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Abstract
In this paper, we study the following critical system with fractional Laplacian:

CAYu+Au=pilul P+ Lo 2uvf inQ,
AV + AoV = wo|v|P 2y + ’g—f|u|"‘|v|’3’2\/ inQ,
u

=v=0 inRY\ Q,

where (-A)* is the fractional Laplacian, 0 <s< 1, w1, 2 >0, 2* = NZ_—’;S is a fractional
critical Sobolev exponent, N > 25,1 <o, B <2, ¢ + B = 2%, €2 is an open bounded set
of RY with Lipschitz boundary and A1, A > —A; 5(£2), A1 5(£2) is the first eigenvalue of
the non-local operator (-A)* with homogeneous Dirichlet boundary datum. By using
the Nehari manifold, we prove the existence of a positive ground state solution of the
system for all y > 0. Via a perturbation argument and using the topological degree
and a pseudo-gradient vector field, we show that this system has a positive higher
energy solution. Then the asymptotic behaviors of the positive ground state solutions
are analyzed when y — 0.

MSC: 35J50; 35B33; 35R11

Keywords: Fractional Laplacian; Critical exponent; Ground state solution; Higher
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1 Introduction

The fractional Laplacian operator and fractional Sobolev space arise in a quite natural way
in many different contexts, such as the thin obstacle problem, finance, phase transitions,
anomalous diffusion, flame propagation and many others (see [1-4] and the references
therein). In recent years, the corresponding non-local equation or systems involving frac-
tional Laplacian with nonlinear terms have attracted the attention of many researchers,
both for their interesting theoretical structure and their concrete applications (see [5-11]
and the references therein).

There have been a lot of studies that consider a Laplacian equation or a Laplacian sys-
tem (see [12—16] and the references therein). Compared to the Laplacian problem, the
fractional Laplacian problem is non-local and more difficult to handle. For the following
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fractional Laplacian equation:

(-AYu=f(xu) inQ,
(1)
u=0 on RN\ Q.

Servadei and Valdinoci [17] showed that (1) has mountain pass type solution which is not
identically zero. When f(x, u) = Au? + u*~1, Barrios, Colorado, Servadei and Soria [18]
obtained the existence and multiplicity solutions for system (1) under different conditions
of A.

For the following fractional Laplacian equation:

(-AYu=f(xu) inQ,
u=0 on 0%2.

)

Caffarelli and Silvestre [19] studied an extension problem related to the fractional Lapla-
cian in R”, which can transform the non-local problem into a local problem in R”*!. This
method can be extended to bounded regions and is extensively used in recent articles. For
example, when f(x, u) = Au? + u%, Barrios, Colorado, de Pablo and Sanchez [5] proved
the existence and multiplicity of solutions for equation (2) under suitable conditions of s
and g. When f(x,u) = > 2u + f(x) Colorado, de Pablo and Sinchez [6] proved the ex-
istence and the multiplicity of solutions for equation (2) under appropriate conditions on
the size of f.

The following Brézis—Nirenberg problem for the fractional Laplacian:

(~AYu+ru=u*2u ing,

u=0 inRN\Q,

has been investigated by Servadei and Valdinoci [20, 21] and obtained a non-trivial solu-
tions.
It is also natural to study the coupled system of equations. Li and Yang [22] considered

the following subcritical case fractional Laplacian system:

(=A)u = Alul9u + OfT“ﬁ lu|*2ulv|® inQ,
(=AY = pu|v|9 v + %|u|"‘|v|’3‘2v in Q,

u=0, v=0 onRN\ @,

by using the Nehari manifold, fibering maps and the Lusternik—Schnirelmann category,
they prove that the problem has at least cat(€2) + 1 distinct positive solutions, where cat(2)
denotes the Lusternik—Schnirelmann category of Q in itself. When the boundary condi-
tions are replaced by u = 0, v = 0 on 92, X. He, Squassina and Zou [23] using variational
methods and a Nehari manifold decomposition proved that the system admits at least two

positive solutions when the pair of parameters (1, 1) belong to certain subset of R2.



Zhen et al. Boundary Value Problems (2018) 2018:96 Page 3 of 25

We address the following critical system involving a fractional Laplacian:

(=AY u + Aqu = g ul* 2u+ Lul*2uv inQ,

(~AYV+ Aoy = wov* v+ Equvf2y  inQ, 3)
u=v= O in RN \ Qy
where (~A)* is the fractional Laplacian, 0 < s < 1, 11, 42 > 0, 2% = 57— is a fractional critical

Sobolev exponent, N > 2s, 1 <, f <2, ¢ + B =2%, Q is an open bounded set of RN with
Lipschitz boundary and A1, Ay > —115(2), 11,(2) is the first eigenvalue of the non-local
operator (—A)* with homogeneous Dirichlet boundary datum.

The fractional Laplacian (—A)* is defined by

C(N,s) ulx+y) +ux—y) - 2u(x)
2 RN |y|N+25

—(=A)u(x) =

dy, xeRY,

with

_ FN+2S
C(N,s)z(/ 1-coster) C‘A)i(zfl)dg) I SN
&N s

I'2-s)

Guo, Luo and Zou [11], showed that when A1, A5 € (—A1,4(£2),0), (3) has a positive ground
state solution for all y > 0. For more recent advances on this topic, see [24—26] and the
references therein.

In [27], we have consider the following critical system:

(=AYu=palul® Pu + Ful*Pulv’  inR,
(=AY = ol v+ B ful* P2y in R,

u,v € Dy(R").

By using the Nehari manifold, under proper conditions, we establish the existence and
nonexistence of a positive least energy solution of the above system.

In this paper, we study system (3) from another aspect to obtain the ground state so-
lutions, higher energy solution and an analysis the asymptotic behaviors of the positive
ground state solutions.

