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1 Introduction
Let @ C RN (N > 1) beabounded domain with a smooth boundary 9. We are concerned
in this paper with a reaction—diffusion system of the following type:

uy —dy A = ru(1 — u) — L2 in Q2 x R,,

u+my

ve—dy A[(1+ {2 W] =v(b-2) inQ xR,

ou=0,v=0 on o2 x R,,
u(x,0) >0, v(x,0) >,=£0, in Q,

(1.1)

where u and v represent the species densities of prey and predator, respectively; r > 0 is
the intrinsic growth rate of the prey; Buv/(u + mv) with B,m > 0 is called ratio-dependent
functional response. b > 0 is the intrinsic growth rate of the predator; d; > 0 (i = 1,2) are
the diffusion coefficients for u and v, respectively; ds > 0, d»d3 is called the cross-diffusion
coefficient; v is the outward unit normal vector on the boundary €2 and 9, = 9/9,. The
homogeneous Neumann boundary condition means that (1.1) is self-contained, thus it has
no population flux across dQ. The initial data uo(x) and vo(x) are smooth functions on Q.
In this model, the predator v diffuses with flux

dod dod. dod
/:—V(dzv+ lisv>=—(dz+ 20 >VV+uVu

au 1+au 1 +au)?

We observe that, as adydsv(l + au)™? > 0, the part adydsv(l + au)2Vu of the flux
is direct toward the increasing population density of the prey u. On the other hand,
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A(d,dsv/(1 + au)) yields a nonlinear diffusion of fractional type. This nonlinear diffusion
describes a prey-predator relationship such that the diffusion of predator is prevented by
the density of prey, and « represents the prevention. For further details we refer the reader
to [1-4].

In this paper, we also study the positive solutions corresponding to the steady states of
(1.1), i.e., the following quasilinear elliptic system:

—di Au=ru(l —u) - L2 in Q,

u+my

~d AL+ {2V =v(b- %) inQ, (1.2)
ou=09,v=0 on 0L2.

Among other things, we are interested in positive solutions of (1.2). We call (&, v) a positive
solution when u# > 0 and v > 0 satisfies (1.2). Hence a positive solution is corresponding to
a coexistence steady state of prey and predator. It is easy to see that (1.2) has a semi-trivial
non-negative solution u® = (1,0) and a unique positive constant solution u* = (u*,v*),
where
b
u'=1- 'B—, v =bu*. (1.3)
r(1 + bm)
In the sequel, we always assume Bb < r(1 + bm), which ensures the existence of u*.
Consider the following predator—prey system with diffusion:

u —diAu = ug(u) — p(u,v) in 2 xRy,
vi—dyAv=v(b-7) in Q2 xR,,
ou=09,v=0 on Q2 x R,

u(x,0) > 0, v(x,0)>,#£0, in €,

(1.4)

where g(u) and p(u,v) are C!-functions. A typical case of g is the logistic type, namely,
g(u) = r(1 — u/k) with r,k > 0. p(u,v) is called the functional response and see [5-8] for
classifications of p(u,v). In recent years, there has been considerable interest in invest-
ing the system (1.4) with prey-dependent functional response (i.e., p(u,v) = f(u)v). In [9,
10], Du, Hsu and Wang investigated the global stability of the unique positive constant
steady state and gained some important conclusions about pattern formation for (1.4) with
Leslie—Gower functional response (i.e., p(u,v) = Buv for 8 > 0).In [11, 12], Peng and Wang
studied the long time behavior of time-dependent solutions and the global stability of the
positive constant steady state for (1.4) with Holling—Tanner-type functional response (i.e.,
p(u,v) = Buv/(m + u) with B,m > 0). They also established some results for the existence
and non-existence of non-constant positive steady states with respect to diffusion and
cross-diffusion rates. In [13], Ko and Ryu investigated system (1.4) with p(u, v) = f(u)v and
f satisfies a general hypothesis: f(0) = 0, and there exists a positive constant M such that
0 <f'(u) <M for all u > 0. They studied the global stability of the positive constant steady
state and derived various conditions for the existence and non-existence of non-constant
positive steady states. For the case the function p(u, v) in the system (1.4) takes the form
p,v) = Buv/(u + mv) with B,m > 0, called a ratio-dependent functional response, Peng
and Wang [14] studied the global stability of the unique positive constant steady state and
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gained several results for the non-existence of non-constant positive solutions. Similar
results had been obtained by Shi, Li and Lin [15] in the case p(x,v) in the system (1.4)
takes the form p(u,v) = Buv/(a + u + mv) with B,a,m > 0, called Beddington—DeAngelis
functional response.

