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1 Introduction

In this paper, we investigate the multiplicity of solutions to the following fractional elliptic

system:
)P .
M(foon 2S0E dudy) (- ANy = pg@)|ul?2u+ &5 h(x)lul2ulvl’ in €,
)P .
M(fpon ‘Txx)yl}\/[(fpls dxdy)(-A),v = of(x)|v|f2v+ L = hE)vP2vju*  inQ, (1.1)
u=v=0 inRV\ Q,

where Q C RY is a smooth bounded domain, 0<s<1l<pand ps<N.a>1,b>1 satisfy
2<a+b<p. 1<B<p!, pt =L is the fractional critical exponent. u, o are two real
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parameters. M(t) =k + At", k>0, A, 7 > 0, T = 0 if and only if A = 0. The weight functions
&/ h change sign in Q and satisfy further assumption which will be given later. (~A)j, is
the fractional p-Laplacian operator defined on smooth functions by

lm(x) — m(y) P2 (m(x) — m(y)) 4

(—A);m(x) =2 lim ly, xeRN,

e=>0" JRN\B, (x) | — y|Nps

Problem (1.1) is related to the stationary analogue of the following Kirchhoft model:

E L
PlUy — (% + 5L | uidx)uxx =0

which was proposed by Kirchhoff in 1883 as a generalization of the well-known D’Alem-
bert wave equation for free vibrations of elastic strings, where p, py, /4, E, L are constants
which represent some physical meanings, respectively. Indeed, Kirchhoff’s model takes
into account the changes in length of the string produced by transverse vibrations. In par-
ticular, Kirchhoff’s equation models several physical and biological systems, we refer to
[1] for more details. The Kirchhoff type equation and system have attracted attention and
have been discussed by many authors, we refer to [9, 14, 21-23, 29] and the references
therein.

Up to now, a great attention has been paid to the study of the fractional Laplacian equa-
tion and system, see, for example, [4, 5, 10, 11, 13, 18, 22, 23, 29, 30, 33]. In particular, the
fractional and nonlocal operators of elliptic type arise in a quite natural way in many differ-
ent applications, such as continuum mechanics, phase transition phenomena, population
dynamics, and game theory, as they are the typical outcome of stochastic stabilization of
Lévy processes, see [2, 8]. The literature on fractional nonlocal operators and their appli-
cations is very interesting and quite large, see, for example, [4, 20, 25, 28]. For the basic
properties of fractional Sobolev spaces, we refer the readers to [12].

During the past ten years, by using the Nehari manifold and Fibering maps, several
authors have solved semilinear and quasilinear elliptic problems with critical nonlinear-
ity and subcritical nonlinearity, see [6, 7, 15-17, 19, 24, 26, 31, 32, 34] and the refer-
ences therein. Particularly, in [10], Chen and Deng considered the following fractional
p-Laplacian system:

(=A)ou = pululPu + 2% |ul*Pulv)®  inQ,

a+b
(—A);V:0|V|‘6’2v+ %|v|b’2v|u|‘z in Q, (1.2)
u=v=0 in R"\ €,

wherea>1,b>1,1<B<p<a+b<p}, u>0,0 >0.Using the Nehari manifold method,
they proved (1.2) has at least two nontrivial solutions when 0 < ,bLI’%? + UP%I < C for some
C>o0.

In [24], Rasouli and Afrouzi investigated the following elliptic system:

—Aqu + n(x)|ul2u = pg(x)|ul’u xeQ,
—Agv +n@x) V|12 = of () |v|f -2y xeQ, (1.3)
|V 17238 = |y a=2y)y)b, |Vy[a 22 = Loqyle|yb2y, xedQ,
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wherea>1,b>1,2<a+b<q< B <p*, (u,0) € R*\ {(0,0)}, g(x), f(x) € C(RQ) are func-
tions which change sign in €. Using the Nehari manifold method, they proved (1.3) admits
at least two solutions when (1, o) belongs to a certain subset of R,

However, to our best knowledge, there are few results on a fractional p-Kirchhoff system
with sign-changing concave-convex nonlinearity, especially for parameters meetinga +b <
p<p(t+1)<B<piorp<a+b<min{p(r +1),p;}. Motivated by the above and the idea of
[6,9, 10, 24], in this paper, we are concerned with the multiplicity of solutions for system