Let D4(€2) be Hilbert space as the completion of C2°(€2) equipped with the norm

CN 2
llu ”Ds ( g /RN /]RN ) =~ u) dxdy.

|y x|N+2s
Let

212, e
SS = inf #@)2 (4')
weDSENNO) ( [ |ul? dx) >

be the sharp embedding constant of Dy(RN) < L2"(RN) and S is attained (see [28]) in RN
byugy_/c(s +lx—y|)” e 2, where k #0 € R, ¢ >0 and y € RN, That is,

~ 2
”ue,}/”DS(RN)

T e 2
(f]RN |ue,y|2* dx)?
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The energy functional associated with (3) is given by

1 1
E,(u,v) = 5 ”(u, V) ”és(ﬂ) + 5 ,/Q()\luz + szz) dx

= — | (malul® + ol + y |l vIP) dx,

2 Jq
where Dy(Q2) := Ds(2) x Dy(R) is endowed with norm ||(,v)[1%,q) = lul}, ) + IV}, q)-
Define the Nehari manifold

M = {(u, V) € DS(Q)\{(O, 0)} : H(u, V) Hi)sm) + /Q(Mbtz + )\,2V2) dx

= / (alul® + palv* + VIMI“IVIﬁ)dx},
Q

. . N 2
A, = (u,lvl)lgMEy (u,v) = (u}‘/r)lefM N (“(u, V) ||DS(Q) + /Q(Muz + AZVZ) dx)

S * *
= inf — ul® + pavF + v lul®v|?) dx.
(u,v)eMN/S;(Ml' | 2|V v lul*|v| )

We say that (i, v) is a non-trivial solution of (3) if # #0, v # 0 and (&, v) solves (3). Any
non-trivial solution of (3) is in M. Due to the fact that if we take ¢, ¥ € C§°(2) with ¢, ¥ #
0 and supp(¢) N supp(¢) = @, then there exist ¢y, £, > 0 such that (£, &) € M, so M # (.

Our main results are as follows.

Theorem 1.1
(i) Assume —r1,5(2) <min{iy, Ay} <0 and N > 4s. Then system (3) has a positive ground
state solution (u,,v,) € Dy(2) with E, (u,,v,) = A, forall y >0.
(i) Assume —i15(2) < min{Ay, A2} <0, N > 4s and let y,, be a sequence with y,, — 0 as
n— +00. Then, passing to a subsequence, (y,,Vy,) — (U, V) strongly in
D4(2) x Dy(S2) as n — +00, and one of the following conclusions holds:

(1) (u,0) is a positive ground state solution of

(=AYu+ ru =i |ul* 2u  in Sy

u=0 on RN\ Q.
(2) (0,v) is a positive ground state solution of

(=AY v+ hv=wV* v inQ,

v=0 on RN\ Q.
I
_NZ—SZS
M1 m, .
(E) < Wl_h implies that  m, ;. < My, u,s

then (1) holds.
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i

N-2s

M1 S my, . .
(— > —= implies that m; ., > My, )
M2 O

then (2) holds, where m,, and m;,,,, see Lemma 2.1 and Remark 2.1 in the next
section.

Theorem 1.2 Assume —A14(2) < min{iq,A2} < 0 and N > 4s, then there exists a yy > 0
such that, for |y| < yo, system (3) has a positive higher energy solution (i,,v,) with
E,(w,,v,)>A,.

Remark 1.1 Although the method in this paper to obtain the ground state solution is dif-

ferent from Z. Guo, S. Luo and W. Zou [11], we get similar result as Theorem 1.2 in [11].

Remark 1.2 In the proof of Theorem 1.1, we should point out that 1 < «, 8 < 2 is an essen-

tial condition.

Remark 1.3 Inthe proof of Theorem 1.1, we need N > 4s,duetol <o, <2and2<a+f =
2* < 4. For 2s < N < 4s, the method in this paper does not work and it should be interesting
to get a ground state solution.

Remark 1.4 ltis easy to see that, for y > 0 sufficiently small, the higher energy solutions in
Theorem 1.2 are different from the ground state solutions in Theorem 1.1. That is system

(3) has at least two positive solutions for A1, A2 < 0 and y > 0 sufficiently small.

In order to prove Theorem 1.1, we use the classical mountain pass theorem, due to
each equation in this system is critical exponent, so the embedding for Dy(R2) < L*' ()

is not compact embedding. Thus, we need estimate A, such that A, is strict less than
N-2s N-2s N

_N-2s N _N-2s N
min{u, ¥ 587,y ¥ 35S ) (see Lemma 2.4). The main idea to prove Theorem 1.2 is to

regard system (3) as a perturbation of system (24) by 3% || 2u|v|? and g—,’: |e]%|v|P~2v, then
use the topological degree and the pseudo-gradient vector field to show some lemmas that
will be used to get another positive solution. The idea is originally from [29].

The paper is organized as follows. In Sect. 2, we introduce some preliminaries that will
be used to prove theorems. In Sect. 3, we prove Theorem 1.1 and Theorem 1.2 will be

proved in Sect. 4.

2 Some preliminaries
For the following fractional Brézis—Nirenberg problem:

(=AYu+hu = pilu*2u in<,

5)
u=0 OHRN\Q,

we define

1 1 1 .
]Ai,u,v(u):_”u”%)(sz)"'_/ )»iuzdx——/ pilul* dx
2D Ty Jo 2 Jg
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and
My = uienl\gi]%i,m(”)’
where
M; = {u € Ds(2)\{0} : ||u||%)s(9) +f i dx =/ wilul® dx}.
Q Q

Lemma 2.1 (See [20]) When u; = 1 and assume —114(2) < min{iq, A2} < 0 and N > 4s,
then (5) has a non-trivial ground state solution such that

N
Ji(uy,) = my,; < %Sfx, i=1,2. 6)

Remark 2.1 By Lemma 2.1, it is easy to see, when u; = 1, if u,, is a non-trivial ground
1

state solution of (5), then u;, ., = 1t; >y, is a non-trivial ground state solution of (5) for
0 < ; # 1 and the energy of (5) satisfies

T @) = My < ity = ﬁsss : @)

In order to prove Theorem 1.1, we give the following lemmas.

Lemma 2.2 Define Z; := inf, er maxeo,1) E, (0 (2)), then there exist a sequence {(u, v,)} C
Dy(R2) such that

E, (ty,vy) — Z; and E; (thyyvy) = 0 asnm— +00, (8)
where
I ={o €C([0,1], D5(R)) : 5(0) = (0,0), (1) = (0, vo)}-

Proof We first claim that E, possesses a mountain pass geometry around (0, 0);

(1) there exist o, p > 0, such that E, (1, v) > « for all || (&, v) | py) = p;

(2) there exist (uo, vo) € Ds(S2) such that ||(z0, vo)llpy) > p and E, (4o, vo) < 0.

