Wang et al. Boundary Value Problems (2018) 2018:94 @ Bounda ry Value PrOblemS
https://doi.org/10.1186/513661-018-1012-0 a SpringerOpen Journal

RESEARCH Open Access

CrossMark

Infinitely many solutions for impulsive
fractional boundary value problem
with p-Laplacian

Yang Wang', Yansheng Liu'" and Yujun Cui?

“Correspondence:
ysliu@sdnu.edu.cn

'School of Mathematics and
Statistics, Shandong Normal
University, Jinan, PR. China

Full list of author information is
available at the end of the article

@ Springer

Abstract

This paper deals with the existence of infinitely many solutions for a class of impulsive
fractional boundary value problems with p-Laplacian. Based on a variant fountain
theorem, the existence of infinitely many nontrivial high or small energy solutions is
obtained. In addition, two examples are worked out to illustrate the effectiveness of
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1 Introduction

Consider the following nonlinear impulsive fractional boundary value problem (BVP, for
short):

D% ®,(°D§. u(t)) + |u(®)P2u(t) = f(t, u(t)), te(0,T],t#t,
ADE D, (DL w))(8) = Li(u(t)), j=1,2,...,m, (1.1)
u(0) =u(T) =0,

where @ € (117, 1, p>1, @p(s) = |s|P~2s, D%_ represents the right Riemann-Liouville frac-
tional derivative of order « and °Df, represents the left Caputo fractional derivative of
ordera, 0=ty <ty <+ <ty =T and

A(DF= @y (D5 u)) () = D= @y ("D u) (6) - DF=' @ ("D ) (1),

D5~ @, (‘D 1) (¢) = tlgg D5 @, (“Dj u) (1),
i

D51 @, (‘D u) (£) = lim D5 @, (D u) ().
]

f:00,T] x R— RandJ;: R — R are continuous.

Fractional differential equations have gained importance because of their numerous ap-
plications in various fields such as chemical physics, neural network model, signal pro-
cessing and control, mechanics and engineering, fractal theory, and so on. For details,
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see [1-5] and the references therein. Recently, the existence and multiplicity of solutions
for nonlinear fractional differential equations have been studied extensively by using the
theory of coincidence degree, some fixed point theorems, upper-lower solution method,
monotone iterative method, etc. [6—9]. It should be noted that the critical point theory
and variational methods have proved to be a very effective approach in dealing with the
existence and multiple solutions for fractional boundary value problems, see [10-17].

On the other hand, the impulsive differential equation is used to describe the dynamics
of processes in which sudden, discontinuous jumps occur. It has numerous applications
in many fields such as population dynamics, ecology, optimal control, economics, and so
on. For details, see [18—21] and the references therein. Recently, many authors have stud-
ied the existence of solutions for impulsive fractional boundary value problem by using
variational methods and critical point theory, see [22—30].

For example, Heidarkhani et al. [26] and [28] studied the following impulsive nonlinear

fractional boundary value problem:

D (DG u(0)) + a(t)u(t) = 2f (6, u(t)) + hu(®), ¢ <[0,T],t 71,
ADFHEDGw)(b) = uli(u), j=12,...,m, (12
u(0) = u(T) = 0.

Based on variational methods and critical point theory, they obtained the existence results
of infinitely many classical solutions and three solutions for problem (1.2). In particular,
Rodriguez-Lépez and Tersian [22] established one and three solutions for problem (1.2)
when /4(u(t)) = 0. In [25], Heidarkhani and Salari obtained the existence of two and three
weak solutions for a class of nonlinear impulsive fractional systems by applying variational
methods.

Furthermore, the p-Laplacian often occurs in non-Newtonian fluid theory, nonlinear
elastic mechanics, and so on. So, the impulsive fractional boundary value problem with p-
Laplacian is worth considering. For instance, in [31], basing on the mountain pass theorem
and minimax methods, the existence of multiple solutions for BVP(1.1) is obtained.