(1.1).
To state our main result precisely, we introduce some notations. Let 0 < s < 1 < p with
ps < N. Define
v(x) —v(y) P
v|v: RN — R is measurable, v|g € L7(S2),a d vi®) - 01)' dxdy < +00 ¢,
|x y|N+ps

where Q = R?V \ (Q¢ x Q°) with Q¢ = RN \ @, this space is endowed with the norm

1/
dedy) g (1.4)

|x _ y|N+ps

Vliw = Ivize @ + (
Q

We denote the space Wy = {v| v € W,v =0 a.e. in Q°} or equivalently the closure of C5°(£2)
in W and introduce the norm

|v(x) = vl v
IVl = Vi, = (/ #ﬂypsd dy) , wew, (1.5)
Then (Wp, || - llw,) is a uniformly convex Banach space, see [33, Theorem 2.4]. By results

of [12, 15, 33], W, is continuously embedded in L"(2) for any 1 < r < p} and compact for
whenever 1 <r < p}, then there exists C, > 0 such that, for r € [1, p}],

VIl = Vil @ < Celviiwg = Gellvil, Vv e Wo. (1.6)

For convenience, for some 8 € (1, p}), we denote C, = Cg.
For the product space X = Wy x W, we introduce the norm

|| = @), = (el + 1v15)" = (leel? + 1vIP)™”, Vv ex.  (17)

Then (X, || - ||x) is a reflexive Banach space.
Our main results are as follows.

Theorem 1.1 Let0<s< 1< pwithps <N, Q CRN isa smooth bounded domain, (u,0) €
R2\{(0,0)}, M(t) =k + At", k>0, A, T > O © =0 ifand only if . = 0. Assume

(Ho) a+b<p<p(rt+1)<B<pi= _ps'

(H1) g.f € C(Q) with g* = max{%g,0} # 0 and f* = max{%f,0} #0;

B
(Hy) h e LF-4-5(Q2) with meas({x € Q : h(x) > 0}) >0,
then there exists 0* > 0 such that when ., o satisfy

P L
B-p B-p

< (Iel1glioc) P2 + (Io11f lloc) 77 < 67,

problem (1.1) admits at least two solutions in X.



Wei et al. Boundary Value Problems (2018) 2018:78 Page 4 of 18

Theorem 1.2 Let0<s< 1< pwithps <N, Q2 C RN isa smooth bounded domain, . = o =
0, M(t) =k +At*, k>0,A,1>0. Assume

(Hp) p<a+b<min{p(r +1),p}.
In addition, suppose that one of the following holds:

(H3) he L# (R2) with meas({x € Q : h(x) > 0}) > 0;

(Hy) h e L>®(2) with meas({x € Q : h(x) > 0}) >0,
then there exist .y > Ao > 0 such that problem (1.1) admits at least a nontrivial solution in
X for & € (0, X¢) and no nontrivial solution in X for . > A;.

The organization of this paper as follows. In Sect. 2, we give some notations and prop-
erties of the Nehari manifold. In Sect. 3, we give the proof of Theorem 1.1. In Sect. 4, by

applying the mountain pass theorem, we give the proof of Theorem 1.2.

2 Nehari manifold
Throughout this section we assume that all the conditions in Theorem 1.1 hold.

To simplify notations, for (v,w) € X, we set

B(v, w) = M(|[v|]") /Q v(x) = v (v(x) = v() (W(x) - w(y)) dxdy.

Joc — y [P
Definition 2.1 We say that the couple (u,v) € X is a weak solution to (1.1) if
B(u, w1) + B(v, wy)

:/Q(Mg(x)|u|ﬂ'2uw1 +crf(x)|v|’3_2VW2) dx

a
+
+b

b
/ B(x) | u|*2ulv|Pwy dx +
Q a+b

/ h(x)|vP2v|ul*wy dx
Q
for any (w1, ws) € X.

