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1 Introduction
In this paper, a Schrodinger equation with an x-periodic and ¢-quasi-periodic quintic non-

linear term

ity — thyy + 11t + £g(wt, %) |u*u = 0, (1)
under the Dirichlet boundary conditions

u(t,0) =u(t,m)=0 (2)

is considered, where 1 is real; ¢ is a small positive parameter; w € [0,20]“ (0 > 0) is a
k-dimensional frequency vector; k > 1 is an integer; and the function g(wt,x) = g(?, %),
(9,%) € T x [0,7] is real analytic in (J,%) and quasi-periodic in t. We aim to explore
whether the boundary value problem (1) with (2) has real analytic, linearly stable, and
quasi-periodic solutions.

We study this equation as an infinite-dimensional Hamiltonian system. There are two
main approaches to construct the periodic and quasi-periodic solutions. One is the Craig—
Wayne—Bourgain (CWB) method and the other is the infinite-dimensional KAM theory.
The KAM method can capture more properties of quasi-periodic solutions such as their
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Whitney smooth dependence on parameters, their Floquet forms, zero Lyapunov expo-
nents, and linear stability. The KAM theory for partial differential equations was origi-
nated by Kuksin [1-3] and Wayne [4]. In this paper, we apply the KAM theory as well as
Birkhoff normal forms to attain real analytic quasi-periodic solutions.

Kuksin and Poschel [5] developed the KAM method to study the existence of small am-
plitude quasi-periodic solutions corresponding to any finite number of Fourier modes for
perturbations of 1D nonlinear Schrédinger equation

ity — Uy + mau + |u)?u=0, m>0, (3)

with the Dirichlet boundary condition. Geng and You [6] obtained a KAM theorem for (3)
with periodic boundary conditions. One year later, they [7] gave a KAM theorem, which
can be applied to the higher-dimensional Schrodinger equations with nonlocal smooth
nonlinearity

i, — Au+Mzu +f(|u|2)u =0, xeRY

where M is a Fourier multiplier, f is real analytic and vanishing at zero. Liu and Yuan [8]
showed that the derivative nonlinear Schrodinger equation

Wty + b+ i(|ul’u) =0

possesses Cantor families of smooth quasi-periodic solutions of small amplitude. We note
that the 1D nonlinear Schrodinger equation (3) is completely integrable, hence one can
perturb any finite number of Fourier modes to obtain small amplitude quasi-periodic so-
lutions, which is however not the case if the nonlinearities are of high order.

For Schrodinger equations with high order nonlinearities, Liang and You [9] obtained
quasi-periodic solutions corresponding to any finite number of admissible Fourier modes
for the Schrodinger equation

ity — ey + mu + (u*u=0, meR, (4)
with Dirichlet boundary conditions. Geng and Yi [10] proved that (4) with the periodic
boundary condition admits a Whitney smooth family of quasi-periodic solutions. Liang
[11] considered the Schrodinger equation

ity — ey + | 4|Fu=0, peN
and proved the existence of quasi-periodic solutions corresponding to two-dimensional
invariant tori. Geng and Wu [12] showed that the one-dimensional derivative nonlinear
Schrédinger equation

iy = e — i(Jul*u) = 0

admits a Whitney smooth family of real analytic quasi-periodic solutions with two Dio-
phantine frequencies. Gao and Liu [13] proved that there are many two-dimensional el-
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liptic invariant tori, and thus quasi-periodic solutions for the nonlinear wave equation
5
U — Uy + ML+ u” =0

with Dirichlet boundary conditions. Comparing these equations with cubic nonlinearities,
it is more difficult to find the quasi-periodic solutions for the equations with high order
nonlinearities.

However, the models in [10-13] cannot explicitly contain the space variable. The au-
thors in [10-12] applied the compact form condition, the generalized compact form con-
dition, or the gauge invariant property. Although these conditions simplify the normal
forms and measure estimates, the equations they [10-12] considered cannot explicitly
contain the space variable x. The x-dependent nonlinearity implies that the equation is
variant in space translations and the momentum is not conserved. After one expands the
perturbation by infinite-dimensional coordinates, the coefficients are integrals of eigen-
functions’ products. For the x-independent nonlinearity, infinite coefficients are zeros,
and one only needs to prove that essentially finite divisors are not zero. For instance, in
[10], the coefficients with ki1 + kona + Y, (ot — B, )1 # O are zero, and the authors can only
discuss the divisors with kyn; + kany + ), (@, — B,)n = 0. In multi-dimensional equations,
the x-dependent nonlinearity has the effect that the normal form is not diagonal in the
purely elliptic directions.

Eliasson and Kuksin [14] considered the d-dimensional nonlinear Schrédinger equation

. OF (x,u, )
—iu=Au+Vx) xu+e—m—,
ou
where V(x) = 3~ V(a)e!* is an analytic function and F is real analytic. They proved that
the solution u persists as a quasi-periodic solution which has all Lyapunov exponents equal
to zero and whose linearized equation is reducible to constant coefficients. This potential
term is a convolution, and the nonlinear term cannot depend on ¢£. Bambusi et al. [15] dealt
with a degenerate KAM theory for lower-dimensional elliptic tori of infinite-dimensional
Hamiltonian systems and applied it to the wave equation

U — Uy + V() u + Eu + f(x,u) = 0.

They used the mass & € R as a parameter. The result cannot be used to (1), since g(wt, x)
has « parameters. Eliasson et al. [16] thought the case with constant-coefficient nonlin-
earity g(x, u) = g(u) is significantly easier than the general case. They [16] proved a KAM
result for the nonlinear beam equation on the d-dimensional torus

s + A%u + mu + g(x,u) = 0, teR,xeT (5)

where g(x, ) = 4u® + O(u*). They showed that, for generic m > 0, most of the small am-
plitude invariant finite dimensional tori of the linear equation persist as invariant tori of
the nonlinear equation. However, the nonlinearity #> in (5) is still constant-coefficient and
cannot depend on x. Jiao and Wang [17] constructed quasi-periodic solutions for a quasi-
periodically forced and x-dependent one-dimensional Schrodinger equation. Their fre-
quency vector is fixed, the boundary condition is parameterized, and the nonlinear term
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is cubic. Berti and Bolle [18] presented existence results of C* quasi-periodic solutions
for Schrodinger equations with a multiplicative potential. Their proofs are based on an im-
proved Nash—Moser iterative scheme and a multi-scale inductive analysis for the inverse
linearized operators. Berti et al. [19] introduced a weighted majorant norm of vector field
to handle the problem about the x variable. In this paper, we only assume g is bounded,
i.e., (Hy). The decay property plays an important role, e.g., (51).

For an equation with a constant-coefficient nonlinearity, a constant-coefficient symplec-
tic transformation can change one Hamiltonian to another; while for an equation with a
variable-coefficient nonlinearity, a constant-coefficient transformation is not sufficient.
For (1), we construct a quasi-periodic symplectic transformation. For quasi-periodically
forced equation, see [20, 21].

Equation (1) is quasi-periodically forced, and has an x-dependent quintic nonlinear-
ity. This equation simultaneously has three characters, which makes the problem more
intricate and difficult. To the best of our knowledge, there are no results regarding the
quasi-periodic solutions for (1) by the KAM method.