When we take cross-diffusion into account, a general partial differential prey-predator

model takes the following form (see [2, 3]):

uy — div[Ky1 (¢, v)Vu + Kio (1, v)VV] = ulr —ku — p(u,v)] in Q x R,

(1.5)
vy —div[Ky (1, v)Vu + Ky (u, v)Vv] = v[-b + q(u, V)] inQ xR,

where r,k,b > 0, p(u,v) and g(u, v) are the functional responses, Kj1, Ky, and K, K1, re-
spectively, embody the self-diffusion and cross-diffusion processes. Li, Pang and Wang
[16] study the global existence of classical solution of (1.5) with homogeneous Neumann
boundary condition and smooth initial datum for the case

Lyutt

Kii1(u,v) =c1 + 2¢u, Kia(u,v) =0, Kyy=——,
u(wv)=c 2 12(24,v) 21 1+ )

1
I(zz(lzt, V) =C3 + 264, + —
1+

where ¢1,c3 >0, ¢3,¢4 > 0 and £ > 1 are constants.
If we take cross-diffusion and Beddington—DeAngelis functional response into account,

Zhang and Fu [17] studied the following system:

—d1Au=ru(l—u)— 1+5::mv inQ xR,,

~dy A[(1 + dzu)v] =v(b -, in Q2 xR, (1.6)
dyu=0,v=0 on o2 x R,,

where dj,d; > 0, ds > 0 and all the other parameters are positive constants. They study
the stability of the positive constant solution and the existence and non-existence results
about the non-constant steady states of the above system.

When we take cross-diffusion and ratio-dependent functional response into account,
Wang, Li and Shi [18] studied the following system:

—diAu=ru(l —u) - % in Q,

—db A[(1 + dzu)v] =v(b—-7) inQ, (1.7)
auu:avvzo on 0€2,

where dy,d; > 0, d3 > 0 and all the other parameters are positive constants. They es-
tablished the existence and non-existence results about the non-constant positive steady

states.
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If we take nonlinear diffusion of fractional type into account. Kuto and Yamada [1] con-

sidered the following prey-predator model:

-All+cVvul=u(a-—u-cv) in<,

A1+ 1:?3u)"] =v(b+du-v) ingQ, (1.8)

u=v=0 on 0€2,

where 4, ¢, d are positive constants, ¢1, ¢3, f are non-negative constants and b is a real con-
stant which is allowed to be non-positive. In a case when the spatial dimension is less than
5, they found a universal bound for coexistence steady states. By using the bound and the
bifurcation theorem they obtained the bounded continuum of coexistence steady states.

Finally, we remark that in the past decades, there has been much work on the existence
and non-existence of non-constant positive steady states of ecological models with dif-
fusion or cross-diffusion under the homogeneous Neumann boundary conditions. One
can refer to [4, 11, 13, 19-33]. The role of diffusion in modeling many physical, chemical
and biological processes has been extensively studied. Starting with Turing’s seminal pa-
per [34], diffusion and cross-diffusion have been observed as causes of the spontaneous
emergence of ordered structures, called patterns in a variety of non-equilibrium situa-
tions. They include the Gierer—Meinhardt model [35-38], the Sel'’kov model [26, 39], the
Lotka—Volterra competition model [40—42] and the Lotka—Volterra predator—prey model
[20, 23, 24, 43—-45] and so on.

Based on above reasons, in this paper, we consider problems (1.1) and (1.2). The organi-
zation of this paper is as follows. In Sect. 2, we study the stability of constant steady state
of (1.1) with d3 = 0. In Sect. 3, we establish a priori upper and lower bounds for the posi-
tive solutions of (1.2). Section 4 deals with the non-existence of the non-constant positive
solutions of (1.2). Finally, in Sect. 5, we establish the existence of non-constant positive

solutions of (1.2) for a range of diffusion and cross-diffusion coefficients.

2 Large time behavior
In this section, we always set d3 = 0 and consider the large time behavior of solution to the

special case of (1.1), i.e., the following reaction—diffusion equation:

U —d1Au=ru(l —u) - Ji’::v =filu,v) inQ xRy,
Ve —daAv=v(b - 7):=fo(u,v) in Q2 xR,
dyu=0,v=0 on 02 x R,,

u(x,0) > 0, v(x,0) >,#£0, in Q.

(2.1)

The main results of this section is the following four theorems.

Theorem 2.1 (Dissipation) Let (u,v) be the positive solution of (2.1), then we have

limsup max u(-,t) <1, lim sup max v(-, £) < b. (2.2)
t—00 Q t—00 Q
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Theorem 2.2 (Persistence) Let (u,v) be the positive solution of (2.1). If B < rm, then (2.1)
has persistence property, i.e., the following inequalities hold:

liminf min u(-,t) > u,, liminfminv(-,¢) > bu,, (2.3)
t—>o0 t—>o00 Q

where

_r(1—mb) + Vr2(1 = mb)? + 4rb(rm — B)
=1 2r ’

Theorem 2.3 (Global stability) If 8 < rm, rbm? < rm?* + B and r + m(rm — 2)b* > 0, then
u* defined in (1.3) is globally asymptotically stable for (2.1). In particular, this implies that
(1.2) has no non-constant positive solution with ds = 0.

Remark 2.4 It is easy to see that if » < 1 and r > max{f/m, Bm}, then u* is globally asymp-
totically stable.

Finally, we consider the extinction results of (2.1).

Theorem 2.5 Assume dy = d, = d. Let ay > 0 such that r + 1/a; < b + Bb/(a1 + m), then
there exists a positive constant oy << ay such that R := {(u,v) € R?|u,v > 0,05V < u < oty v}
is an invariant region of (2.1). Furthermore, if r(ey + m) < B or aub < 1, then for any
(¢0,v0) € R\ {(0,0)} the positive solution (u,v) of (2.1) satisfies lim;_, oo (11, v) = (0,0) uni-
Sformly on Q.