Clearly, the weak solutions to (1.1) are exactly the critical points of the following func-

tional:
k p A 1 1
jlu,a (Lt, V) = ” (ur V) ” + _G(l/l, V) - _L(u) V) - _H(u) V)’ (22)
p o B q
where
a=p(t+1),

G, v) = [lul® +1IVII%,

=a+b,
1 (2.3)

L) - /Q (ne@lul? + af @vI?) dx,

H(u,v) :/ h(x)|u|*|v|® dx.
Q
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A direct computation shows that 7, , € C'(X,R) and
(j,i,g (bl, V)¢ (Wh W2)>
= B(u, wy) + B(v, wy) — / (1g@)|ul?2uwy + of (x)|vIF2vw,) dax
Q

b
—E/h(x)|u|“_2u|v|bw1dx——/ h(x) V|2 v|u| Wy dx (2.4)
qJa qJa

for all (,v), (wq, ws) € X.
We consider the Nehari manifold

Spo = {(w,v) € X\{(0,0)} [ (T, , (,v), (,)) = 0}
Thus, (4,v) € S,,,, if and only if

(T o (), (u,v)) = k|, v) |” + AG(ut, v) — L(w, v) — H(, v) = 0. (2.5)
Denote

\Ij,u,(r (u¢ V) = (\-7/1,0‘ (u) V): (M: V))

= k| @, v)|]” + 2G(u,v) - L(u,v) — H(u,v).
Then, for (,v) € S, 5,

(W, (,v), ,v)) = kp|| (,v) |” + 2 G(u, v) — BL(u,v) — gH (u, v)
=k(p - )| @) + Me - )G, v) - (B - q)L(u, v) (2.6)
=k(p - B) | ()| + Mo = B)G(u,v) + (B — @)H(u, V). (2.7)

Obviously, S, can be divided into the following three parts:

Sy ={wv) €Suo (V) ,(,v), (u,v)) >0},
S0, ={wv) € Suo 1V, , V), (u,v)) =0},

Spo = {@,v) € Spo 1Y), (w,v), (,v)) < 0}

Set

, [ kp—aq) T’fp[ k(B -p) ]
0= B q
(/3 - Q)C* (/3 - Q)C* ”h”

B
B-q

and

Ago = {(,0) € BA{(0,0)} :0.< (1alllglle) 77 + (1011 l1oc) 77 <6},

Lemma 2.2 For any (i,0) € Ag,, we have 83,0 =0.
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Proof We argue by contradiction, then there exists (u,0) € Ag, such that Sg,(, # . For
(u,v) € 82'(,, from (2.6) and (2.7), we can deduce that

k(p - )| w)|” <k -] @ v)|” + M - 9)G,v) = (B - g)L(u,v) (2.8)

and

k(B =) @)]” < k(B -p)[@)||” + 1(B - @)G(u,v) = (B — @) H(u, v). (2.9)

By the Sobolev embedding theorem and Holder’s inequality, we get

L(u,v) = (ug(x)|u|‘3 +crf(x)|v|’3)dx
Q

< uellighoollaely + o1 oo lIvIIf
< CP(Inlligloollull® + o lf I IvI?)

< CE[(Iulliglloo) 7 + (o1 ll) 7] 7 )] . (2.10)

From (2.8) and (2.10), it follows that

k(p — %p P p 1
[ = [(;‘_”T‘gﬂ]’* [l + (101110 2] . (2.11)

By the Sobolev embedding theorem and Holder’s inequality, we obtain

H(u,v>=[h(x)|u|“|v|bdxs||h||ﬂi||u||ﬁnv||,g_||h||ﬂL C1)| w,v)||*. (2.12)
Q

From (2.9) and (2.12), it follows that

1
q

ol = | oL x| 213)

Combining (2.11) with (2.13), it yields that

v 2 [ kp-q) T[ k(B - p) ]
B-p B-r
(lelliglloo) 72 + (I [1f lloo) P2 = [(ﬂ —oC? 8 _q)cZnhnﬂ%

= o,

which is a contradiction. O
Lemma 2.3 The functional 7, is coercive and bounded below on S, .

Proof For every (u,v) € S, -, using (2.2), (2.5), and (2.12) yields

(L 1 P 11 (11
Ju,a(u,v)—k(p ﬁ)”(u,v)” +x<a ﬁ)g(m (q ﬁ)H(u,V)
= k(= 5wl = (5= 5 ) g, colenl o
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Hence, J,,+ is coercive and bounded below on S, . O

Lemma 2.4 Assume that (uy, vo) is a local minimizer of J,,, on S, and (uo,vo) ¢ 82,(,,
then J' _(ug,vo) = 0.

O

Proof The proof is similar to that of Theorem 2.3 in [7]. d

Lemma 2.5 We have
1) if (w,v) € S/’;U, then H(u,v) > 0;
2) ifu,v)eS /m, then H(u,v) > 0 and L(u,v) >0

(3) if (u,v) €S, ,, then L(u,v) > 0.
Proof By using (2.6) and (2.7), we arrive at the conclusion immediately. d

By Lemmas 2.2-2.3, for any (u,0) € Ag,, we obtain S, =S, , US, , and J,,; is coer-
cive and bounded below on §;; ; and S .

