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Abstract

Let L =-A +V be a Schrédinger operator on R”, where n > 3 and the nonnegative
potential V belongs to the reverse Holder class RHg, for some g; > n/2. Let b belong
to a new Campanato space A%(p) and IE be the fractional integral operator
associated with L. In this paper, we study the boundedness of the commutators

[b,Ig] with b € A%(p) on local generalized Morrey spaces LMg;Z‘{XO}, generalized

Morrey spaces M% and vanishing generalized Morrey spaces VM% associated with
Schrédinger operator, respectively. When b belongs to A‘z(p) with6 >0,0<v < 1
and (¢4, ¢,) satisfies some conditions, we show that the commutator operator [b,Ié]
are bounded from LM%, ¥ to LM, from MY to M-/ and from VMEy to

) P 9.9
o, —
VMg, 1/p=1/q=(B+v)/n.

MSC: 42B35;35J10; 47H50
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1 Introduction and main results

Let us consider the Schrodinger operator

L=-A+V onR",n>3,

where V' is a nonnegative, V' # 0, and belongs to the reverse Holder class RH, for some

q > n/2, i.e., there exists a constant C > 0 such that the reverse Holder inequality

1 1/q C
_ Vi(y)d V(y)d 1.1
<|B(x,r)|/g(x,r) ) y) = |B(x,r)|/3(x,,) 01y (D

holds for every x € R” and 0 < r < 0o, where B(x,r) denotes the ball centered at x with

radius 7. In particular, if V' is a nonnegative polynomial, then V € RH.
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As in [29], for a given potential V' € RH, with g > n/2, we define the auxiliary function

1 1
ox) == :sup{r:—Z/ V(y)dyfl}.
mV(x) r>0 r- B(x,r)
It is well known that 0 < p(x) < co for any x € R”.
Let & >0 and 0 < v < 1, in view of [22], the Campanato class, associated with the

Schrédinger operator A%(p) consists of the locally integrable functions b such that

v f yb(y)—b3|dy<c<1+L>9 (1.2)
|B(x! V)|1+V/n B(x,r) - p(x)

forallx € R” and r > 0. A seminorm of b € A%(p), denoted by [b]%, is given by the infimum
of the constants in the inequality above.

Note that if & = 0, A%(p) is the classical Campanato space; if v = 0, A%(p) is exactly the
space BMOy(p) introduced in [5].

We now present the definition of generalized Morrey spaces M;fz;/ (R™) (including the
weak version) associated with a Schrédinger operator, which was introduced by the first
author in [18].

The classical Morrey spaces L, (R") was introduced by Morrey in [24] to study the
local behavior of solutions to second order elliptic partial differential equations. For the
properties and applications of classical Morrey spaces, we refer the reader to [9-12, 24,
35]. The generalized Morrey spaces are defined with r* replaced by a general nonnegative
function ¢(x, r) satisfying some assumptions (see, for example, [15, 23, 25, 30]).

For brevity, in the sequel we use the notations

o
r
AV (Fxr) =1+ — ) r"Po(x, r)!
w5 7) ( p(x)) 0P 1y 5

and
W,a,V r ¢ -nlp -1
Apy " (1) =1+ @) " @06 ) Il (Besr)-

Definition 1.1 Let ¢(x,r) be a positive measurable function on R” x (0,00), 1 < p < 00,
a>0,and V € RH,, q > 1. For any fixed xo € R” we denote by LM, "™ = Loy} (R")
the local generalized Morrey space associated with Schrodinger operator, the space of all
functions f € LIZ;’C(R”) with finite norm

Vg,
I[fIILMu,v.(xO) =sup le,(p (f5%0,7).
e r>0

Also WLMZ,’;/ Ao} - WLMZ,‘J,/ %} (R") we denote the weak local generalized Morrey space
associated with Schrodinger operator, the space of all functions f € WLL"C(R”) with

|V||WLM;’;’(’CO) = sug%[m“’v(f;xo,r) < 00.
’ >



Guliyev and Akbulut Boundary Value Problems (2018) 2018:80 Page 3 of 14

The local spaces LM, ™ (R") and WLMS,, "™ (R") are Banach spaces with respect to

the norm
Vg, _ W,a,Vr.,
IlfIILM;,wv,{xm = sup 2Ly (f; %0, 7), Iy pgeevetzor = sUpRL,0% " (f3 %0, 7),
4 r>0 Py >0

respectively.

