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1 Introduction
In this paper, we consider the following quasilinear elliptic problem with critical Sobolev
exponent:

—e? Apu + V() lulP2u = Q) |ul?” 2u + P(x)|u|T%u, x€Q, @)

[Vulp=22% - g, x€9%, '
where  C RN is a bounded domain with smooth boundary, Apu = div(|VulP—2Vu), e > 0,
l<p<N,p<qg<p*= NN—i, v denotes the unit outward normal vector with respect to 92.
The weight functions V(x), Q(x) and P(x) are continuous on 2. Such problems arise in
the theory of quasiregular and quasiconformal mapping or in the study of non-Newtonian
fluids. In the latter case, the p is a characteristic of the medium. Media with p > 2 are called
dilatant fluids and those with p < 2 are called pseudoplastics. If p = 2, they are Newtonian
fluids.

The early study of Laplacian elliptic equation with critical Sobolev exponent was Po-
hozaev [1], the author established the nonexistence of nontrivial solution to the Dirichlet
problems when €2 is a star-shaped domain with respect to the origin. Later, Brézis and
Nirenberg [2] showed the existence of positive solutions by introducing the low-order per-
turbation terms, and Struwe [3] also obtained the global compactness result. Since then,
the study of these elliptic problems with critical growth terms have been paid wide atten-
tions in recent years (see [4-7]). Set p =2, ¢ = 1, P(x) = 0, V(x) = A, then Problem (1.1)
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reduces to the following semilinear elliptic problem:

—Au+ru=Q)|u*2u, xeQ,

3—::0, x e Q.

(1.2)

Comte and Knaap [8] proved that there exists a nontrivial solution of problem (1.2) by
variational method if Q(x) = 1 and A = —u. Chabrowski and Willem [9] studied this prob-
lem with the assumption that the function Q(x) is nonnegative and Holder continuous,
they obtained the existence of least energy solutions by solving minimization problem
corresponding to

Vul? + au?)d
S, = inf Jo(IVul” + Juydx.
ueH (), Jq QU Iu>" dx70 ([ Q(x)|ul* dx) 2

Subsequently, Chabrowski and Girdo [10] investigated the existence and nonexistence of
least energy solutions when the function Q(x) has some symmetry properties. For more
relevant information as regards the corresponding problems, the interested reader may
refer to [11-21] and the references therein.

As for quasilinear elliptic problems with critical Sobolev exponent, the existence and
multiplicity of solutions have also been studied extensively. Abreu et al. [22] studied the

following nonhomogeneous Neumann boundary problems:

“Apu+ P =ul, xeQ,
u>0, xeQ, (1.3)
|Vulp=23% = o, x€dR,

wherep—1<q<p*-1,¢0 € C*(Q),0 <a < 1, ¢ # 0. They proved that there exists a A* > 0
such that problem (1.3) has at least two positive solutions if > > A*, has at least one positive
solution if A = A* and has no positive solution if A < A* relying on the lower and upper so-
lutions method and variational approach. Zhao et al. [23] discussed the quasilinear elliptic
problem of the form

—Apu+ M) ulP2u = [ulP U u Py, xeQ, 14

|VulP 5% = nlulP~u, x€0Q, '
they showed that there exists at least a nontrivial solution when p < r < p* and there ex-
ist infinitely many solutions when 1 < r < p by using the Mountain pass theorem and the
concentration-compactness principle. Some authors also studied the critical Sobolev ex-
ponent for quasilinear equations and the corresponding evolution problems with Neu-
mann boundary conditions, the reader may also refer to [24—37].