Define
&,0 = Inf u,v), et = inf u,v e = inf u,v
o (M,V)ESM,U jp_,a ( ) 10,0 w V)ESJ : j/_l. a( ) 1,0 (n)eS . jp, 0( )
and set

£ £
Age = {(11,0) e RA\[(0,00} : 0 < (Ialllglloo) 7 + (Io]1f 1) *7 <67},
where 6* = (%)!’%q 0o < 6y. Obviously, Ag+ C Ag,. Then the following result is established.
Lemma 2.6 If(,u,a) € Ay+, then
(i) eu0 = HU <0;
(ii) There exists no = no(a, b, B,p, ,0) > 0 such that e, , > no.

Proof (i) For (u,v) € S ;, using (2.6), we get

k(p q)

p Ma—gq)
2

———G(u,v) > L(u,v).
q

This combined with (2.5) yields

To WU, v) = k(1 - 1) |G, v) ||p + A(l - l)G(u,v) + (1 - l)L(u,v)
p g @ g q P

HKazpBoply o,y Mz g,
rap aqp

< 0.

Thus, 4,0 <€, <0.
(i) For (u,v) € S, ,, by (2.6) and (2.10), we obtain

[’ < @] + 222D G,y « L9

kp—q) kp—g "
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<£%¥%@WMMMVZ+WMm@ﬁHVMmmR
That is,
k(p — %p P r o1
| @) > (zgg?gigf)ﬂ [(2lllglloo) 7 + (Io [l lloo) P77 (2.15)
By using (2.15) and (2.14) of Lemma 2.3, it follows that
j,u,o(uvv)
1.1 r_(1_1 a
= k(5 = 5 Nl = (- 5 b g el
_ ale (11 ra_(1_1
S L AN C
k@—q))ﬂp v B %;g[ﬂﬁ—m
> <—(,3—q)cf [(1lllglle) 77 + (Io ] Allo0) 77 ] T
k@—q))% o) ) - (- Vi ]
X ((,3-q)cf ((1111gllo0) 7 + (Io |1 llo0) 7)) iy l Ilﬁ% !
=10 >0,
due to (u,0) € Ag=. (N
Fix (u,v) € X with L(u,v) > 0, define
o(t) = ke || (u,v)||" + A" 1G(u,v) - tP~1L(u,v), t>0. (2.16)

Obviously, ¢(0) = 0, lim;_, .« @(t) = —00, ¢'(£) = t*~9"1g(t), where
g =k(p - )| w)|" + Ma - Pt* P G(u,v) - (B - @)t"PL(u,v).

When A > 0, denote

*_Fw—mm—mamwr%>o
(B-9)(B-p)L(u,v) '

It is easy to see that g(¢) is increasing on [0,¢*) and decreasing on (¢*, +00). Note that
2(0) =k(p—q)|l(u,v)||” > 0and lim,_, , o g(£) = —00, so there exists a unique ¢, > * such that
g(t,) = 0. Moreover, ¢(t) reaches the maximum at £, is increasing on [0, £, ) and decreasing

on (£, +00).
When A =0, we have
tx—to—|: (B - L) ] >0. (2.17)

It is easy to show that ¢, > £, for A > 0, thus

k(B —
wmzmmzﬁqééfﬂmww 2.18)
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Then the following lemma holds.

Lemma 2.7 Assume (u,v) € X with L(u,v) > 0 and (j4,0) € Ag+, we obtain
(i) if H(u,v) <0, then there exists a unique 0 < t;, <t~ such that (t u,t™v) € S/;,G and

Te (t‘ u, t_v) = sup Jy0 (tu, tv);
=0

(ii) if H(u,v) > O, then there exist unique 0 < t* < t; <t~ such that (t'u,t'v) € S ,
tutv)eS,, and

T (t*u, t*v) = inf J,,(tu,tv), T (t_u, t_v) = sup Jyo (tu, tv).
0=<t=ty t>0

Proof (i) If H(u,v) <0, by (2.16), there exists a unique 0 < ¢; < ¢~ such that ¢(t™) = H(u,v)
and ¢’'(¢£7) < 0. Note that

o (Eu,t7v) = k(t‘)p [ G, v) ||p + 1 ()" Gu,v) - (t‘)ﬂL(u, V) — (t‘)qH(u, V)
= () [e(t) -Hu,v)] =0
and
k(p—q)(£) || +Ma - g)(£) Guv) - (B-a) () L) = ()¢ (¢7) <o0.

