assumption 2.1 holds and 1 > ju5. For any initial value Uy €
‘H, there exist positive constants C and « such that the energy of problem (2.4) satisfies

_ .P1 P2
E(t) < CE(0)e™ = ===
(£) < CE(0)e =%

Moreover, if the initial value Uy € D(A), we have that, for some constants C > 0 and M, > 0,
the energy of problem (2.4) satisfies

MI)/I<
4K +b)

Pl@

E(t) < C(E(0) + E2(0)) ™" if0< 5

In order to prove this result, we introduce various functionals and establish several lem-

mas. The construction of the auxiliary function I; (¢) — I3(¢), Is(¢£) comes from [16].

Lemma 4.2 Let (¢, V,60,z) be the solution of (2.4). The functional I, defined by

1 1
()= - /0 (0161 + prb) o~ 2 /0 2 dx (4.1)

satisfies

1 1 1
Ii(t)f—/ (p1¢t2+p21ﬁt2)dx+/ K(¢x+1/f)2dx+(b+C1+2)/ 1/f3dx
0 0

132 1
/ 92 dx + —= / 22(x,1,t) dx.
4 4 Jo
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Proof By differentiating I; and using (2.4), we conclude that

1 1 1 1
I(t) = —f (0197 + por}) dx + / K(py + V)2 dx + b/ V2 dx + / SO dx
0 0 0 0

1 1
+B / O dx + 1o / z(x, 1, )y dx. (4.2)
0 0

By using Young’s inequality and the fact fol Yldx < fol V2 dx, we have

,6/ Oty dx < —/ 02 dx+/ V2 dx, (4.3)
2 1

,uzf z(x, 1, )Y dx < 2/ zz(x,l,t)dx+/ V2 dx. (4.4)
0 4 Jo 0

For the fourth term in (4.2), using (2.2) and the generalized Holder inequality, we obtain

1 1
/0 )| dx < ko/O W11 19 dx < Kol 5, 1 ey 01

By Sobolev—Poincaré inequality and E(t) < 0, we get

2 % 2 % 1
W llaesn) < Cllsl < c(ﬁs(t)) < C(g) E0)}, (45)

in which C > 0 is a constant. Thus, together with the above two inequalities, Young’s in-
equality and the Sobolev embedding theorem for v/, we obtain

1 1

| rwwlar=ci [ uzas (@6)

0 0
Insert (4.3), (4.4), and (4.6) into (4.3), then Lemma 4.2 follows. O
Lemma 4.3 Let (¢, V', 0, z) be the solution of (2.4). The functional I, defined by
1
b= [ (vt + pro@ s ! / V2 ds @)
0

where g is the solution of

(4.8)

—Zyx = Vs O<x<l,
g(O) :g(l) = 0’

satisfies that, for any €, > 0,

1 1
L) <(-b+ 282)/ V2 dx + p182/ ¢ dx + (pz + —)/ Vi dx
0

:82 2 [ 7,
/9 dx 4—/0 z(x,l,t)dx—/of(l/f(t))dx. (4.9)

482 €9
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Proof Using (2.4) and integration by parts, we conclude that

1 1 1 1
B =-b [ widsepn [ idv-p [ Owvd-pa [ st 1owds
0 0 0 0
1 1 1 1
—/ f(l/f)xﬁdx+p1/ (ptgtdx—K/ wzdx+K/ gﬁdx. (4.10)
0 0 0 0

By the fact following from (4.8) that

1 1 1
/ gfdxf/ 1//2dx§/ 1//fdx, (4.11)
0 0 0
1 1 1
/ g dx < / gndx < f i dx, (4.12)
0 0 0

we obtain that
1 1 1 1
L) < —b/ V2 dx + [)2/ wfdx—ﬂ/ thl/fdx—uzf z(x, 1, t)y dx
0 0 0 0
1 1
- / FY®)dx+p / iy dx. (4.13)
0 0
By using Young’s inequality and (4.11)—(4.12), for any &; > 0, we have
1 1
,3/ Ot dx < —/ Q;dx+82/ V2 dx, (4.14)
,uzf z(x,1,8) Y dx < —/ (x,1, t)dx+82/ w dx, (4.15)
0
! P1
p1/ @ig dx < p183 ¢t dx + 4—/ g dx
0 0 £
1
< p182/ q)f dx + f 1/1[ dx. (4.16)
0
Combining (4.13)—(4.16), we have (4.9). a
Lemma 4.4 Let (¢, V,0,z) be the solution of (2.4). The functional I5 defined by
1 1
L) o2 [ Vior )dnspn [ s (@17)
0 0

satisfies for any €3 > 0 that

K C
Ié(t) < b, ;Z(l) + (— - b) / (s + w)xWx dx — (Z - 8222) / (s + Iﬁ)