To the best of our knowledge, there are fewer results on the existence and multiplicity
of solutions for impulsive fractional boundary value problem with p-Laplacian. Inspired
by the above references, we apply variant fountain theorems to study the existence of in-
finitely many small or high energy solutions for BVP (1.1). The main new features pre-
sented in this paper are as follows. Firstly, the main results of this paper are different from
those in the aforementioned references, and extend the results obtained in [31]. Secondly,
the main tool of this paper is variant fountain theorems, which is different from the afore-
mentioned papers. Thirdly, the assumed conditions in this paper are easier to verify than
those in [31]. Finally, two examples are worked out to demonstrate the effectiveness of our
results.

For convenience, we list the following assumptions.

(H1) Ii(w) (j=1,2,...,m) are odd about u and satisfy foulj(s) ds>0forallu eR.

(H3) There exist b; > 0 and y; € (p — 1, +00) such that

[500)| < bylu.
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(H3) There exist b; >0, u > p, and y; € (p — 1, u — 1) such that

50| <t sy [ 56 ds
0

(F1) There existn € (p —1,p) and b(¢) € L [0, T with b(£) > 0 such that
[ft,w)| <b@)(1+[u""), ¥(tu) el0,T]xR.

(F3) There existo € (p—1,1) and d > 0 such that

F(t,u)

oo |ul®

>d, uniformly for ¢ € [0, T], where F(t,u) = / f(t,s)ds.
0

(F5) limy, -0 lj;(lif)l =0, uniformly for £ € [0, T].

(Fy) F(t,u)>0,VY(t,u) € [0,T] x R.
(F5) F(t,—u)=F(t,u),VY(t,u) €[0,T] xR,
(Fs) There exist constants 6; > 0, 6, > 0, and g > p such that

[f(t, u)‘ <01ulf 7t +6,JulT! forallte[0,T],ucR.
(F7) There exists u > p such that
—wF(t,u) + uf(t,u) >0 forallte[0,T],ucR.

Here are our main results.

Theorem 1.1 Assume that (Hy)—(H,) and (Fy)—(Fs) hold. Then BVP (1.1) possesses in-
finitely many small energy solutions uy € E \ {0} satisfying

1 T
E / (1D )7 + |07 it
PJo
m uk(t]') T
+Z/ Ij(s)ds—/ F(t,uk(t))dt—>0_ as k — oo.
o 0

Theorem 1.2 Assume that (Hy), (Hs3) and (Fy)—(F;) hold. Then BVP (1.1) possesses in-
finitely many high energy solutions u* € E \ {0} satisfying

1 T
1 / (D% @) + |u0)]7) dt
b Jo
m k() T
+Z/ Ij(s)ds—/ F(t,uk(t))dt—>oo as k — oo.
o 0
The rest of this paper is organized as follows. Section 2 contains some preliminary re-
sults. In Sect. 3, we apply variant fountain theorems to prove the existence of infinitely
many small or high energy solutions for BVP (1.1). In Sect. 4, two examples are presented
to illustrate the main results.
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2 Preliminaries
To obtain multiple solutions for BVP (1.1), it is necessary to introduce several definitions
and preliminary lemmas which are used further in this paper.

Let AC[a, b] be the space of absolutely continuous functions on [, b].

Definition 2.1 ([10]) Letf be a function defined on [a, 5] and 0 < & < 1. The left and right
Riemann-Liouville fractional integrals of order « for the function f are defined by

Df(t)= — /(t—s)“ Yf(s)ds, tela,b],

IN(Y)
D;E‘f(t):ﬁ /, (s— 8" f(s)ds, t¢labl,

while the right-hand side is pointwise defined on [, b].

Definition 2.2 ([10]) Letf € AC[a,b] and 0 < « < 1. The left and right Riemann—Liouville
fractional derivatives of order « for the function f are defined by

DL f(t) = —D“+1 (t) =

) dt/(t_s) “f(s)ds, tela,b],

Z‘ff(t):—%Dgflf(t): / (s—t)*f(s)ds, tela,b].