Observing that (1) has a quintic term, we would like to eliminate the non-normal form
terms and get a sixth order Birkhoff normal form. Our purpose is that the remained terms
after normal form procedure must have the form of |g;|*|gj|*|qx|* or |q:1*|gj|*|wk|*. To
obtain the normal form, we construct a symplectic transformation. But the coefficients
of this transformation have divisors. Thus, we choose the indices (the admissible index)
to control the divisors not equal to zero. Since the nonlinearity of (1) quasi-periodically
depends on ¢, the transformation should be quasi-periodic. To deal with the variable x,
motivated by [17], we divide the perturbation to the mean value part and the non-mean
value part. With the help of the admissible index, the term with respect to the mean value,
ie., % Zt’i’d’l’m’n Gijaimnqi9i94919mqn> can be changed to normal form easily. However, the
left term 1 > ks Lijddmn Ghijaimn€*”) 419144913 3n can not. To resolve this problem, we
add the small divisor condition

QS”O

’(k,a)) +)‘i+)‘1+)‘d_)‘l_km_)\n| = k|e+m

Obviously, the parameters set satisfying the condition should not be empty, which can
be indicated by estimating their measure bigger than zero. The estimate is a complex and
meticulous job. But the difficulty is more than that. The analyticity and regularity of trans-
formation are difficult to be proved in the space [*°. To this end, we use the Fourier co-
sine expansion and construct an inequality—Lemma 3.3. After we obtain the sixth order
normal form, we scale this normal form and establish a KAM theorem to find out the
quasi-periodic solution.

If parameters satisfy the small divisor conditions, we can retain them in the original
parameter set I1. If parameters do not satisfy these conditions, we throw them away. Gen-
erally, if IT is not big, such as [0, 1]“*?, then the measure of thrown parameters set is almost
zero and the left “good” parameters set I1. possesses a positive measure. But if we choose
IT = [0, 1]*? in this paper, then T1, is too small and has a negative measure. So we select
= [8‘5, 2”12 ]+, There are two purposes. One is to obtain I1, with positive measure.
The other is to ensure the smallness of vector field | Xp|}. Although the thrown parameters

set is big, the IT is also big and the “good” parameters set I, still has a positive measure.
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Unfortunately, since the measure of IT reduces as k + b reduces, we only can find quasi-
periodic solutions for k + b > 12.

The paper is organized as follows. In Sect. 2, the main result, remarks, and comments
are given, and we transform the equation to an infinite-dimensional Hamiltonian system.
Section 3 is devoted to a sixth order Birkhoff normal form. In Sect. 4, we show an infinite-
dimensional KAM theorem and the measure estimates. Using this theorem, we prove our
main result. Conclusions are made in Sect. 5. A few of lemmas are proved in the last section
(Appendix).

2 The Hamiltonian setting
When ¢ = 0, equation (1) becomes

ity — Uy + s = 0. (6)

Let ¢;(x) = \/gsinjx and A; =2 +m,jeZ* :={1,2,...} be the basic modes and their fre-
quencies for the linear Schrodinger equation (6) with Dirichlet boundary conditions, re-
spectively. Every solution of (6) can be written as a super-position of the basic modes,

namely

u(t,x) = Y qi(Od;x),  qt) = gle™".

jz1

Concerning the existence of quasi-periodic solutions for the nonlinear Schrédinger
equation (1) with (2), we prove the following Theorem 2.1 which is the main result of
this paper. Before that, we first make some assumptions. Define D;(01) := {¢||Im?| < 01},
Dy(2a) := {x|| Imx| < 2a},

’

18lor,2a := sup lg(®,%)
(9,x)eD1 (01)x Do (2a)

and g4 := SUP,ep, (2q) 1€(D, %)| for every fixed ¥ € D1(o1). We assume 67 to be a fixed small
positive number. Throughout this paper, we suppose that:
(Hy) g(8,%) =go+ ZkeZK\{O}gk(x)ei<k’l’>, 0 # go € R, where (-, -) denotes the standard inner
product in C*.
(Hy) For some o7 > 67 and a > 0, g analytically in ¢, x extends to the domain D;(07) X
D,(2a) and g is bounded in D;(01) x D,(24) with finite norm |g|s; 24
(H3) 8%*+1g(9,0)=0,Yk e N.

Theorem 2.1 Let b > 2 be an integer with k + b > 12. Assume (Hy), (Hy), and (Hs) hold.
For each admissible index set T = {n; < ny < --- < np} C Z*, there is a constant &* such
that, for any 0 < € < &, there exist a subset Q C [p,20]“ with meas2 > 0 and a subset
I, C Q x [0,1]® with meas 1, > 0 which satisfy that for any & = (w, SnyrerrSny) € g, the
boundary value problem (1) with (2) has a quasi-periodic solution.

Remark 2.1 Equation (1) has a large Cantor family of rotational « + b-dimensional tori
with frequency vector @, where &, = (W1, W2, ..., Owcs Tiny» Dy -+ » Wiy ) With @, =
w; +0(e),1<i<k,and Dy = Anj +0(e),1<j<b.
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Remark 2.2 In (Hy), g is defined in the strip D,(2a). In fact, g can be defined in any strip
D,(a) as long as a > a. The fixed positive a will be used to define the Hilbert space [**

below.

Remark 2.3 The definition (Definition 3.1) of admissible index sets is given in Sect. 3.

There exists an infinite admissible index set Z (see Sect. 3).

Remark 2.4 We use “meas” to represent the Lebesgue measure.

Remark 2.5 In this paper, C denotes a universal constant if we do not care about its value.
Remark 2.6 Using the method of this paper, we cannot expect an existence result of quasi-
periodic solutions u(t,x) with the same frequency vector w as g. That is because we add
extra parameters while we use the KAM method. Extra parameters cause solutions with
additional frequencies.

Remark 2.7 Actually, g may be identified with analytic functions which are even on x € R,
periodic in x, and quasi-periodic in £. However, equation (1) is defined on x € [0, 7]. So we

put forward the hypothesis (Hs) so that g(wt, -) can be even expanded on R analytically.

We study equation (1) with (2) as the Hamiltonian system

1 T
i =iVH(@),  H=(Auu)+ % / g(ot,x)|ul® dx,
0

where A = —;—; +m, the inner product (¢, v) = Re fon uvdx, and the gradient of H is defined
with respect to (-, ).

Introduce the coordinates g = (41,43, . ..) through the ansatz

u(t,%) =y qi(O)g(x).

jz1

The coordinates are taken from the Hilbert space [** (a > 0,s > %) of all complex valued

infinite sequences

1 =1"%(C) = {z = (21,20 1z € Ciz st (Izllas)’ = Y lalie* < oo}.

i>1
Thus, we obtain the Hamiltonian
H=A +¢G, (7)
where
1 1 (" 6
A=1higR and G- / 2(ot,0)| Y g, dx.
jz1 0 j=1
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The corresponding equations of motion are

.. 0H
q;i = 218_6_]" j=1 ®)
]

with respect to the symplectic structure % > dg; Adgj on I*°.

