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Abstract

In this paper, the well-posedness for the non-autonomous reaction—diffusion
equation with infinite delays on a bounded domain is established. The existence of
pullback attractors for the process in Cy, i1 and C,, 1) is proved, respectively. The
noncompact Kuratowski measure is applied to check the asymptotic compactness.
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1 Introduction
Let © € R” be a smooth bounded domain. Consider the long-time behavior of the follow-

ing non-autonomous nonlinear reaction—diffusion equation:

%—’: —Au+iu=f(tu)+g(tx), in[r,+00] x ,
ulye =0, t>1, (1)

u(t,x) = p(t — 7,%), te(-oo,1],x €L,

where A > 0, and we have the nonlinear term

0

f(t, ut(t,x)) = F(t, u(t - ,o(t),x)) + / G(t, z,u(t + z,x)) dz.

—00

Suppose there exist two positive constants ki, k», and three positive scalar functions m,(-),
e""PO ;1 (8), my(-)e "% which are all in L ((—o00, 0], R*) such that the functions F € C(R x
R;R), p € C(R;[0,+00)), and G € C(R x (—00,0] x R;R) satisfy

|F@t )| < k| + ke D), Vv eR, )
|G(t,z, U)| <mp(z) + m2)|v|, Vt,veR,ze (-00,0], (3)
|F(t,v) - F(t,v)| < Cre Py —v|, V¥t v,veR,ze (-00,0], (4)
|G(t,z,v) - G(t,2,v)| < Cymy(2)|v — v, Vt,v,v€R,z € (-00,0], (5)
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and the non-autonomous term g € L _(R; L"(2)) (r > 1) satisfies

T
supe™®° ||g(s) ||;(e‘§s ds<oo, VteR, (6)
t

foreach s € {o, 0 —L,r(6—n)}, where o, L, §, n will be given in Lemma 4.1, the local r-power
integral is the Bochner integral. We will denote 1 = ff)oo mo(s) ds, my = f?w e my(s) ds,
0 _
and m, = f_oo e " my(s) ds.
Let C, x denote the Banach space C((—00,0]; X) endowed with the norm

y >0,

lplic,x= sup €*|o@)|,
z€(-00,0]
where X is L"(2) or W (Q).

Givent € R, T > 7 and a function u : (—00, T] — X. Foreach t € [t, T, u; : (-00,0] = X
denotes the function defined by u,(z) = u(t + z) for z € (—00,0]. We are interested in the
initial condition ¢ € C, x.

Retarded differential equations have been used to research many physical systems with
non-instant transmission phenomena such as internet data transmission, other memory
processes, and specially biological motivations (e.g. species growth or incubating time on
disease models [1, 2]). For autonomous systems with delays, the existence of solutions or
global attractors has been studied widely in [3—5] and their qualitative theory has also
been well-established. For autonomous systems with variable bounded or unbounded de-
lays, the classical theory extended in [6—13] has been applied to deal with the existence of
solution and special attractors. In fact, autonomous systems with variable delays are non-
autonomous in essence. Except that time-periodic equations can be dealt with classic the-
ory relatively straightforward manner, the qualitative properties or asymptotic behavior of
many general non-autonomous systems are analyzed by new ideas and methods. In recent
years, non-autonomous diffusion equations have attracted much attention in mathemat-
ical literature. Duong [14] considered a class of flux-limited diffusions with external force
and established the comparison and maximum principles. Jung et al. [15] considered the
nonlinear singularly perturbed reaction—diffusion problems in the polygonal domain and
proposed a boundary layer analysis which fits a domain with corners.

For the reaction—diffusion systems with finite delays, there are also a sires of work [11,
16, 17]. More recently, Wang et al. [10] proved the existence of pullback attractors in the
weighted space C,, ;1 (q) for the multi-value process generated by (1) based on the concept
of the Kuratowski measure of the noncompactness of a bounded set, where the growth of
nonlinear term F(x, v) and G(x, s, v) are both linear, and the non-autonomous term g(z, x) €
L? (R;L*(S2)) satisfies

loc
T

supe”™” / lg(s) Hiz(me”s ds<+o0o, VYneR,n>0. (7)

<t —00

In the present paper, we will prove the existence of solution and the pullback attractors of
(1) in the bounded domain of C,, ;r(q) or C, y1r(q) under the conditions (2)-(6) for r > 2.

The main work of this paper contains three issues. Since the space L"(€2) (r > 2) loses the
inner product and orthogonality, canonical projector and approximation methods [10] are
both ineffective to prove the existence of solutions and pullback attractors of (1). In order
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to overcome this difficulty, we adopt the idea of [17] and decompose (1) into two equations
to separate the non-autonomous term to establish well-posedness (see Theorem 3.7 and
Theorem 3.10). In addition we investigate the existence of pullback absorbing set by using
the approximation technique of [9, 10] to overcome difficulties stemming from infinite
delays and infinite dimensions. Consequently, for verifying the asymptotic compactness
of (1) in C, 1r(q) (r > 2), we employ the weak continuous semigroup theory and finite di-
mensional approximation method in [16, 18] to construct compact embedding results (see
Theorem 5.6). Moreover, by improving smooth effect of the semigroup e, we prove the
dissipativity and the existence of pullback attractors for (1) in C, y1-(q) (see Lemma 6.1).

The paper is organized as follows. Section 2 gives some preliminaries concerning the
definitions of processes and the pullback attractors of non-autonomous dynamical sys-
tems. We also give the definition of w-limit compact and a suitable non-autonomous
frameworks for the discussion of attractors in the future. In Sect. 3, we consider the well-
posedness of (1) in C, ;r(q) and Cy1r(q), respectively. In Sects. 4 and 6, we prove the exis-
tence of bounded absorbing sets in both spaces above. In Sects. 5 and 7, the existence of

pullback attractors in C, r(@) and C,, y1r(q) is proved.

2 Preliminaries

Let X be a complete metric space with metric dx(:,-). Denote by H}(-,-) the Hausdorff
semi-distance between two nonempty subsets of a complete metric space X, which is de-
fined by

HY(A,B) =sup inf dx(a, b).

acA beB

Definition 2.1 A mapping U(¢,7): X — X, t > t in R, is called a process if
(1) U(r,t)x=x,VT e R, x € X;
2) Ut,s)U(s,t)x=U(t,t)x, VT <s<teR,xeX.

Definition 2.2 The Kuratowski measure k(A) of noncompactness of the set A is defined
by

k(A) = inf{8 > 0 | A admits a finite cover by sets whose diameter < §}.
Definition 2.3 Let {U(t, )} be a process on X. We say that {U(¢, )} is
(1) pullback dissipative, if there exists a family of bounded sets D = {D(¢)};cr in X so
that, for any bounded set B C X and each ¢ € R, there exists a Sy = So(B, t) € R* such
that

U(t,t—s)BC D(t), Vs> Sp;

(2) D-pullback w-limit compact with respect to each ¢ € R, if, for any ¢ > 0, there exists
aS; =81(D,t,¢e) € R* such that

k(U LI(t,t—s)D(t—s)) <e.

$>51
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Proposition 2.4 Ifthe process {U(t,t)} is D-pullback w-limit compact in X, then {U(¢t, )}
is pullback w-limit compact for any bounded subset B of X.

It follows from Theorem 3 of [10].