—a)dt

Definition 2.3 ([10]) Let f € AC[a,b] and 0 < @ < 1. The left and right Caputo fractional
derivatives of order « for the function f are defined by

o _ no-1lgr _ 1 ! oo
Di.f(t) =Dg: (t)_il”(l—a)/; (t-5)%"(s)ds, tela,b),

b
CDg_f(t)z—D‘gilf’(t)z—ﬁ /t (s—8)f'(s)ds, t€lab]

In particular, when & = 1, we have °D},f(¢) = f'(¢) and °D}_f (t) = —f'(¢).

Lemma 2.4 ([32])
(1) Ifuel?la,bl,vel’labl,andp>1,q>
1—7+5—1+a,then

l+aorp#1,q#1,

'EI'—‘
=

b b
/ (D u(®))v(e)dt = / u(t) (D v(t)) dt

(2) If0<a <1,ueAC[a,b],andv e LPla,b] (1 <p<00),then
b b
/ u(t)(“D%v(t)) dt = D‘g_’lu(t)v(t)ﬁz + f DY u(t)v(t) dt.

Denote

r }
lullr = (/ |u(t)|pdt) ) ll#]l0o = max [u(t)|.
0 te[0,T]
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Definition 2.5 Let 0 < < 1, 1 < p < co. The fractional derivative space Ey” is defined by
the closure of C§°([0, T], R) with respect to the norm

T T 5
loall g = < /0 (‘”Dg‘+u(t)|pdt+ /0 \u(t)|") dt) , VueE?”. (2.1)

Remark 2.6
(1) Ey” is a reflexive and separable Banach space.
(2) Forany u € Ey”, we have u € L?([0, T], R), ‘D% u € LP([0, T],R), and
u(0) =u(T) =0.

Lemma 2.7 ([32]) LetO<a <1and1<p<oo.Foranyu € Ey”, we have

T(l
lullr < F(T“CD&MHLP' (2.2)

+1)
In additiorz,for117 <a<l1 and}% + é =1, we have

1

T 7
]l oo < ————— Dl e - (2.3)
[(a)(eq—q+1)7

Remark 2.8 According to Lemma 2.7, it is easy to see that the norm of Ey” defined in (2.1)
is equivalent to the following norm:

T 1
lletlla,p = (/ D, u(t)|” dt)p, Yu e Eg*. (2.4)
0

Lemma 2.9 ([32]) Let 117 <a < 1. If the sequence {uy} converges weakly to u in Eg‘p, ie.,
up — u, then uxy — u in C[0,T1], i.e., |u — tug|lco = 0 as k — oo.

In the following, we denote E :Eg,p, |« = ”””ES"” ”qu = ||u||» for convenience.

Definition 2.10 A function

tiy
ue {ueAC[O, T]:/l 1(’6D3+M(t)|p+ |u(t)‘p)dt<oo,j:O,l,...,m}
i

is called a classical solution of BVP (1.1) if
(1) u satisfies (1.1).
(2) The limits D§='®, (*Dg,u)(67), D= P, (<D u)(£7) exist.

Definition 2.11 A function u € E is a weak solution of BVP (1.1) if

T T
/0 |°D% u(t) | (D& (@) (‘D v(®)) dt + /0 |u(@) [P u(e)v(e) dt

m

T
+ Zl,(u(t,))v(t,-) - /0 f(tu@)v(t)dt =0, VuekE. (2.5)

j=1
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The energy functional / : E — R associated with BVP (1.1) is defined by

1 T
= /0 (D% u(@)? + |ue)|?) di
m u(tl) T
+1le /0 Ii(s)ds - /0 F(t,u(H)dt, Vuek. (2.6)

It is easy to see that / € C1(E, R), and

T 2 T 2
(]/(u), v) = / ]Cng(t)\’”* (”Dgﬁu(t)) (CDgw(t)) dt +/ }u(t) ’pi u(t)v(t)dt
0 0

m

T
+ ) L(ue)v) - fo £t u(®))v(t) dt

j=1

-0, VuekE. (2.7)
Moreover, the critical points of J correspond to the weak solutions of BVP (1.1).