Thus, (£7u,t7v) € S, . It is easy to derive

%j,w (tu, tv) = 97 [p(t) — H(u,v)].

Hence, J,,»(tu,tv) increases for t € [0,¢7) and decreases for ¢ € (¢t7, +00). This implies
Tt u,t7v) = SUpP;-0 Jpuo (tu, tv).
(ii) If H(z, v) > 0, it follows from (2.10), (2.12), (2.17), and (2.18) that

9(0)=0<H(u,v) < ||kl s CI|wv)]* < p(to) < o(t)

B
B-q

for (u,0) € Ag,. Hence, there exist unique t*, £~ > O such that t* < £; <¢7, ¢(t*) = H(u,v) =
@(t7), ¢'(t7) <0 < ¢'(¢*). Similar to the argument in (i), we get (t*u,t*v) € S, (t"u,t7v) €
S, and

T (1, tv) = Tpo (Eu,t'v),  VE€[0,87],

To (1w, t7v) = To(tu,tv), Vi € [t +00).
Note that 7}, (6" u,t7v) > ¢, , > 0. Thus

To (Ew,t'v) = inf T, o (tu, tv), Ty (E 1, 67v) = sup Ty 0 (L, tv).
0<t=<ty t>0

So we arrive at the conclusion. O
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Fix (u,v) € X with H(u,v) > 0, define
@(t) = ke?™P || (u,v) ||p + M PGu,v) — 7P H(u,v), ¢>0. (2.19)
Obviously, lim;_, ¢+ ¢(£) = —00 and lim,_, ;o @(£) = 0, @' (£) = t97P~1g(¢), where
2t =k(p - P (u,v)|” + Ma = B)E* UG (w, v) + (B — @) H (u,v).
Clearly, lim;—, o+ g(t) = (B —gq)H (1, v) > 0, lim;_, ., g(t) = —00 and g(¢) decreases on (0, +00).

Then there exists a unique %, > 0 such that g(#,) = 0. Moreover, ¢(¢) reaches the maximum
at 4, is increasing on (0, £,) and decreasing on (£, +00). In particular, when A = 0, we have

1
" (B-9Hw,v) ]ﬁ
h=to=|7"7—"""—"—~ >0 (2.20)
Y [k(ﬂ =PI )IP
It is easy to prove that # > %, for A > 0, thus
#(6) = () = () = Hlw ). (221)

Then the following lemma holds.

Lemma 2.8 Assume (u,v) € X with H(u,v) >0 and (u,0) € Ag+, we obtain
(i) if L(u,v) < O, then there exists a unique 0 < t* < t, such that (t'u,t*v) € S}, . and

j,u,a (Z+M; Z".V) = }Egjﬂ,o (tl/t, tV);

(ii) if L(u,v) > O, then there exist unique 0 < t* < t, <t~ such that (t'u,t'v) € S; ,
tutveS,,and

Tuo (E 1, Z*v) = inf J0(tu,tv), o (Z’u, i’v) = Sup Ju0 (tu, tv).
0<t<t; t>0
Proof Using (2.19), (2.20), and (2.21), similar to the proof of Lemma 2.7, we can get the
conclusion of Lemma 2.8. 0

3 Proof of Theorem 1.1
Throughout this section, we still assume that all the conditions in Theorem 1.1 hold.
To prove Theorem 1.1, we first prove the following two propositions.

Proposition 3.1 Assume (w,0) € Ap+, then J,,; has a minimizer (ug,vg) in S;; , and sat-
isfies

(1) ju,a (M(J;’ V(J;) = 8;,0';

(2) (ug,v§) is a solution of problem (1.1) such that uj # 0,v§ # 0.