Since A1, Ay > —A15(R2) and the Sobolev embedding theorem D,(2) < L2(R), it is easy
tosee || - |5, i = 1,2, are equivalent to | - || p,c), where [[ull, = (lul} ) + [o Aits® dx)7.On

the one hand, by the Holder inequality and the Young inequality, we have

o * *
/|u|“|v|ﬁdx§ —/ |u|? dx+£/ V% dax.
Q 2% Ja 2% Ja

Hence

1 1
E,(u,v) = 5 H (u,v) ”2DS(Q) + 3 L(Aluz + A2V2) dx

1 * *
= o [ (el 4 gy 4y [l vI”) dx
Q
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1 1
S [OR FS /Q (hid® + hav?) dx

=5 (v el + (ua + By)™) d
> C|(wv) ”2Ds(9) -G (u,v) ”;s(sz)'

Choose p > 0 sufficiently small, if ||(x, v)||2DS(Q) = p, then

1
Ey(wv) = Ci|[w )]0~ Co @) 0 > 2G>0,

On the other hand, we can choose ¢, ¥ € C§°(2) with ¢, ¥ % 0 and suup(¢) Nsuup(y) = ¥,
then there exists £, > 0 such that E, (typ, toy) < 0 and ||(to¢, tox[f)||2Ds(Q) > p. Then we can

take (w0, vo) = (fop, to¥)).
By the mountain pass theorem, for the constant 0 < A,, := inf, cr max;epo1) £, (0 (£)), there
exists a (PS)AAV sequence {(u,, v,)} C Ds(R), that is,

E, (14, Vi) = ;\; and E;(un,v,,) — 0 asn— +09,
where

I ={o €C([0,1], D5()) : 5(0) = (0,0), (1) = (0, vo)}.- O
Lemma 2.3 Z; = infp @)\ ((0,0)) MaXso Ey (L1, tV) = A,,.

Proof For any (u,v) € Ds(Q2) with (,v) # (0,0), there exists a unique ¢, ,, > 0 such that

ntl%x E, (tu,tv) = E, (ty uyths ty uyV)
>

) 2 2 2
==t (u,v) +/ AU+ AoV dx)
22 (J o [ (a2
S * * *
- ﬁti,u,v/ (ralul® + palvl™ + y|ul®|vIP) d,
Q
where ¢, ,,, > O satisfies

2o N VDo) + Jot? + 221%) dx o
T [ lul + palvP -y ulvIP) dx”

which implies that (¢, .2, t, 4, v) € M. Combining this with max,.o E, (tu, tv) = E, (£, w4,
ty uvV), by the definition of A, and ;1; , we can deduce that

A, = inf  maxE, (tu,tv)=A,.
Y Dy@\(00) 50 y (s tv) =4y .
_N-2s N _N-2s N
Lemma 2.4 A, < min{n, ., My} <min{u; * 587, u, * £S7).
N-2s N N-2s N
2s 2

Proof By Remark 2.1, we obtain min{m,, ,,,, ;,,.,} < min{u;
Next we prove that A, < m;,,,,, and A, <#1, ...
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Define a function H : R? — R by
H(t,t) = Wt 1 ETVag 0 )

where

W (u,v) = H (u, V)Hzps(g) + /;2()»1142 + A2V2) dx — L(M1|u|2* + v + y|u|“|v|‘3) dx.

Since H(1,0) = 0 and H,(1,0) # 0, by the implicit function theorem, there exist § > 0 and a
function ¢(r) € C'(-4, 8) such that

H.(t,1)
CHi(t 1)

t(0)=1, t(r) = and H(t(r),t) =0, Vrte(-49),
which implies that

(6t 1 8D TVILy) €M, VT € (=5, 6).

Since 1 < 8 < 2, by direct calculation, we have

im t'(7) _ -By fQ Upy iy Vig iy 4% <0
w0 7|21 (25 =2) [ palu 0 |¥ dx
That is,
- 17 v dx
Y(r) = Py Jo Az’“; |r|ﬂ’21(1 + 0(1)) as T — 0.
(2* - 2) fQ |uk1,/41| dx
So
u % dx
) = 1 - — Y Ja Vs [z (1+0(1)) ast— 0.

(2* - 2) fQ Mllukl,ul |2* dx

Consequently, we have

*
2%y fg Uny g Vig iy A%

2(0)=1- :
(2* - 2) fQ I’L1|M}»1,;L1 |2 dx

|r|’3(1 + 0(1)) ast — 0.

Thus

1
Ay <E, (t(f)uh,mrt(T)TV)»zvuz) - E‘Ij(tuhym’tf"kmuz)

N 9% 2% 0% 2%
t (T)/ (Ml|ukl,u1| +7T /’L2|V)L2,;Q| + )/Tﬂ|”/\1,m |a|vkz,/1.2 |ﬂ) dx
Q

9% By
< 0 [l =10 5L [ Dl s o121
Q Q

N *
N Wilthhypy|* dx=my, ., as|t|>0small enough.
Q

Hence A, <m,, . Similarly, by the same arguments, we have A, < m1,, ,,,.
This completes the proof of Lemma 2.4. g
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3 Proof of Theorem 1.1
In this section, we prove the first part of Theorem 1.1 by two steps. We prove the existence
of ground state solutions for system (3) in step one, then we claim there exist a positive

ground state solutions. Finally, we prove the second part of Theorem 1.1.

Proof Proof of the first part of Theorem 1.1.
Step one. Prove the existence of ground state solutions for system (3).
By (8) and Lemma 2.3, there exists {(¢,, v,)} C Ds(2) such that

lim E, (u,,v,) = A,, lim E;(umvn) =0.
n—> +00 n—> +00

Next, we claim {(«,,v,)} is bounded in D,(2).

Let z, = {(4,, v4)}, assuming by contradiction that ||z,|| := ||z, Dyq) — +00 as 1 — +00.
Put
~ ~  ~ Zn u}’l Vn
Zy = (M,,, Vn) = = ) .
llzx |l 1zl ll:ll

Since {z,,} is a (PS)4, sequence for E, and ||z,|| — +00 as n — +00, we have

lzall® )~ o p2 EAlK ~ ~
; H(umvn)”D Q) + K (}‘l|un|2 +)‘2|Vn|2) dx
s 2 Q
A ~ o ~ 2 T de= A 1 10
T Tk Q(Mllunl + 2|val” + ¥ |Un|” [ Val ) x=Ay, +0,(1), (10)

Vel 70 [, + Nl [ (ol + )
el /Q (Tl + ol Pl + 1T 1750) dix = 0,(1). (1)
Combining (10) with (11), we obtain
%||zn||2*-2/9(m|za|2* + 102l Un* + y | 10lP) dx = 0,,(1),

as n — +00, we have a contradiction. Consequently, {(x,,v,)} is bounded in D,(£2). Thus,
by the Sobolev embedding theorem, there exist (i, v) € Ds(2) such that

(¢4, V) = (u,v), weakly in Dy(R2),
(ttn,v) = (u,v), strongly in I7(Q2) x LP(2),for 2 < p < 2%, (12)

(un; Vn) — (u, V), a.e. Q.