Definition 2.5 A family of nonempty compact subsets A = {A(t)};cr of X is called to be a
pullback attractor for the process {U(t, t)} if
(1) A={A(t)}scr is invariant, i.e.,

U(t,T)A@l) =A@l), Vi>t1,T€R;
(2) Ais pullback attracting, i.e., for every bounded set B of X and any fixed ¢ € R,

lim Hy(U(t,t-s)B,A(t)) =0.
§—>+00
Definition 2.6 Let {U(t,7)} be a process on X. We say that U(t, 7)¢ is norm-to-weak
continuous in ¢ for any fixed £ > 7, v € R, if there exists a sequence ¢, — ¢ in X and
t, — t such that U(¢,, 1), — U(t, T)¢ (weak convergence).

The general existence of pullback attractors has been given as follows [10].

Proposition 2.7 Let X be a Banach space, and let {U(t, 1)} be a process on X. Let U(¢t, T)¢
is norm-to-weak continuous in x for fixed t > v, v € R. If, for any fixed t € R, VT € R*,
UtzTD(t) is bounded, the process {U(t, 1)} is pullback dissipative and D-pullback w-limit
compact with respect to each t € R, then {U(t, 1)} possesses a pullback attractor in A =
{A(t)}ser in X given by

Aey= () Jutt,t-9D(t-s) C D).

TeR* s>T

3 Existence of solutions
By asolution u € C((~00, T]; X*) of (1), we mean that, forany 7 > 0,z € (-00,0], T <t < T,

u(t) = 2 u(z) + /teA(”) [~Au+f (x, 1) + g(x,5)] ds,

=2y () + /t Ay [Au+f (xuls +2) +g(x, )] ds, (8)

where u(t) = ¢(t — t,x), u(t) = ¢(0,x), t € (—o0, 7].

Let A = A. X“ is the fractional power space associated to the operator A. The lin-
ear operator A = A with Dirichlet boundary conditions in a bounded and smooth do-
main 2 can be seen as an unbounded operator in L"(2), 1 < r < 0o, with domain D(A) =
wW2(Q) N Wol”(Q). In this situation, —A = —A is a sectorial operator and generates an
analytic semigroup e in L"(2). Denote by {E”}4cr the fractional power spaces asso-
ciated to A with the norm |luge = ||(-=A)*ul| (@), u € E¥. Notice that E? = L"(£2) and
E! = W2 (Q) N W, (). 1t follows from [19] that the semigroup e’ has the following
smooth effect:

| x] o <t lixllgr, x€El,e>0,0<a <p. )
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Since the embedding E! < E° is compact, we know from Remark 6.1 of [20] that the
resolvent of —A is compact, and the embedding £ — E? is continuous and compact for
Ya > B.

3.1 Local existence of solutions for (1) in C), ;r(@) (1 <r < 00)
In order to apply Theorem 1 [18] to prove the existence of a solution for (1), we decom-
pose system (1) into a linear system and a non-autonomous nonlinear system as follows,

respectively:

g—i —Av=g(tx) in[r,+00] x Q,
v[ae =0, t>1, (10)

v(t,x) =0, teRte(-o00,7],x €,

and

%—‘;’ - Aw :f(x, wy) +i(w) in[t,+00] X Q,
W|39 =0, t>1, (11)
w(t,x) = ¢(t — 7,%), teR,te(-00,T],x €L,

wheref(x, we) =f (o, we + ve), iAW) = =AW + V), Uy = v + wy.

Lemma 3.1 ([21]) Foranyt <t <t, % + é =1,

1
= ||g(x’ t) ||Lﬁ)c(]R;LV(Q))(t2 - tl) 1.

ty
/ A2 g(x,5) ds
51

L7(Q)

Furthermore, Eq. (10) has a unique solution v(t) in the sense of (8) such that
v(t) € C([t, To + T L'(RQ))
satisfies
t
0= [ Ogts9ds (12)
where Ty is chosen in Lemma 3.6 later.

Proof

t
/ A2 g(x,5) ds
5]

L7(Q)

ty
= /tl Hg(x, ) HLfOC(]R;L’(Q)) ds

= </t1 ds) q (/’;1 Hg(x: t) ”Lﬁ;c(R;Lr(Q)) dS> !

1
< g0 ”Lﬁ)c(tl,tz;L’(Q))(tz —t)7.

Note that we can choose 0 < ¢, —t; < 1. O
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Lemma 3.2 Assuming (2)—(5) hold, we have
[F & we) + im0 < G+ DA+ Iwelic, vy )s (13)
If (& we) = F (& ve) + fiw) = AW) | 1 < Calh+ 1) w — velle, gy (14)
where w,v € C((—00, Ty + t]; L"(R)), t € (t, To + T].

Proof Denote X* := E*~!, € R. Especially, X} := L"(). For any u,{ € C((~00, T +
7];L7(R2)) and any ¢ € (¢, Tp + 7] we get

[Ft w0 = Cs(lla + e O 1)

< Cs (k1| + Ky lluel ¢

V.L’(Q))

S CS(I + ”ut”C}/,Lr(Q)) (15)

and

0
”/ G(t,z,u(t +2))dz

Q)

<

0
/ (|mo(2)| + my(2)|u(t + 2)|) dz

Lr(Q)

= m0|9| +my ”ut”C%Lr(Q)

<GC(1+ ”ut”Cy,Lr(Q))' (16)
Combining with (15) and (16), for any u, ¥ € C((z, To + T]; X*), we have
lf & w0 < Cs(1+ llelic, 1) (17)
By (4) and (5), we find
“f(t, ug) —f(¢, 1/ft)”X1
< Ce 7P ||u(t - ,o(t)) - v(t - p(t)) ||U(Q) +Cy /0 my(z)|uy — V¢ | dz
—00 ()
= Gsllus = Vrellc, gy (18)
where C3 and C, depend on (ky, ky, mg, my, my). From (17) and (18), we obtain
[F@&we) | < Ci(lwelic, gy + 1), (19)
and
[F@&w) =F& )| gy = W@ we+v) =fEwe +00)] 1y
< Cillwe = vl ey (20)

Hence, (13) and (14) are obvious. a
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Lemma 3.3 [fu € C((—o0, Ty + t],L7(2)), then, for all t € (z, Ty + 1], z € (—00, 0], we have

t&“”ﬁbw+ﬂnm»ds C+1)(t - 7)(w(®) +1), (21)

()

where
(1) = (Illcy gy + 5P [W(®) 4Oy )
Oe(t.t]
Proof By (9), it is not difficult to see that

EIF (¢, wy) ds

()

t
C(n + 1)/ (1+ [lws + vs||cy,L,(Q)) ds

t
Ch+1) f (N8lic, ey + sup [ w0) + ¥(6)
T 0e(t,s]

Um)m+cu+n@-ﬂ

<CA+1)t-1)w(t) + C(A + 1)(t—1). (22)
O

Lemma 3.4 Foranyt € (t,Ty + t], z € (—00,0] and any w,v € C((—o0, Ty + 7],L"(2)) be
such that (t — T)”Wt”Cy,Lr(m <u,(t- T)||Ut||cy,y(9) < u, for some > 0. Then we have

A s ~F60) G 49) s v19) L s

()

C( (23)
Proof
[ IG5 ~5,5) + (i wl5) A (09) s
T L"(Q)
C1+ )\)/ [lws — Vs”Cy,Lr(Q) ds