Lemma 2.12 ([31]) Ifu € E is a weak solution of BVP (1.1), then u is a classical solution of
BVP (1.1).

To prove our main results, we need the following two variant fountain theorems in [33].

Let X be a Banach space with the norm | - || and X = @jeNX,- with dim X; < oo for each
j e N. Set Wi = X, X, Z = D X5, Bi = {u € Wi llull < ouly Sk = { € Ze s lull = re),
where pg > r; > 0.

Consider a family of C! functionals J; : X — R defined by
Ji(u) = A(u) = AB(u), 1 € [1,2],
where A,B: X — R are two functions.

Lemma 2.13 ([33]) Assume that the functional ], defined above satisfies:
(B1) Ji maps bounded sets into bounded sets uniformly for 1 € [1,2], and J,(-u) = J;(u)
forall (A, u) €[1,2] x X;
(By) B(u) =0 forall u € X, B(u) — 00 as ||u|| — oo on any finite dimensional subspace
of X;
(B3) there exist pi > ri > 0 such that

ar(A)= _inf [, () >0, br(A)= max Ji(u)<0, Viell,2]
ueZp,llull=px ue Wy, llull=rg

and

dy(A)= inf  Ji(u) > 0 as k — oo uniformly for A € [1,2].
u€Zp, llull <px

Then there exist A, — 1, u,(7,) € W, such that

L wa () =0, T, (u(hn)) > cx  asn— oo,
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where ci € [di(2), bk(1)]. In particular, if {u(r,)} has a convergent subsequence for every k,
then J; has infinitely many nontrivial critical points {uy} € X \ {0} satisfying J;(ux) — 0~
as k — oo.

Lemma 2.14 ([33]) Assume that the functional ], defined above satisfies
(A1) ], maps bounded sets into bounded sets uniformly for 1 € [1,2], and J,(-u) = J, (1)
forall (A, u) €[1,2] x X;
(A) B(u) >0 forallu e X, A(u) — oo or B(u) — o0 as ||u| — oo; or
(A3) B(u) <0 forallu e X, B(u) - —o0 as ||u|| — oo;
(Ay) there exist py > ry > 0 such that

b(A)= inf  Ji(u)>ar(A)= max Ji(u), VAe[l,2].
u€Zi,ull=r ueWi lull=px

Then
bi(h) < ci(3) = inf max i (y(w), Vi €[1,2],
y €l ueBy

where Iy = {y € C(By,X) : y is odd, y |3, = id}. Moreover, for almost every A € [1,2], there
exists a sequence {uX(1)} such that

sup”uﬁ(k)” < 00, A (uﬁ()\)) —0 and J, (u’;(k)) — (M) asn— oo.

As E is a separable and reflexive Banach space, then there exist {e}5 CE and {ef}x C
E* such that
E = span{e;}, E* = span{e;‘},
(¢fe) =1, (¢/,e) =0 (i#)).

Define X; = span{e;}, Wi = EB,]‘(=1X1" Zy = EB]O:,(X} In order to apply Lemma 2.13 and
Lemma 2.14 to prove the existence of infinitely many solutions of BVP (1.1), we define
A, B, and J; on a fractional derivative space E by

m u(t;) T
Au) = ;||u||1’+j21: /0 L(s)ds,  Bu)= /0 F(t,u(p)) dt,

and

Ji.(u) = A(u) — AB(u)
1 m u(ty) T
= Zlull? + Z/ Ij(s)ds—A/ F(t,u(®)dt, VueEre[l1,2].
p i1 Jo 0
3 Proof of the main results
In order to complete the proof of our main results, it is necessary to give the following two