Remark 1.1
(i) When o =0, and ¢(x,7) = r*=P, LM;)’(,‘,/ %0} (7Y is the local (central) Morrey space
LM (R") studied in [4].
(i) When « =0, LM% " (R") is the local generalized Morrey space VMUY (R") were
introduced by the first author in [13]; see also [14, 16, 21] etc.

Definition 1.2 The vanishing generalized Morrey space associated with the Schrédinger

operator VMg,’(/‘,/ (R") is defined as the spaces of functions f € MZ,'(/‘)/ (R™) such that
lim sup Ql;';/(f; x,r)=0. (1.3)
r=0yern 7

The vanishing weak generalized Morrey space associated with the Schrédinger operator
VWMZ";/ (R™) is defined as the spaces of functions f € WM;‘:;/ (R™) such that

lim sup Ql%""v(f;x, r)=0.
r—0 cRrn ’

The vanishing spaces VM;;(;/ (R") and VWMZ,'(;/ (R™) are Banach spaces with respect to

the norm

W lyagy = W llyey = sup Al (i),

x€R™,r>0

v
1 V= fllyper = sup Ay, (fix,7),
VWM;;‘W WM;_V, x€R”,r>0 Py

respectively.
In the case « = 0, and @(x,7) = r*=2P VMZ,’(;/ (R") is the vanishing Morrey space VM,
introduced in [33], where applications to PDE were considered.

We refer to [3, 20, 27, 28] for some properties of vanishing generalized Morrey spaces.

Definition 1.3 Let L = —-A +V with V € RH,,, q, > n/2. The fractional integral associated
with L is defined by

Iéf(x) =LPf(x) = /Ooe_tL(f)(x)t’glz_1 dt
0

for 0 < B < n. The commutator of I/é is defined by

(6, T4 (%) = b(o)Tif (x) - Ty (bf ) ().
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Note that, if L = —A is the Laplacian on R”, then Iﬁ and [b,Ig] are the Riesz potential Ig

and the commutator of the Riesz potential [b, Ig], respectively, that is,

1) = / SO 4 1l - f P Z50) 1) gy

re [ — 1" U

When b € BMO, Chanillo proved in [8] that [b, ] is bounded from L,(R”) to L,(R")
with 1/q = 1/p — B/n, 1 < p < n/B. When b belongs to the Campanato space A,,0<v <1,
Paluszynski in [26] showed that [, I3] is bounded from L,(R") to L,(R") with 1/g=1/p -
(B+v)/n,1<p<n/(B+v). When b € BMOy(p), Bui in [6] obtained the boundedness of
[b,Ig] from L,(R") to L,(R") with 1/g=1/p— B/n, 1 <p < nl/B.

Inspired by the above results, we are interested in the boundedness of [b,Ié] on gener-
alized Morrey spaces MZ;(X (R") and the vanishing generalized Morrey spaces VM;’:X (R™),
when b belongs to the new Campanato class A%(p).

In this paper, we consider the boundedness of the commutator of Ig on the local gen-
eralized Morrey spaces LMZ,’;/ 0l the generalized Morrey spaces M;;‘;(X (R") and the van-
ishing generalized Morrey spaces VM2 ) (R"). When b belongs to the new Campanato
space AY(p), 0 < v < 1, we show that [b,Z}] are bounded from LM ™) to LM,
from Mg,/ (R") to Mg,/ (R") and from VM) (R") to VMg, (R") with 1/q = 1/p— (B +v)/n,
l<p<n/(B+v).

Our main results are as follows.

Theorem 1.1 Letxo € R", b e Aﬁ(p), VeRH;,,q1>n/2,0<v<l,a>0,1<p<n/(B+

v),1/qg=1/p— (B +v)/nandlet p1,p; € QZ,'Z‘;C satisfy the condition

* essinf, X0, S sg dt
/ t<s<00 <,01( 0 ) ? < 60902(960;7); (14)
r

ta

where ¢y does not depend on r. Then the operator [b,Ig] is bounded from LM;‘,}XI’{XO} to

LMEYY for p> 1 and from LM?}Z’{’CO} to WLM" “Z'{x(’;f Moreover, for p > 1
’ = =

I [b’I/é]f”LMZ:(),;'(xO) < C[b]g|lf||LM;'¢vl,<xo:,
and forp=1

[, ZE)f ||y ppeevior < CIBI, L1 gt

n
n—p—v'¥2

where C does not depend on f.