Motivated by the results of the above papers, we discuss the existence of nontrivial non-
negative solutions to Problem (1.1) by a variational method. The special features of this
problem are the following. Firstly, due to the lack of compactness of the embedding of
WP(Q) — L¥" (), we cannot use the standard variational argument directly. In order to
overcome this difficulty and obtain the existence of solutions, we have to add restrictions
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on the weight functions Q(x) and P(x) to prove the corresponding functional of Problem
(1.1) satisfies (PS).-condition in a suitable range by the Lions concentration-compactness
principle. Secondly, the weight function V'(x) may be unbounded near the boundary 9<2,
which leads to the space W'?(Q) is not suitable for our problem. To solve such problem,
we have to introduce a suitable weighted Sobolev space.

For the sake of convenience, we introducing a new parameter A = ¢ 7, then Problem (1.1)
may be rewritten as the following problem:

—Apu + AV @) ulP2u = QW) | ul? 2u + AP()|ul? %y, x€Q, 5)
|Vulp=22% = 0, x € I '

Throughout this paper, we make some assumptions on the weight functions Q(x), P(x),
V(x) as the following:

(A1) Q(x), P(x) are continuous on €, and Q(x) > 0, P(x) > 0 for x € Q;

(A2) V(x)is continuous in €2, and V(x) >0, V(x) £ 0 for x € Q.

Set Q,, = maxyepo Q(x), Qu = max, g Qx), Py = max, g P(x). The main results of this
paper are the following.

Theorem 1.1 Suppose that (A1), (A2) hold, H(0) > 0 and Q,, = Q(0). If functions Q(x),
V(x) satisfy

(A3) Qu < 2NL*PQm, and |Q(x) — Q(0)| = o(|x|*) as x — 0, where 1 < < %;

(A4) anB(o,s) V" dx < 0o, where % + % =1,1<r< %, 5>0.

Then Problem (1.5) has at least one nontrivial solution for every . > 0 and N > 2p, where
H(0) will be later determined.

2

Theorem 1.2 Suppose that (A1), (A2) hold. If Qu > 287 Q,, and functions P(x), V (x) sat-
isfy

(A5) P(x)#0 forx € Q,and V € L}(RQ).

Then there exists a 1, > 0 such that Problem (1.5) has at least one nontrivial solution for
0< A <Ay

Theorem 1.3 Suppose that (A1), (A2) hold. If Qu > 2N Q,, and functions P(x), V (x) sat-
isfy

(A6) P(x)>0 forxe;

(A7) there exist xo € Q2 and constant § > 0 such that V(x) = 0 for x € B(xo,8) C 2.

Then there exists a .* > 0 such that Problem (1.5) has at least one nontrivial solution for
A> A

Theorem 1.4 Suppose that (A1), (A2) hold. If Qu > ZNL-P Q,, and functions P(x), V (x) sat-
isfy the conditions (A6) and (A7). Then, for every integer n, there exists a constant A, >0
such that Problem (1.5) has at least n pairs of nontrivial solutions for A > A,,.

2 Preliminaries
Firstly, we define the weighted Sobolev space

W/\I,’g(g) = {u;Diu elP(Q),i= 1,2,.-.,N,/ V(x)|ulf dx < +oo}
Q
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with norm ||u|;,y = (fQ(|Vu|1’ + kV(x)|u|p)dx)Il’. Obviously, norms | u||;,v and |«|y are
equivalent, W;:{’}(Q) — Wb?(Q), where ||u||y = (oUVul? + V(x)|ulP) dx)%.

By using the Sobolev embedding theorem, we know that there exists a constant C; > 0

such that

lulg < Collully < Cyllully, for 2> 1,u € W, 1(<), (2.1)
and

lulg < Callully <277 Cyllullyy, for0<i<1,ue WrE(Q), (2.2)

1
where [ul, = (f, [11d)7, g € (5, p").
Next, we give the definition of weak solution to Problem (1.5).