1
<p2+—)/ A dx+—/ Otzxdx+%/o Z(x,1,t)dx

£3Cy 2
/f(l/f)d < Eak . )/ V2 dx. (4.18)
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Proof By differentiating I3 and using (2.4), we conclude that

K 1
1) = bouvl=h + ("2— - b) / (s + V)t
P1 0
1 1
"K/o (¢x+w)2dx+p2/0 Vi dx
1 1 1
8 /0 (s + ) dx = 11 fo Vilds + ) dx— s /O 20 1,1y + ¥ dx

1 1
- / POy ds - / F)gada. 4.19)
0 0

By using Young’s inequality and Poincaré’s inequality, we have

1 1
5 / Ol + ) < / (b + 9 dx+ B / 2 4y, (4.20)
0 0
1 I( 1 /'L
i / Vel +¥)dx <> / (b + 9 dx+ ™0 / v2ds, (4.21)
0 4 Jo K Jo
1 I( 1 MZ 1
2 / z(x, 1,8)(¢x + ) dx < — / (s + V) dx+ =2 / (%, 1,¢t) dx. (4.22)
0 4' 0 I( 0
By using the fact that
1 1 1
f 2 dx < 2/ (s + ¥)2 dx + 2/ V2 dx, (4.23)
0 0 0

we arrive at, for any €3 > 0,

1
/ f () p| do < KollW 115 1) 19 Il 1 b
0
83C2 1 ) b2 1 )
< sz / ¢xdx+2 /wxdx

1 2 pl
83C2/ (fx + V)2 dx + CZ/ Ipzdx+b—/ wfdx
b2 283

C ! C
=< Sk / (fx + V) dx + 83 £ / ¥ dx, (4.24)
b? 0 283
in which C; is a positive constant. Combining (4.20)—(4.24) yields the conclusion. (]

Next we deal with the boundary term in (4.18). We introduce the function

qx)=-4x+2, x€(0,1). (4.25)
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Lemma 4.5 Let (¢, V,0,z) be the solution of (2.4), then for g3 > O the following estimate
holds:

bpy d [} €301 d

bxx == 5, xd
el < e dt ), VT @

b? b2 302 G o,
7e3+ — 3+—+—+—2 wxdx
2es  4ed T 4 des ' 4el

+(M1 'Ozb)/ V2 dx+( K 83+683)/ (¢x + W) dx
4-83 2e3

2 2 1
'0183/ @7 dx + —/ 02 dx + % Z2(x, 1,t) dx. (4.26)
£3 Jo

q¢t ¢x dx

Proof By using Young’s inequality, for &3 > 0, we have

2
by < y —[Y2(1) + ¥2(0)] + &3[02(1) + 92(0)]. (4.27)

Also, we have
d ! Lo om=1 1 ! 2 2 1 ! 2
E/O bpaq e dx = Eb q‘bx'x:O - 5/0 b qxI/’x dx - EbPZA =¥ dx
1 1
K / 46y + V)W dx — bp / GOucte
0 0
1 1
—mb/ q%t/fxdx—uzb/ qz(x, 1, )Y, dx
0 0

1
-b  dX.
/Oqﬂww x

By using Young’s inequality and Poincaré’s inequality, for €3 > 0, we have
d 1
% | boaavivds =B [y + w20
0

b2
(2b2+—+3£3b2+—+C3)/ w dx

53
u 1
+ <2p2b+ 8—1)f 1//t2dx+1<2£§f (fx + V) dx
3/ Jo 0

2 2 pl
+ - / 9; dx + K2 22(x, 1, 1) dx. (4.28)
€3 Jo €3 Jo

Similarly,

1

d
5 | Padidadx < -K[¢:(1) +¢2(0)]
0

1 1 1
+3K / p2dx+ K f V2dx+2p, / #? dx. (4.29)
0 0 0

Together with (4.27)—(4.29), using (4.23) gives us (4.26). (I
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Lemma 4.6 Let (¢, V,0,z) be the solution of (2.4). The functional I, defined by