C( (24)
Oe(t,t] D

Lemma 3.5 ([22]) Assume u : (-00,Ty) — X is continuous and u, = ¢. If there exists a

nondecreasing function m(t) > 0 such that
||u(t) Hx < ||¢(r)HX +m(t), forall —oco<t<T,,
then

sup eVZ“u(t +z) Hx < sup eVZ”qb(t +2z) “x +m(t), -oo<t=<T,. (25)
z€(~00,0] z€(~00,0]
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Lemma 3.6 Assume (2)—(6) hold. Let 1 < r < 00, z € (—=00,0]. For any x. € C((-o0,0];
L"(Q2)), there exist R(x,) > 0 and Ty = To(x.) with the property that, for any ¢ €
BCV,L,(Q) (x1,R), there exists a continuous function w(-; ¢(0)) with w, = ¢:

we C([t, To + T];L7(RQ)) (26)

such that, for any t € [t, T + t], w is the unique solution of Eq. (11) in the sense of (8). This
solution is a classical solution and for any t € (v, Ty + ], satisfies

w; € C((~00,0;L7(2)) (27)

and

lim (t—1) sup €"? H w(t +z,¢) @ = 0, (28)
t—t* 2€(~00,0]
and, moreover, if ¢1,p; € BCV‘L,(Q)(XT,R) then
sup €%t +2,¢1) = v(t +2,0)| 1) < M1 NG1 = ballc, yrigy- (29)

z€(~00,0]

Furthermore, the time of existence is uniform on any bounded set (respectively, compact

set) S of Cy 1r()-
Proof Fix u >0 and for any 7 € R, Vt € (-00, 7], let ||¢||Cy,L7(Q) < 1. We will use the con-
traction mapping principle to establish the existence of a solution for (11).
Let
K(Tp) = {w € C((~00, To + ;L (R)),t € (v, To + ] sup |w(?) iy S K 1},
te(r,To+7)

with the norm

IWllkzo) = sup |w(t) @)

te(zr,To+1]

where T is determined later. So that (X, || - ||) is a nonempty complete metric space. For
each ¢t € (z, Ty + t], we introduce the mapping

®: K(Ty) - C((—oo, To + r];Xl),

eAIw(t) + fft AEIf(w) + f(s,ws)]ds, t>1, (30)

D(w)(t) =
w(t,x) = ¢(t - ,%), t e (-oo,1].

Let us first prove that ® is a well-defined map and ®(K (7)) C K(Tp). We start by showing
that

if w e K(Tp), then ®(w) € C((—oo, To + r];L’(Q)). (31)
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Fixing t, € (v, To + 7], and letting Tp + T > £; > £y, then we have

|[(@w)(t) - (Pw)(2s)

L7(Q)

= (e - el gy +

151 _
/ AN (s, wy) ds
2

L7(Q)

+ +

L7(Q)

/tl Al (w(s)) ds

[1- e‘A(tl_tZ)] /tz A IF (s, wy) ds

L7(Q)

In the above, the first and fourth term trivially go to zero as t; — £,. Let us consider the
second term. For this term we have

151 _
/ AN (s, wy) ds
7]

L7(Q)

t
< C/ (1 + "Ws + Vs“Cy,Lr(Q)) ds

5]

= C(IBllcy gy + sup [ W) +¥(5) (g ) 12 = 2) + Cltr — 1)

se(t,t1]

< Co(t)(t1 — t2) + C(t1 — t2),

which goes to zero as t; — ¢;. Similarly, the third term also goes to zero as t; — ¢;. The
case t < t is similar.

Let us now show that ||®(w)(¢)llzr) < u + 1, forall t € (z, Ty + t]. For x,; € C((—00,0];
L"(2)) fixed, choose r <« 1 and Ty < m such that, for any ¢ € (z, Tj + 7], by (9),
we have (|2 y, [|1r@) < 1, and [[e2r| ) < 7.

Based on the above fact, we have

|em)@)

L1(Q)

—A(t-7)

<[ w(r)

t
ret CA+D(t-t)+CA+M)(t- 'C)/T Iwslic,r g ds

<| e‘A(t’T)rHC . e x, ”C%Lr(ﬂ) +CA+1)(E-1)(1+w(2))

y.L7(Q

<7+ lxellc, g + CO+ D(E =) (1+ w(0))

<u+r+C+1)(t-1)(1+0().

On the other hand, it follows from Lemma 3.3 that ® is a strict contraction in K(7,) and
that

||<I>(w) - d(v) ||K(TO) <C+ 1Dt -1)o®)llw—-vlkmy, telr,To+t].

The simple computations above suggest that we can choose T; small enough so that the
map P is contraction from K(Tj) into itself. By the Banach contraction principle we see
that ® has a unique fixed point in K(Tp). We will denote this fixed point by w(t, ¢) for
te(r,Ty+ 1], ¢ € C((-00,0],L"(R2)), and it is defined for || — x:|lc , < p. Note that
from (31) w(t, ¢) € C((-00, Ty + T]; L7(£2)).

Let us prove that (¢ — r)||wt||cy o > 0ast— Tt

y.L7(Q
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From Lemma 3.3,
(¢ =) |we) ||Lr<sz>

=< (t - T) ||3A(tir)¢(0) ||L’(Q) + (t - T) / ||eA(t—s) (fl(w) +_f(S, WS)) HLV(Q) dS

< = D00 gy + C+ =) [ (14 Il )

+CA+0)(E-Dlvsllc

y,LT(Q)°
By Lemma 3.5, we obtain
(t - T) ”Wt”CV‘Lr(Q)

t
< (6= DBl gy + CL+ =) [ Il + CL A=),
Thus by the Gronwall inequality, we have

(t—Dlwellc, ,rq,
<(t=D)lc, e + CA+1)(E-T)
+ (Ipllc, 1 + CA+)(E-7)CA+2) [exp (CA+N0)(t-s)ds
< (Iglic, i + CA+A)(E-1)

+CA+ (PN, 1 + CL+ 1)) (£~ 7)*exp (C(L+A)(t - 1)

) t—)l’

Moreover, if Vo, ¢, € BCV L,(Q)( Xz, 7), taking into account the estimates of Lemma 3.3
and our choice of Ty, we have

” W(t’ ¢1 (0)) - U(t7 ¢2(0)) L'(Q)
< ' (¢1(0) - 92(0))

L(Q)

+ / I[F (s, wy) — f(s,v5) + i(w) — (V)] ds

L1(Q)
t
<0180l gy + CL) [ 0= vy gy s

=[@-elc ., +C(l+A)(t—r)||(¢>1—@)HCMQ)

+C(1+A)/ Sup

By Lemma 3.5, we have

sup [ w(t,$1(0)) = v(£,6:(0) |

0e(t,t]

= (1+CA+NE-0)e g -,
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Furthermore,

[weto 1) = vl
<@+CA+M(E-1)| (P -0 ¢ (CU(E-)

<Myt -1)|(¢1 - $2) ||Cy,LV(Q)eM1(t_Z)’

where M; =1+ C(1 +1).
This concludes the existence of the theorem. Notice that, from the existence part, we see

that, for any ¢ € Bc, (xz»R), there exists a unique solution in the sense of (8), defined

LT ()
in [t, Ty + t]. The uniqueness of solutions for Eq. (11) is proved. O

Theorem 3.7 Assume (2)—(6) hold. Let 1 <r < oo,g € LI (R;L"(R2)) (r> 1),z € (—00,0]. If

loc

v, € C((—00,0]; L7(R2)), there exist 0 < R(v;) < R(x.) and To(v;) < To(x.) with the property
that, for any ¢ € BCy,LV(Q) (ve, R), there exists a continuous function u(-;¢(0)) with u, = ¢:

ue C([r, To + ), L7(R)), (32)

which is the unique solution of (1) in the sense of (8). This solution is a classical solution
and Nt € (t, Ty + 7] it satisfies

u; € C((—00,0;L7(R2)) (33)

and

tlim+(t -1) sup &*|ult+z¢) (34)

re =05
z€(-00,0] r@

ifVY1,¢2 € By 1r(e)(vr, 1), then

sup €% |ur(t +2,¢1) = rt + 2,8) | ) < Mt = )" Ny — ol gy (35)

z€(~00,0]

Furthermore, the time of existence is uniform on any bounded set (respectively, compact
set) S ony'Lr(Q).