Definition 2.1 A function u € W;ﬁ(Q) is said to be a weak solution of Problem (1.5) if it

satisfies

/|Vu|”’2VuV1ﬁdx+A/ V()| ulP2uy dx
Q Q

- Af QW) ul” 2uyr dx + ,\f Px)|u|2uy dx, V¢ e W;;{';(Q).
Q Q
Thus, the corresponding energy functional of Problem (1.5) is defined in Wi‘ﬁ(ﬂ) by

],\(u)zlf(qu|p+AV(x)|u|p) dx—i*/ Q) |ul”” dx—&/P(x)|u|qu.
b Ja pJa qJa

Let S be the best Sobolev constants, namely

) Jo IVul? dx
S= inf (23)
DEPARINOL ([ |uafP” dx)P”

where DY7(RN) = {u € LP" (RN) : |Vu| € L?(RN)}. This constant S is achieved by the func-

tional u, given by

N-p N =\
U (x) = CNpe v (8 + |x|p71) z,
where the constant Cy, is chosen such that —A,u, = |u, [P"~1in RN (see [22] for details).
In order to obtain the existence of solutions to Problem (1.5), we need the following

lemma.

Lemma 2.1 For each A >0,
(i) there exist constants B, ps > 0 such that ], (u) > B for |ulv = pa;
(ii) there exists an ug € Wi’fj(Q) with ug % 0 such that ], (uo) < 0 for ||ugllrv > oy
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Proof (i) Firstly, we consider the case A > 1. let ||u|}, = p?, then p! = |lu|%,, < Ap?. Using
(2.1) and (2.3), we have

p*
1 A _r 7 A
@) 2 Nl = - QuS ™7 ( /Q |Vu|”dx> - ZPuCluly

5k
1 A o « A
> ;Ilulli’v - EQMS P |ullfy, - ZIPMCZIIMIIZV
15 - Y]
_p- *_ —
pi’(—— —QuS 7 pP = =Py Cip? P).
p P q

v

Since p < q < p*, taking p > 0 small enough, there exists a 8, > 0 such that J; (u) > B, for

llzellav = pa..
1
IfO<X<1,let |lulf = o, then p > ps > A? p. Combining (2.2) with (2.3), we see that

1 A v A
Ji(u) = I—QIIMII';V - —QuS 7 llully, - EPMCZIIMII?/

11 M |
> kp’”(— - QuS T - —PMCgp”)-
p p q

Since p < q < p*, taking p > 0 small enough, there exists a 8, > 0 such that J; (u) > B, for

lletllsv = o
(ii) For u € Wi‘f}(ﬂ) and u # 0, we define

t " . t
e == qutly - [ Qe ds= S [ P, 0,
p r* Ja q Ja

it follows from lim;_, . /3 (f1) = —00 that there exists a fy > 0 such that ||ty > px and
Ji(tou) < 0. Letting ug = tou, then condition (ii) holds. The proof of Lemma 2.1 is com-
pleted. d

Define

¢=inf sup Jy(h(t)),

hel tefo,1] ( )
where T" = {h € C([0,1], W;’f}(ﬁ)) | £(0) = 0, /(1) = tou = up}. Using Lemma 2.1, we know
that the energy functional J; () satisfies the geometry of the mountain pass lemma, then
there exists a (PS).-sequence {u,} C Wi’ﬁ(Q) such that J; () — ¢, J; (4,) > 0 as n — oo.

Lemma 2.2 Assume (Al), (A2) hold, and {u,} be a (PS).-sequence at the level of c for J;
N N
SpP SP

with ¢ < ¢* = min{ ~ | then {u,} is relatively compact in Wi’ﬁ(Q).

N-p N-p~’ N-p AP
Ni P Qf aNiP Q,f

Proof Firstly, we prove that {u,} is bounded. Since J;(u,) — ¢, J; (4,) — 0 as n — oo, we

have

i) = [ (Vi 2V ) o= 2 [ Qe s [ Pt
pPJa P Ja qJe

=c+0(1)]|unll,
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/(|Vuy,|p+)LV(x)|u,,|p)dx—)L/ Q) unl”” dx—A/P(x)|u,,|qu
Q Q Q
= o()lluull.