1 k
I(t) = / <,039t9 + 593 + Vl/fxe) dx, (4.30)
0

and its time derivative I)(t) satisfies

1 1 y2 1
I(t) < —8] 02 dx + / Y2dx+ C4<— + pg) / 02 dx,
0 0 4 0

where Cy > 0 is the Sobolev embedding constant.

Proof By differentiating I, and using (2.4), we conclude that

1 1 1
I(t) = —8/ 02 dx + pg/ 07 dx + y/ V.0, dx.
0 0 0
Using Young’s inequality and Poincaré’s inequality clearly implies the conclusion (4.30). OJ

Lemma 4.7 Let (¢, V,0,z) be the solution of (2.4). The functional I5 defined by

1,1
I5(t) := / / e P22 (x, p,t) dp dx
o Jo

for some constant m > 0 satisfies

1 1,1 1 /1
L) < —m/ 22(x,1,t) dx — m/ / 22(x, p,t) dp dx + - / vl dx. (4.31)
0 o Jo 0

Proof By differentiating /5 and using (2.4), we conclude that

2 1 1 1 1 1 a
I(¢t) = / / e’zrpzzp(x,,o, t)dpdx = ——/ / e —2X(x, p,t)dp dx
o Jo T Jo Jo ap

T

1 1 17!
= —2/ / e P2 (%, p,t)dpdx — = / / — (e‘zsz(x, 0, t)) dpdx
o Jo TJo Jo 9p

1 1 p1 1 1
§—mf zz(x,l,t)dx—m/ / 22(x, p,t)dp dx + —/ wfdx.
0 o Jo T Jo
This gives (4.31). O

Now we define the Lyapunov functional «£(¢) as follows:

£(t) = NE(t) + %Il(t) + Nz]z(t) + Ig(t) + I4(t) + Ig(t)

b 1 1
+ o2 q¥xdx + el qo:x dx, (4.32)
483 0 K 0

where N, N, are positive constants to be chosen properly later. For N large enough, it is not
difficult to prove that there exist two positive constants y; and y» such that, for any ¢ > 0,

E(@) < L(8) < E(?). (4.33)
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Proof of Theorem 4.1 Combining Lemmas 4.2—4.7, we have

2 2 2 2 2 1
£’(t)§< CN+ﬁ—+N2'B—+ﬁ—+ p +C4(y—+p3))/ 02 dx

482 K 4e 4¢2 4
1 o1 nwoom pr /
+|-CN—-—-p2 +No| — + +p2t =+ — + dx
( g 2(482 P 2) P2E e T el T v

2 2 2 1
—-CN — m+'u—+N2 3 MZ +M—22 / 22(x,1,t) dx
32 482 K 483 0

20183

1 ! 1
+ (—gpl + Nop1&o + )f ¢t2dx+ [Nz(—b+282) + §(b+ C1+2)
0

b? v 3 C b &C
P72 /l/fzdx
2¢e E3 483 4 483 4-83 b2 283

(——K+ 1(283+683+ )/ (fx + V) dx
1 1
-8 | 0%dx+ (- 2, p,t)dpdx+ (=N - 1) | f(¥)d
+( )/ xx+(m)//2(xpt)px+( 2 )/Of(llf)x
+(2—K_b>/ (Px + Y)x s dix. (4.34)

Firstly, we take €3 small enough such that

1 152 £3Co
:—§I(+ 1K=e3 + 663 + 2 <0,
_1_ 23

e <0.