In order to prove the above results, we first introduce the following lemma [46, 47].
Lemma 2.6 Assume f(s) € C([0,+00)), d > 0,8 > 0,T € [0,+00) are constants, w €

C?H(Q x (T, +00)) N CY(Q x [T, +00)) is positive. Then we have
(1) If w satisfies

W —dAw < (Z)WPf(w) (@ —w) inQ x (T, +00),

(2.4)
2—‘:’:0 on 92 x (T, +00),
where o > 0 is a constant, we have
lim sup max w(-,t) < « (liminfmjn w(-, t) > oz).
PERRS t>+00 O
(2) If w satisfies

W dAw <w"*Pf(w)(a -w) inQ x (T,+00), 25)
2—“‘;:0 on 92 x (T, +00), '

where o < 0 is a constant, we have

lim sup max w(-, £) < 0.
t—+00 Q
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Proof of Theorems 2.1-2.3 We divide the prove into three steps.
Step 1 (Dissipation). By (2.1);, we obtain u; — d; Au = ru(1 — u). So, by virtue of Lemma
2.6, we get

limsup max u(-,£) < 1:= . (2.6)
t—00 Q

So, for any € > 0, there exists 77 > 1 such that u(x,£) < u; + € forany x € Qand > T;.
By (2.1),, we get

for (x,t) € @ x (T}, 00). (2.7)

w—dzAv§V<b_ v >=Vb(”1+€)_"

U +e€ U +e€

By Lemma 2.6, we get limsupmaxg v(-,£) < b(i4; + €). By the arbitrariness of € > 0, we

obtain

lim sup max v(-, t) < bty := V. (2.8)
Q

We get Theorem 2.1 by (2.6) and (2.8).

Step 2 (Persistence). In this step, we assume that 8 < rm. Equation (2.8) implies for any
€ > 0, there exists T5 > 1 such that v(x,z) <V, + € forany x € Qandt> T5. By (2.1); and
for any (x,¢) € Q2 x (T, 00), we obtain

Bu(vy +¢€)

u;—diAu>ru(l —uy) - ——
u+m(y +¢€)

o +r[m@y + €)= Nu— (rm - B)( +€)

u+m(vy +¢€)

(u—us) (] —u) (2.9)

u+my, +e€)

where
. rl-mi+e)]+ VL —m(vy +€)]? + 4r(rm — B)(¥) + €)
uj = o >0,
. r[l-m@+e€)] - \/rz[l —m( + €)%+ 4r(rm — B) (V1 + €)
U, = o> <0.

By Lemma 2.6, we obtain liminf;_, ., ming u(-,t) > u{. By the arbitrariness of € > 0, we get

liminfminu(-,£) > u := u, >0, (2.10)
t—>o0  Q

where

(1 —min) + /r2(1 —mv1)? + dr(rm — )0y _
U = 5 <u

So, for any € € (0,u4,), there exists T5 >> 1 such that u(x,£) > u; — € for any x € Q and
t > T5. By (2.1), we get

for (x,1) € Q x (T;,oo). (2.11)

b(u, —€) -
vt—dzszV(b_ v ):V(ﬂl €)—v

u, —€ U —€
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By Lemma 2.6, we obtain liminf;_, o ming v(-,£) > b(u, — €). By the arbitrariness of € €

(0,u,), we get

liminfminv(., ) > bu, := v, >0. (2.12)
t—>00

We get Theorem 2.2 by (2.10) and (2.12).

Step 3 (Global stability). In this step, we assume that 8 < rm, rbm?® < rm* + B and r +
m(rm — 28)b? > 0 and we will use the monotone iterative method to prove Theorem 2.3.
Equation (2.12) implies for any € € (0,v,), there exists T > 1 such that v(x,t) > v, — € for
any x € Q and ¢ > T5. So by (2.1); and for any (x, ) € Q x (T%,00), we have

:3”‘(21 - 6)

u—diAu<ru(l —uy) - ————
u+m(y, —€)

ru® +rlm(v, —€) — Llu— (rm - B)(v, — €)

u+m(y, —€)

(v — uf)(us — u)

 u+my,—€) (2.13)
where
e = rll—m(v, —€)] +/r*[1- m;fl —€)]? +4r(rm - B)(v, —€) 20,
e = r[1-m(v, —€)] - \/rz[l - mz(;_/l —€)? +4r(rm - B)(v, —€) <o,

By Lemma 2.6, we get limsup,_, . maxg u(-,t) < us. By the arbitrariness of € € (0,v,), we

get

lim sup max u(-, £) < u3 := it, (2.14)

t—00 Q

where

_ r(l_mzl)+\/r2(1_m21)2+4r(rm_,3)21 _

Uy = < U

2r

Define

o(s)=bs, se(0,00),

l/f(S) _ r(1-ms)+ r2(12—:ns)2+4r(rm—ﬂ)s’ se (0, rr:il;ﬁ ) (215)
After some simple computations, we get
'(s) >0, s€(0,00),
¢'(s) (0,00) (2.16)

W'(s) <0, se (0,2,

rm
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By virtue of it > u;, ity < it1, 0 < v1 < b < (rm? + B)/(rm?) and (2.16), we get

vi=em)>eu)=vy,  u=yW)<yy)=u <,
u; <liminf,_, o ming u(-,t) < u(x,t) <limsup,_, . maxg u(-,t) < iy, (2.17)

v, <liminf,_, o, ming v(-,t) < v(x,¢) <limsup,_, ., maxg v(-,£) < 1.