Consequently, we have E;/ (u,v) =0. Set w, = u, —u and 0, = v, — v. Then, by the Brézis—
Lieb lemma [30],

2% 2% 2*
lnlle = Noll3e + [IWnll2e + 04(1),
(13)

2% 2% 2%
Vallze = VI3 + llonllze + 0a(1).
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By Lemma 2.1 in [31], we also have

f 910 P dlx = f 0l v i~ / Wl Iv]? dix + 0, (L). (14)
Q Q Q
We have

”Wn”%s(g) = ||’4n||%s(g) - ||M||%S(Q) +0,(1),

(15)
lowlB ) = 1Vall by — V1D + 0n(D),
and E/, (4, v,) — 0 as n — +00. Combining this with (13), (14) and (15), we obtain
2 % * o
W0 5, = f (walwal® + paloul® + yIwal®loul?) dx + 0,(1) (16)
Q
and
1 2
E, (4n,vn) = Ey(u,v) + 2 H(Wn; a”)||DS(Q)
=5 | (alwal™ + palonl + yiwal*lonl”) da + 0,(1). (17)
Q
By (16) and (17), we have
N 2
Ey (un; Vn) = Ey (Lt, V) + ﬁ H (Wn: OM)HDS(Q) + On(l)' (18)
Next, we prove that (u,,v,) — (u,v) strongly in Dy(2). Let
li 2 ! li 2 ! li 2 !
n—1>rPoo “(Wm O)H'DS(Q) =t n—1>1}loo|| (O; G")||Ds(9) =12, n—1>r+noo|| (Wnr U”)”DS(Q) =14
if = 0, then we have proved (u,,v,) — (&, v) strongly in D,(S2), if / > 0 then
. 2
,,EIPOOH(W”’G”)HDS(Q) =0 + 1, > max{l,,}.
Caseonel; =0orl, =0.
If [, = 0, then (16) turns to
alier = [ il s+ 0,00 19)
Q
l*

By the Sobolev embedding Dy(R2) — L>'(R2), we have IWall By = Ss(fq |w, | dx)2*,
2

—5% * 2 .. . .
hence ||w, ”%5(52) >y’ Ss(fQ w1|w,|? dx)?* combining this with (19), we can deduce that

_N-2s N
ll 2“1 2s SSZS.

Similarly, if /; = 0, we have

_N-2s N
122M2 2s SSZS'

=
=
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Since E, (u,v) > 0, let n — +00 in (18), we obtain

- N
Ay > maX{Ml 2s Sszsyﬂz 2s _SSZS }

This contradicts Lemma 2.4. Thus E, (4,v) = A, and E;(u, v) = 0. That is (1, v) is a non-
trivial solution of system (3).

Case two l; #0, [, #0 and [ > 0, we prove system (3) has a ground state solution.

For case two, in order to obtain a ground state solution for (3), we borrow some ideas

from [11]. First we give the following lemma.
Lemma 3.1 (A result in [11]) Define

Il (2, V)HZ’DS(Q)

S, = inf _
D DEINOO) (fon (ualul® + palv|® +ylul*|v|F) dx) >

T . . | (21, V)”2"DS(Q) + fg(kluz + Av?) dx

SS,)»l,)\z = "

*

n .
WIEPLENOON (fo ([l + oV + y |l vIP) dx)?

Then

SS')LL)LZ < Ss.

Let {(#y, u,)} be a minimizing sequence for S;;, 1, normalized by

f(m|un|2*+m|vn|2*+y|un|“|vn|ﬂ)dx=1, (20)
Q
that is,
2 ~
||(un, V”)”DS(Q) + / (Alui + )»21/,21) dx = S, +0n(1). (21)
Q

Since {u,} and {v,;} are bounded in D,(2), (12) holds and
f (raladl® + alvl? + ylul i) dx < 1.
Q

By (21), we have

~

Ssaihg — /Q()qui + Agvﬁ) dx +0,(1) > || (U, Vi) HZDS(Q) >3,
By (12) and Lemma 3.1, we have

- /Q(MMZ +aav?)dx > S = S0y >0,
which implies that (i, v) # (0,0). By (15) and (21), we obtain

Ssiria = || (Wn o) ”és(Q) + | @, v) ”;S(Q) + / (hu? + Aov?) dix + 0,,(1). (22)
Q
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Combining (13), (14) with (20), we have
1= /Q(mw* b vl + ylul )P da
+ /Q (alwal + palonl?’ + v lwl?10al#) dx + 0,(1).
Since
fg(mmﬁ* s sl + ylul o) dx < 1
and
fg(uuwm" + alonl” + yIwal“lonlf) dr < 1,

we have

2% 2% ay, B #
1< /(mlul + walv* + ylul*v|’) dx
Q

*‘N

2

+<f (ualwnl® + palonl® +y|wn|“|an|ﬁ)dx)
Q

2
3

* * 2
< (/ (alul® + palvl?® +y|u|“lvlﬁ)d">
Q

1 2
+ ’STS || (Wm Un) “Ds(ﬂ) + 0,,(1).
Combining (23), (22), Lemma 3.1 with gs,kMz >0, we have

||(u, V) ||]233(Q) + / (Aluz + szz) dx
Q

2
~ * £ o 2%
< H(/ (alul® + palv® +ylul |v|ﬂ)dx)
Q
§,A e 2
R (? . 1> [0 g+ 00D

S s

2

2*

< S,Al,M(/ (malul® + palv® +J/|ul°‘IVIﬂ)dx) + 0
Q

which implies that

[l (u, V)”%S(Q) + fg(kluz +Aav?) dax ~
=< SS,)»l,}\.Z'

s * 2
(o lul® + pa|v|? + y [ul*|v|P) dx) >

Therefore, Es,z\Mz is attained by (u,v). Thus, system (3) has a ground state solution.