Proof By Lemma 3.1 and Lemma 3.6, Eq. (1) has a unique solution u# € C((-o0, To]; L"(£2))
satisfying (33)—(35). O

3.2 Local existence of solutions of (1) in C},IWU(Q) (1<r<N)
Lemma 3.8 ([21]) Foranyt; <t;, 0< %1 - %, where % + é =1, we have

2
/ A2 g (x,5) ds
5]

Wl,r(Q)

-1
2.

1 \7
1
< <1 _ z) ||g(x’ t) HLZ(tlth?Lr(Q))(tz - tl)q
2
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Furthermore, Eq. (10) has a unique solution v(t) in the sense of (8) such that

v(t) € C([r, Tol; W(Q)) N C([r, To + T W(Q))

satisfies
t
V(t) = / A (x,s) ds. (36)
Proof We have

5]
/ A2 g (x,5) ds
151

Wl,r(Q)

=<

ty
/ (tr—5) Fglx,s) ds
51

Q)

< </2(tz—s)%ds)q(fzﬂg(x,s)
1 \#
5(1_%)|Mu¢>

Lemma 3.9 Assume (2)—(6) hold. Let 1 <r < N, z € (—00,0]. If x; € C((=00,0]; W' (Q)),
there exist R(x.) > 0 and To(x.) > 0 with the property that Vt € (—00,t) for any ¢ €
B¢

Y, Wi (@)

1
r r
Ly (BL (<)) ds)

1 1
(e (f2 =072 0

L{OC
(xz>R), there exists a continuous function w(-; ¢(0)) with w, = ¢:
we C([r,T0+r];W1”(SZ)), (37)

which is the unique solution of (11) in the sense of (8). This solution is a classical solution
and Nt € (t, Ty + 1], z € (00, 0], satisfies

w, € C((~00,05; W' () (38)
and

lim(t-1) sup e*|w(t+z9)| wirg) =0 (39)

t—>t* 2€(-00,0]

and if ¢1, ¢, € BCy,WLr(m(Xf’R)’ then

sup €% ||w(t+z,¢1) - vt +2z,¢)| wirg =M Toe" 7| ¢y — ¢2 e, wirq (40)

2€(-00,0] )"
Furthermore, the time of existence is uniform on any bounded set (respectively, compact
set) S of C,, wir(q)-

Proof For Vt € (v, Ty + 7], z € (—00,0] and any w,v € C((—o0, Ty + t]; W (Q)), using
(2),(3), we obtain (13) and (14). The remaining part of the proof is similar to Lemma 3.6.
O
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Theorem 3.10 Assume (2)—(6) hold. Let 1 <r <00, r > 1, z € (—00,0]. If v, € C((-00,0];
WL (Q)), there exist 0 < R(v;) < R(x.) and Ty(v;) < To(x.) with the property that for any

¢ € BCV (m(vf,R), there exists a continuous function u(-; ¢(0)) with u, = ¢:

wlr

ueC([t, To +1l; W“(Q)), (41)

which is the unique solution of (11) in the sense of (8). This solution is a classical solution
and Nt € [t, Ty + t] it satisfies

U; € C((—oo,O]; Wl”(Q)), lim (¢t - 1) sup eVZ”u(t + z,qb)” wlr() = 0, (42)

ittt z€(-00,0]

and if 1,¢, € ch (m(v,,R), then

Jwlr

sup e’? || u(t +2z,¢1) — u(t + z,¢o
z€(~00,0]

<Mi(t -0 Ngr - dallc 0,

)” wlr(Q)

@ (43)
Furthermore, the time of existence is uniform on any bounded set (respectively, compact
Set) S OfCV’Wl,r(Q).

Proof 1t follows from Lemmas 3.8 and 3.9. The proof is similar to Theorem 3.7. Here we
omit the details. 0

4 Uniform estimatesin C, ;1@
Lemmad4.1 Assumethat (2),(3),and (6) hold, g € L] (R;L’(S2)), and there exists a positive

loc
constant o such that

(A—(e2+m +e)(r-1)—a)>0 (44)
and
27k}
L:= (m1+k(’—f)) <a<ry. (45)

Then, for any initial data ¢ € C,, 1r(q), any solution u; of Eq. (1) satisfies

t
o
r < 0T pmat r _® =(r-1) —at oS r
el gy < 7€ NDNG, ) + ——7 Ca vy Ve e lg() [,y s

(a—L)t (L-a)t r
sree g

4 5 Dl / t (€7 gts)

2,(9)) ds, (46)

where &,, g4 Will be determined later on.

Proof Multiplying (1) by |u(t)|"2u(¢) and integrating by parts, we get

)

1d r 4(r-1) ,
;%Hu(t) er)+r—2/Q|V(|u(t) 2dx+/9,\\u(t)] dx



Ran and Li Boundary Value Problems (2018) 2018:99 Page 14 of 29

0
=/F(t,u(x,t—p(t)))|u(t)|r72u(t)dx+// G(t,s,u(t+s))|u(t)‘r72u(t)dsdx
Q Q J-00
" / g(t,2)|u(®)| " ule) dx. (47)
Q

We fix two positive parameters ¢; and &4 that will be chosen later. Then, by assumptions

(2), (6) and Young’s inequality, we have

/ F(t, u(x, t— p(t))) lu|"2udx
Q

< / |E(t,u(x, - p(2))| |u0)] "™ d

gt (1) _1 .
< kL'l + Kl o +el<” - )||u<t) . (48)
and
/ D] dx</|g(tx)y|u )07 i
Q
A r—1 ;
s G el ()
Therefore
d ’ 4
E”u(t) vt (r /|V | (t)| )| dx+(rk (&1 + &4) (r—l)) ||u(t) @
<erY (k1|Q|’+k’||ut||C e +r/ / G(t,s,ult +5))|u(t) | u(t)dsdx
4 " ||g(t) L'(Q) (50)
Let o > 0, it will also be determined later. Then
dt( O[t” Z’(Q))
ot r ot d r
= e [u®)]| gy + ¢ 4O )
( 1) ott ot
P — |V u(t)|? )| dx—(rh—(e1 +ea)(r—1) —a)e ||u(t) @)
+e]" Y e“t|/<1|’|sz|’+e;(’ 2 e, e, +e," Ve |2 .
0
+ re‘”/ / G(t,s,u(t+s))|u(t)|r_2u(t) dsdx. (51)
Q J-o00

Integrating from t to ¢, we have

< ear ”

t
@~ / (rr—(e1+e)(r—1) —a)e”| o 9%
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ot t
—(r-1) r r€ -(r-1)zr as r
+e1 k1L —ta kz/ e ||Mt||Cy,Lr(Q) ds

t 0
oS r-2
+ r/r e /Q [w G(s, z,u(s + z)) ’u(s)’ u(s)dzdxds

t
A T
T

@ ds. (52)
By assumption (3), (6) and Young’s inequality, we obtain

r

¢ 0
oS iy
/; e /Q /_oo G(s, z,u(s + z)) |u(s)| u(s)dzdxds

t 0
as r-1
< r/r e /S;/_OO!G(S,Z,M(S+Z))||M(S)| dzdxds

t t
< 82_(’_1)m6|9|’/ e ds + &y(r — 1)/ **|us)
T T

.
@ ds

r

@ ds

t t
—(r-1
+£3(r )mI/ e"‘s||us||'cy‘mm dS+83(7‘—1)W11/ e‘””u(s)
T T

(-1 eat t .
<& )m6||52||27(9)? +82(r—1)/ || u(s) ()8
T

¢ t
—(r-1
+e5" )mlf ellslE, e, d”gs(r_l)ml/ &[4[} ds: (53)
T T

where &, and g3 are other positive constants to be determined later.
Combining (52)—(53) we conclude that

r

¢! ue) 17(9)