Lemma 2.1 LetI C R be an interval and a curve I — [**, t — q(t) be an analytic solution
of (8), then

ult,x) =Y q(t)(x) 9)

j=1
is a classical solution of (1) that is analytic on I x [0,7].

From the above lemma, u is a classical solution of (1). So we need to find a solution
having the form (9). The proof is common and we omit it. Details can be found in [5].
Introducing a pair of action-angle variables (J, ) € R¥ x T* (T* := R*/2nZ*), one can
obtain an equivalent Hamiltonian that does not depend on the time variable. The au-
tonomous formulation of our problem is reached as follows:
G . 3 [y xdx

. 2’8H i>1 kS ]
= 2i—, : = o, =t =-
1= T o o

which is a Hamiltonian system with the Hamiltonian

1
H=(w])+ E;)Lj|qj|2+86(q,z9) (10)

and the symplectic structure d9 A dJ + % > dgq; A dg;, where (-,-) is the standard inner
product in C*.

To continue our investigation for Hamiltonian (10), we need to establish the regularity
of the nonlinear Hamiltonian vector field X associated to G.

Let I and L?, respectively, be the Hilbert spaces of all bi-infinite, square summated se-
quences with complex coefficients and all square-integrable complex-valued functions on
[=7,]. Suppose that

1 -
F:lp—>1% qw— Fq= —que"x
V2 ;

is the inverse discrete Fourier transform, which defines an isometry between the two
spaces. The subspaces /;* C [2 consist, by definition, of all bi-infinite sequences with the
finite form

2 ) )
(”q”a,s) = |q0|2+Z|qi|2|l|2562a\z|‘
i

Through F they define subspaces W**[-r, 7] C L*[-7, ] that are normed by setting
IFqllas = 11gllas- The following Lemma 2.2 has been proven in [5]. Using it, we can prove
a regularity result—Lemma 2.3.
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Lemma 2.2 Fora>O0ands > %, the space 1, is a Hilbert algebra with respect to convolu-
tion of the sequences (q * p); := Y _; gj_kPk, and

g *Pllas < cllgllaslpllas

where the constant c depends only on s. Consequently, W** is a Hilbert algebra with respect
to multiplication of functions.

Lemma 2.3 The Hamiltonian vector-field X is real analytic as a map from some neigh-
borhood of origin in 1** into I1**, with |Gzl 4s = O((Igllas)?)-

See the proof in Appendix.

3 Partial Birkhoff normal form
Since u = ijl q;(t)p;(x), we attain that

1 L
G(q: ﬁ) = g Z /0 g(ﬁrx)¢i¢j¢d¢l¢m¢n dxqiqjqd@émén'

ij,d,l,m,n

From (H,),

1 o
G =¢ Y. Giamdidiadidnds

ijd,Lmn
1 i(k,9) -~ -
= > Grjamne™” 4 0adiGmn (11)
|k|>1,i,j,d,l,m,n
where
T
Gijdlmn =g0f ¢i¢j¢d¢l¢m¢n dx (12)
0
and
T
Grijdimn = / 8k (X):ipjbap1pmPndx, |k| > 1. (13)
0

An easy computation shows that Gy, = 0 unless i £j+d £ [+ m +n =0 for at least
the index set Z := {n; < ny < - - - < np} satisfies
n; # 1+ ny (14)

for any i,j,d € Z, then

52 32 £0
Gnl == Gn[, = F’ ninjn; = ﬁ; nining = P
and
£o nj n; 1 £o 2m;
Gni}’ll‘l = W (4 - 8n¢+l - 8711'+l - 8ni+n/)’ G”i”il = m (6 - 81 )

Page 8 of 30
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hold, where i #j,j #d,d #i,i,j,d € {1,2,...,b},l ¢ I, and for v € Z,

5 = 1, i=v,

4 .
0, otherwise.

For the convenience, we introduce vectors ¢ = (i,j, d, [, m, n). Suppose that

1
8¢ = Gijdimn = g Gijdlmm 8k,¢ = Zk,ijdimn = g Gk,ijdlmn' (15)

Then G can be expressed as

_ o L pi<k,?)
G= Z g:qz + Z 8rkce ' qss
i dElEmEn=0 k=1,

where gz = qi9/94919mn-

We apply the method of [9] to define admissible index sets. For each index set Z, define
Ak, k=0,1,2,3, where Ay (k =0,1,2) is the set of indices (i, j, d, [, m, n) such that there are
exactly 6—k componentsinZ, and As is the set of indices (i, /, d, [, m, n) such that there exist
at least three components not in Z. We suppose that Z, = {(i,}, d, i, j,d)} which means that
the last three indices are of the form (i, j, d) or some permutation of it. Define N := Zy N A,
and M := 7y N A,. Then the admissible index set can be defined as follows. It is proved
that, in Proposition 2 of [9], there exist infinitely many admissible index sets. For instance,
when b = 2, one can take Z = {(ny,n3)|n; < ny,n; =5 or 9mod(14), n, = 8mod(14), 1y >
11n3}.

Definition 3.1 (Definition 1 in [9]) The index set Z is said to be admissible if and only if
1y, My, ..., Ny satisfy the following assumptions A—C and (14).
A IfitjtdEtitmtn=0,5€ Ao\ N, then ki +;+Ag— A — Ay — A, #0.
B.Ifi+j+d+l+m+tn=0c¢ce Ay, then Ay + X+ g — Ay — A — Ay #0.
C.Ifitjtd+l+tm+n=0eAy\ M,then k;+xj+Ag—ri— Ay — Ay £0.

Next we transform Hamiltonian (10) into some partial Birkhoff form of order six.

The following lemmas are necessary. We will apply them to proving Proposition 3.1.
The proofs of these lemmas are shown in Appendix. Define A:=AyUA; UA,and A =
(Ag\N)U A U (Ay \ M). Assume that ; > 1 and 0 < 19 < % are fixed.

Remark 3.1 Here the condition 7; > 1 is necessary to obtain the real analyticity of sym-
plectic change. The detailed reason can be found in the proofs of Lemmas 3.1 and 3.2.

Remark 3.2 In order to set the small divisor conditions, we take n¢ > 0. To ensure the

perturbation P small enough, we take 0 < 79 < %

Lemma 3.1 There is a subset Q C [0,20]" such that every w € L satisfies that

o&™

|<k’w>| z |k |<+m

forall 0 #k € Z* (16)



Wang et al. Boundary Value Problems (2018) 2018:76

and
meas > QK(l - Cls’m),
where the constant Cy depends on .

Lemma 3.2 Assume that (i,j,d,l,m,n) € A and k #0. Then, when ¢ is small enough, there
is a subset Q C [0,20]" satisfying that, for any w € Q and A + Aj + hg = hi = hpy — hy 70,

QSYIO

, 17
K 17)

[(ky @) + i+ A+ Ag = A= hoy = M| >
Moreover,

meas Q > QK(l - C28’7°),
where C, is a constant depending on «, 0, ny, and ny,.
Lemma 3.3 Forx; € Candk € Z*, if the series ), [K]* ! |xx|* converges, then the inequal-
ity | Y x| < X (k1% x| holds, where [k] = max{|k|, 1}, |k| = |ki| + ko] +- - - + | ki | and
c is a constant depending on k.