Page 12 of 25

(23)

Combining case one with case two, we prove that system (3) has a ground state solution.
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Step two. We claim that there exists a positive ground state solution. Since

ju@) —uQ)* ()| - [u@)I>
dxd
-/I;N \/I;N |x _y|N+25 \/1;1\[ \/]R\@N Ix y|N+2s X y

u(x)|lu(y)| - u(x)u(y)
_2/RN /]RN dxdy >0,

|x y|N+25

we have

£l gy < lltll py(2)-

Then, for the minimizing sequence (u,,v,) € M, we have

Mol By + MVl + / (Malunl® + Aalvy|?) dx
Q
< ltanll By + 1Vl By + f (Ml + 1ovy) dax
Q

=f(m|un|2 + 12 lVul® + ] |val?) dx,
Q

this implies that there exists ¢, € (0, 1] such that (¢,|u,|, t,|v,|) € M. Hence, we can choose
a minimizing sequence (i, V,,) = (£,|un|, t4|v,|) and the weak limit (, V) is nonnegative. By
the strong maximum principle for the fractional Laplacian (see Proposition 2.17 in [4]),

we have u and v are both positive.

Proof of the second part of Theorem 1.1

Let y, be a sequence with y, — 0as n — +00. {(u,,,v,,)} is bounded in Ds(2) x D,(£2),
then there exists a subsequence, still denoted by {(i,,,v,,)}, such that (u,,,v,,) = (@&,7V)
weakly in Ds(Q2) x Ds(2). Then (u,v) satisfies

(—AY%+ M3 = 1 [u* % inQ,
(AT + AV = o> 2% inQ, (24)
u=v=0 inRV\ Q.

Since Ej(uy,,y,) = 0 and limy,— o0 Eo(t4y,,, Vy,) = lim,,_, 4o Ey, (44, vy,,), We have
/e — . .
Ey(u,v)=0 and lim Ey(u,,,v,,)= lim A, >0.
n—+00 n—+00

Next, we claim A, is strictly decreasing for all y > 0.

Let y» > 1 > 0, then, by (9), we have

N ||(”V1’VV1)||%JS(Q) + [qOaul, +rav2))dx

Y2ty fQ(Ml|uy1 |2* + M2|V}/1 |2)k + )/2|14y1 |a|Vy2 |ﬁ) dx

Il (et VVI)HDS + fQ()‘lum + )‘2vy1)dx

fQ(Ml'M}/llz +/'L2|Vy1|2 +)’1|uy1|°’|vy2|ﬁ)dx
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Consequently,

Ay, <maxEy, (tuy,, tvy,)

2 2 2
DX(Q)*'/S;()‘WH +A2vyl)dx)

N
S (O

_ 42%-2
- tyz,uyl,vylAyl < AVI .

Hence, A, is strictly decreasing for y > 0. By Lemma 2.4 and the strictly decreasing for

A, , we have

N g N Nexog N
0<n£1>IPOOAVnSAOSmln{m}\l»/’»l’m)LZrV«Z}<mln = =87y, ¥ NSSS . (25)

By the same arguments as prove the first part of Theorem 1.1, we have
(tty,,vy,) = (4,V) strongly in Dy(2) x Dy(<2).

Combining this with (25), one of the following conclusions holds:

(1) (,0) is a positive ground state solution of

(=AY u+ Au = |u*2u inQ;

u=0 on RV \ Q.
(2) (0,v) is a positive ground state solution of

(=AY +Av=woV* 2y inQ,

v=0 on RV \ Q.
Since
_N-2s _N-2s
— 2s _ 2s
My = My Loy Myg,uy = Mo my,
and
_N2—2s
231 g m, . .
(— < —2  implies that my, ., < My,
M2 mp,

by the definition of A, , we know that (1) holds.
Similarly, if

N-2s

M1 S m., . .
(— > —= impliesthat m,,,, >, .,
U2 my,

then (2) occurs. This completes the proof of Theorem 1.1. d
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4 Proof of Theorem 1.2

Define
X =5 x5,
where
Sii= {1 € DR 1, () = 0,y (0) = 11,1, (26)

for i = 1,2. Then we have following lemma.

Lemma 4.1 X is compact in Dy(Q2) and there exist constants C, > Cy > 0 such that
C1 < llullp, g + / A dx, S / rV?dx < Cy, V(u,v)eX.
Q Q

Proof By Remark 2.1, we know §; is nonempty and (¢),,,.0;5 Viy,u,) € X. Next, we claim §;
is compact in Dy(£2). Suppose there exists a sequence {u,} C S, then {u,} is a bounded
(PS)m,, ., sequence of J;, ,; and

”un”% Q ""lufl dx = ,U'lui* dx"'on(l)'
S( )
Q Q

Thus, there exists a subsequence u, such that u,, — u, in Dy(2) and ]l{wl (o) = 0.
_N-2s N
Since m;, ., <@y * S and i, satisfies the (PS),,,, , condition, by the same ar-

guments as proving step one in Theorem 1.1, we can obtain u, — u., strongly in Dy(Q2)

and uy € S;. This proves that S; is compact in Dy(2). Similarly, S, is compact in Dy(2).
Since X = 81 x Sy and my, ,, > 0, my,,,, >0, it is easy to see that X is compact and

Lemma 4.1 holds. O

By Lemma 2.3 and Remark 2.1, we have

])Ll,m(uh,/tl) = ntlf(')lebul(tuhyul) = Mg

(27)
])»2#2(1’)»2,#2) = I?f})X]?»z,Mz (Svkzyuz) =Mguae
Thus, there exist 0 < tg < 1 < 1, 0 < 59 < 1 < 57 such that
My £
])\lvﬂl (tu)\l,u.l) = — orte (Or tO] u [tll +OO), (28)
My, f
]A.Z,Mz (SVA,Z,II.Z) = T orse (O; SO] U [S17 +OO)' (29)
Define
o1(t) :=tuy,,, for0O<t<t, 0a(s) :=sVayp, for0<s<s,
and

5(t,5) = (31.(0), 3a(s)).
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Then, there exists a constant Cy > 0 such that

(69)<l0L 1x[051] 9] 5,0 = Co (30)

For convenience we denote Q = [0,#1] x [0,s1]. For y > 0 and C, as appearing in

Lemma 4.1, we define

¢, := inf max E, (o (¢,5s)), d, = max E, (6(t,5)),
Y el (ts)eQ a ) " 9)eQ a )

where

[:= {a €C(Q,Ds()) :(gg@g“a(t,s) ”DS(Q) <Co+2C,

o (t,5) = 5 (t,5), for (t,5) € Q\ {(to, ) % (so,sl)}}. (31)