Proof By Lemma 2.3, we have J),; is coercive and bounded below on S . Hence, there
exists a minimizing sequence {(u,, v,)} C S;'U, bounded in X. Since X is reflexive, there is
a subsequence, still denoted by {(u,, v,)} and (1§, v§) € X such that, as n — oo,

u, —uy in Wp; u, —> uj inL'(Q);
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v, =5 in Wy; v, —> vy inL(Q)

for all r € [1, p¥). By [3, Theorem 1.2.7], there exists p(x) € L"(€2) such that

for all n, |u,,(x)| < p(x), |vn(x)| <p(x) a.e. in;

Uy, —> Uy, v, —> vy ae inQasn— 0o
for all € [1, p¥). By the dominated convergence theorem, we obtain

nli)rgoH(u,,,v,,) = H(ug, v{), WILIEOL(M,,, vn) = L(u,v§).

In view of (u,,v,) € S’ _, then

no?

Tty V1) = k(}? - %) o v + x(é _ %)Gwmvn) . (% _ ;I)H(un,m

> <% - é)H(umVn):

and
. +
nllgolo jy,,a (unr Vn) = Su,g <0.

It follows H(ug, v{) > 0, in particular, uf £ 0, v§ # 0. Next, we show that u, — u in Wy,
v, — v§ in Wy, If not, then either

g || <liminf [l or || v§] < liminf[|v,]. (3.1)
n— o0 n— 00
Fix (u,v) € X with H(u,v) > 0, denote
l[f(u,v)(t) = (/_)(t) - L(”; V)! t > 0:
where ¢(t) is given by (2.19). Obviously, lim,_, o+ ¥, (£) = —00, limy_, 400 V() (£) = —L(1, V),
1//(/uvv)(t) = ¢/(¢), then we get that ¢j,,)(¢) reaches the maximum at f;, is increasing on (0, ;)
and decreasing on (Z;, +00). Note that H(ug, v§) > 0, by Lemma 2.8, there exists a unique

0 < t5 < ti(ug,vg) such that (t5us, t;vg) € S, and

To (tous, tgvg) = inf  To (tud, tv). (3.2)

0=t (uf )

Note that (¢5u5,25vy) € S, , C Sy, and the definition of ¢(¢), it is easy to derive
Vi) (t6) = B (t5) — L(ug, v5) = 0. (3.3)

It follows from (3.1) and (3.3) that

Yiunwn (t5) >0 for large enough 7.
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Since (u,,v) € S}, ,, we get %, (4, Vi) > 1. Moreover, we can deduce that v, ,,)(1) = @(1) -
L(uy,vy) = 0 and ¥y, 4, (¢) increases on (0, £ (uy, v,)). This implies, for all n, V,,,)(£) <
0,Vt € (0,1]. Thus

1< g < b (ug, Q). (34)
It follows from (3.1), (3.2), and (3.4) that

T (b5 165) < T (43:5) < Tim Trv (s Vi) = £ 5,
which is a contradiction. Thus

u, = uy in Wy, v, — vy in W4
This implies

T (s Vi) = Tpo (ug, Vi) = €5,y asm— oo,

Namely, (u5,v;) is a minimizer of J,,, on S; ;. By Lemma 2.4, (45,v;) is a solution of
problem (1.1) such that u{ # 0,v§ # 0. O

Proposition 3.2 Assume (11,0) € Ag+, then J,,; has a minimizer (uy,vy) in S, , and sat-
isfies

(1) L7[l,,(7 (uar Va) = 8;,,0;

(2) (g, vp) is a solution of problem (1.1) such that (ug,vy) # (0,0).

Proof Since J,,,; is coercive and bounded below on S ;, there exists a minimizing se-

quence {(u,,v,)} C S, bounded in X. Note that X is reflexive, then there is a subse-

0

quence, still denoted by {(u,, v,)} and (ug,v;) € X such that, as n — oo,
Uy — uy in Wp; u, —> uy inL"(Q);
Vp— vy in Wo; vy — vy inL'(Q)
for all r € [1, p¥). By [3, Theorem 1.2.7], there exists o(x) € L"(2) such that

for all n, |u,,(x)| <o), |V,,(x)| <o(x) a.e.in;

Uy = Uy, Ve —>V, ae.in2asn— 00
for all r € [1, p¥). By the dominated convergence theorem, we obtain

nlingoH(un,vn) = H(ug,vy), nlin;OL(un, vn) = L(ugy,vp).

Moreover, by (2.6), we have

'l TR (35)

L, vi) > B-q
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Using (2.10) and (3.5), there exists a positive constant ¢ such that
L(u,,v,) >c>0.

This implies
L(ua Vo ) >0.