Combining (A1) and (A2), one has

¢+ o)l = (; _ é) /Q(IVunl” V@) dx + x(é —pi) /Q Q)" dx

11
> === ) uallfy-
(p q) ad

Thus, we can find that {u,} is bounded in W;,’f;(Q).
Next, we prove that {u,} is relatively compact in W;"{';(Q). Since {u,} is bounded in
W;}'{'}(Q), there exists a subsequence, still denoted by {u,} and u € W;}'ﬁ(ﬂ) such that
u, —u weaklyin Wi’{i(Q),
u, —~ u weakly in 17 (),
u, — u strongly in L1(Q2),p < g < p*,
U, — u a.e.in Q.

By the Lions concentration-compactness principle [38], there exists at most set /, a set of
different points {x;};e; C Q, sets of nonnegative real numbers {1j}jes> {v}jer such that

Vinl? = d = [Vul? + 185,

Jjel

(2.4)

Jial”” = dv = [ul” + ) vy,

jel
where &, is the Dirac mass at x, and the constants u;, v; satisfying
ﬁ*
Sv/ <, wherex;€Q, (2.5)
s &
2—%vj < uj, wherex;eoQ. (2.6)

Next, we prove u; = 0 and v; = 0, where j € J. In fact, choosing ¢ > 0 sufficiently small
such that B, (x;) N B (x;) = @ fori #j,i,j € ]. Let &L (x) be a smooth cut off function centered
at x; such that

Lx—x| <3,

) . . 4
0<¢.x) <1 for|x—uxj<e, ¢.(x)= and {V(]}Hfg

0, |x —xj| > &,
Noting that

(5 (), 9 ()
=/ |Vu,,|p¢{;(x)dx+/ |Vu,,|1’_2Vu,,V¢{;(x)u,,dx
Q Q
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o /Q V() 10 P () dx — & /Q Q)" ] (x) dx
Al P L1900 (x) dx,
/Q () 10,16 ) L

and by (2.4), we have

o iy ) o a o ‘
;E)I(l)nlggo/;zWuM %(x)dngl_rg[/gwm ¢§(x)dx+/ﬂZu,8qu§{?(x)dx] > W

Jjel

e—=>0n—00

lim lim f Vi, P2V, V! (%), dx = 0,
Q

lim lim | V(x)|u,[P¢(x)dx =0,
Q

e—>0n—>o0

e—>0n—00

lim lim / Q) P ¢ (x) dx = Q(;)vy,
Q
111% lim [ P(x)|u,|9¢)(x)dx = 0.
e—>0n—00 Q
Thus,

0= ;iil})nlifl;o(],{(un), un @l (%)) > 117 — AQ(%)) ;.

If v; #0, by (2.5) and (2.6), we find that

N
S
Vi > -~ 5 % € Q,
AP QP (x))
SN
p
V> ~ , X €0Q
217 Q7 (%)
On the other hand,

1
= 1li n) — — ; n) Un
c ninolo(h(” ) p(]x(u ), u ))

= l_i r* (l_l) q <l_i> AN
(p p*>A/S2Q(x)|u| dx + > 7 A/QP(x)|u| dx + > AZQ(x})v,

jeJ
1
= h 2o Qv
jel
consequently,
N
1 Sr
c> NAQ(xj)vj > vy N x5 €,
Nx7 Q)
1 S»
c> EAQ(x})v] > W, Xj € 092,
» N
2NL7 Q)

which is a contradiction. Hence, u; = 0, v; = 0 and we find that u, — u strongly in P ().
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Now, we prove that u,, — u strongly in W;}’(’;(Q). We have