Consider Hamiltonian (10). For each index set Z, the following Proposition 3.1 holds.

Proposition 3.1 When ¢ is small enough, there exists a subset Q2 C [p,20]" with meas Q2 >

0, and for every w € , there is a real analytic, symplectic change of coordinates V which
can transform Hamiltonian (10) into its Birkhoff normal form, i.e.,

Ho‘l’:A+SG+8G+£2K,

where
b
- 5g() 9g()
G=m3D a5 3 lanl'layP
j=1 bj=1,...b,i%
62
+ F Z |qm|2|qm|2|q;«d|2
ij=1,....b,i) jAddi
3
425D > Gundlan 'l
I1¢7 i=1,...b
+6Y " > Gutldu’lgw 14, (18)
1¢T ij=1,...,b,i%
~ i(k,0
G= > gzqz+ Y ¢ Y " geqe, (19)
ZeA3,itjtd+ltmEn=0 k=1 GeAs

and ™ |K| = O((|qla,s)*°). Moreover, the transformation V is defined in a complex neigh-
borhood D, (%) := {#||Im | < 3} of the tour T“ and a neighborhood of the origin in [*°.

Page 10 of 30
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Proof of Proposition 3.1 Step 1. We construct the symplectic transformation V. Consider
a Hamiltonian function

F=¢F= SZF;qg te Z ei<kﬂ’>ZFk,§fI§
g

[k|=1 3

with coefficients

8c oC : . N =
iF- = m ifitjtd+tl+mEn=0and ¢ €A,
: =
0 otherwise,
and for k #0,
e if|k| > 1,¢ € A, and
Mi+hj+rd—=ri=Am—rn =0,
iFrg = = if k| > 1, € A, and

(k) +Aj+hj+dg=A=Am—Apn
A+ A+ Ag=A = A=Ay #0,

0 otherwise.

Let W = X% be the time-1 map of the vector field of the Hamiltonian F. Expanding at
¢t = 0 and using Taylor’s formula, we obtain

HoW =H+{H,F}+ fol(l -O){{H,F}, F} o X5 dt
=A+eG+e{A,F}
+82{G,F}+e2f01(1—t){{H,F},F} o X4 dt. (20)
For convenience, suppose that
Iz := [gg —ii+ A+ hg = A= Ay — )»n)Fg]QE
and
Iz = [gee —i((k, @) + Ai+ A+ hg = A= My — An) Frog|qc-
In the second line of (20), we compute and obtain that
G+{AF}=G+G, (21)

where
G:= E Iz
geN or e M and itj+d+l+m+n=0

= > 8:4:
¢eN or e M and itjt+d+i+m+n=0
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and

G:= Z Iz + Z elth?) Z Iic.

GeAs k=1 GeAg

So, (18) and (19) hold true as well as
) . 1
HoW=A +8G+8G+82{G,F}+82/ (1-){{H,F},F} o X%.
0

Step 2. We prove that W is real analytic.
CLAIM. The vector-field of the Hamiltonian Xr is real analytic in a complex neigh-
borhood ¥ € Dl(%) of T“ and some neighborhood of the origin in /*°. Furthermore, it

satisfies

C 5
IFzllas < %(Hq”a,s) . (22)

The vector-field of F is

oF _ OF oF
Xr=10——,2i—,-2i—
v 9q g )’

Firstly, we discuss —2£. For ¢ € Dl(‘”) and g € [*%,

Z ik Z Frzqz

319 Dy ( 7— k=1 Zeh Di()
<Y e Z |Frzllgel. (23)
[k|>1

However, with the even extension of g on x € [-7, ], we obtain the Fourier cosine expan-

sion

x) = Zg,f COs TX,

T€Z

which together with (15), (13), and Lemma 3.2 yields the estimate of Fj z:

k|

T
gno Zr,r+iijidil:tmin=0|

S

|Frel <C ) (24)

where C is dependent on ¢ and 7.
It follows from (23) and (24) that

Z e\k|_1 |k|)<+n1+1
87)0

Di(%) k=1

JoF
Frs

x ( > |g;||qi||qj||qd||fzz||ém||qn|).

T+itjtd+ltmtn=0,E€A
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However, from Lemma A.1 in [22], we have

gF| < gl 2ae” K172, K #0.

So
% < £ e—‘k‘%|klk+ﬂl+l
819 Dl(”l 8”0 |k\
x ( > e2”f'|qi||q,f||qd||c‘zl||z1m||c‘1n|>.
T+itjtd+itmEn=0,ceA
Suppose that

W= ( . ')W—Z; ﬁ/—l; ‘:{/O; l;(/11 ﬁ/Z! . )

and the component W, = e 24! for t € Z, then

”ﬁ/”i,s _ Z |wr|2[r]2562a\r| — Ze—ém\r\[r]ZseZa\r\ _ Ze—2ar [_L,]Zs
T T T

Since Y. e 2I"I[7]* is convergent, W € ;. Assuming
w; = |gjl, w_j = |g;l, wo=0
for j > 1, it follows from (26) that

JoF
av

D1(%) k=1

Since
tlkeZ k| =1} <21, el

we obtain, from (29) and Lemma 2.2,

oF . C loy
— 5||W>kw>1<w>|<w>|<w>x<w>|<w||,m—le""’”e’T
v gno

Dl(%l) I>1

log
2

c .
< %HW*W*W*W*W*W*W”a,lez'ﬁme
€
>1

<L lgllé
— gm0 q a,s*

Secondly, we discuss || 3 IIa,s K5 ||M can be discussed in the same way.

Since

(1F7llas)* = Y IFp P>,

>1

— Z e’7|k|"+’“+1(w*w*w>kw*w*w* w)o.
8
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(25)

(26)

(27)

(28)

(29)

(30)

(31)



Wang et al. Boundary Value Problems (2018) 2018:76 Page 14 of 30

we need to estimate |Fy|*. It is evident that

|F; 1> < C(Fo)* + C(Fu)?, (32)
where
Fa=| Y Feaqidnin

itjtd+itmEn=0,eA

and

Fy=|Y" €i<k'mdeiFk,EQiq/qumén

k=1

For Fz, according to the definition of admissible set, the divisor
:=di+Aj+Ag—Ai—Apm—A, #0.

So, |8| > 1 holds forall ¢ € A. Therefore,

2
B=c( Y 4aadndl) -

ZeA titjtdtmin=I

It follows from (28) that
Fy <C((wsxwswkwsx w)l)z.
So, using Lemma 2.2, we have

2
ZFgllzsezal < CZ|(W*W*W*W*W)1| |1[25¢2!!

>1 1|>1

<C(lwswswswxwll,s)® < C(lql3,)?, (33)

where C depends on g and 7.
Supposing that Q = Q N , according to Lemmas 3.1 and 3.2,

meas Q > 0*(1 - Ce™)

holds and meas €2 > 0 when ¢ is small enough. In the following, we assume w € Q. Thus
(16) and (17) are true. Using Lemma 3.3 and (24),

2
Fy=<C Z [k]>+1 | |2 (Z |Fk,§||%61;‘4démén|)

[k|>1 ceA

C i +2, i 2
n+1| jik,0)
I ||
[k|>1
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2
x ( > |g;||qi||q;||qd||c‘zm||21n|> :

t+itjtd+ltmEn=0,eA

From (25), we have

Fll Z[k 4K+2n1+1|e kz?)’ e—2\k|01

[k|=1

2
x ( Z e‘z"'r'Iqillqjllqdllémllflnl) .