Since 5(t,s) €T, T is nonempty.
Lemma 4.2 lim, ¢, =lim,_,od, =Co = 1,4, + My p,.
Proof On the one hand, since y > 0, we have E, (5 (t,5)) < Eo(c (¢, s)). Consequently

d, <dy= Ey(5(t,s) = o1t o

y <do = max Eo(5(5,5)) = max ., (31(0)) + max Joy 5 (62(5))
:])Ll,ptl (5:1(1)) +])\2,/l.2 (52(1)) :]XI,/LI(M)LI,MI) +])L2,p£2 (V)Lz,pbz) = m)nl,pbl + m)\z,/tz'

Since & € T, we obtain ¢, <d,, thus

limsup¢, <liminfd, <limsupd, <dy, ¢ <d. (32)
y—0 y—0 y—0

On the other hand, for any o(t,s) = (01(t,s),02(¢,5)) € T, we define Y (o) : [ty 1] X
[s0,51] = R* by

Y(0):= (J5(01(t,5)) = Jo(02(t,5)), 5 (01(£,9)) + J6 (022, 5)) = 2),

where J5,J6 : Ds(2) — R are defined by

.
Jomlu? dx

T, ifu #0,
J5(u) = ”MH%JS(Q)Jer A lul? dx 7 -
0, ifu=0,
and
_ Jomlds
Jo(u) = ”"“és(sz)*fsz rolul?dx’ if u #0, "

0, ifu=0.
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By the Sobolev embedding theorem D(€2) < L¥(), for any u € Dy(2), we have

2*
\ T
/ui|u|2 dx§C<||u||f‘)s(Q)+/Ai|u|2dx> , i=1,2.
Q Q

Consequently, we can deduce J5, /s are continuous and

*_ * *_ *
~ _ tz 2 fQ Ml|u)»1,u1 |2 dx 52 2 fQ MZ'V)»z,/Lzlz dx
TE(t5) - ; T -
1301 W) * S M1t ia 2 % Vagpis I + S 22lVigs > dt
*_ * *_ *
72 [ iy g |* dx ~ s272 [ walVig | dx B )
”ull,m ||123S(Q) + fQ Al |M)~1:H1 |2 dx ||VA2,/42 ”éS(Q) + fQ )‘2|V)»2,M2 |2 dx

Since

2% 2 2
f itz o P e = 2ty 1By + / Mty P
Q Q

and

/ M2|VA2+L2|2* ax = Vi, "1235(9) +/ A2|Vlz,uz|2dx~

Q Q

Thus, Y(5)(1,1) = (0,0). By direct calculation, we have
deg(T(a): [tO’ tl] X [SO! Sl]! (01 0)) =1

By (31), we know that, for any (¢,s) € 3([f0,£1] X [s0,51]), Y(G)(t,s) = Y(o)(¢, ) # (0,0).
Therefore

deg (Y (o), [to, t1] X [s0,51],(0,0)) = deg(Y (&), [to, t1] X [s0,51],(0,0)) = 1.
Then there exist (£, 2) € [to, t1] X [S0,81] such that Y (o)(£,s5) = (0,0), thus
J5(01(t2,52)) = Jo(02(t2,52)) = 1.
This implies
oi(ty,s5) € M; and oy(ty,82) #0 fori=1,2.
By (7) and o;(t2,52) € M;, we have
mmax. Eo(o(t,5)) = Eo(0(£2,52))

= o (01(82,82)) + Jag 1 (v2(£2,52))

Z Mgy t Mgy = do.

Therefore ¢y > dy, combining this with (32), we obtain ¢y = dp.
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By the definition of ¢, and d,,, we have
T, <d, <dp.

Next, we prove liminf,_,o¢, > do. Assume by contradiction that liminf, . ¢, < do. Then

there exist € >0, y, — 0 and o, = (0,,1,0,,2) € T such that

max E,, (0,(t,5)) <do - 2e.
(ts)€Q

By the definition of T in (31), there exists 1o large enough such that

1
max —y, / |a,,,1(t,s)‘a’a,,,2(t,s)’ﬁdx <Cyn<e€, VYn=>un.
(ts)eQ 2% Q

Thus, maxseq Eo(0n(t,)) < max(seqEy, (04(t,8)) + € < do — €, Vi > ny. Since ¢y < d,
this is a contradiction. Therefore liminf,_. ¢, > dy. Combining this again with (32), we

complete the proof. O

Define
X% = {(u, V) € Dy(Q) : dist((u, v),X) < 8}, E; = {(u, v) € Dy(2) : Ey(u,v) < c}.

Lemma 4.3 Let d > 0 be a fixed number and let {(u,,v,)} C X? be a sequence. Then up to

a subsequence, (i, v,) — (o, vo) € X*%.

Proof By Lemma 4.1 and the definition of X%, there exists a sequence {(uy,v,)} C X such
that

dist((un,vn),X) = dist((u,,, Vi), (ﬁn,l_/n)) <d.

By Lemma 4.1, we also know that there exist (%, V) € X such that (u,,v,) — (%,V) strongly

in Dy(2). Consequently, when # is sufficiently large, we have
dist((#y, V), (&, V) < d.

Thus, {(u#,,v,)} is bounded and up to a subsequence, (u,,v,) — (1o, o) in Dy(2). Since
Bsu(1,v) is weakly closed in Dj(S2), we get (1o, vo) € Bau(%, V) C X, O

Lemma 4.4 Let d, := %(%)% and d € (0,d,). Suppose that there exist sequences {y;},
with y; >0 and y; — 0, and {(u;,v;)} C X satisfying

. —~ . ,
lim Eyj(uj,vj) <o, lim E) (u;,v)) = 0.
Jj—>+00 j—+o0 7

Then (u;, v;) converges strongly to an element (u,v) € X.
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Proof By the choice of d; and Lemma 4.3 (), v}) — (u,v) € X%, we can deduce that u £ 0
and v # 0. Since {(,v;)} is bounded and lim;_, E;j(u/, vj) =0, for all (¢, ) € Dy(Q2),

(Eo@,v), (0, 9)) = (4, 0) py) + (Vs ¥)py(e) + /Q(Muw +dviy) dx
- / (malul” ug + palv> vip) dx
Q