(1 ) = T (), 14y — 1)

o+ 1ty = [ (V01729 Vi 2V )t 1)
- /Q (IVulP2VuNVu, + AV (@) ulP*uu,) dx — 1 - 11,
where
I=x /Q Q) (1t 214y — |l 1) (- 1) L,
I = )L/QP(x)(|u,,|q_2u,, = 0l %) (uy — u) dx.
By the Holder inequality and Jensen’s inequality
(@a+b)*(c+d)™>a"c"" +b*d"™,
where o € (0,1),2>0,b>0,c>0,d >0, we have

/ (|Vun P2V u, Vu + AV (x)|u, |p_2u,,u) dx
Q

p-1

Lo\ , 5
§</S;|Vun| dx) (/Q|Vu| dx)
+()\/S;V(x)|u,,|f”cbc)7()\/QV(x)|u|”dac>1Z

p-1
p p
< (/ |Vu,,|P+AV(x)|un|pdx) (/ [Vul? +kV(x)|u|pdx) = Nt Nl
Q Q
Similarly, we get

_ — —1
/ (VP2 V10, + 2V 1P tty) e < a2 Nt v,
Q

|1|5AQMU |un|f’**1|un—u|dx+/ |u|f’*1|un—u|dx}
Q Q

1

Pl
SAQM(/ Iu,,lp*dx> ! (/ |un—u|1’*dx>p
Q Q

-1 1
+)»QM<f |M|p*dx> ' (/ Iun—ulp*dx)p ,
Q Q

i) < APMU 0]t — 1] dx+/ 0l 1, — dx]
Q Q

q-1 1
q q
EAPM(/ |un|qu> </ Iun—u|qu)

Q Q

q-1 1

q q

+APM</ Iulqu> </ |un—u|qu) .
Q Q
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We have
0= lim {7} (1) = J; (), s = ) = Tim (a1} = N2el25) (et lln = Nlaell) = 0.
Hence, u, — u strongly in W, (). O

Since 0e BQ and 9Q € C?, the boundary 92 near the origin can be represented xy =

2 Zl 1 Y %7 + o(|x'|?), where &' = (x1,%2,...,2xv-1) € D(0,8) = B(0,8) N {xn = O}, A;

(z .,N —1) are the principal curvatures of 92 at 0 and the mean curvatures H(0) =
N T Z "1 > 0. Then the following lemma holds.

Lemma 2.3 ([22])
(1) For N >2p — 1 and ¢ > 0 small enough,

/|Vu8|1’dx |V [P dx — Ky () + o(e 71),
RY

/|us|p dx = / |I/lg|p dx - 1(2(8)+0( 71),

where K (¢), Ky(¢) satisfy

e 1 N-p B\ N | B
lime™ 7 Ki(e) = 2H(O)Cﬁ, (p 1) /RM(“MN) |¥| 7T o’ = Ky,

e—0

= 1 * L Ny 2 4,
ggr(l)a » Kz(e):EH(O)Cﬁ,p/RNJ(1+|x/|P*1) |¥|” dx' = K.

(2)
N-p
O(?), N < p?,
N—
/ e |P dx = O(87p|1n£|), N =p?,
Q
O(sPh), N> p?
(3)
gN-p)
O »* ), q< NA([”_;),

lug|7dx = O( q<1;]7_p) 1 _ N@E-1
e e el -

O(e » ), g> Nep-1),

3 Proof of main results
Let ¢(x) € C°(RN) be a smooth cut off function such that

1)
0<¢p@x) =<1, 2 <lxl <3
1)
= 1) -
p(x) x| < 5

ox) =0, |x|>4.