By induction, we can define four sequences {x,}7°;, {v;}5°,, {#:}53 and {v;}7°,in the following
way: V; = @(it;), u; = ¥ (v:), v; = () and ;41 = ¥ (v;) such that

u; < liminf;_, oo ming u(-, £) < u(x, ) <limsup,_, , maxg u(-,£) < u;,

(2.18)
v; <liminf,_, . ming v(-, £) < v(x,t) < limsup,_, ., maxg v(-,t) < ¥;.
Since (2.16) holds, we can get the following relationships by induction:
VISV <V = ‘/’(ZH]) <@(Ui1) = Vip1 <V; < V1, (2.19)

Uy S Uy <ty =V Vi) <Y (Vq) = thigo < Ui < iy

Assume lim;_, oo 4; = 1, lim;, oo ¥; = ¥, lim;, oo #4; = # and lim;_, o #; = V. It is obvious that

O<u<u,0<y<vandu,v,u,v satisfy
v=o@W), u=y@), v=eW) u=y@. (2.20)
After some computations, we can see (2.20) is equivalent to

v =bu, v =bu,

—r+ru+ L =0, (2.21)

u+my

—r+Ti+ ufiv =0.
We claim # = u. In the following, we will prove the claim by contradiction. If # # i, (2.21),
and (2.21)3 are equivalent to

—ru — rmbii + ru® + rmbuii + Bbii = 0,
(2.22)

—rit — rmbu + rit?

+ rmbuu + Bmu = 0.
By (2.22); — (2.22),, we get r — r(u + it) + b(B — rm) = 0. Then by virtue of 8 < rm, we get

u+u<l. (2.23)

By (2.21); + (2.21)3, we get r(u + 1)) + By BY oy By virtue of (2.23), we get Bv_

u+my u+my u+my
Bv

u+my

> r, which is equivalent to
rutt + (rm — B)uv + (rm — B)uv + m(rm — 28)vv < 0. (2.24)
Since B < rm, (2.24) implies

ruit + m(rm —28)vv < 0. (2.25)
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By virtue of (2.21)1, we get r + m(rm — 28)b* < 0, which contradicts r + m(rm — 28)b* > 0.
So u = i1, and then we get v = ¥ by (2.21);. Theorem 2.3 follows. The proof is completed. (]

Proof of Theorem 2.5 Let G1(u,v) = u — a1v, Go(u,v) = aav — u, then
R = {(u,v) € R2|u,v >0,G;(u,v) <0,i= 1,2}.

Since r + 1/a; < b + Bb/(a1 + m), we get

VGl-m,m:u(r—b—ﬁ—b—l)-ngo (2.26)

oa+m o

on the boundary u = «;v. On the other hand, if # = a,v, we have

1
VG2~(f1,f2):u(—r+ru+ +b——> — -0 asay — 0%, (2.27)

Oy +m 0y

then we get VG, - (f1,f2) < 0 for oy < r1. So R is an invariant region of (2.1) by [47].
In the following, we assume r(a; + m) < B or a1b < 1, and (1o, vo) € R \ {(0,0)}, then
(u(x, £), v(x, £)) € R. By the first equation of (2.1), we get

uy—dAu < u(r- al‘im —-ru) inQ xR,

o,u=0 on a2 x R,, (2.28)
u(x,0) > 0, in Q.

Firstly, we consider the case r(a; + m) < . By Lemma 2.6, it is easy to see lim;_, oo u(x, £) =
0 uniformly on Q. So for any € > 0, there exists T > 0 such that u(x, £) < € for any (x, ) €

Q x [T, 00), and so v satisfies

Vt—dAva@ in Q x (T, 00),
9,v=0 on Q2 x (T, 00), (2.29)
vix, T) >0, in Q.

By virtue of Lemma 2.6, we get

lim sup max v(-, t) < be, (2.30)

t—00 Q

which means lim;_, o v(x, £) = 0 uniformly on Q.
Secondly, we consider the case r(«; + m) > 8 and 15 < 1. By (2.28) and Lemma 2.6, we

obtain
B

limsupmaxu(-,t) <1- ——:=0 >0. (2.31)
t—>00 Q 7'(0(1 + I’}’Z)
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Then, for any € > 0, there exists T, > 0 such that, for any (x, ) € Q x [To, 00), u(x,t) < o +¢,

so v satisfies

vt—dAvsv% in Q x (T, 00),
0,v=0 on 02 x (T, 0), (2.32)
v(x, Tp) > 0, in Q.