In particular, (i, vy) # (0,0). Next, we show that u, — ug in Wy, v, — v; in Wy If not,
then either

|ug|| <liminf e, ]| or |vg ] <liminf{jv,]. (3.6)

By Lemma 2.7, there exists a unique ¢; > £, (15, vp) > O such that (¢, ug, t5vp) € S, .- In view
of (un,vy) €S, ,, it follows J o (tun, tv) < Jyu6 (U, v4) for £ > 0. By (3.6), we have

T (g, tovg) < linrrlgfju,a (tgtn, tyvn) < nli)nolo Tivo Uy Vi) = €5, 5,
which is a contradiction. Thus

u, —> u, in Wy, vp—> v, in W
This implies

Tiwo Wy Vi) = Tno (g, V) = €, asn— oc.

Namely, (5, v;) is @ minimizer of 7, on S, ;. By Lemma 2.4, (u5,v;) is a solution of
problem (1.1) such that (ug, v5) # (0,0). O

Proof of Theorem 1.1 By Propositions 3.1 and 3.2, we obtain that when (i, o) € Agx, prob-
lem (1.1) has at least two solutions (uf, v{) and (g, vy) such that (&g, v]) € S;:,a’ (ug,vp) €
S,.0» where ug # 0,vg # 0 and (4,v;) # (0,0). Note that S} , NS, , = @, then these two

solutions are distinct. This finishes the proof. d
4 Proof of Theorem 1.2

Throughout this section, we assume that all the conditions in Theorem 1.2 hold.

Since u = o =0, then (2.2) becomes
k , A 1
T () = Jop(,v) = = || (w,v) | + = G(u,v) - =H(u,v), (4.1)
p o q

where o, G(u,v),q, H(u, v) are as in (2.3).
If (H3) holds, we derive from Holder’s inequality and (1.6) that

) = [ Bl ds < ks Ch ). @2)

Ps—q
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If (H4) holds, similarly, we have
H(u,v) = / h) | v|® dox < ||l oo C2| ut, v)|| . (4.3)
Q

The proof of Theorem 1.2 is mainly dependent on the following mountain pass theorem.

Lemma 4.1 ([27]) Let X be a real Banach space, suppose that T € C1(X,R) satisfies (PS)
with Z(0) = 0. In addition,

(A1) there exist positive numbers § and d such that T(u) > d if |\u||x = 5;

(Ay) there exists v € X such that ||v|x > 8 and Z(v) <O0.

Then there exists a critical value e > d for T. Moreover, e can be characterized as

= fukqma 100,

where
I'={®eC([0,1],X) | ®(0) =0, (1) = v}.
Next, we will prove that the functional J defined by (4.1) satisfies (PS).

Recall that we say J satisfies the (PS) condition at the level c € R (shortly: J satisfies
(PS),) if every sequence {(u,, v,)} C X along with J (¢4, v,) = cand J' (s, v) — Oas n —
oo has a converging subsequence (in X). We say J satisfies the (PS) condition (shortly: J
satisfies (PS)) if J satisfies (PS), for each ¢ € R.

Lemma 4.2 Any (PS). sequence {(u,,v,)} for J is bounded in X.

Proof Let the sequence {(u,,v,)} C X satisfy
Ty, vy) = ¢, J (W, vy) = 0 asn— oo. (4.4)
If (H;) and (Hs) are true, by (4.2), we take s > o and obtain that, for large #,

c+1+ ”(un,vn)”

Z j(un: Vn) _s_lj,(un: Vn)(um Vn) 2 )\(l - %)G(um Vn) + (% - é)H(umVn)

o
Al 1 a 1 1
> (G Nl s (5= 2 s G

This implies that {(u,,v,)} is bounded in X.
If (H;) and (Hy) hold, substituting H(u,, v,) in (4.5) by (4.3), we conclude that {(u,, v,)}
is bounded in X. This finishes the proof. d

(s Vi) ”q (4.5)

In view of the sequence {(u,,v,)} given by (4.4) is a bounded sequence in X, there is a
subsequence, still denoted by {(u,,v,)} and (4,v) € X such that ||(z, vi)|| <M, ||(u,v)|| <
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M with some constant M > 0 and, as n — oo,

u, —u in Wy, u, —u inL"(Q),Vre [1,p});
vy —v in Wp, vu—> v inL"(Q),Vre [1,p}); (4.6)
U, —> U, Vv, —> v ae. inQ.