Define w, = ¢u,, then we have the following lemma about w,.
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Lemma 3.1 Suppose N > 2p, 0 € 9Q. If the function V(x) satisfies fQﬁB(O,é‘) V" dx < oo,
then

/ Vol dx=0(s 7
QNB(0.9)

where%+%:1,1<r<

N-

p+p N+N(p 1))

N(p-1)
Np+2p-N-p2-1°

Proof According to the Holder inequality and the definition of w,, we have

1
L=, ()
QNB(0,8) QNB(0,5) QNB(0,
(N-p) Py r

<g »p Cpp<f 1% dx) (/ (8+|x|1"1)r(p N)dx>

QNB(0,5) B(0,8)
_ RN o (/ v dx)rl
Np QNB(0,5)

1

L _ r

x(/ 1 (L %] 1)(pN)dx) .
B0Se” P )

, = 1<r, aseries of computations yield

1
7

o4 dx)

>

)

1

=

Noting that N(” 1

N(p 1)
/ Vo dx = O(s PN )- 0
QNB(0,3)

Lemma 3.2 Suppose that (A1), (A2) hold and 0 € 92, H(0) > 0, Q,,, = Q(0). If the functions
Q(x), V(x) satisfy the conditions (A3), (A4), then there exists a nonnegative function v €
Wi’{i(Q), v 0, such that

sup J; (tv) < ¢* (3.1)
>0

foreach ) >0,N > 2p.

Proof We divide the proof into three steps.
(i) We consider the functional

g(8) = Ji(tw;)

tP tP* *
- _/(|Vw8|p+AV(x)|w6|P)dx——*A/ Q)| w, ¥ dx
P Ja p Q

t1
——)\/P(x)|w8|qu, t>0.
q Ja

Noting that lim;_, o g(¢) = =00, g(0) = 0, g(¢) > 0 for t — 0%, we know that there exists a
t. > O such that sup,. , g(¢) is attained for ¢, and ¢, is uniformly bounded for ¢ > 0 sufficiently
small. Thus,

g(t:) = sup/;(tw;)
t>0
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tP P *
< sup[—/ [Vw,|P dx — —A/ Q)| we P dx:|
=0LP Ja r* Ja

& t!
+— | AVx)|welPdx——x | P(x)|w.|?dx
pJa 9 Ja

) 1[ Jo VoI dx TZ &
)

N + —8/ AV (x)|we [P dx
N (A [ Qx)|we [P dax p Ja

q
_k, / P() |, | dx. (3.2)
q Q

(if) When ¢ > 0 is sufficiently small, we have
* % p-1
/Q(x)|w9|p dx:Qm/ |ute [P dx+o(8pP )
Q Q
-1
/|Vu)5|pdx§/|Vu8|”dx+o(epT),
Q Q
-1
/|wa|qu=/ |u5|qu+o(spT),
Q Q
* * p-1
/la)sll’J dx:/ |uel” dx +o(e 7).
Q Q

We firstly prove the first formula. Since |Q(x) — Q(0)| = o(|x|%) for x — 0, there exists a
0 < 8y < 8 such that |Q(x) — Q(0)] < C|x|® for |x| < 89, where C > 0 is constant. Moreover

/Q Q) - Q). " dx

< / Q) - Q)| s dx + / Q) - QO)|[ws " dx
QN[x|<dop

QNlx|=do

QN|x|=do

-c / %[ s P dx+ 2Que / 7" d
|x[<80

x  (p-Da NN
< CCR,e 7 f o el (1 + |2 7T) " da
x| <

=
e P

® N P \_N
+ ZQMC@N f (8 + |x|P-1) dx
Qnlx|=5o

=0(¢ (p;’l)a) + O(S%).

Since N >2p,1<a< 1%1’ Jo 1Q(x) = Q(0)||w, 7" dx = 0(81%1), which implies
| Qo as
Q
= Qu [l s+ [ (Q0- QO)Ient”
Q Q
= Qm/ lwe P dox + 0(81%1).
Q

Similarly, we can evaluate the rest of formulas and omit the details here.
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(iii) supy /a(twe) < c*.
Combining (3.3) with Lemma 2.3, one has

/ |V l? dx < My (1 - M; Ky (€) + 0(8”%)),
Q

/ 0" di = Mo (1= M5 Ka(e) + (67 )
Q

where My = 3 [on |V [P dx, Mo = 1 [on |ue I dx. Then, using (3.2), (3.3), Lemma 2.3 and
Lemma 3.1, we see that