Corollary 1.1 Letb e A%(p), V € RHy, g1 >1n/2,0<v<1l,a>0,1<p<n/(B+v),1/q=
Up— (B +v)/nandlet g, € QY , 9 € Q2 satisfy the condition

* essinf, 2 b dt
f infysc00 01 (%, 5)s 2 < copaln ), (15)
.

n
ta
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where cy does not depend on x and r. Then the operator [b,Ié] is bounded from M*Y to

Pl
o,V o,V WV
Mg, for p> 1 and from M7, to WMiZﬂ,’WZ' Moreover, for p > 1

1525 ey = OB
and forp =1

02 e, =Wl

e )

where C does not depend on f .

Theorem 1.2 Letb € A%p), V€ RH,,q1 >n/2,0<v<l,a>0,be Al(p),1<p<n/(B+

V), 1/g=1/p— (B +Vv)/n, and let ¢; € QZ,'IV, @) € Q‘;’Y satisfy the conditions

o0 dt
Cs = sup ¢1(x, t) ~ <00
s

xeR”

forevery § >0, and
o dt
P1(x,2) Apw < Copa(, 1), (1.6)

where Cy does not depend on x € R" and r > 0. Then the operator [b, Ié] is bounded from

v v
VM;‘;«‘,/1 to VMZ,’,’(;]V2 for p>1 and from VMY, to VWM(:,Z,VW'

Remark 1.2 Note that, in the case of V =0, v = 0 Corollary 1.1 and Theorem 1.2 were
proved in [19, Corollary 5.5 and 7.5] and in the case of ¢(x,r) = r4=P = 0 in [32, The-
orems 1.3 and 1.4].

In this paper, we shall use the symbol A < B to indicate that there exists a universal
positive constant C, independent of all important parameters, such that A < CB. A ~ B
means that A < Band B < A.

2 Some technical lemmas and propositions
We would like to recall the important properties concerning the critical function.

Lemma 2.1 ([29]) Let V € RHy, with q > n/2. For the associated function p there exist C
and ky > 1 such that

ko

o ERA - y]\ o
C p(x)<1+ p(x)) Sp(y)SCp(x)<1+ p(x)) (2.1)

forall x,y € R".

Lemma 2.2 ([2]) Suppose x € B(xo,r). Then for k € N we have

1 1

2%\ 2%r \N/(ko+1)
(1+p(_xr)) (1+p(73)) (ko+1)
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According to [5], the new BMO space BMOy(p) with 0 > 0is defined as a set of all locally

integrable functions b such that

! f |b(y)-b3|dy<c(1+L>9
1B, 1) JBr) B p(x)

for all x € R” and r > 0, where bg = I;T\ [3b(») dy. A norm for b € BMOy(p), denoted by
[b]y, is given by the infimum of the constants in the inequalities above. Clearly, BMO C
BMOy(p).

Let# >0and 0 < v < 1, a seminorm on the Campanato class A’(p) is denoted by [5]",

1
0 \B(x,r)\“"/” fB(x,y') |b(Y) - bB' dy
[b], := sup =Y < 00.
xeR",r>0 (1 + m)

The Lipschitz space, associated with the Schrodinger operator (see [22]), consists of the

functions f satisfying

x) —
|lf||upg’(p) ‘= sup /) |xj—ry(|Y)| =TIV IR
x€R”r>0 |x—y|"(1 + W + 00) )

It is easy to see that this space is exactly the Lipschitz space when 6 = 0.

Note that if = 0 in (1.2), A%(p) is exactly the classical Campanato space; if v = 0, A%(p)
is exactly the space BMOy(p); if 6 = 0 and v = 0, it is exactly the John—Nirenberg space
BMO.

The following relations between Lipf(p) and A%(p) were proved in [22, Theorem 5].

Lemma 2.3 ([22]) Let 6 >0 and 0 < v < 1. Then following embedding is valid:
A%(p) S Lip)(p) € AL (p),

where kg is the constant appearing in Lemma 2.1.

We give some inequalities about the Campanato space, associated with the Schrodinger

operator A%(p).

Lemma 2.4 ([22]) Let 6 >0 and 1 <s < oo.Ifb € A(p), then there exists a positive con-
stant C such that

1 s 1/s o ’ 0’
(i [0 -pol @) = o (14 55)

forall B=B(x,r),withx € R" andr > 0, where 6’ = (ko +1)0 and k is the constant appearing
in (2.1).