IA

e’ H u(t)

r kIQ"  myl" L,
v\ ot o )¢
g o & o

.
@ ds

1 t
;mﬁlemkw

4

—(rh = (e1+ &2 + E3my + &4)(r - 1) — @) /te‘“ [[us)

t
my kg as r
+ <—(r—1) + —S(H) i e ””S”CV,H(Q) ds +

€3 1

e 5. (54)

Choosing &1 = A, €3 = 1, we now can choose positive constants g, and &4 small enough
such that (A — (&9 + 7711 + 84)(r — 1) — ) > 0. Then

ot r

€ ””(t) 1(Q)
<e‘ﬂ“ld(r) . ki@ mlQF et
= r@ '\ 1Dy eg_l)a

ey ds- (55)

k- t (1 t
+ (m1 + )L(r—%l))/ e lluslc,, o 45+ e )/ e*||g(s)
T T
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Now set ¢ + 6 instead of ¢, where 6 € (—00,0]. By the assumption (45), we have o < ry.

Multiplying (55) by e=*®*?) and e'7?e~"7?, it follows that

_ e—ott
sup er7/9 ”u(t+9)”L' <e O’tem||¢||rc e + CQ + =) / Hg S)
0e(r-,0] V’ £, T

K ‘
—at oS r
' (m1 ’ A(r—1)>e ,/r e lsllc, ) @5

where
k| mh|
Co = ( (1r|—1)| + (S—|1)| >
A o 82 o
Note that

e ”u(t+8) 2( Q)

= e”’9H¢> t+0-1)|"

()

— -1 a(t-
e NGl Lo < INBIE Lo

Z,kl < a. Then it yields

Let L:=m; + I

t
at r ot r at —(r-1) s r
<
”ut”Cy,LV(Q) <re ||¢||CV’U(Q) + Coe™ +¢, ]; e Hg(s) (@) ds
2k [f
s r
(e o) [ el o
t
t —(r-1) r
< re®* ||¢||rCy,Lr(sz) +Cqe™ + &, / & Hg(s) ”er) ds
T
t
oS r
+L/t e ||us||C%H(Q) ds.

By Fubini’s theorem and Grownwall’s lemma, we find that

t
t —(r-1) r
el g < TETNDIE, g + e / ¢ g(s)

oy 98

(a—L)t Lt r
+re el ||¢||CV,L’(Q) +

t
+8;("1)6L‘/ ( a-L)s ||g(s)
T

L’(Q)

Hence, (6) and condition (45) imply that

t
o
r —at (r-1) —at as r
l4el, gy < CreIBIE, 4y + ——7 Carer Ve / _le@ 1)

+ r,e(olfL)Te(Lfa)l ||¢ ”Iéy‘

+8;("1)6(L’“)t / t (e(“fL)S”g(s) f
—00

L’(Q)) ds

A
= RI,CV‘Lr(Q) (t’ ¢1g7 o, L)

L"(Q

—e (tr)eryt+01H¢t+0_r)

ds

Q)

, VO e (-oo,T —t].

(56)

(57)

(58)

(59)
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For each t € R, let

Rl'cy,LV(Q) (t) = {M € Cy,Lr(Q) | ”ulley,Lr(ﬂ) = Rl,Cy,Lr(Q)(t’ ¢:g; o, L)}, (60)

which implies that the family of bounded sets B = {Bg, . ) (£)}ser is pullback absorbing
Ty

LT (Q

for the process {U(t,7)} on C, 1r(q). O

5 Existence of the pullback attractorsin C,, ;r(g) (r > 2)

In this section, we will discuss the case where the external forcing term g belongs only to
Lj (R,L"(S2)). Inspired by the idea for proving the existence of global attractors in L"(£2),
we modify Theorem 5.11 [18] to prove the existence of the pullback attractors in C, ;r(q).

Lemma 5.1 Hypotheses (2), (3), (6) hold, and g € C(R; L*(Q2)). Then there exists a pullback
attractor {Acy

Eq. (1).

2 ()}ser for the processes {U(t, )} on C,, ;2o generated by the solution of

Proof By Theorem 13 [10], the processes {U(¢,7)} on C,, ;1 (q) associated with Eq. (1) has
a pullback attractor ACy,Hl @ From the Sobolev embedding theorem H'(Q2) <> <> L2()
and C, j1(q) € C) 12(0) ACy,Hl(m is a pullback attractor for the processes {U(t,7)} on
C, r2@)- O

Lemma 5.2 Let {U(¢,7)} associated with Eq. (1) be an evolution process on C, 1) with
a pullback absorbing set D = {D(t)};cr on C, 1r(q). Then, for each t € R, for any ¢ >0, and
any pullback absorbing set D C C, 1), there exist T = T(D,t,&) >0, M = M(e) > 0 such
that

m(Q't(|U(t,t+z)u°(t+z)| zM)) <e, forany —z<T,and u?(~) eD,

where m(e) denotes the Lebesgue measure ofe C Q and Q,(|u;(z)| = M) £ Uze(foo,()] {xe Q|
lu(t + z,x)| > M}.

Proof From the assumption that {U/(¢, T)} has a pullback absorbing set in C, ;r(q), we know
that there exists a positive constant My, such that, for each ¢ € R and for any pullback
absorbing set D of C, 1), we can find a positive constant T which depends on D, such
that

” Ut t+2)u’(t+z ) <My, forany —z> T,and u?(-) eD.

r
)H Cy,LV(Q

So, we have

2My > 2 sup eVZ/|LI(t,t+z)u0(t+z)|rdx
Q

z€(~00,0]

> sup eVZ/ |U(t,t+z)u0(t+z)|rdx
Q; ({|u(t+z)| =M1 })

ZE(—OO,—Tl]

+ sup eyzf |U(t,t+z)u0(t+z)|rdx
ze(-T1,0] Q({lu(t+z)|>M;1})
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>erh </ M{dx+/ M dx)
Q;({|U(t+2)ud(¢+2)| > M1 }) Q({|U(tt+2)ud (t+2)| =M1 })

> 2e_VT1MIm(Q({|LI(t,t +2)ul(t + z)’ > Ml}))

This inequality implies that m(S2,({|U (¢, ¢ + 2)u’(t + z)| > M1})) < ¢, if we choose M large
enough such that M; > (;/4—}’18)%, 0

Lemma 5.3 For each t € R, any ¢ > 0, the pullback absorbing set D of process {U(t,7)}
associated with Eq. (1) on C, 1r(q) (r > 0) has a finite e-net in C,, 1r(q), if there exists a positive
constant M = M(g) which depends on ¢, such that

(i) D has a finite (3M)*""(£)3 -net in C, 12,

(ii)
( sup e’ / |u(t + z)|rdx>
2€(-00,0] Q7 ({|u(t+2)|=M})

< g for any u,(-) € D. (61)

7

Proof For each ¢ € R, any fixed ¢ > 0, it follows from the assumptions that D has a finite
3m) 2"
( 25)7"/2
can find some u; (1 <i < k) satisfying

-net in C, ;2(q), that is, there exist u},...,u} € D, such that, for each u,(-) € D, we