Sr N - N p-1
sup /i (tw,) < = [1 + ngle(e) - —M;'Ky(e) + o(epp )]
£ p p

=0 2N(AQw) 7
+0(e SN )
Next, we claim that
1[N - N
lime'? [—ngle(g) - —Ml‘11<1(8):| <0 (3.4)
e—0 p p

-1
for & > 0 small enough, which implies (3.1) holds. According to lim,_, E%Iﬁ(é‘) = Ky,

p-1 _
lim,g& ? Ky(e) = Ky, we know that (3.4) is equivalent to % > ]% ]\MT;

From the expressions of K3, Ky, M1, M, and u,, a series of computations yield

_ A S, 322
Ky sHOCH,GEY [ L+ 18[P7) N |77 d!

K, LH(O)CEy, [ (1+ 1/ [77) N |2 d
2Np+3p-2N-2
o (N=p\ [ @+ )Ny S dr
= CNp p- 1 2Np+p-2N-2 ’

S @+ Nr T dr
N-pM N-p [on Vil dx
N My N [olu | dx

p [0 NN 2Np+p—-2N
_ N_pcﬁ—p*(N—P> Jo er)™r o dr
= Np WNpp2N _°
N r-1 IS @+r)Nr o dr

Integrating by parts, we have

[} B -1 00 B-2
f 4 dr = p / 4 dr for2<pB<2n-1.
o (L+r2)r 2n-B-1J, @A+r2)"

Then

K_lch—p* N-p p(p—l)(N+1)
Ky ™M \p-1) N-2p+1

N-pM; _,(N-p\’
— El o (22 (p-1).
N My, ¥ \p-1 P-1)
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e K Nep My
This implies &N L Thus

sup /i (tw,) < — x5 = c.
0 OQ) 7
The proof of Lemma 3.2 is complete. O

Proof of Theorem 1.1 Applying Lemma 2.1 and Lemma 3.2, we obtain

=1 < *,
¢= nf max J, (h(p)) < stlzlgh(tws) <c

From Lemma 2.2 and the mountain pass theorem, we know that there exists at least one
nontrivial solution to Problem (1.5). Since J; (#) > J;.(|#|), Problem (1.5) has at least one

nonnegative nontrivial solution. The proof of Theorem 1.1 is complete. 0

Proof of Theorem 1.2 Consider the following function:

h(t) = Ji.(tu)

» P .
- t—/(IVulp+)»V(x)|u|p)dx—t—*A/ Q) lul?" d
b Ja p Q

ta
——AfP(x)|u|qu, t>0.
q Ja

Since V e L1(2), we find that

t? tP* * t1
suph(t) = sup[—/ AV(x)|AP dx — —*A/ QW)AP dx — —A/ P(x)|A|qu]
>0 >0 Q b Q q Ja
N
V(x)d r
S%[M]p foru==A.
(Jo Qlx)dx) ™
S(fo Q) dx)¥ ]

Then sup,., /5 (tA) < ¢* for A < =3
QN [V dx
Similarly,

Ji(tA) = suph(t)

t>0

tP P * t1
sup|:—/ AV(x)|A|pdx——A/ Qx)|AlP dx——k/P(x)|A|qu:|
Q J 2] q Ja

t>0

<A

(q—p) (o V@ d)7?

— <c
Pq 7 ([, P(x)dx)a?