By virtue of Lemma 2.6, we get

limsupmax v(-,t) < b(o +€). (2.33)

t—o00 Q

So there exists T > T such that, for any (x,£) € Q x [T1,00), v(x,t) < b(o + €) + €. Since
(u(x, t), v(x, t)) € R, we obtain

u(x,t) <oi[blo +€) +€] =€), Vixt) € Qx [T1,00). (2.34)

Let n = (1 + a1b)/2, then 5 < 1. Since ¢(0) = a1bo < no, there exists € < 1 such that ¢(¢) <

no. So, we get
ulx,t) <€) <no, Yx,t)eQ x[T1,00). (2.35)
Then v satisfies

v, —dAv < v% in Q x (T, 00),

2,v=0 on Q2 x (11, 00), (2.36)
vix, T7) > 0, inQ,
and so
lim supmax v(-,£) < bno. (2.37)
t—00 Q

Then there exists T, > T} such that when 0 < € < (no/ay)(n — a1b) (notice n — ayb > 0 if
Ollb < 1)

v(x, t) < bno +¢, ulx,t) <oy(bno +€) <n?c, V(xt) e Q x [Ty, 00). (2.38)

By induction, we obtain there exists an increasing sequence {T,}.°, satisfying T, — oo

as 1 — oo such that
ulx,t) <n'c, Yxt)eQx][T, 00). (2.39)

Since 0 < 1 < 1, we have lim,_, , %(x, £) = 0 uniformly on ©, and similar to the case of r(ct; +

m) < B, we can prove lim;_, o v(%, £) = 0 uniformly on Q. The proof is completed. O
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3 A priori estimates for positive solutions of (1.2)
In this section, we shall give a priori estimates for the positive solutions of (1.2). In the fol-
lowing, we shall write A instead of the collective of constants r, «, 8, b, m for convenience

and our main result is the following theorem.

Theorem 3.1 Let d be a fixed positive number such that dy,dy, > d and ds > 0. Then there
exist two positive constants C1(A,d, 2) and Cy(A, d, ) such that the positive solution (u,v)
of (1.2) satisfies

Ci<u, v< Cy. (3.1)

In order to prove the above theorem we first give two lemmas. The first one is the max-

imum principle, which was given in [42].

Lemma 3.2 (Maximum principle) Letg € C(Q x R) and bi(x) € C(Q),j=1,2,...,N. Then
we have
(i) Ifwe C3(Q) N CYR) satisfies

Aw + Zﬁl bi(x)wy + gx, w(x)) >0 in L,

, (3.2)
w <0 on 3%,
and w(x) = max,.g w(x), then g(xo, w(xg)) > 0.
(ii) Ifwe C*() N CY(Q) satisfies
Aw + Z]Ail bi(x)wy; + g(x, w(x)) <0 in <, (33)
™ =0 on 09,

and w(xo) = min, g w(x), then g(xo, w(xo)) <O0.
The second one is the following Harnack inequality, which was given in [48].

Lemma 3.3 (Harnack inequality) Let w € C2(2) N CX(Q) be a positive solution to Aw(x) +
c(x)w(x) = 0 subject to homogeneous Neumann boundary condition, where c(x) € C(Q).
Then there exists a positive constant C, depending only on ||c|| such that max, g w(x) <

C. min, g w(x).

Proof of Theorem 3.1 In the following, we shall denote by C a generic constant indepen-
dent of d; that may changes between lines. Also notice that C will depend on the domain
Q2. However, as € is fixed, we will not mention the dependence explicitly. Furthermore,

we will denote maxg and ming by max and min, respectively. Since

uv
—diAu=ru(l —u) - p , (3.4)
u+my
we can easily get max # < 1 by the maximum principle. Then we have
r(1—-u) - pv <2r+ E, (3.5)
u+mv| m
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so there exists positive constant C such that min #(x) > Cmax u(x) from Lemma 3.3. Let
%o € Q such that v(xo)(1 + d3/(1 + au(xo))) = max v(x)(1 + ds/(1 + au(x))), then we get b —
v(x0)/u(x9) > 0 by Lemma 3.2, which means v(xy) < bu(xo) < b and

v(x) ~ vx)(1 +d3/(1 + au(x))) 1+ds3/(1 + au(xg))
v(xo)  v(wo)(1 + ds/(1 + ceus(xp))) 1+d3/(1+ au(x))

1+ d3/(1 + o min u(x)) - ds/(1 + a min u(x))

T 1+d3/(1 +amaxu(x)) ~ d3/(1 +amaxu(x))

1+omaxu(x) maxu(x)

3.6
T 1l+aminu(x) — minu(x) — (36)
Equation (3.6) means v(x) < Cv(xp) < C. So, the right-hand side of (3.1) holds.

In order to prove the left-hand side of (3.1), we must prove minv(x) > Cmax v(x). Let
¢ (x) = dov(x)(1 + d3/(1 + cu(x))), then the second equation of (1.2) becomes

Ad + pmattian® =0 i (37)
=0 on 9Q.
Since
‘ b-viu H b + max v(x)/ min u(x)
dry(1+ds/(1+aux))) | o ~ damin(1 +ds/(1 + au(x)))
max ¢ (x)
=C+ d? min u(x) min(1 + ds/(1 + au(x)))
~ V(o) (1 + d3/(1 + au(xp)))
d> min u(x) min(1 + dsz/(1 + au(x)))
bu(xo)(1 + ds/(1 + au(xg)))
d> min u(x) min(1 + ds/(1 + au(x)))
<C4 émax u(x) max(1 + ds/(1 + cu(x)))
- d min u(x) min(1 + ds/(1 + au(x)))
b max u(x) max u(x)
- d min u(x) min u(x)
<G, (3.8)
we have min ¢(x) > C max ¢(x) from Lemma 3.3. Hence, we obtain
max v(x) _ max ¢(x)  max(l+d3/(1+au(x)))
minv(x) — ming(x) min(l + d3/(1 + au(x)))
mailx u(x) -c (39)
min z(x)

By way of contradiction, we suppose that (#,v) does not have a positive lower bound,
then there is a sequence {(d1,;, da;, d3,)}55, d1,i»da,i > d, ds; > 0 such that the positive so-
lution of (1.2) corresponding (d1,ds,ds) = (d1,, da,i, ds;) satisfies

minu;(x) >0 or minv;(x) >0 asi— oo, (3.10)
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where (u;, v;) solves the following equation:

_dl,iAui = ru,-(l - I/l,') _ Buvi in Q,

uj+mv;

~d, A1+ {20 = vi(b - %) inQ, (3.11)
oyu; =0,v; =0 on 0L2.