” ult+2z)—u(t+2) HEZ(Q) < sup e ” ult+2z) —u(t+2) HEZ(Q)
z€(-00,0]

p
= sup e”z”m - ui”iz(m < (3M)Z (%) . (62)

z€(~00,0]

Then, obviously, we have

|| : || (
U u
¢ y,L"(Q)

< sup eVZ/ |u(t +2) - u'(t +2)|" dx
z€(-00,0] QF (|lu(t+z)—ul (t+2)|>3M)

+ sup e’* / |u(t +2)—ul(t+ z)‘r dx (63)
z€(~00,0] QE(Ju(t+z)-ul (t+2)| <3M)

and

sup e’

/ ’u(t+z)—ui(t+z)‘rdx
z€(~00,0] QE(|u(t+z)-ul (t+2)| <3M)

z€(~00,0]

< (3M)"2(3M)2"<£>r _ (5> (64)

<@BM)? sup eyZ/ }Mt - M”de,
Qe <3M)

2 2

On the other hand, set

Qf = Qf(|u(t+z)| > %) N Q§<|ui(t+z)| < %),
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Qé:QZ(|u(t+z)| M)ﬂQZ<|u(t+z)| ?),

- Juce+ 9] = 3 ) e (Jule v = 20,

then we have
QL (Jult +2)| =3M) C Q{UQBUQS

From the simple facts that |u(t + z) — u/(t + 2)| < 2|u(t +2)| in QF and |u(t +z) — u'(t + 2)| <
2|ui(t + z)| in %, combining with (61), we have

sup e’? |u(t +2) - u'(t +2)|" dx

z€(-00,0] /S;f(u(t-v—z)—u%ﬂz)bfiM)

< sup €” |u(t +2)—ul(t + z)\rdx + sup eyz/ |u(t +2) —ul(t + z)|rdx
z€(-00,0] Qf z€(-00,0] QF

+ sup eyZ/ !u(t+z)—ui(t+z)|rdx
4

z€(-00,0]

<2" sup eyz</ !u(t+z)|rdx+/ |ui(t+z)|rdx
z€(~00,0] QE (Ju(t+2)|>M) QE (|ul (t+2)| =M)

+/ |u(t+z)|rdx+/ |u"(t+z)|rdx>
Q (|ult+z)|=M) QF (|ul (t+2)|=M)

,
<22 9@ er - (%) . (65)

Substituting (64) and (65) into (63), we can deduce that

) e €
sup e’?|lu(t +z)—u'(t +z) <—-+-=g¢,
c(co00] || L7 () 2 2
which means that D has a finite e-net in C, ;r(q). O

Lemma 5.4 Let D be a pullback absorbing set in C, 1) (r = 1). If D has a finite e-net
in Cy1r (r = 1) then there exists a positive M = M(B, €), such that, for any u.(-) € D,
z € (—00,0], we can find

sup eVZ/ |u(t + z)|rdx <2rler,
2€(~00,0] QF (|u(t+2)|=M)

Proof Since D has a finite e-netin C, ;r(q) (r > 1), for each ¢ € R, we know that there exist

ul,..., u’[ € D, such that, for any #,(-) € D, we can find some #! (1 <i < k) satisfying
sup eVZ/ |u(t +2)—ul(t+ z)‘r dx <¢g'. (66)
€(~00,0] Q¥ (|u(t+z)|>M)

Simultaneously, for the fixed ¢ > 0, there exists a § > 0, such that, for each u/, 1 <i < k, we
have

sup eVZ/|u(t+z| dx<é¢', (67)

(—00,0]

provided that m(e) < § (e C Q).
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On the other hand, since D is bounded in C, ;-(q) (r > 1), for the fixed § > 0 above, there
exists M > 0, such that m(S2;(|u(t +z)| > M)) < é holds for each u; € B. So, m(Q(|u(t +z)| >
M)) < 8 also holds for each u, € B.

Therefore,

sup e”/ |lu(t +2)| dx
z€(~00,0] Q% (|u(t+2)|>=M)

= sup eVZ/ |u(t+z)—ui(t+z)+ui(t+z)‘rdx
QF (|u(t+z)|=M)

z€(~00,0]
<2" sup e”Z/ |u(t +2) —u'(t+2)| dx
2€(-00,0] Qf (|u(t+2)|1=M)
+2" sup eVZ/ ‘ui(t+z)‘rdx
z€(-00,0] QZ(|u(t+2)|=M)
<o, (68)
a

Lemma5.5 Foreacht € R, forany e > 0 and any pullback absorbing set D € C, (), there
exist two positive constants Ts = T3(B, &) = max{T1, T»} and M = M(¢), such that

sup eyzf |u(t + z)|rdx <Ce, forany —z> Tg,u?(~) eD, (69)
QF (|u(t+2)|=M)

z€(~00,0]
where the constant C is independent of ¢ and D.

Proof For each ¢ € R, any fixed ¢ > 0, there exists § > 0 such that if e C Q2 and m(e) < 4,
then

/Iqb(x)lrdx <Cs, (70)

where ¢(x),g(x) € L"(2). Moreover, from Lemmas 5.1, 5.2 and 5.4, we know that there
exist T = T(D,¢) >0 and M = M(¢g), for each —z > T, u;(-) € D, we have

m (% (|u(t +2)| = M)) <min{e,8}, foreachteR, (71)
and
sup eyzf |u(t + z)|2 < 8¢. (72)
z€(-00,0] Qi (|u(t+2)))=M

Thus, we also have
/ u(®)|* <8¢, forte[T,+o0]. (73)
Q0 (ju(t)|=M)

Multiplying (1) by (z — M)"~! and integrating over Q2 = Q%(u > M), we have

u
/ —(w-M) dx—/ Au(u— M) dx
Q?(u>M) ot Q?(u>M)
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+ / Au(u — M)i‘1 dx
Q?(u>M)

= / St u)(u— M)i_1 dx + / gt x)(u - M)i_1 dx. (74)
Q?(u>M)

Q?(u>M)

After integrating over Q9(u > M), (74) becomes

1 d r r— r—
;%”(U—ML”U(Q)—/O Au(u—M)+1dx+A/ u(u— M) dx

Q7 (u>M) Q?(M>M)
:/ F(t,u(x,t - p®)))(u - M) dx+/ g(t,x)(u— M) dx
Q0 (u>M) 22 (lul>M)
0
+ / ‘G(s, z,u(s + z)) |(u - M)f:1 dzdx, (75)
Q?(u>M) —00
where
u-M, u>»M,
(u-M), =

0, u <M.