2
V2 ([, P(x) dx) N(g-p)
fork<(%)1\f pSpr Jo P d -
NN QMT (fQ V(x) dx) N(g-p)
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Set

2

As = Max {S(fQQ(x dx) b ( )KI S (fQP(x)dx)N{;p}
Qu prV(x)dx 1-p NNQ (fQV(x)dx)qu)

then we have sup,./,.(tA) < ¢* for 0 < A < A,. Similar to the proof of Theorem 1.1, Prob-
lem (1.5) has at least one nonnegative nontrivial solution. The proof of Theorem 1.2 is
complete. d

Proof of Theorem 1.3 Define

|Vul? dx
K= inf f’“"s—
ueW,” (Blxo,8)\{0 (fo06 |u|qu)q

Since p < q < p*, as is well known, there exists a function w € Wol P (B(xo,8)) such that

B fB(xo,zS) [Vw|?P dx
=)
(fB(xo,a) [w|4 dx)

Thus,
t? t1
sup /5, (tw) < sup| — (|Vw|p + AV(x)|w|p) dx — —A P(x)|w|?dx
>0 >0 L P JB(x,5) qd  JBx.5)
a
_4q-p (o) | VW1 dx) 72
- = »_
PE DI ([0 MW dx) 77
_q-pr K 7
= T,
pq )\'q}%ppr?[p
L N
* _ N(g-p)K PQM ﬁ
Let A* = (Ni) P+ra-Ni , where Py, = MiNyep(xy,s) P(%), then sup,., /i (tw) < ¢* for

paS? PL
A > A*. Similar to the proof of Theorem 1.1, Problem (1.5) has at least one nonnegative

nontrivial solution for A > A*. The proof of Theorem 1.3 is complete. O

Proofof Theorem 1.4 Fixn € N,let 1, ¢2,...,¢0, € C3° (RN) be smooth functions such that
supp @; C B(x0,6),j=1,2,...,n, supp; Nsuppg; = J, i #j.

We define E, = Span{¢1, ¢s,...,¢,}, X is the set of all symmetric and closed subsets of
W‘I/'p (€2), ¥ (A) is the Krasnoselski genus,

i(A) = rhnilpy(h(A)) NdBg), A€X,
€

where T is the set of all odd homomorphisms C'(W, (Q) Wlp( Q)).
Set

¢= inf sup/(u), j=1,2,...,n
i(A)=] yea
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Since i(E,) = dimE, = n and ], (u) > B, for |||y = p; in Lemma 2.1, we find that

Br<c1<cy<---<c¢, < sup ().
ucky

We now estimate sup,,c J;(u). If u € E,, one has u = 3 7, 7jg; for 7; € R. From the prop-

erties of ¢;, we obtain

sup /. (u) = sup <Zh(ff¢1)>

ucky, ueky,

j=1
nor? 1
< sup Z[L/ IVl + AV (®)|gIF) d —LA/ P(x)|¢j|qu]
ucky -1 B(x0,5) q B(x0,5)
9
_4a-r - (fB(xo,a) [Ve;lP dx) a2

N .
rq J=1 K‘;%”Przfp(fg( )|¢1.|qu)¢1%

x0,8
Consequently, there exists a A, > 0 such that sup,,. /i (u) < ¢* for A > A,,. Similar to the
proof of Theorem 1.1, Problem (1.5) has at least # pairs of nonnegative nontrivial solutions.
The proof of Theorem 1.4 is complete. O

4 Conclusion
In this paper, we study the following quasilinear Neumann problem with critical Sobolev

exponent:

—&? Apu + V(@) |ulP2u = QW) ul?* 2u + P(x)|ul"%u, xeQ,

|Vulp=28% = 0, x € 0%,

where the weight functions V(x) is continuous in € and Q(x), P(x) are continuous on .
Due to the lack of compactness of the embedding of W?(Q) — L7 ($2) and the fact that
the weight function V(x) may be unbounded close to the boundary 92, some classical
methods may not directly be applied to our problem. We introduce a suitable weighted
Sobolev space and add restrictions on the weight functions Q(x) and P(x) to prove the cor-
responding functional of problem satisfies (PS).-condition in a suitable range by the Lions
concentration-compactness principle, then apply the mountain pass lemma, the existence
and multiplicity of nontrivial solutions are obtained.
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