Integrating over 2 by parts for (3.11) yields

Jouilr(1—u;) - uﬁzw ldx =0, (3.12)
Jovilb— ;—i)dx:O. .

If minu;(x) — 0 as i — oo, one can obtain u;(x) — 0 uniformly from minu;(x) >
Cmax u;(x). By the second equation of (3.12), we know that there exists a x; € Q such
that v;(x;) = bu;(x;) for each i. Hence, we can conclude that v;(x) — 0 uniformly as i — oo
from minv;(x) > Cmax v;(x). From the first equation of (3.12) we know that there exists
%; € Q for each i such that r = ri;(%;) + Bvi(&;)/(u:(&;) + mv;(%;)). One can deduce the conflict
as [ — 00. Hence, there exists a positive constant C such that min u(x) > C.

If minv;(x) — 0 as i — 00, one can deduce conflict similarly. The proof is completed. (]

4 Non-existence of non-constant positive solutions of problem (1.2)

In Theorem 2.3, the global stability of the positive constant solution implies the non-
existence of non-constant positive solution of (1.2) regardless of diffusions. Several non-
existence results of non-constant positive solutions to (1.2) will be presented in this sec-
tion, and in these results, the diffusion and cross-diffusion coefficients do play important
roles. Throughout this section, we let 0 = 1o < ;41 < (42 < - -+ represent the equivalent of
the operator — A in Q with homogeneous Neumann boundary condition. As in Sect. 3, we
shall write A instead of the collective of constants r, «, B, b, m for convenience. The main
results of this section are the following two theorems.

Theorem 4.1 Let d be a fixed positive number such that dy,dy > d and ds > 0. Then,
for € > 0 small enough, there exists a positive constant C(A,d, e, Q) such that (1.2) has no
non-constant positive solutions provided that

dy > C(1+d3d3). (4.1)

Theorem 4.2 Let d be a fixed positive number such that dy,dy > d and ds > 0. Then, for
any € > 0, there exists a positive constant C(A,d, €, Q) such that (1.2) has no non-constant
positive solutions provided that

2(b +€)

d2 > ’ dl > 6(1 + dgd%) (42)
M1

Remark 4.3 From the above theorems, it is easy to see that if ds = 0 and d;,d, are large
enough, then (1.2) does not have non-constant positive solutions.

Proof of Theorems 4.1 and 4.2 Let (u,v) be a positive solution of (1.2) and denote u =
Q7! [, u(x)dx and v = |Q|™" [, v(x) dx. From Theorem 3.1, we obtain C; < u,v < C, for
some positive constants Cj, C, depending only on A, d and .
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Let us first prove Theorem 4.1. Multiplying (x — #)/u and (v — ¥)/v to the first and second

equations in (1.2), respectively, and then integrating by parts over €2, one can obtain

dy it dyy d dyds7
/ B+ 2014 8w - 228" v, volax
ol u? V2 1+au 1 + au)v

=/H:r(1—u)— pv :|(u—ﬁ)+(b—z)(v—17)}dx
Q u+my u

_ Y A P
_/Q{[_r+ (u+mv)(17t+m17):|(u )

[ L + L_] (u—-u)v-7) - i(v - barv)z} ax. (4.3)

B (u+mv)(iu + mv) un

By Young’s inequality and Poincaré’s inequality, we obtain

/ (d1C1 |Vu|? + G |VV|2> dx
Q

3 G
~ 1 2d2d2C?
< fQ[Cl(e)(u —u)?+ (e - a)(v— V)2 + %Wuﬁ + e|Vv|2:| dx
C 2d3d2C3 1
5/”: 1©) +a 2 32 2:||Vu|2+|:i— +e]|VV|2}dx, (4.4)
oll M1 4eCy ur G

where Cy(¢) is a positive constant depends on A, 2, ¢. Taking € small enough such that

€/u1 —1/(Cyp1) + € <0 and denoting

- C2
C(e) = =2 max
G

{Cl(e) a?C? }
1 ’ 4EC% ’
we obtain
/ (d1IVul* + dy|Vv|*) dx < C(e)(1 + d3d3) / |Vu|* dx. (4.5)
Q Q

Combining (4.1) and (4.5), we can get Theorem 4.1.
Next, we prove Theorem 4.2. Multiplying (z — &) and (v — V) to the first and second

equations in (1.2), respectively, and then integrating by parts over €2, one can obtain

d drd
/ A \Vul? +dy( 1+ =2 ) v - 228 g, v | dx
Q 1+au (1 +au)?