. , ay; a
= lim [(En(uj,vj),(<p,w))+ 2—*’/ luj|*u;|vi| dx
Q

J—>+00
* ﬂzy’ / || w12y dx]
Q
=0,
where
Gl = f () wONGD 90D 4 g,
RY JRN ly = x|

Hence, Ey(u,v) = 0. Since (u;,v)) € X“ for all j, we have

(Eé)(”j’ Vj)’ (gl), 1/’))

ayj -
! / ;| *ujp|vi| dx +
2% Ja

(B, (), (o) + P, /Q 1 120y dx

2
=0 [0, ¥)] p -

We have

¢o > lim Ej,j(u,', V)
Jj—+00

. .Y
= lim EO(Mj’Vj)_leinmE/Q|uj|a|vj|ﬁdx

Jj—+00

= lim Ey(u;,v)) = m. (35)
—+00

So {(uj,v))} is a (PS),, sequence of Eg with »1 :=lim;_, . Eo(4;, v;). Thus, we have

_ 1 2 1 2 2 d 1 2% 2% d
Eo(u,v) = EH(u,V)HDS(Qﬁ 3 (A + 2ov?) dx — > (malul® + palvl® ) dx
Q Q

-2 [ (e V)||2 + | (M + 12v?) dx
= N ) Ds() o 1 2

s ..
< ﬁhmlnf[”(uj,vj)nzps(m+/;2(Kluf+kzvf)dx]

Jj—+00

. 1,
= 1;213;1“[150(%, V) - §<E0(uj,vj), (uj,vj))] =m.

J

Then, by Lemma 4.2, we have m > Ey(u,v) >¢y. Combining this with (35), we get m =
Eo(u,v) =¢o. This implies (uj,v;) = (u,v) strongly in Ds(2) and (u,v) € X. (I
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Lemma 4.5 Let dy be as in Lemma 4.4. For a small § € (0,d;), there exist constants 0 <
o <1 and y, >0 such that ||E;(u, V)| = o forany (u,v) € Et;V N (x° \X%) and y € (0,y1).

Proof Assume by contradiction. Suppose there exist a number & € (0,d;), a positive se-
dy, 5
quence {y;} with lim;, .. 3 = 0 and a sequence {(,v;)} € Ey],y’ N (X% \XTO) such that

lim;_, .o E;,/,(u/, v;) = 0. Then, by Lemma 4.2, we have

lll’Il Eyj(uj,vj) S’C\O, {(I/lj, Vj)} C X(SO, 8o < d,
—+00

J

and

lim E ,(I/lj, Vj) =0.

j—+o0 Y

Then, by Lemma 4.4, we know there exist (,v) € X such that (u;,v;) — (u,v) strongly in
8
Dy(2). Hence, dist((x;, v;), X) — 0 as j — +oo. This contradicts (u,v;) ¢ X7, O

In the next part of this paper, welet 0 <o <1, 3 >0and § € (0, %) such that the conclu-
sions in Lemma 4.5 hold.

Lemma 4.6 There exist v, € (0,y1) and ¢ > 0 such that, for any y € (0, y»),
E, (E(t,s)) >C, —¢ impliesthat T(ts)€ X3, (36)
Proof Suppose by contradiction that there exist y, — 0, ¢, — 0 and (¢, s,) € Q such that
Ey,(5(tnsn) 20— Gn and by, s,) ¢ X2 (37)
We assume (¢,,s,) — (£,5) € Q. Since
Eo(G (tn5n)) = Ey, (0 (Eus54)) =y — S (38)
we take the limit on both sides of (38), we have
Eo(5(23) = ) EIPOOEW'
By Lemma 4.2, we have
Eo(5(5,3)) = nEToo/C\y" = Mgy + Mg iy -
Combining this with (27) and (32), we can deduce that (z,s) = (1, 1). Hence,
nglpooua(tn,sn) -5(1,1)] =o0.

However, 6(1,1) = (#4315 Vag,u) € X, which contradicts (37). O
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Next, we set

.S My 8o
= P T ] 39
aremin 5,7, 7 .

where §, o are given in Lemma 4.5, ¢ is from Lemma 4.6. By Lemma 4.2, we know that
there exists y € (0, y»] such that

[, —dyl<co,  [C) = My + Miyy)| <50 Yy € (0, 70). (40)
Lemma 4.7 For fixed y € (0, yo), there exist {(u,,v,)}32, CX° N E;ly such that
E;,(u,,,v,,) — 0 inDs(Q) asn— +00.
Proof Assume by contradiction, for fixed y € (0, o), that there exists 0 < /(y) < 1 such that
|E, )| = y) onX’NEy.

Then there exists a pseudo-gradient vector field T, in Dy(£2) which is defined on a neigh-
borhood Z, of X* N Ey” such that, for any (1,v) € Z,,

b

E, ()|}, @ v)]

|| T, (u,v) || < 2min{1,

4
Ey(u, %)

(E;, (u,v), T, (u, V)) > min{ 1,

Let n,, be a Lipschitz continuous function on D,(£2) such that

0<n, <1, n,=1 on X* ﬁEzy and 7, =0 onDs(Q)\Z,.
Let &, be a Lipschitz continuous function on R such that

0=§, =1 &0)=1 ifI-g|=<3 and §0)=0 iflI-5|>c.
Let

=, (u, V)&, (E, (e, V)T, (u,v), if(u,v)eZ,,

e, (u,v):=
’ 0, if (u,v) e H\ Z,.

(41)

Then there exists a global solution v, : Dy(2) x [0, +00) — D,(R2) for the initial value
problem

Ly (u,v,0) = e, (¥, (u,v,0)),
w}/(u» v,0) = (&, v).

(42)

Then we can deduce that v, has the following properties:
(1) ¥, w,v,0) = (u,v)if0 =0or (u,v) € Ds(Q)\ Z, or |E, (u,v) =C)| > 5.
@ 5wy wv,0)l <2.
(3) 25Ey Yy (,v,6)) = (E}, (¥ (,v,60)), &, (¥, (u,,6))) <0,
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In order to prove Lemma 4.7, we use the above properties, Lemma 4.5 and Lemma 4.6,
then divide two step to prove it.
Step one. We show that, for any (¢,s) € Q, there exists 6, € [0, +00) such that ¥, (5(Z,s),
Ors) € Ef,y_go, where ¢ is seen in (39).
Suppose by contradiction that there exists (¢,s) € Q such that
E,(y, (E(t,s),@) >¢, —go forany6 >0.
Since ¢y < ¢, by Lemma 4.6, we have 5'(t,s) € X5, By (40), we get
E,(5(t5)) <d, <T, + so.
By the property (3), we have
<, - o <E, (¥, (5(t,5),0) <dy <C, + 50, VO =0.
This implies &, (E, (¥, (5 (¢,5),0))) = 1. If ¥, (5 (¢, 5),0) € X° for all & > 0, then

ny (¥, (5(t,5),0))=1 and ||E; (¥, (G(t,9),0))| = iy) foralld >0.