T+itjtd+lEmEn=0,E€A

2210

It is derived from (27) and (28) that

C

Qic+2n1+1 | ilk,9) |2 ~2lklo1 (( 2
1= S Z[k] 1 o) %= 2K (5 s wok w sk wo w w)y)

[k|>1

For all (#,x) € D1(01/2) x D5(2a),

< ~ 2
Fy < om0 Z [k e 2me g1 Kl g=2IKIoL (5 5w s wos w o w sk w), )

[k|>1
4K+2r] +1 —\kla
<£2n0((w*w*w*w*w*w)l Z[k 1 1, (34)
|k|>1
Since (30) holds, we obtain, from (34),
F2 < < (W wkwswswx W)1)2 Zf"*z”le_"‘“
1 = £2m0
j=1
< < (W wskwswswx w)1)2 st“z'“e’f&l
— g2mo ’
j=1
Therefore,

C - 2
ZF12112562“1 < por Z|(W KWWk Wk Wk w)l‘ |l|2362“|”
>1 =

N C
< (s wswswswswlg,)’ < —— ~(llql5, )%

£2m0 g2n

which together with (31), (32), and (33) yields that

(IFllas)” < C Y (F2 + Fy) e < (||q|| )

>1

for 0 < € < 1, where the constant C depends on 0,g,61,4,«,Z, 11, and s. The analyticity
of Xr follows from the analyticity of each component function and its local boundedness.
The claim is proved.

Step 3. Similar to the proof of (22), we attain that |G| = (’)(Ilqllgys). Finally, we estimate K.
Suppose that

1
K ={G,F} +/ (1-{{H,F},F} o X% dt.
0
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By using Lemma 2.3 and (22), and from the fact that

[{AFY| = 1G + G- Gl = O(lqlS,),

we obtain
C 10
{G,F}| < (”q”as) and |{{A,F},F}| < %(HQHLM)
Furthermore,
C
{{{G,FLF}| < Jon (”q”as)
and (7) hold. Hence, |K| < -5 (I|qll4)™° for [|glls < 1. This completes the proof. O

We introduce the symplectic polar and complex coordinates by setting

qn = /26 +2Le™, 1<j<b,

q; = ﬁwjr je er

where ¢; € [0,1] and Z; := Z*\Z. Then the Hamiltonian is changed to

H= Z wif; + Z wil; + Z Quww; + P, (35)

1<i<k 1<j<b leZy

with symplectic structure ., dOiAdfi+ 3, dOj AN dl+i3 7, dw A dw, where
P=¢G+eG+82K

b
o logo 18g()
G=25 (B +3rg+ )+ — Y (g5 + gl + 26l + LIY)
T4 i j=1,b
48gy
v Y (st silla+ higla + Llisa+ Ihla)

i jd,dAi,ij,d=1,...b

+IZZZGM112|W1| +48) Z Gnn],11|wl|

leZq i=1 1€Zy i#),ij=1,..

@j=Aj+ —— 280¢ (5 2418 Z glg,+9 Z 5';

i,i=1,.. i,i=1,..

+72 > gigd), j=1,...,b,
b

i#,i7d,d%j,i,d=1,..,

and

b

Q=n+12¢ Z Gt S7 +48¢ Z GumiSisy L€ 7.
i1 ijij=Lob
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Foranya)_eQﬁxedandeSZZ:: {we§2||a)—a)_|§e%},

eter @ as follows:
A «
w=w_+e6w, e[0,1].

Clearly, Q x [0,1]° Cc @ x [0,1]%.
Scaling the variables as follows:

_ 1=
w=E6w,
1.
g:SBg’
1 o
w=¢eg12w,
— 1z
w=¢g12w,
l~
I=¢%l,
1~
J=¢¢],

one can obtain a Hamiltonian system given by the rescaled Hamiltonian

where

~ = _1 =~ )
i) = 3w_;j+ew;, 1<i<k,

1’5_]'(5‘)_8 3)‘n]+&< ~2+18 Z §1§1+9 Z

i#,i=1,.. i#,i=1,..

+72 Y §i§d>, j=1...,b,
b

i#d,d,i#ji,d=1,.,

b
- 1 - o
Q) =e3M+126 Y Guall +488 Y Guilily, L€,
i=1 i =1,b
Clearly,
1. 1 . ~ 1x
w=¢e30, w =¢e3w, Q=e3Q.

Next, we introduce some notations. Assume that

Page 17 of 30

we introduce the new param-

(36)

37)

(38)

D(o,r):={(®.],0,1,w,w): | Im®| <o, |Im 0| < 0, || < %, [|Wllas <7 [|Wllas < 7}

is a complex neighborhood of T* x (J=0} x T? x {I=0} x {w=0} x {w=0}, where | - |
denotes the sup-norm for complex vectors. For p (p > 1) order Whitney smooth function

F (), define
17 }

JEP

IFIIG = max{sup |F|,...,sup|—
Eell Eell
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and

oF

G

oPF

yene,SUP T

Eell

If F(£) is a vector function from & to [**(R"), which is p order Whitney smooth on &,

define ||F|l; o = IIEE)ITillas (IFllgnn = max(|1F:(§)lIT))- If F(n,€) is a vector func-
tion from D(o,r) x I to I*%, define ||F|} . = SUP,ep(o,n IF Il - We usually omit

IF]ln = maX{SUP
Eell

D for brevity. For functions F, a corresponding Hamiltonian vector field is defined as
Xr = (Fj, —Fy, Fy,—Fy,iF3, —iF;)T. Denote the weighted norm for Xr by letting

* 1 * 1 * * 1 * 1 *
| XE Do st = r_2||F19||n + ﬁHFeHn +[1Fplly + ;IIlela,s,n + ;IIF@IIa,S,n

In the following, we suppose p = 2. Fix 09 = % and r = ry, where 0 < 7y < 1 and 7y is fixed.
On D(oy,ro) and for & = (&, &) € [g, 3B8]“*?, from Prop. 3.1 we can get that

1P| < [£G| + |eG] + [¢2K| < Ce.
Using Cauchy estimates, we have that

< Zefp?

N C
|Xf7 | r,D(o,r)xI1 ;

on D(o,r) with o = min{%, %}, r= %", I = [B,2B8]°*?, and B will be denoted later. Since

(@, ¢) € [0,1]%*?, we assume

=

38<¢7s, (39)

For simplicity, we still denote H by H, J by J, I by I, i by w, w, by w, @ by », & by w, &
by €2, & by @, & by ¢, and P by P.

Remark 3.3 Actually, we eventually take g = e T as ¢ is small enough. The reason can be
found in Sect. 4.1.