Lemma 4.3 Let {(uy,,v,)} be a (PS). sequence and satisfy (4.6). Then the following state-
ments hold:

(D) (up,vy) = (u,v)in X as n — oo, that is, J satisfies (PS).

(ii) (u,v) € X is a critical point for J .

Proof (i)
()t~ ,0) =2, = / ) 1t 211t — 1) ] i,
Q
where

P —
M ([l 1?) / © nl|x a);l(Nai,;s ?) dy,  wn=un(x) = u, (), 0 = ulx) — u(y).

Obviously, (J'(#y, v)(u, — 1,0)) — 0 as n — oo since J' (4, v,) — 0. By the dominated

convergence theorem, we obtain
/ B0 6| 211y — ) |Vy|Pdx — 0 as n — oo.
Q

This implies P, — Oasn — co. Moreover, the fact u, — u in W, implies Q,, — 0, where
P20 Wy—w
Qu = M([lun|l?) [ ) dixc dy.

‘xiy‘N+pS
Therefore,

P20 _ |plP2 —
ZM(“un”p)/ lleonl”eon = |0~ w] (@, w)dxdy—>0 asn— oo. (4.7)
Q

| — y s

Notice that there are the well-known vector inequalities given by

(Inlr=>n - EP2E,n—€) = Spln—EF, p=2,

P2 1ep-2¢ T2 p-2 (48)
(InlP2n— 161726, n—€) = Syln—EP(Inl + 1€1)"", 1<p<2,

forall n, & € RN, where Sp» Ep > 0 are constants depending only on p. Combining (4.7) with
(4.8), it follows

U, —> u in Wyasn— oo.
Similarly, we can also prove

Vv, — Vv in Wyasn— oo.
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Therefore,
(¢4, V) = (4,v) inX asn— o0.

This implies that 7 satisfies (PS).
(ii) Note that J € C}(X,R), using (u,,v,) to be a (PS). sequence and (i) of Lemma 4.3,
we can prove that (#,v) € X is a critical point for 7. O

Proof of Theorem 1.2 By Lemmas 4.2—4.3, we have that the functional J satisfies (PS).
Next, we prove that J satisfies (A1) and (A2). By (4.2) and (4.3), we get

k A I
Tw) = = @) + Z6wv) - =] @)
p o q

q
’

> X m]? +
p

)l - )

2Ta

wherel:max{Cg?IIhIIA,CZIIhIIOO}. Denote
ps—q

b
2Tq

<¢>(z)=z"</—< + 2P — £Zq‘f’), z>0.
p q
It is easy to verify that there exist z;,d > 0 such that ¢(z1) > d. Let § = z;, we get J (1, v) > d
if ||(z, v)|| = 8. Thus, condition (A;) is satisfied.

Furthermore, we verify (A5). By (Hs) or (Ha), we can choose ug, vy € C§°(2), 1 # 0, v #
0, such that |lug|| = ||voll = 1 and fQ h(x)|uo|*|vo|? dx > 0. Let

j(tuo, tVo) = tp)/(t), )/(t) = Bl + )\tha—p —B3tq_p, t>0, (49)
where
2k 2
Bi=—>0, By=—>0, Bg:/h(x)|u0|“|1/0|bdx>0.
V4 o Q

Then there exist Ao > 0 and large ¢, > 2_1%6 such that J(tyuo, . vo) < 0 for A € (0, Aq),
where § is in (A1). Let qo = ty.u0, wo = £, vo, then |[(go, wo)|| > § and J (qo, wo) < 0. Hence,
by Lemma 4.1, there exists (i1, 1) € X with (u1,v1) > d > 0 which is a solution of problem
(1.1) under the assumptions in Theorem 1.2. In addition, it is easy to verify u; # 0,v; 0.
We now prove the second part of Theorem 1.2. If (1, v) is a nontrivial solution of problem
(1.1), combining (4.2)—(4.3) with Young’s inequality, we get

k||(u,v)||p+ ;—r”(u,v)”a §k||(u,v)||p+)»G(u,v):/ h(x)|u|®|v|® dx
Q

<1 W) < k| @) + %” )% (4.10)

a—q a-p

wherel:max{cz‘;fnhn ot Callhlloso}, A =2T(g)(g—;‘j)ﬁlﬁk‘%. This implies 0 < A <

Ps—q
A1. In other words, if A > A1, there is no nontrivial solution of problem (1.1). This finishes
the proof. O
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