Then we choose Nj so large that

-
=B

’

b2 bz 3b2 C3 b £3 C2 b2 1:|
3

1
Nob>2|-(b+C1+2)+783+ —+—+—+—+—S+—— + — +
2 [8( 1FD+Tes T o 4e3 " 4 4es 42 B2 2

thus we have

[

1 1
—sz +-—B<——
2 2

After that, we select &, small enough such that

E+N282<0

NI»—‘

and

1 2¢;
——+ — +Nyey <0.
8 K

Finally, we choose N so large that

B> B> ,32 B2 y2
N+ e o 0,
T3 Ty, TR Ta T ) S
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1 01 ni o oui o omb 1
—CN - —py + No[ — + +—+ +—+—-<0,
8" 2(48 p2> TR T4 T e T T

2

2
—-CN - m+—+N2'u2 M2+M—22
32 dey K 4eg

Therefore (4.34) changes to

1
L) < —M/ (0% + ¥} + 226, 1,) + @ + U] + (pa +¥)* +07) dx

—M/ f z(x,p,t)dpdx+(——b)f (b + V)thvd

< _MyE(t) + (,02_( —b) / (e + V)avis d, (4.35)
0

P1

where M, M, are positive constants.

Case I I = 22

In this case, (4.35) takes the form
L'(t) < —ME(2).
Using (4.33), we get, for o = %,
L'(t) < —aL(t). (4.36)
A simple integration of (4.36) over (0, t) leads to
L(t) < L(0)e™".
Recalling (4.33), we obtain

E(t) < CE(0)e™

Case 2:0 < | - | < A&Zg
Let
Eq(t) = E(2)

represent the first order energy defined in (3.6). By computation we have the estimate of

the derivative of the second order energy (3.7) as

1
E\(t) < —C/ (0p, + V5 +7;(x,1,0)) dx (4.37)
0
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Let us estimate the last term in (4.35). By setting A = 1%(”;—11< —b)p; #0 and using (2.4),
(4.23), we have

K K 1
(pz——b)/ (s + V)aVudx = E(”——b)[ P10V dx
0

:Af i dx
0

d (! d (!
:—A(gfo ¢xt¢dx—afo (bxl/ftdx)

1
-A / DxVr dx
0

d 1! d !
‘A<E /0 bt~ fo ¢x1/ftdx)
A 1
L

1 1
+2|A|/ (¢x+1//)2dx+2|A|/ V2 dx. (4.38)
0 0

Let

N = /0 e e~ /0 Cpads,

Then (4.35) becomes

L) + AN (t) < —M1E(t) f V2 dx (4.39)
foerle—%(% %)>0 Let

F(t) = £(t) + AN(8) + N3(E1(2) + Ex(£)) = 0 (4.40)
if N3 > max{Cy|A| - y1, |A|, } Indeed, by using (4.11), (4.23), and ab < %bz, we
obtain

1 1
Nl <| [ puvds]+| [ oo
0 0

1, 1t 1, 1t
55 | ¢xtdx+§ A v dx+§ | ¢xdx+§ | Y, dx
1 1 1 1 1 1 1 1
5—/ ¢>§tdx+—/ 1//3d9¢+/ (¢x+1/f)2dx+/ wﬁdx+—/ vid
2 Jo 2 Jo 0 0 2 Jo

3 2 1
<Ey)(t) + max{ — = — }El(t) = Ey(t) + CoEq(8),
by Ky pyy
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where Cy = max{%, %, i}. With the help of (4.33), we obtain

F(t) = y1E1(8) — [A|(Ex(2) + CoEr1(2)) + N3 (E1(2) + Ex (1))

> (N3 + 31— Col Al)Er(2) + (N3 — |A[)Ea(2) > O.
It is easy to prove that
c1(E1(t) + Ex(8)) < F(t) < ca(Ex(2) + Ex(2)) (4.41)
for some positive constants ¢; and ¢;. By using (4.39) and (4.40), we obtain

F'(t) = £'(t) + AN'(t) + N3(E}(2) + E(2))

< —M,E;(t) + (-CN3 + T) / V2 dx.
0

Thanks to the choice of N3, we have
F'(t) < —MyE; (¢). (4.43)

Integrating (4.43) over (0, £) yields

/0 Ei(r)dr < A%(F(O’ _F() < M%F(O) < S (B0) + Ex0).

Using the fact that

(tE(0) = tE(6) + Es(9) < E1(9),
we get that

tEy (1) < ;722(51(0) + E5(0)).