4 An infinite-dimensional KAM theorem
Consider small perturbations of an infinite-dimensional Hamiltonian in the parameter

dependent normal form

N=Y " @i+ Y @+ Y Qul)wim

1<i<k 1<j<b A

on a phase space
P =T x R x TP x R” x I*° x I** 5 (9,],60,1,w, W),

where
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a >0, s > 1/2; the dots stand for finite lower order terms of j and /, respectively; w_ €
Q is a constant vector; and O(@”) and O(c?) mean pth order terms in wy,...,®, and
G1,.-.,Gh, respectively. Denote IT; = [8,28]%, 1y = [8,2B81%, and I := I1; x II,. Suppose
that |@ll.,n, < Miy, 1o [, <Mz, 191, <M, and max{My1, Miz} + My > 1. Define
M = (max{Miy, Mo} + M)?.

For the Hamiltonian H = N + P, there exists x + b-dimensional, linearly stable torus
75"”’ =T* x {0} x T? x {0,0,0} with frequencies & = (w(®), @ (¢)) when P = 0, where

wi(w), 1=<i<k,
w; =
wi(c), k+1<i<k+bh.

Our aim is to prove the persistence of a large portion of this family of linearly stable rota-
tional tori under small perturbations. Suppose that the perturbation P is real analytic in
the space variables, C? in (@, ¢), and for each £ = (@, ¢) € IT its Hamiltonian vector field
Xp = (Py,—Py, P, —Py, iPy, —iP,)T defines near 76’(*1’ a real analytic map Xp : P** — P,

Under the above assumptions, we have the following theorem.

Theorem 4.1 Suppose that H = N + P satisfies

_ * 2(1+p)
€= |XP|r,D(J,r)><l'l = Yo )

where y depends on k, b, T and M, u =3t + 2 + (i + b)/2. Then there exists a Cantor set
M. C I1,a Whitney smooth family of torus embedding ® : T<** x 11, — P** and a Whitney
smooth map cf)* = (s, Ty) I, — R sych that, for each & € 1:I€, the map ® restricted to
T*** x {€} is a real analytic embedding of a rotational torus with frequencies cf)*(é ) for the
Hamiltonian H at &.

Each embedding is real analytic on |Im¥| < % and |Im0| < %, and
1 x x
[P — Dol <ce?, lws —@|* < ce
uniformly on that domain and Y1, where ® is the trivial embedding T**? x T — Toeb.

Remark 4.1 1In fact, the parameter v > 2k + 2b + 5 is required. The reason can be found in

the proofs of Lemmas 4.2 and 4.3.

Remark 4.2 The regularity of the vector-field is Xp : P** — P** with s’ = 5. In this theo-

rem, one cannot expect s’ > s, since the original equation explicitly contains x.

Assume
eB < 1. (40)
From (36), (37), and (38), noticing b > 2, we get that My; = 1, My, =

and M, = Lgo\(if#_ Obviously, max{Mi;, M12} > 1 and M, > 0. So, we can take M =
(max{M,, M15} + M,)?. Note that M is independent of ¢.

2)go|(144b—252)
nZ
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Assuming
B2<1, (41)

we have that

|XP|;D(N7) =€= ’ (42)

(S5}
Q| Qe

as ¢ is small enough. According to the assumption, we need

™
Y

< ]/UZ(HM)‘

A

4
So, we can take ¢ < (yo3*?#)3. According to the reference [9], one can take y =

6 6
Yo 1 Yo 2u+3 4
P < 1 <(—2 0 3
PYCTIETE where y, < TSI Therefore, ¢ < (2020(1+u)(cM2)6 oM*)3,

Suppose x = (¢,60) and y = (/,I), where

19[') lflSKr ]i} ISISK;
X; = and vy, =
O, K+1<i<k+b I, k+1<i<k+b.

We take & € I1. Then Hamiltonian can be written as

H=N+P= Y &@yi+ ) Qu@wivi+Pxyw,mé).

1<i<k+b leZq

Using exactly the same KAM procedure with [9], we can prove this theorem. The proof
is standard and the detailed steps can be found in [9]. In every KAM iteration step, some
parameter sets are thrown (see [9]). So, it is necessary to identify that the measure of I,
is positive. In order to settle this problem, one can estimate the measure of the thrown
parameters sets. We compute and attain that the total measure of these parameters sets,
namely IT, is (’)(s’% ). When ¢ is small enough, we can have meas IT < ™', The details can
be found in [9]. For clarity, we show the measure estimate in the first KAM iteration step
and put the proofin Sect. 4.1.

We take 8 = e~ 1 in terms of (39), (40), (41), and (43). So meas I1 = e Ifi+b> 12, the
meas 1, >0, where I, := 1'[\1:1. Therefore, there exists a Cantor set [T, C IT with positive
measure such that, for each & € l:IG, the map @ restricted to T+b % {£} is a real analytic
embedding of a rotational torus with frequencies s (&) for the Hamiltonian H at &. By
applying Theorem 4.1, we get Theorem 2.1.

Remark 4.3 By using the method of this paper, one cannot expect quasi-periodic solutions
K+b

for « + b < 12. This is mainly because when « + b reduces, measIT = ¢~ 12 reduces. But

meas [T < e So meas IT, may be not positive.

4.1 Measure estimates in the first step
The thrown parameter sets in the first step are

<UA}<1) U <U(A,1<2 UAL, UA,1<4)>,

k40 k
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where
AL = {g eI |k @) < i},

R 3
A}, = UB}&I: U{gel’[:|(k,é))+$2i|<ka},

= i€Zy
§(i=jl+ 1)
1 111 . U T, N P e s
Ay = U Byi' = U {g eI: (k@) + <+ < T}’
ijeZq ijelq
1
1 1,12 . A A A 66(|i—j| + 1)
Ak4=”U‘ By =U }{gen.y</<,w>+sz,-—s2,y ST
ijel,i# ijel,i#f

where Ax = 1 + |k|". Clearly, meas(Aj, UA}; UA},) = 0. We show the measure estimate of

the most complex condition A;,. The others can be estimated by the similar method.

Lemma 4.1 (Lemma 1.1in [23]) Suppose that f (x) is an mth differentiable function on the
closure I of I, where I C R is an interval. Let I, = {x||f (x)| < h}, h > 0. If for some constant
d>0, [f(’")(x)l > d forVx € I, then meas I, < ch%, wherec=2(2+3+---+m+d1).

We omit the proof of Lemma 4.1. See [23] for details.
Lemma 4.2 Fort >2x +2b+5, meas(Uk?,0 A}{g) =0l(e v e™h).

Proof Without loss of generality, we assume i > j and i,j € Z,. Since G, i, Guypnyi < C
hold forany 1 < k < b and any i € Z1, |§] < £C; 82 is true, where

b b
§=12¢ Z Gnknkis'/? +12¢ Z Gnknkiglg
k=1 k=1
+48¢ Z GrngiSkSd +48¢ Z Grninaj SkSd>
kd=1,...b,k#d kd=1,...b,k#d

and C; depends on gy and b.
Assume

g% < 1. (43)

So, when i > c|k]|,

19+ € |s-%)\i+e-%x,-+5|>|g-%x,-+s-%)\,| e
L+li—jl  1+li—jl = 1+]i—jl 1+ i—j|

1

1 1
£33N, —E73); -3
S R %cw —ep>Cy (44)

2li -l

hold. However,

L0 R 1
L&A _ o) < C2|k|(—1 + 8/32) (45)
1+]i—J| e3
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is true, where C, depends on Z and gy. Hence, from (44) and (45), we have

0+ + (k) %=1 k6|

Leli=jl  ~1+li—jl 1+]i—jl
1
-5 Colk
= 2 ok —ep?cy - M ke
2 ol

It follows that, when ¢ >4C, +4C; +2and e < 1,

15+ Q) + (k@)

— > 1.
1+1i—jl

When j > c|k|, since i > j, i > c|k| also holds and we can get the same result. We only need
to deal with the case

max{i,j} < c|k|. (46)
Suppose that
FE) = (k@) + €2 + Q.