Consequently,

S
~ S ~ ¢ 2(y) -~ S
EV (1/6/ (O’(t,S), W)) = Cy + E —A ’ lz(]/)dtZ Cy — E,

which is a contradiction. Thus, there exists 65 > 0 such that ¥, (G (¢, 5), 6;,5) € X°.
~ s .
Since 5 (£,5) € X2, there exist 0 < 6, < 67 < 6, such that

v, (5(t5),0)) €0X2,  y,(5(t5),02) € X’
and
¥, (5(6,5),0) e X\ X3 foralld € (61,62).

Then, by Lemma 4.5, we have ||E}, (1, (G(£,5),0))|| = o for all 0 € (6/,67). Then, by the
property (2), we have

8 ~ ~
E = ”1//1/ (G(t’s)’etz,s) - 1//}/ (O'(t’s)’etl,s) ” = 2i9t2,s - tl,s ’

thus, |02 — 6/ > 2. Consequently,

GZS d
E, (¥, (5(t9),0%)) <E, (¥, (5(9),6)) + /0 1 EEy(wy(u,v,e)) do

bs

-~ 2(p2 1 -~ 8o
<C +6o-07(65-6))<C, +0- -
=< Cy — S0,

which is a contradiction.
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By step one we can define T'(¢,s) := inf{6 > 0: E, (¥, (5(t,5),0)) <¢, — 6o} and let
o(t,s):= v, (@ (¢s), T(t,s)). Then E, (o (¢,5)) <, — co for all (¢,5) € Q.

Step two. We claim o (¢, s) € T.

By (27)—-(28) and (39), (40), for any (¢,s) € Q\ (f0,£1) X (S0,51), we have

E)/ (E(t, S)) <kE (E(t, S)) = ])\1,/L1 (El (t)) + ])\2,/L2 (EZ(S))

mj
< 1,41

—= 4 T Mgy = Whguy + Mog,uy — 360 < Cy — So»

which implies that T'(¢,s) = 0 and so o (¢,s) = 5 (£, 5).

By the definition of T in (31), we need to prove that ||o(t,s)lpyq) < 2C; + Cp for all
(¢,s) € Q and T(¢,s) is continuous with respect to (¢, s).

For any (¢,5) € Q, if E, (5(¢,5)) <, — 60, we have T(t,s) = 0 and so o(t,5) = 5(¢,s). By
(30), we have [|o (2, ) [l Dy@) < Co < 2C;y + Co.

IfE,(5(t5)) >C, — 5o, then, by Lemma 4.6, we have 5'(¢,5) € X% and

T, —co<E, (¥, (5(t,5),0) <d, <C, + 50, VO €[0,T(t5)).

This implies &, (E, (¥, (5 (£,5),0))) = 1 for 6 € [0, T(t,s)). If ¥, (5(£,5), T(t,s)) ¢ X°, then
there exist 0 < 9;’8 < 923 < T(¢,s) as above. Then we can prove that

E}/ (1//}/ (5(t7 5)7 93’5) E’Ey — S0,
which contradicts the definition of T'(¢,s). Therefore,
o(t,s) =y, (E(t,s), T(t, s)) e X?,

Then there exist (¢, v) € X such that |0 (¢,5) — (&, V) [ Dy) <8 < % By Lemma 4.1, we have

C
||G(t’s)||DS(Q) = ” (u, V)”DS(Q) + 70 =2C + G

In order to prove the continuity of 7'(t,s), we fix any (£,5) € Q. First, we assume that
E,(0(£53)) <, — co. Then, by the definition of T'(t,s), we have T'(£,3) = 0, that is,

E,(5(£3) <3, - so.
By the continuity of &, there exists t > 0 such that, for any (¢,s) € F-t,7+1)xE-1,35+

7) N Q, we have E, (5(¢,s)) <, — 6o, that is, T'(¢,s) = 0 and T is continuous at (£,3). Now,
we assume that E, (o #3) =, — o. Then from the previous proof we have

O’(E,E) = WV (5(5@, T(E,E)) € Xa;

and so

|E, (v, G E3), TES)| = iy) >0.
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Then, for any w > 0, we have

EV (1//1/ (E(Z;g)’ T(E:E) + 0)) <?y - 50-

By the continuity of ¥, there exists 7 > 0 such that, for any (¢,s) € F-t,f+1)xGE-1,5+
7) N Q, we have E, (1, (G (t,5)), T(£,3) + ) <C, — 6o, s0 T(t,s) < T(£,3) + . It follows that

0 < limsup T(t,s) < T(£3).
(t9)—(&3)

If T(£,3) = 0, we have

lim T(ts)=T@E53).

(t,5)— (£3)

If T(£,3) > 0, then, for any 0 < w < T(£,5), by the same arguments, we have

EJ/ (I»Z/}/ (E(zf’g), T(E)'E) - Cl)) >/C\y — Go-
By the continuity of v, again, we have

lim  T(,s) = T{E3).
(t.s)—(E3) ©.9) 9

So T is continuous at (£,5). This completes the proof of step two.
Now, we have proved that o (t,s) € T and max,geqE, (o (t,5)) <¢, — 6o, which contra-
dicts the definition of ¢, . This completes the proof. d

Proof of Theorem 1.2 Let us fix d; := %(%)%. By Lemma 4.7, there exists some yp > 0
such that, for any fixed y € (0, yy), a Palais—Smale sequence {(u},v};)} with (u},,v};) €
X? exists. Since X is compact, we can deduce that {(x},v})} is bounded in Ds(S2). By
Lemma 4.3, there exist (1,,v,) € X¢ such that (u},,v};) — (u,,v,) weakly in Dy(<2). There-
fore, E|, (uy,vy) = 0. By the choice of d, we have u, #0 and v, # 0. Hence, (u,,v,) is the
desired solution to (3). O
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