Let Kg be the kernel of If,. The following result gives the estimate on the kernel Kz (x, y).
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Lemma 2.5 ([6]) If V € RHy, with q1 > n/2, then, for every N, there exists a constant C
such that

C 1

%=y —y|n-B"
(]. + W)N |9C J’|"

|[Kp(x,9)] < (2.2)

Finally, we recall a relationship between an essential supremum and an essential infi-

mum.

Lemma 2.6 ([34]) Let f be a real-valued nonnegative function and measurable on E. Then

-1 1
inf = —
(es;cse}gn f (x)) es;EsEup ®

It is natural, first of all, to find conditions ensuring that the spaces LM;‘,’(X o} and M;‘;X

are nontrivial, that is, consist not only of functions equivalent to 0 on R”.

Lemma 2.7 Let xy € R”, ¢(x,7) be a positive measurable function on R" x (0,00),1 <p<
00,00 >0,and V € RHy, q > 1. If

o« -1
p
sup (1 + r ) 4 =00 forsomet >0, (2.3)
t<r<oo ,0(960) 90(960, }")

then LMZ,’(},/ Aol (R1) = @, where © is the set of all functions equivalent to 0 on R”.

Proof Let (2.4) be satisfied and f be not equivalent to zero. Then ||f|L,5(x.) > 0, hence

o
r _n
WAl ey = sup (1 + p(x0)> @0, 1) P IIf 12, (Bxor)

¥ t<r<oo

o
r n
> [f Iz, (Bexo.t) SUP <1+ )go(xo,r)'lr‘p.
Vpuwmww o)

Therefore ||f]| . «Viix} = 00. -
LMy,

Remark 2.1 We denote by Q;,’l‘gc the sets of all positive measurable functions ¢ on R” x

(0, 00) such that, for all £ > 0,

(i) i
;—_

p)) pxr)
In what follows, keeping in mind Lemma 2.7, for the non-triviality of the space

LMy %0} (R7) we always assume that ¢ € QZ:[‘;C.

< OoQ.
Loo(t,00)

sup
xeR”

Lemma 2.8 ([2]) Let ¢(x,r) be a positive measurable function on R" x (0,00), 1 < p < 00,
a>0,andV e RH;, q> 1.
@ I

ST

sup <1 + L) r =00 forsomet >0 and forallx € R", (2.4)
p(x)/) @x,r)

t<r<oo
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then Ml‘jy’(/‘;/ (R = ©.
(ii) If

sup (1 + %) @(x,r) M =00 forsomet >0 and for all x € R", (2.5)
olx

O<r<t
then M./ (R") = ©.

Remark 2.2 We denote by QI‘;"V the sets of all positive measurable functions ¢ on R” x
(0, 00) such that, for all £ > 0,

r\® rr
sup | (1 + <00, and
el p®) ) 1) | Ly (e00)
r o
sup (1 + —) o(x,r)™ <00,
4 p(x) Loc(0,8)

respectively. In what follows, keeping in mind Lemma 2.8, for the non-triviality of the

space MZ‘"X (R”) we always assume that ¢ € QZ'V.

Remark 2.3 We denote by QZIV the sets of all positive measurable functions ¢ on R” x
(0, 00) such that

% -
inf inf(l + —) ¢(x,r) >0, forsomeéd >0, (2.6)
x€R” r>8 p(x)
and

r \¢ e
lim{(l1+ ——) ——=0.
r—>°< p(x)) p(x,7)

For the non-triviality of the space VMg,'(/‘,/ (R") we always assume that ¢ € QZ”Y .

3 Proof of Theorem 1.1

We first prove the following conclusions.

Lemma3.1 LetO<v<1,0<B+v<nandbe Aﬁ(p), then the following pointwise estimate
holds:

[ ZE) )] < 1810 (1) @)-
Proof Note that

[b,Z5 ] () = b@)TH() () - T (bf ) )
- [ 1569~ 60K 9 0)
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If b € A%p), then from Lemma 2.5 we have

67| = | [b60) - 500 (Kt £

Sl [ -y ket )] dy
Rn
= (615 (1) 0. =
From Lemma 3.1 we get the following.