=/‘[r—r(u+ﬁ)—%](u—ﬁ)zdx
Q (v + mv)(iz + my)
v+

7 Buii o .
+/Q[E—m](u—u)(i/—]/)dx+/s;(b—7)(1/—1/) dx

, ]
5/{r(u—ﬂ)2+[v L](u—ﬂ)(v—i)+b(v—17)2}dx. (4.6)
Q

uii (u + mv)(u + mv)
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By Young’s inequality and Poincaré’s inequality, we obtain

f(d1|Vu|2 +do|VV[*) dx
Q

22
< [61(6)(% )+ (b+e)v-v)?+ %sz + %|Vv|2:|
= 272
< / {[Cl(e) + %]|Vu|2+ [l”e + @]Wvﬁ}dx, (4.7)
Q 251 2 U1 2

where C;(€) is a positive constant depends on A, €2, €. Denoting

= 2
C(e) - max{ Cl_(e), a_CZ },
H1 2
we obtain
9 dy b+e 2 ~ 2 9
di|Vul” + [ — - |Vv|* |dx < C(e)(l +d2d3) |Vul|® dx. (4.8)
Q 2w Q

Combining (4.2) and (4.8), we can get Theorem 4.2. The proof is completed. a

5 Existence of non-constant positive solutions of problem (1.2)

This section is devoted to the existence of non-constant positive solutions of (1.2) for
certain values of diffusion coefficients d;, and dj3, respectively, while the other parameters
are fixed. Our results show that, if the parameters are properly chosen, both the general
stationary pattern and a more interesting Turing pattern can arise as a result of diffusion.
Throughout this section, we denote

fl(u’ V) - 1”14(1 h Lt) - ufilgv’
folu,v)=v(b- 1),

(5.1)
gl(u, V) = dlu:
&(u,v) = dyv(1 + 1+au)’
and
) -2
All = %“u,v):(u*,v*) =r—2ru* — (ufTV:lV*)Z ’
_ o __ pu?
Aqp = 3_‘}|(M'V)=(”*’V*) - _(u*+L:nv*)2’ (5.2)
S, = A adyvAn '
2= d1(1+au* +d3)1+ou*)’

*
83 _ A + av*Alg

di dy(1+au*)’

where (u*,v*) is defined in (1.3).

The main result of this section is the following theorem.

Theorem 5.1 Let d be a fixed positive number such that d1,dy, > d and ds > 0, then we
have:
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1. Suppose that dy,ds are given such that §; € (u;, |Lis1) for some positive odd integer i.
Then there exists a positive constant d; such that (1.2) has at least one non-constant
positive solution if dy > d.

2. Suppose that d is given such that 83 € (W, [Liy1) for some positive odd integer i.

Then, for any dy > d, there exists a positive constant dj such that (1.2) has at least
one non-constant positive solution if ds > d.

In order to prove Theorem 5.1, we start with some preliminary results. Let {(u;, ¢:)}75,
be a complete set of eigenpairs for the operator —A in © with homogeneous Neumann
boundary condition, ordered such that 0 = pg < 1 < g < - -+, and let m(u;) be the multi-
plicity of u;. Denote

X ={(w,v) = C*(Q) x C*(Q)|9,u =0,v=00n0R}. (5.3)

We decompose X as

X= EBX,; where X; = {C(pi(x)|c € Rz}. (5.4)
i=0

In the following, we shall write D = (dy,d»,ds), A = (r,a, 8,b,m). From Theorem 3.1, we
known that there exists a positive constant C depending on A, d, Q such that any positive
solution (u,v) of (1.2) satisfies (,v) € B(C), where
1
B(C):{(M,V)EX‘E<L{,V<C}. (5.5)

Letu = (u,v), ®(u) = (g1,2)7 and G(u) = (£, /)7, we can write (1.2) as

-A®(u)=G(u) inQ,

(5.6)
dyu=0 on 0L2.
Then u is a positive solution of (5.6) if and only if u € B(C) and
F(D;u):=u-(1-A)"! {¢;1(u)[G(u) + Vufbuu(u)Vu] + u} =0 inX, (5.7)

where (I - A)7! is the inverse of | — A in X. It is easy to see that det ®, > 0 for all u € B(C),
then @' exists. As F(D; ) is a compact perturbation of an identity operator and u € B(C),
the Leray—Schauder degree deg(F(D;-),0, B(C)) is well defined.

We also note that

DyF(D;u*) =1-(1- A)' @ (u*) Gu(u*) +1], (5.8)

and recall that if D F(D;u*) is invertible, the index of F at u* is defined as index(F(D;-),
u*) = (-1)”, where y is the multiplicity of negative eigenvalues of DyF(D;u*) (see [49],
Theorem 2.8.1). It is easy to prove X; is invariant under D,F(D; u*) for each integer i > 0
and A is an eigenvalue of Dy F(D;u*) in X; if and only if X is an eigenvalue of the matrix

1

1+ i [d)al (u*)Gu(u*) * I] - 1 [H'il B CD\_ll (u*)G“(u*)]' (5.9)

L+ py
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So, for convenience, we denote
H(D,u*;p) = det[ 1 - @, (u*) Gy (u*)]. (5.10)
By an argument similar those in [23], it can be shown that the following lemma holds.