lemmas. Because of using similar arguments to the proofs of Lemma 3.2 and Lemma 3.5
in [15], we omit the proving processes for convenience.
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Lemma 3.1 Let H be any finite dimensional subspace of E. Then there exists a constant
&o > 0 such that

meas{t € [0, T] : [u(t)| = eollull} > &0, YueH\{0}. (3.1)
Lemma 3.2 Let o, (k) = Sup,cz, -1 lull, with r > p. Then o, (k) — 0 as k — oo.
Now we are ready to prove Theorem 1.1 and Theorem 1.2.
Proof of Theorem 1.1 By (F}) and (F3), for Ve > 0, there exists 8, > 0 such that
’F(t,u)’ <elul? +8:b(t)|ul". (3.2)
Combining (3.2), (H3), and Lemma 2.7, it is easily seen that /, maps bounded sets into
bounded sets uniformly for A € [1,2]. It follows from (H;) and (F5) that J; (-u) = J; () for
all (A, u) € [1,2] x E. Thus, condition (B;) holds.
Next, we verify condition (By).
According to (Fy), B(#) > 0 is obvious. By (F,), there exists M > 0 such that

F(t,u) > d|u|® forall |u| > M. (3.3)

Assume that H is a finite dimensional subspace of E. According to Lemma 3.1, there exists
&0 > 0 such that (3.1) holds. Then

meas(D,) > gy, VYueH\{0},

where D, = {t € [0, T] : |u(t)| > eollu||}. Hence, for any u € H with ||u| > %, by (3.3), we
get

T
B(u) = / F(t,u(t)) dt
0

z/Dudiu(t)| dt

> deg |lu]” meas(D,.)

> dey* ||ull.
This means that B(u) — 00 as |lu|| — oo on any finite dimensional subspace. Hence, con-
dition (By) holds.

In the end, we claim that condition (Bs3) holds.
For u € Z, by (3.2), Holder’s inequality, and (H;), we have

1 T
B =l - / (elul? + 8,b(0)|ul") de
0

1
I p_ n
> 2pllull (SHb(t)“,ﬁ,, llall 5,
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where we choose ¢ = 2—;. According to the definition of &, (k) in Lemma 3.2, we have
lull) <o) (K)llull”,  Vu € Z.

p—"p

Hence,

1
D) = Null” =8 b@)]_p o).
9% p-n
Choose px = (4pd||b(¢)|| Lag(k))l’%ﬂ. Then pr — 0* as k — o0o. Therefore,
p-n

1
ar(A) = inf u) > —pl>0.
©(X) ueZk,Hun:pk])"( ) > 4p/0k
In addition, for A € [1,2] and u € Z; with || u|| < px, we have
Ji(u) = =8 ”b(t) ”LOKZ(/()P;Z — 0%, k— oo
p-n

So,

dr(A)= inf  J,(u) >0 ask— oo.
ueZp,llull <p

By (F1)—(Fs), we have
F(t,u) > dul” — elul’ - 5:b(t)|ul". (3.4)

If u € W, by the equivalence of any norm in a finite dimensional space, (3.4), (Ha),

Lemma 2.7, and Holder’s inequality, we get

1 m u(t;) T
= - I4 L(s)ds — A F(t, d
)=~ +]Zl fo () ds fo (6, u(t)) dt

. T T T
’1|u(t,)\yf”-df |u|"dt+e/ |u|pdt+88/ b(t)|u" dt
0 0

1 “. b
< —lullP+y
p P/ 0

< ull® + M|ul| 7 =81 [lul|” + 8] b(&)| o Il
P

Choose r¢ > 0 small enough and r¢ < px such that

br(A)= max [ () <O0.
u€ Wi, llull=rg

This guarantees that condition (Bs) holds.
Consequently, by Lemma 2.13, for every k € N, there exist A, — 1, u,(A,) € W, such
that