Let QY, = Q2(u > M), then we have

1d
;E”(M—NI)Jr

Zr(g) - /0 Au(u —M):—l dx + )\/Q u(u —M):_l dx

0
1t 1t

:/ F(t,u(x,t—,o(t)))(u—M)f:ldx+/
Q0 0

1,t S—zl,

0
+/0 / G(s,z u(s +2))(u—M); " dzdx.
Ql,t —00

gt x)(u —M)fjl dx

We now estimate every term of (75). First, we obtain

_/QO

Lt

Au(u— M)V dx=(r- 1)/ Vi |(u —M)+y"2w dx>0 (76)
o}

and

x/ u(u — M) dox > 1| (u - M), (77)
QO

1t

()"
By the assumption (2), (3), (6) and Young’s inequality, we have

/0 F(t, u(x, t— p(t)))(u - M) dx

=D

<t f |F(x,u(x,t—p(t)))|rdx+(r_l)glf (u— M), dx
0 Q

r 0
$21 1t

) KD
< / |k |” dx + L/ e "D u(x,t — p(0))| dax
Q r Q

0 0
1,t 1t
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-1
N
r af,

[y re Y (r—1)e;
|k1]” |Lr QO )+ e

r
=

” t”C Lr(Q(l)’t)r (78)

”(M _M)+

yLr(@d)

/ f (%2, u(s +2)) (u — M) dzdx

0
5/ f |m0(z)||(u—M)+|r_ldzdx+/ / ml(z)|u(t+z)(u—M)f:1dzdx
Q(l),t —00 Q(l),z —00
—(r-1)

-1
<2 /0 |m0|’dx+7(r Je2 (u— M), dx
r

r Q1 1

ne; Y , my(r—1)es ,
+— ‘u(t+z)| dx + ——— (u— M), dx
r Q0 Q0

r
1t

8—(r—1)
2 |mpl’
r

Lr( QO )+L”(u M)+

my(r—1)e3
ol

IA

@)

u(t +z)

Lr(QO ) (79)

and

f gt x)(u—-M)dx < / |g(t,x)|(u - M) dx
QO 0

1t Ql,t
8—(r—1)
_4—/ |g(t x)| dx+ / (u— M), dx
r Q)
—(r-1) (
r r— 1)84 r
< ) LY(Q(l),t> + 7 ” (M _M)+ Lr(Q(l),z). (80)

Combining with (76)—(80), we can conclude that

d
% ”(M _M)+

r r-2
L(Q)+r(r—1)/go Vu(u - M), “Vudx

1Lt

+ r)»/ u(u —M)f:1 dx
o

0
1t

§sl_(r_1)f |k1|’dx+8;(r_l)/ |mo|” dx
0 0

Ql,t Ql,t

+(r—1)(e1 + &y + mye3 + 84)/ (u— M), dx
o},

KDt / u(et—p@)| dx

Ql,t

+mls§(r71)/0 e’*|u(t +2)| dx+s4r D / lg(t,%)|" dx. (81)
Q

Lt

We also have

d r
—”(u—M)+ (@

) (-1
< a0, ) + " |k1|LrQO re;" )|m0|2r(9(1)t)
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—(r-1
+ ke w1

+(r=1)(er + &2+ mies + ea)| (= M), [ g0

—(r-1)
+meg el

1) r
V’LV(Q(l),t) ”g(t’ x) ”L"(Q?,z)‘

Let o > 0, which will also be determined later. Then
d -
ar’ t“ (- M), ”U(Q)

r o d r
:aeat||(u_M)+||r+e tE”(u_M)Jr”r

—(rh —a = (r=1)(e1 + &3 + mye3 + £4) )™ || (u — M), Z, @

+ (7"l

+ 82 Vil e+ 84 gt )|,

@) (@) ))

+ (KeT" Y 4 e D) e uy || .
( 2¢1 1¢3 ) ” t”CV,L'(Q(l)’[)

Let A= (rA—a —(r—1)(e1 + &3 + m1€3 + €4)). By Gronwall’s inequality, we have

¢! - M), ”2’(9}’0)

t
< Al r” (u(‘[) M) Hrcym )+84<r 1) —At/ (A+a)s Hg S’x)”U ) ds

t
+ (kgglf(r—l) n mlg?:(rfl))e—At/ (A+ar) s”uS”C e ds
T AT
ot
r-1) €
+ (&) |k1|Lr Qo)+82 |mo|Lr o )m

Thanks to (46), and letting o > @ > o*, we can deduce that

t
(kgsl i mleg(r 1))e”” eArs| |y |Im. L ds
. YL@ )

OlCle

< (kgg1 1)+m183(r 1))(—|I¢||c 1rly) m

o 1 t e(a—L)TeLt
+ 84(;’ I)Z/ &% “g(s Lr@ly) ds + W”({b”e
—00

ret [ g )
4 (A+L) . g Lr(QL},O) .

Multiplying (84) by e, we have

1
y,L" (Qt,0>

”(u M)+

L7(2)
(r-1)
&1 |k1| 0
179
< e’A(t”)eme’“tH (u(r) —M) HVC + ©1)
yr@9 ) A+
(r-1) r
t &y |m0|L 0
—(r— "(Q7,)
+ 84(1" l)e—(A+a)t/ eA+oz ”g(s,x) i QO ds + " 1t
oo +a

L(ed,)
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(82)

(83)

(84)

(85)
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(MCQO

+ (ke "V 4 e 7Y) e’ e—‘” ||¢||c A1)
@9 ) (A +a)(a—-L)

(r=1) 1 (a L)t ,—(a—L)t
+ &g Afe“f | g(s) mo ds+—— ||
—00

(A+1L) v @)
—(a—L)t t
—(r-1)€
e [

@ )) ds)

t
<e"e (¢ - M), | . +Ce‘(A*"‘)t/ 4| g(s,x) || 1) ds
VLT (97 ) —00
+Cmgﬁg+cw%ﬂwmgﬂmm+cq&
k 1t g
t
+Ce_°‘t/ eX|lg(s) |, 0  ds + Ce @ DT e @Dt 7
| le@ireg, 191, 10
t
+Ce’(°"L)t/ (e a-L)s || Lr(QO ))ds. (86)
—-00

Now replacing ¢ by £ + z, similar to the arguments in Lemma 4.1, in view of (45), we have

ryz”(ut M)+ Lr Qz )
( ) r (A+a) '

ot —at (ry—a)z —(A+a)t (A+a)s

<eTe e |(® —M)+”CyLr(QZ [+ Ce / | g(s,x) erz ds
” 1,t —00
z (ry-a)z ot _—at r
+ Cm(Ql,t)e +Ce""e ||¢||C%Lr(9?t) + CCQit
( ) ' (a=L) (
—at (ry—a)z os a-L)t —(a-L)t (ry+L-a)z
+ Ce e [m M@Lmzﬁ+@ e HW@U%>
(=Lt ( ) ' (a-L) r
—(a—L)t (ry+L-o)z a—L)s
+ Ce e [ (e ||g(s) L,(Qi[)) ds. (87)
Furthermore, by (57) and (70), we have
u —
“( L + ”CV'L'(Q@
t
< e e e + Cse™ (A“")t/ AT do 4 Ce + Ce* e e + Ce
-0
t t
+ Ce"”s/ e* ds + Celo Lt g=le=Litg | Ce’(“_L)tsf el@=s g
-0 —00

<e¥Te™ e 4+ Ce+ Ce+ Ce®"e e + Ce + Ce + Ce @ Dtgle-big 4 g
<Cg, (88)

where o > L. Repeating the same steps above, just taking (u(¢ + z) — M)_ instead of (u(t +
z) — M),, we deduce that

” (u(t +2)— < Ces. (89)

)1 <

From (88), (89) and Lemma 5.1, we know the hypotheses of Lemma 5.3 are all satisfied.
Therefore the process {U(t, t)} generated by Eq. (1) is D-pullback w-limit compact. [



Ran and Li Boundary Value Problems (2018) 2018:99 Page 25 of 29

Theorem 5.6 Suppose in addition to the hypotheses in Lemma 4.1 that g € C(R,L"(R2)).
Then the processes {U(t, )} on C, 1r(q) generated by the solution of Eq. (1) with uy € C, (@)
has the D-pullback attractors {Acy, @ (t)}ter.