This completes the proof of Theorem 4.1. O

Acknowledgements
The authors cordially thank the anonymous referees for their valuable comments and suggestions which led to the
improvement of this paper.

Funding
This work was partially supported by NNSF of China (61374089).

Abbreviations
Not applicable.

Availability of data and materials
Not applicable.

Ethics approval and consent to participate
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Page 16 of 17



Hao and Wei Boundary Value Problems (2018) 2018:65 Page 17 of 17

Authors’ contributions
The authors declare that the study was realized in collaboration with the same responsibility. All authors read and
approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 4 October 2017 Accepted: 18 April 2018 Published online: 27 April 2018

References

1.

2.

Messaoudi, S.A,, Said-Houari, B.: Energy decay in a Timoshenko-type system of thermoelasticity of type Ill. J. Math.
Anal. Appl. 348, 298-307 (2008)

Messaoudi, S.A, Fareh, A.: Energy decay in a Timoshenko-type system of thermoelasticity of type Ill with different
wave-propagation speeds. Arab. J. Math. 2, 199-207 (2013)

. Ayadi, MA, Bchatnia, A, Hamouda, M., Messaoudi, S.: General decay in a Timoshenko-type system with

thermoelasticity with second sound. Adv. Nonlinear Anal. 4, 263-284 (2015)

. Grace, S.: Oscillation criteria for third order nonlinear delay differential equations with damping. Opusc. Math. 35,

485-497 (2015)

. Ozturk, O, Akmon, E.: Nonoscillatory solutions of two dimensional nonlinear delay dynamical systems. Opusc. Math.

36, 651-669 (2016)

. Racke, R.: Instability of coupled systems with delay. Commun. Pure Appl. Anal. 11, 1753-1773 (2012)
. Nicaise, S, Pignotti, C,, Valein, J.. Exponential stability of the wave equation with boundary time-varying delay.

Discrete Contin. Dyn. Syst,, Ser. S 4, 693722 (2011)

. Nicaise, S., Pignotti, C.: Stability of the wave equation with boundary or internal distributed delay. Differ. Integral Equ.

21,935-985 (2008)

. Apalara, TA, Messaoudi, S.A:: An exponential stability result of a Timoshenko system with thermoelasticity with

second sound and in the presence of delay. Appl. Math. Optim. 71, 449-472 (2015)
Guesmia, A, Messaoudi, S.A.: A general stability result in a Timoshenko system with infinite memory: a new
approach. Math. Methods Appl. Sci. 37, 384-392 (2014)

. Apalara, TA, Messaoudi, S.A.: General stability result in a memory-type porous thermoelasticity system of type |Il.

Arab J. Math. Sci. 20, 213-232 (2014)

. Messaoudi, S.A,, Said-Houari, B.: Uniform decay in a Timoshenko-type system with past history. J. Math. Anal. Appl.

360, 459-475 (2009)

. Guesmia, A, Messaoudi, S.A.: On the stabilization of Timoshenko systems with memory and different speeds of wave

propagation. Appl. Math. Comput. 219, 9424-9437 (2013)
Suh, H,, Bien, Z.: Use of time delay action in the controller design. IEEE Trans. Autom. Control 25, 600-603 (1980)

. Kafini, M., Messaoudi, S.A., Mustafa, M.l.: Well-posedness and stability results in a Timoshenko-type system of

thermoelasticity of type Il with delay. Z. Angew. Math. Phys. 66, 1499-1517 (2015)
Feng, B.W., Pelicer, M.L.: Global existence and exponential stability for a nonlinear Timoshenko system with delay.
Bound. Value Probl. 2015, Article ID 206 (2015)

. Pazy, A: Semigroups of Linear Operators and Applications to Partial Differential Equations. Springer, New York (1983)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Global existence and stability results for a nonlinear Timoshenko system of thermoelasticity of type III with delay
	Abstract
	MSC
	Keywords

	Introduction
	Preliminaries
	Well-posedness result
	Energy decay result
	Acknowledgements
	Funding
	Abbreviations
	Availability of data and materials
	Ethics approval and consent to participate
	Competing interests
	Authors' contributions
	Publisher's Note
	References