T wn () =0, T, (#(hn)) = cx € [dr(2),bi(1)]  asn— oo.
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For simplicity, denote u(%,) by u,. Now we show that {u,} has a strong convergent sub-
sequence for every k € N. In fact, by (3.2), (H1), Holder’s inequality, and Lemma 2.7, we
get

M run(y) T
lutall? = P, ) =P / [(s)ds + ph, / F(t,uy)dt
i Jo 0
< pei+ phadallull” + pra8 [ p Nl
=1

This means that {u,} is bounded in E. Without loss of generality, we may assume
u, — u in E. Since {e;} is a completely orthonormal basis of E, W, = L(ei,e;,...,e,),
u= Z;fl(e/,u)ej. Let P, : E +— W, be the orthogonal projection operator. We know that

P,u= Z}’,’zl(ej, u)ej and P,u — u in E as n — oo. Therefore u,, — P,u — 0 in E as n — oo.

Moreover, it follows from J; (#) € E* that

(]{(u), U, —P,,u) —0, n— oo. (3.5)
Also, since J| € C(E — E*) and P,u — u in E, we have

(11 (Pys) = J1 (), 4y — Pyus) — 0, 11— 00. (3.6)
Therefore, by (3.5) and (3.6), we get

(1 (Puts), uy — Pyut) — 0, 1 — o0. (3.7)

Note that P,u, = u, and (]in (Pnu,), Py, — 1)) = O since u, € W, and ]){nlwn(u,,) =0. By

the continuity of f, I;, and Lemma 2.9, it is easily seen that

T
k,,/ ft, u,) @ty — Pyu)dt — 0, n— oo.
0

T
f f(t, Pyu)(u, — Pyu)dt — 0, n— oo.
0

S 15 0a6) ~ 1 (Pus6)) ) s (5) — Pa(6)) > 0, 1> x.

Jj=1

Set

T
Y = /0 [P (] (DG () = |“DG Pyta(t)|" (‘D Pyu(t))]

X [CD‘(’§+ u,(t) - cDg+Pnu(t)] dt,

T
Yo = /O (6a®) |1t = | PO Pts(9) (1 (8) — Pyoe(0)) i
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Therefore,
Y1ty = (])/Ln(un)r Up — Pn”) - (]{(Pnu); Up _Pnu)

Z un t) P M( ))](un(t]) —P,,Ll(t]'))

j=1
T T
)\n »rYn n_Pn d - rPn n_Pn d
+ /Of(tu)(u u)dt /Of(t u)(u u)dt

In what follows, we prove ||u, — P,u|| — 0 in two cases.
Case 1: p > 2.
According to the following inequality (see [34], Lemma 4.2)

(121722 = [y 2y) (x - ) = wlx - y1?,

there exist w; > 0, wy > 0 such that
T
Y > w1/ |CDg+un(t) —“Dg+ P,u(t) |p dt, (3.8)
0

T
vz on [ Jun(0)- Pt e (39)
0
Combining (3.8) and (3.9), we get
V1 + Vo = My |luy, — Pyull?,

where M; = min{w1, w,}. Thus, ||u, — P,u| — O.
Case2:1<p<2.
According to the following inequality (see [34], Lemma 4.2)

;
(l? + yP) 2 = ol - P,

(1% = 1717 2y) (x - 9))

there exist positive numbers w3 and w4 such that

T ICDS+ u,(t) - CD8+Pnu(t)|2

viz s /o (D% ()] + <D Pta(2) )27 at (3.10)
r |Mn(t)_Pnu(t)|2

V22 “’”‘/o Gun®)] + PP (61D

By Holder’s inequality, we get

T
/ |un(t) = Puu(t)|” dt
0

T Ju(t) = Pyu(t)|? 5.7
5(/0 (|un(t)|+|Pnu(t)|)2—pdt) (/0 (|”n(t)|+|Pnu(t)|)pdt>

2 (7w =Pl \"
<ttty 1) ([ e )