Corollary3.1 Suppose V € RH,, withq, > n/2andb € Al(p) withO<v <1.Let0< f+v <
nandlet1 <p<q<oosatisfy 1/q=1/p — (B + v)/n. Then for all f in L,(R") we have

“ [b’IfL51f||Lq(R”) S ”f”Lp(lR”)

when p > 1, and also

” [b,Ié]f” WLy (R7) Sl ey

whenp=1.
In order to prove Theorem 1.1, we need the following.

Theorem 3.1 Suppose V € RH,, withq, >n/2,be A%(p),0>0,0<v<1.LetO<B+v<n
andlet 1 < p < q<oosatisfy 1/g=1/p — (B + v)/n then the inequality

| [b’Iflef||Lq<B(xo,r>) < 25 (1) ”Lq<B(xo:'>>

Srgfm'v"wwﬂ
2r ta ¢

holds for any f € L,

loc

(R"). Moreover, for p = 1 the inequality

” [b’Iéf] ” WL __n__(B(xo,)) S ”Iﬁ”(lﬂ) ” WL __n__(B(xo,r))

n-p—v n-p-v
< pp f = Wl Beon 9t
~ 2r npy 4

holds for any f € L: (R").

loc

Proof For arbitrary xo € R”, set B = B(xo, r) and AB = B(x, Ar) for any A > 0. We write f as
f =fi +fo, where fi(y) =f(¥) XB(xo.21) (%), and xp(x,,2-) denotes the characteristic function of
B(xg,2r). Then

15 ZEV 11 sy S 5o (FD L o)

< MpnfillLyBaon + Hp+ufallLyBeo.n)-
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Since f; € L,(R") and from the boundedness of Ig,, from L,(R") to L,(R") (see [31]) it

follows that

g +ufillLyBor S W llz, B2

r © dt 1 [ Wz, Beo dt
S e e (3.1)
2w ta 2r ta t

To estimate ||Zg./2[l1,(B(xo,), the obverse of x € B, y € (2B) implies |x —y| & |xo — y|. Then

by (2.2) we have

ol o (k1
suplip.oful| 5 [ Iy > o) dy.
xEB| P | @B)c |60 —y|" P ;( ) 2k+13lf |
By Holder’s inequality we get
00 2/<+lr
_1_n
suplfo0] € Y- If ey (21) 57 [
x€B P 2ky
00 ok+1, 00
SZ/ ”f”Lp(f(xo,t)) @S/ ”f”Lp(f(xo,t)) @ (3.2)
o J2kr ta t or ta t
Then
5 (NNl Bao) dt
g follLeom ST / ——— (3.3)
2r ta t
holds for 1 < p < n/B. Therefore, by (3.1) and (3.3) we get
n [ ”f”Lp(B(xo,t)) dt
T e B0

for1<p<n/B.
When p = 1, by the boundedness of Iz, from L;(R”) to WLM% (R™), we get

F W By dt

<
tn-pB-v t

Mpfs ||WL$(B(?€0,V)) S o2y S 7P /2

r

By (3.3) we have

g llwe v Bwor) < MpsnfollL w  (Bxo2r)

- n—-p—v
< rn,ﬁ,v /oo Hf”Ll(B(xo.t)) ﬂ
~ o tn-B-v t

Then

< pepov [ Wllaeeony dt
(Blxor)) ~ Y S =

1260 D,
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Proof of Theorem 1.1 From Lemma 2.6, we have

1 1
- = esssup

€58 infycseoe @1 (%,5)57  t<s<o0 @y (x,8)s7

Note the fact that ||f||z, (8. is @ nondecreasing function of ¢, and f € M, > then

1+ o) W Ly oy 1+ I 1lz, (Bxo.t)
n S €ss Supt<s<oo n
ess infrescco 1(x, 5)s? @1(x,8)sP
(1 ”f”Lp(B(xo,s))
,S sup n ~ ”.f”MO"V .
0<s<00 01 (x’ S)SP P91

Since a > 0, and (¢1, ) satisfies the condition (1.5),

/°° 1L, (Bxo.0)) dt
2r

£ t

~ /“’o 1+ m)a I 1l Blxo.t)) ess infyeseoe 1 (s s)s? dt
2r

essinfioo 1 (0,8)s7 (14 555)7t ¢

o essinfm<OO ©1(x,8)s? dt

Wy, [

L 1 + o )“tq t
S Hf”Md.V 1+ L N ‘/Oo ess inft<s<oi(,01(x, S)sﬁ ﬂ
251 p(xo) , o ;
r -
< " _r . |
S |lf||Mp,‘(X1 (1 + p(xo)) @2 (x0,7) 5