The set B,lé;l is equivalent to

1
i eo(li-jl+1)
I, I, : ’
{“)e ve €< Ty, gy

where

~

f= <k(1),w(c7))> + (k(z), w(5))+ () + (),

k(l) = (kn, /(12, e rklm) € 7Z* and k(2) = (kzl,kgz, ooy kzh) S Zb.
Case 1. When k) 0, there exists ¢, satisfying ‘;fT(fo) = ki€ # 0. So, ?{T(i)' > ¢. By using
Lemma 4.1, from (46), we have that

.., 1
meas( U A]1(3> 52 Z %TZHI) SX:Zee?;clld

elk|T
K40 k0 ij<clk| k0 K|

1 1 1
6ce 6 6ce 6 €6 1
k+b jk+b-1
= K1 = > = ) [~y
elk| € £
k0 140 140

When 7 > (k +b) +1, thelast series } [*=®+b) js convergent. Therefore, meas({; Ajg) =
Ole 5 ™).
Case 2. When k¥ = 0 and k® # 0 hold, we have f(&) = (k?, ) + Q; + Q;. Clearly, the

1st to kth elements of the vector %(;) are zeros. We only calculate the (x + 1)th to (k + b)th
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elements of the vector WG] . It follows that

g2 -
2 32
AN —J; =10ky; + 18kog + - - - + 18kyyp + 3(01 + c’l),
2egy g
2 32
LA = 18kyy + 10kay + - -+ + 18kyp + 3(c2 + ¢3),
2egy 3¢
2 (47)
Tt 9
—— . —2 =18ky; + 18kyy + - - - + 10kyy, + 3(cp + C},),
263 52 21 2 2 ( b b)
where ¢;,¢; =5 or 6 for i = .,b, and no more than two 5s in {c1,ca,...,cp, ¢}, -+ - 5 ) ).

Then there exists f5 (1 < to < b) s.t.

72 3?

48
2oz 5T 7O (48)

Otherwise, suppose that the equalities in (47) are all zeros and we can get that

ka1 = [(13—9b)(01 +C/1) +9(62+C/2+"'+Cb+62))]' (49)

8(9b - 4)
However, contradictions follow according to the cases below.

Case a. Two “5s5” in {c1,€2,...,Cp, €}, Chy .05 Cp )

Case a.l. Assume ¢; = 5, ¢ = 6 and there is one 5 in {c3,...,¢p, ), ..., }. It follows that

ko =— 37(%’:53) . Obviously, k1 ¢ Z. Similarly, we get the same result for the case that ¢; = 6,

c) =5.

Case a.2. Assume c1 =6, ¢; = 6 and there are two 5s in {cy,...,¢p, ), ..., ¢, }. It follows
that |ky| = % 5 .So ky1 ¢ 7.

Casea.3. Assume ¢; =5 and ¢ = 5. It follows that |ky; | = 132*22 Ifb=2,...,5,itis clear

that ko € Z.If b > 6, then 0 < |koq| < 1.

Case b. Only one “5” in {cy, ¢y, ...,€p, €15 Chs ..., C) ).

Case b.1. Assume ¢; = 5 or ¢j = 5. It follows that |ky| = 17025b+_2372b. Ifb=2, lky| = % If
b=2,lky|=3.1fb >4, then 0 < |ky| < 1.

Case b.2 Assume ¢, =5or c =5 for iy # 1. It follows that |ky; | = ;;74 So ko & Z.

Case c¢. No “5” in {cl,cz,...,cb,cl,cz,...,cb}. It follows that ky; = — If b =2, then
kot = —%. If b > 3, then 0 < |ky| < 1.

Since ky; € Z, we get contradictions Thus there exists £y (1 < ty < b) s.t. (48) holds.

2
Furthermore, we can have | | jg e.

9b4

It follows that, by using of Lemma 4.1,

meas( U A}(g) 5meas(U U B}q]“)

k(D) =0,k =0 k0 i,j<clk|

1 1
eslkl \? [|k?

=22 )

&
k#0 ij<c|k| (|
L -1 |k|2
< Celzg

1
70 |kI2
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Therefore, when t > 2« +2b + 5, meas({_, A 13) = Ole te 1) 4 O(e2¢71). This completes
the proof.

From (42), meas((J;_»AL;) = O™ 1) holds.

Similarly, we prove the same results for A},, A},, and A},. Furthermore, the following
lemma holds. d

Lemma 4.3 For v > 2ic +2b + 5, meas(((U;_o Azy) U (Ui (Ap, UALs UALY))) = O(etrel) =

15
O(e™16) is true.

5 Conclusions

In this work, we proved that there exists a positive measure Cantor manifold of real ana-
lytic rotational « + b-tori for equation (1). All the tori are small amplitude, linearly stable,
and all their orbits have zero Lyapunov exponents.

Equation (1) has three characters. It is quasi-periodically forced, the nonlinearity is x-
dependent, and the nonlinearity is quintic. To our best knowledge, it is the first time to
consider the existence of quasi-periodic solutions for (1) by the KAM method. We esti-
mate measures of infinitely many small divisors, build a variable-coefficient symplectic
transformation, and show an infinite-dimensional KAM theorem for non-autonomous

Hamiltonian systems.

Appendix

Proof of Lemma 2.3 Let g € [**. Considered as a function on [-7, ], u(¢,x) = 2121 gi(t) x
¢j(x) is in W**, with

letllas = 11gllas- (50)

For every ¥ € D;(01), we expand g in a Fourier series
1 y
g®,x) = E ;gj(ﬂ)e‘}”.
Using Lemma A.1 in [22], for every j € Z, we have that
lg(?)] < Iglaae™ (51)
holds. So

(“g”as go(l?)i Z|g](l9)| |]|2s 2alj|

J70

2 _—dalj|[12s 2alj
< 3 gl e e
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2 —2alj| 12
< |g|01‘25Z Ze aljl [’] s
J

2
o1,2a’

<Clgl

where [j] := max{|j|, 1}. Therefore, g € W**[—m, 7 ]. It follows from (50) that, by Lemma 2.2
and the analyticity of g and |u|*w, the function g(1%, x)|u|*u also belongs to W[~ r] with

lg@,®)ul*u,, < Clgln2a(lqllas)’

in a neighborhood of the origin, where C depends on s and a. On the other hand, since

G T
— :/ g(z?,x)|u|4u¢/(x) dx,
ag; 0

the components of G are the Fourier coefficients of g(¢%, x)|u|*1, so G belongs to [** with
5
IGllas < C| g, 2)ul*ul, < Clglo2(l1gllas)

where the last C depends on s and a. The regularity of G; follows from the regularity of

its components and its local boundedness. g

Proof of Lemma 3.1 Let 0 £k € Z*,

X . an()
Rk = 1w € [p,20] ‘(k’w)’ < |k |fe+m :