2-p
=z
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(p-1)(2-p)
where M, =272 . Therefore,

/T |4 (£) = Pu(0) 2
o (lun(®)] + |Pyu(®)])?>

_2 T » ,% p-2
ZMJ(f |4 (£) — Ppu(t)| dt) (Netulll + 1 PaueliB) 7 (3.12)
0

Similarly, we have

/T |°D. 4,,(£) — “D. Pyu(t)|?
o (I°D% u, ()] + D, Puu(t)])>

_2 T ,%
>M," ( / |°DE 1 (8) — D Puul(t)|” dt>
0

p=2
p

(||°Deun ||§ + ||CDg+Pnu||§) . (3.13)
Combining (3.10)—(3.13), we get

Y1+ Y2 > Msylluy, — Paul)?,
. p-2 p-2
where M, = M,"" min{ws(|°Dg ually + 1D Purelly) 7, a(lltnlll + | Purelp) 7 .

If {u,} has a subsequence (still relabeled {u,} for convenience) such that ||u,|| — 0 as
n — 00, it is easy to see that |lu, — P,u| — 0. On the other hand, if inf,> ||u,] > O,
by the boundedness of {u,} in E, there exists M3 > 0 such that M3, > M3 > 0. Then
||z, — Pyus]| — O.

So, u, — P,u — 0 in E as n — oo, which means that u, — u in E as n — oo. By
Lemma 2.13, we know that J = /; has infinitely many nontrivial critical points u;. Con-

sequently, BVP (1.1) has infinitely many small energy solutions. g

Proof of Theorem 1.2 For any ¢ > 0, it follows from (Fg) that there exist positive numbers
03 and 6, such that

|F(¢,u)| < 0s|ul? + Oalul?. (3.14)

Combining (3.14), (H3), and Lemma 2.7, it is easily seen that J, maps bounded sets into
bounded sets uniformly for A € [1,2]. By (H;) and (Fs), J;(—u) = Ji(u) for all (A, u) €
[1,2] x E. Thus, condition (A;) holds. Assumption (F;) means that B(x) > 0. Condition
(A,) holds for the fact that A(u) > 1%”””17 — o0 as 1 — oo and B(u) > 0.

In what follows, we verify condition (A4). For this sake, we need to prove that there exist

two sequences pi > r¢ > 0 such that

br(A) =

= inf  Ji(u)>0, VAaell,2], (3.15)
UEZp,||ull=r

ar(A)= max J(u) <0, Viell,2]. (3.16)
u€ Wi, llull=pg

First, we prove that (3.15) is true.
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For u € Zy, by (3.14), (H;), and the definition of &, (k) in Lemma 3.2, we have

[l = 265 1ull; — 264]|ull

NI

() >

—

= —Null? = 26505 (k) |l — 2050 (k) [|1]| .

S

Choose ry = W. Then ry — oo as k — oo. For any u € Z; with ||u|| = rx, we know

»(K) ag (k)

[ Y — ~ 26,
oty (k) + g (k) 1P oty (k) + g (k)14

() >

;=205 — 26,

v

1
p
1
p
>0.

Therefore,

br(A)= inf  Ji(u)>0, Viel[l,2].

ueZy,||ull=ri

Next, we prove that (3.16) is true.
By (F7), there exists 83 > 0 such that

(3.17)

F(t,u) > 83|ul*, forallte[0,T],ucR.

According to (3.17), (H3), and Lemma 2.7, we have

1 m u(t;) T
W= G+ Y [ sds -3 [ Eeu) a

1 " b T
j 41
< L+ 3 2 a7 —53/ ul® dt
p ]:Zl)/]'{'l’ 1‘ o

1
i+1
=< —Null? + Sallul 7" — S5 llasll .