Then by Theorem 3.1 we get

18- ZE Ly, S Mg (D) ey

q(ﬂ2

S sup (1 + ) (02(950:r)_lr_n/q”Iﬁw(lﬂ)”LP(B(xoyr))

r
x0€R”,r>0 p(xO)

r \* o0 ) dt
< sup <1+ ) 902(%0,7)_1/ —“f“Lp(f(W)) -
2r

x0€R™,r>0 p(%0) ta t

5 ”f||Mgv\J/1

Let g = ,——, similar to the estimates of (3.5) we have

P

o o)) At -
/ ”f”,ﬁi#—ﬂvnMw(u ) 20, 7).
2r t ( )

Thus by Theorem 3.1 we get

” [b’I/ﬂfH wm®Y, N H[ﬁw(lﬂ)” wm*Y,
mv% n=—p—v"%2

5 sup <1+ )¢2(x0>r)_lrﬂ_n”1ﬁ+v(lf|)“WLn(B(xom))

x0€R”,r>0 n—p—v

r
p(%0)



Guliyev and Akbulut Boundary Value Problems (2018) 2018:80 Page 12 of 14

r \“ o0 dt
< sp <1+ ) (p2(x0’r)—1/ If Iy 8oty At
2r

x9€R”,r>0 p(x()) tnp-v L

S ey - O
~ [f Mi(ﬂ]

4 Proof of Theorem 1.2

The statement is derived from the estimate (3.4). The estimation of the norm of the oper-
ator, that is, the boundedness in the non-vanishing space, immediately follows by Theo-
rem 1.1. So we only have to prove that

. o,V —
}%xselgq A (frx,r)=0 = 11113 su]Rg A ([b,Zf)f5%7r) =0 (4.1)
and
]11‘[(1) sup A{ </71(f xr)=0 = 11m sup QlW“ V ([b IL]f X, r ) =0. (4.2)
xeR”

To show that sup, p.(1 + - ) @2 (%, 7) L2 || [, Iﬁ]fHLq(B(x,,)) < ¢ for small r, we split the
right-hand side of (3.4):

(1+505) 02 U BTEY |y = Cllooor) 5], 3

where 8y > 0 (we may take § > 1), and

(e 20 o, )
Is (%, 1) i= ————— ta t
loor)i= 2L / T

and

p
(1 + W)a

_n_g
f TN Ny B 4t
(pZ(x: l") ) P86

jﬁg(x, I’) =

and it is supposed that r < 8. We use the fact that f € VM %(R”) and choose any fixed
80 > 0 such that

’

t o
su 1+ —— X, t _lt_”/p <
p( ,o(x)) @1, 2) 1f I, By

xeR”

&
2CCy

where C and Cj are constants from (1.6) and (4.3). This allows one to estimate the first
term uniformly in r € (0, 8o):

sup Cls, (x,1) < 0<r<ép.

xeR”

The estimation of the second term now my be made already by the choice of r sufficiently
small. Indeed, thanks to the condition (2.6) we have

Jroo7) +(_)amfn
50X 1) < Copp———— V;
0 0 §01(x, VM(X
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where ¢, is the constant from (1.3). Then by (2.6) it suffices to choose r small enough such

that
1+ -5)" e
sup p(x) < )
xeR” 902 (x’ r) 20(70 |Lf” VM;:<{"/1

which completes the proof of (4.1).
The proof of (4.2) is similar to the proof of (4.1).

5 Conclusions

In this paper, we study the boundedness of the commutators [, Ié] with b € A%(p) on

X0}

local generalized Morrey spaces LMZ,‘(,‘;/ %o} generalized Morrey spaces M;‘:X and vanishing

generalized Morrey spaces VM[‘;‘;X associated with the Schrodinger operator, respectively.
When b belongs to A%(p) with & >0, 0 <v <1 and (¢, ¢,) satisfies some conditions, we

show that the commutator operator [b, ] are bounded from LMy to LM from

v Vv v WV _
M;‘,(p1 to MW2 and from VMZ:WI to VMg‘m, 1/p-1ig=(B +v)/n.

Our results about the boundedness of [b,Ié] with b € A%(p) from LMZ,%’{’CO] to
LMZ,},Z’{’CO} (Theorem 1.1) are based on the local estimate for the commutators [b, Ié] (The-

orem 3.1).
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