Lemma 5.2 Suppose that, for all i > 0, H(D,u*; u;) 0. Then

index(F(D; -),u*) =(-1)", wherey = Z m(;). (5.11)

i>0,H(D,u*;11;)<0

Using (1.3), a direct computation yields

USRS
Dy(ut) = [ v v - d 0
u —\ i g 1\ _ adydsv* dy(l+au*+d3) |7
u ov (u,v)=(* v*) l+au*

u v (1+au*)?
% % Ay A

Gu(u*) = <g£ gi;) = (b121 _Z) (see (52) fOI'All,AlZ),
ou W/ () =(u*,v*)

H(D o )_ 2+ b(1+(xu*) Oldgv*Alz 1&
R = A vau +ds)  di(+auwr +dy)(L+aw)  dy |M

b(1 +au*)A; b*(1 + au*)A
d1d2(1+au*+d3) d1d2(1+0114*+d3).

Since (1.3) and 8b < r(1 + bm), we obtain

. . Bbmv*? Bb*mu**
det(Gu(u )) =—br + 2bru* + s ) + s )

2B BYm B
1+bm (1 +bm)® (1+bm)?

_ bIr(1+ bm)* - 2Bb(1 + bm) + Bb*m + Bb]

(1 + bm)?
b(1 + bm)[r(1 + bm) — Bb] 0
= > 0.
(1 + bm)?
Then we get
b(l +OlM*)A11 b2(1 +0lM*)A12
dldz(l + au* +d3) d1d2(1 + au* +d3)
1+au*
= det(Gy(u* 0. 512
drdy(1 + o + ds) et(Gu(u)) > (:12)
Furthermore, we have
(5.13)

lim H(D,u*;u) =pu>-&u, Vj=2,3 (see(5.2)fors;).

dj~>oo

In order to prove Theorem 5.1, we shall use the following lemma.
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Lemma 5.3 Ifd; =0 and dy = d; = d, > d, then there exists a positive constant d* such
that index(F(D,;-),u*) = 1 if d, > d*, where D, = (d,, d.,0).

Proof Since

2 &2

b A bA b2A
(o

the root of equation H(D,,u*; u) = 0 are

M+=A11—b+\/Z H;:Au—b—\/z

5.14
2d., 2d, (5.14)

where
A = (An - b)z + 4(bA11 + bzAlz).

It is obvious that Reu* — 0 as d, — 00. So there exists a positive constant d* such
that Reu* < uq, when d, > d*. For each i > 1, we have H(D,,u*; u;) > 0. Furthermore,
H(Dy,u*; o) > 0 by (5.12). So, index(F(Dy; -),u*) = (=1)° = 1 by (5.11). The proof is com-
pleted. O

Proof of Theorem 5.1 From Remark 4.3 and Lemma 5.3, we know that there exists a
positive constant d* such that (1.2) does not have non-constant positive solution and
index(F(D*;-),u*) = 1 when d; = dy = d* and d3 = 0, where D* = (d*,d*,0). This means
deg(F(D*;-),0,B(C)) = 1. For dy,d» > d and d3 > 0, we define a homotopy as

~A{ltdy + (1 - Od*u} = ru(l —u) — 22 inQ,

u+mv

~Afltdy + 2B L (1 -t)d* v} =v(b-Y) inQ, (5.15)
ohu=0,v=0 on 092,

where t € [0, 1]. u is a non-constant positive solution of (5.15) if and only if u € B(C) and
Fitw) =u—(I- Ao (0,)[G(u) + Vudyu(u,£)Vu] +u} =0 inX, (5.16)

where

T
®(u,t) = ([tdl +(1- t)d*]u, |:td2 + tdds +(1- t)d*]v) .
1+au

Furthermore,
F(D;u) = F(1,u) and F(D*,u) = F(0;u). (5.17)
By the homotopy invariance of the Leray—Schauder degree, one can obtain

deg(F(D;-),0,B(C)) = deg(F(D*;-),0,B(C)) = 1. (5.18)
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Denote by p* and =, with Ren™ <Reu”, the two roots to H(D, u*; 1) = 0. From (5.13), we

see that
lim ™ =0, lim 't =8y, lim pu~ =0, lim p* =6s. (5.19)
dy— 00 dy— o0 d3— 00 d3— o0

If 85 € (14, ir1) for some positive odd integer i, then, for d; large enough, one has

0=po<pu™ <pu, wh e (Wi is1)- (5.20)

Hence H(D,u*; ;) < 0 is equivalent to j € {1,2,...,i}. Since i is odd, by Lemma 5.2, we
have

index(F(D; ), u*) = (-1)' = - 1. (5.21)

So F(D;u) = 0 has at least another positive solution that is different from u*. Otherwise
the degree of F = 0 in B(C) should be -1, which contradicts (5.18). Hence the first asser-
tion of the theorem is proved. The second assertion can be proved similarly. The proof is
completed. d

6 Conclusion

In this paper, we deal with a strong coupled predator—prey model with modified Holling—
Tanner functional response under homogeneous Neumann boundary conditions. First we
study the stability of constant steady state for such model. Then we establish a priori up-
per and lower bounds for the positive solutions, deal with the non-existence of the non-
constant positive solutions, and establish the existence of non-constant positive solutions
for a range of diffusion and cross-diffusion coefficients.
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