&0

Consider two hyperplanes (k,w) = + e - We have

20e™ _ 2(v/2) ke

1 -1 k-1
meas R} < i |k| ™ (+/20) K = ke (52)
It follows that
1
1 1 -1
meas U R < Z meas R < 2(v/2)" ke " Z W
0#keZ¥ 1<keZ¥ 1<keZ¥
So, from (30), when n; > -1,
[o¢]
meas U R11< < C1e™p* szlell*(lcﬂlﬁrl) < Ce™o~.
0keZ¥ I=1
Therefore this lemma is true when we assume that = [p, ZQ]"\(UO#GZK R}(). a

Proof of Lemma 3.2 Clearly,

(k@) + Ai+ Aj+ kg = ki = A = hon = (K@) + 8+ + d* = P —m* — .
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Assume that

fex=lko)+i®+ 2 +d* - PP —m* —n?,

. &
Rg,kz{a)e[gﬂg] :VE’k|<W—+m}’
-UUrs -1 Une
[k|>1 zeA lk|=1ceng
Ql= U U Rzx and Q2= U U Rz k.
[k|>1geA; |kI>1ceAs
It is evident that Q = Q0 U Q' U 2. Similar to (52), we can attain meas Rz < C%,

where C depends on «.
Case 1.1f ¢ € Ay, then from (30)

measQ° < C Z &(Vlb -y +1)°
- |k|;<+n1+1
[k|>1
1 _
< C(np —ny +1)%0 e Z e g1

1<|k|=l

If ny > -1, then 3 ., m% is convergent and meas Q° < Co“e™, where the constant C
depends on n, 1y, and k.
Case 2.1f ¢ € A1, we assume that [ ¢ 7 without loss of generality. So,

|(k, ) + %+ j* +d* — m* — n*| < 20|k| + 5},

When [ > ,/20|k]| + 5ni + 1 and ¢ is small enough,

il = P = [k o) + 2+ + d* = m?® — |

SUOQK

2 2\ _
>20lk| +5m, +1 - (29|k| + snb) =1> k| +m’

which implies that one only needs to consider the case 1 </ < ,/20|k| + Sni + 1. There-
fore, if n, > 0,

1 e"g" 5 2
meas §CZ W(”b_”1+l) 20|kl +5n; +1
|k|>1
K N0 5 1
< Co* ™ (mp—m +1)° Y PRD

[k|=1

1
< nggno(nb —m 1)5 szlk—lm < CQKEWO,
>1

where the constant C depends on n1, 1y, 0, and .
Case 3. If ¢ € Ay, we discuss the cases d,/ ¢ 7 and i,d ¢ Z. Other cases can be proved
in the same way.
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Case 3.1. Assume d, [ ¢ Z. We divide this case into two cases: 3.1.1 and 3.1.2 below.
Case3.1.1.1f d =, then |fz x| = |{k, @) + i* + j* — m* — n?|. Supposing that

92’1 = U U 'Rg,k

|k|=1 GeAg,d=1¢T,ijmnel
then we have, if n; > -1,

0*em

4
W(nb - +1)

meas Q*! < C Z

|k|>1

1

< Co*e"(np—m +1)* Z W

|k|=1

< Co“e™(ny —my +1)* 22"1'(_1
>1

< K o10
Je+ni+l — Co"e™,

where the constant C depends on n3, 1, and «.
Case 3.1.2. If d # [, without loss of generality, we can suppose d >/ ord —[:=p > 1.
Clearly,

d>*~1P=(d-0d+1)=p@2l+p). (53)

If I > N := o|k| + 212, it is derived that |d* — | > 2/ + p > 2N + 1. Since

|k, @) + i +j* —m* — n*| < 20lk| + 4n} (54)
and
[fg,k|2|d2—l2|—|(k,a))+i2 + 2 —m* —n?|, (55)
we have
98'70

[fe k] >2N + 1—2Q|k|—4n§ =1>

|]<|K+771

holds as ¢ is small enough. Therefore, we only need to consider the case 1 < < N. If
p>N +1, (53) induces that

|d2—12| =2pl+p?>2p=2N +2.
It follows from (54) and (55) that
[foxl = 2N +2 - 20k| - 4n}

oFe

_ 2,5 a2
=20|k| +4ny +2 - 20lk| —4ny =2 > K[




Wang et al. Boundary Value Problems (2018) 2018:76 Page 28 of 30

as ¢ is small enough. So, we only need to consider the case 1 </<Nand1<p <N +1.
In this case, 1 <d = [+ p < 2N + 1. Supposing that

o= U Reéo

|k|>1 e Ag,d#L,d,1¢T,ijj,mnel

then we have, if n; > 1,

2,2 g"g" 4 2 2
meas *? < C‘; e =+ 1) (olkl +2n3) (20lk| +4n} + 1)
>1
< Co"e™(np — +1)4Z;
=Co b—Mm k[T

[k|>1

< Co“e™(ny —my +1)* 22"1"’1

>1

< K o10
Je+m-1 — CQ e

where the constant C depends on g, n1, 15, and «.
Case 3.2. Assume i,d ¢ 7. When max{i,d} > ,/20|k| + 4n}, + 1, we have that

Vorl = |+ d?| | (k,w) + /> = 2 —m® - n?|

> (20lk| +4mj, + 1) - (20lk| + 4n}) = 1.
So, we only need to consider the case 1 < i,d <,/20|k| + 4n, + 1. Suppose that

Q= U U Rz

k=1 ZeAg,id¢ L jlmnel

then we have, if n; > 0,
ok e
meas Q*® < C Z W(Vzb —m +1)*(20lk| +4n; +1)
k=1

1
|k|K+'71

<Co“e™(my—m+1)* Y

[k|>1

1
< CQKSno(nb -1+ 1)422K1K—IW < CQKSTIO’
>1

where the constant C depends on g, n;, 15, and «.
Thus, if n; > 1, for ¢ € A,, there is a constant C satisfying that meas Q% < Co“&™. Over-
all, when n; > 1,

meas Q > (1 - CZE”O)Q",

where we suppose that 2 = [0, 20]* \ Q. The constant C, depends on g, 11, 1, and k. The
proof is completed. d
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Proof of Lemma 3.3 By the Schwarz inequality and from (30),

Z 2 Z [k]KJr%xk 2 < Z 1 Z[k]ZKJrl' |2
x| = —)| = — Xk
k k [k]K+% P [k]2K+1 k

- Z 1 Z 1 Z[k]2;<+1| |2

= (k]2 * [k]2<+1 Xk

k=0 k0 k
1
= (143 ooy ) S
(1 ) T
S|
< 1+ Z ﬂ2K+1 2Kalcfl Z[k]2l€+1|xk|2
a=1 k
o 1
— 1+2/<Z — Z[k]2K+1|xk|2:
a=1 a k
where k > 0. Since the series Y -, ﬁ is convergent,
2
Y x| e Pl
k k

This completes the proof. O
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