Hence, one can take pj > yx large enough such that

ar(A)= max Ji(u)<O.
ue Wi, |lull=pk

Until now, all the conditions of Lemma 2.14 hold. Hence, for A € [1,2], there exists a

sequence {u’,‘,()u)};,“il such that

sup |k ()| < oo,
! (3.18)

J (k) =0,  L(uE() = an) = nf iré%f]*(y(”))’ n— oo.
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Furthermore,

—_

(X)) = bre(A) > —r‘,f — 203 — 20, := by — 00, k— 00,

N

ck(A) <max /i (u) :=c.
ueBy
Thus,
by <ca(W) <t, rell2]. (3.19)

Choose a sequence A,, — 1 such that (3.18) holds. Using similar arguments of the proof
of Theorem 1.1, we can show that {uﬁ(km)};l"; 1 Possesses a strong convergent subsequence.
Thus, we suppose that uX(1,,) — uX(1,,) in E as n — oo. By (3.18) and (3.19), we can get

1, @ 0m) =0, o, (") € [bic]  for k > ki

In the following we prove that {u* (Am)}oo_, is bounded.
From (H3) and (Fs), we have

13 (o)) = (5, (), 1 (R

2z & r v ey k k
= <— —1> | )]+ (u/ Ii(s) ds — Li(u" () (t)) ) s (/\m)(tj)>
p j=1 0

T
+ A / [f (& " o)) " ) — E (8 " (A1) ]
0
= (%=1l
p

Therefore, {u* (Am)Yoo , is bounded in E. Similar arguments of the proof of Theorem 1.1
show that u*(%,,) — u¥ in E as m — oo (k > k;). Then u* is a critical point of J = J; with
I(tX) € [by, ¢x]. According to by — oo as k — oo, we know that BVP (1.1) has infinitely

many nontrivial high energy solutions. O

4 Examples
In this section, two examples are given to illustrate our results.

Example 4.1 Consider the following nonlinear impulsive fractional boundary value prob-

lem:
DED4(“DgPu(®) + lu(®)|u(t) = f(t,u), te[0,T,t#t,
ADR*@4(DEFW)(0) = ' (81), (1)
u(0)=u(T) =0,

where

Ze'lul', |ul <1,
flew=12"",
s€lulz, |ul>1.



Wang et al. Boundary Value Problems (2018) 2018:94 Page 15 0of 16

Choosep=4,0=0.8¢ (i, 1], and I; (&) = u®(t,). It is easy to show that assumption (H,)
holds. Take by =2, y; =5 € (3, +00). From this we can see that assumption (H>) holds.
Moreover,

[f(t,w)| < 4e'(1+ |u|%),

Choose n = % € (3,4) and b(¢) = 4¢’. This means that assumption (F}) is satisfied.
1
o =

Take f € (3,%). By a simple calculation, one has F(f,u) = etlul% and

7
t‘”l‘f — 00. Therefore, assumption (F;) holds.
T

: e
llmw_)oo
[u

zet u 4 . . .
In addition, lim, ¢ % = 0 implies that assumption (F3) holds.
Finally, it is easy to see that (F4) and (F5) hold. Consequently, BVP (4.1) has infinitely
many small energy solutions by Theorem 1.1.

Example 4.2 Consider the following nonlinear fractional impulsive boundary value prob-

lem:

DY@ DY u()) + 14(2) 1 14(2) = 5l In(lae] + 1) + W’ e (0, T)Le# 1,

|ul+1”
ADR®5 (DRu))(tr) = w¥(n), (42)
u(0) = u(T) = 0.
First, choose p = %, a=08¢ (%, 1], and I;(z) = 43(#;). From this one can see that as-
sumption (H;) holds. Taking by =2, u =5 > %, andy; =3 € (%,4) means that assumption

(H3) holds.
Next, a simple calculation shows that

5
F(t,u) = |u|51n(|u| + 1), —5F(t,u) + uf (t,u) = [ul

=
|zl +1

Hence, assumption (F;) holds.
Finally, it is easy to show that (F4)—(F¢) hold. Consequently, BVP (4.2) has infinitely many
high energy solutions by Theorem 1.2.
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