Proof From Theorem 7.1, Lemmas 4.1, 5.1 and 5.5, now for every bounded subset B in
C, .17 (@), the process generated by Eq. (1) has the pullback attractors in C,, ;7(q). O

6 Uniform estimatesin C, y1(q)
Let semigroup e’ has the following higher smooth effect [19]:

e ] o < MEP e |xllpe, x€EPt>0,0<a<B,0<8<As. (90)
Lemma 6.1 Suppose the conditions of Lemma 4.1 hold and
a<r(d-n)<ry, r>2, (91)

holds, the family of processes {U,(t, T)} is uniformly dissipative in C,, y1.r(q), where g(x,t) €
Lj, (R; L"(2)), n > 0 will be determined later.

Proof Choosing a7 with & < «; and using (46), we obtain

t
—aq (t-s) r
[ el g
b o9 o
< —oq (E=s aT —as r
<[ (re DI, gy + —3 Co

s
+ E;(V—l)e—as/ eozl ”g(l)
-0

1y AL+ e e

Y.L (9)
S
+8;(r—1)e(L—a)s/ e(ot—L)ng(l) ;(Q) dl) ds
-0
< S e vce S [ e ds
T -« Crir@ o —a 189
Cela-L)t pll-a)t . Cella)t .
(a=L)s r
T Tai—a+l to—— | e )|, ds
Py L (GO al_mLf_oo |} @
A
= Q(ali a;L, T, ¢7g01 t). (92)

It is obvious that Q(ay, o, L, T, ¢, 8o, t) is bounded, as T — —oco. From the well-posedness

of (1), we know that the solution of (1) satisfies
t
u(t) = A ulr) + f eA(H)[—ku +f (%, us) + g(x,5) ] dis. (93)

Therefore, using (90) and choosing o; >0, 7 >0,g=-= <2,r>2suchthat0O< o <r(§ -

r-1
n) = oy < ry, for each ¢ > t we obtain

@) Wirg) = HeA(H)u(r) + /teA(H)[—Au +f (%, u5) + g(x,8)] ds

Wl,r(Q)
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t
= ”eA(t_t)”(T)“ wlr(Q) +)‘/ ”eA(H)”” wir(g) 48
T
t t
N / A1) g1y s + f €9 g00,5) [y g 5
< M1 ) | o +AM2/ (= 574 uly ds

+M3/ (t—s5) 270 ||F(s,u(s—p(s)))||mm ds

T
t ) 0
+My | (t—s)" 270 / G(s,z,u(s +2)) dz ds
T —00 L7(Q)
t
L (-
85 [ (6= A g9 s (o)
Then, by (46), (92), Hold’s inequality and Young’s inequality, we have
¢ 1
My / (t-5) 2 lull o) ds
T
t 1 % t 7
< AM, (f (t_s)—jqe—w(t—s) dS) x (/ e—r(é—ﬂ)(t—s)"ullzr(g)>
T T
MM t MM
< _2(/ (t_s)—%qe—q')(f—s ds) + _2(/ e V(S—U)(I—S)”unzr(g) dS)
q T r T
AMI(1-14 AM
< 21( 12)+ 2</e(ént3”u”r dS)
q2—7qn1—7q r -
AMT(1 -1y M,
= 51 1 12 + Q(V(5—77)»Tv¢rg0»t)
q _Qqn _fq r
AMT(1- 1)
é 217112 +R2 wlr(Q (V((S T]) T, ¢) 8o ) (95)
q _7‘1;7 —24
Similarly, combining (2), (3), and (6), we have
¢ 1
Mgf (t-5)" 2| F(x,u(s - p(s))) e 98
T
t 1 % t 7
< Ms; </ (t_s)—iqe—qﬂ(!—S) ds) x (/ e—r(S—n)(l—S)||F||£r(Q)>
T T
t t
< % </ (- S)—%qe—qn(t—s) dS) + % </ e—f(5—n)(t—s) ”F”ZV(Q) d5>
q T r T
Msr(1-%)  M; _ _
<—— 2y —/ g Tt KNI ) + ke 70O | u(s - p(s)) |7, Q))d
g
MsT(1-1)  Mski|], Ky M.
< 3]( 12)+ 21 L7(Q) 2 3Q(r(8—n),t,¢>,g0,h,t)
qz_iqnl_iq r2(6 - 77)
MT(1-3%)  Mskilprq
£ 2 @ 4 Rywir (16 = 1), 7. 6,0, 2), (96)

= +
g1tz 8 -n)
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ds

Q)

¢ 0
M, f (t- s)’%e"s("s) f G(s,zuls +2)) dz
T —00
1

t
<M, </ (t- s)_%qe_q”(t_s) ds) !
T

t 0 r :
x( / e 0-mlE=s) / (mo(2) + m1(2) |uls + zo)|) dz >
T - L1(Q)

M, L(1-9) M, ! -
LD M g [ ds v [
T

- q2—7qnl—jq
(97)

(o]

2r—1M4mr|Q|r
. R4,W1’V(Q) (’"((S - 77)7 T, ¢;g01 )

MD(1-9) .
r} (8 —n)

qZ—%qnl—%q

>

and
t
[ 12005, 10
T
‘ -1 —8(t-s)
<Ms | (t-s)2e gl ds
T
t
Ll s —Q) —8(f—.
< M / (= 8) b MO39 )
T
t 1 % t %
<o [e-otenas) ([ e ")”ngnmds)
T T

t
< % </ (¢ _S)—%e—qé(t—s) dS> + % (/ r(8—n)(t-s) ”g”r
q T r —00
(98)

MsT'(1— 1)
é 12 + RS,WL’(Q) (V((S - 77)7 7,9,8, t)
q 2

1, q-
qn q

Similar to the arguments in Lemma 4.1, for each ¢ € R, we can conclude that by (91)

sup e ”’Z” t+z)||W1, @
z€[-00,0]
Y ()\.Mz +M3 +M4 +M5)F(1— K)
<M u(o) wir) t o1, 11 2
r —Ernl—jr
Mski|Q]

+ Ry wiren(r(8 —n), T,0,90,t) +
2wl (Q)(( ), T, $,80,1) 25— 1)
2 Myl | QI

Ry wr(r(6=m), ¢,7,80,¢
+ K3 w1 ("( n),9,7,8 )+ 26 -n)
+R4 er(l’(5 7]) T,¢,g0,t) +R5"X/1,r(g)(r(8 —7]) .98 )

(99)

(r(8 n),T,r¢ go,t), for each t € R.

= R6 Wl r
is bounded, for each t € R, z €

Hence, we can see that sup, .o e *[lu(t + 2)|l w1
(-00,0], as T — —o0, which implies the process {U(z, 7)} has pullback absorbing sets in
O

nywl,r(g)‘
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7 Existence of the pullback attractors in C,, ;1.(q)

Theorem 7.1 Suppose in additional to the hypotheses in Lemma 6.1 and g(s) € C(R,
W (Q)), F e C'(R x R;R), G e C'(R x R x R;R), &, % are both bounded. Then the
processes {U(t,7)} on C,, wir(q) generated by the solution of Eq. (1) with ¢ € C, y1rq) has
the pullback attractors Ac

ywbr@)”

Proof We divide the proof into three steps.
Step 1. Taking gradient operator V to act on (1), we can obtain

oVu AV 40V oF BFV (t 0 ) /0 E)Gd
—_ - u+AVu=— + —Vu(t- %) + —
ot ax " ou P ax
0 9G
+ —Vu(t +z,x)dz + Vg(t, x). (100)
0o OU

Multiplying (100) by |Vu|"2Vu and integrating by parts, we get

4(r-1)
2

1d
;%”V”(’f) Zr(sz)+

/|v(|w(t)|5)|2dx+f)\|W(t)|’dx
Q Q

JoF _ oF
:/ — |Vu(t)| 2Vu(t)dx+/ — Vu(t - p(t),x)|Vul > Vudx

09 — 03
+// —G|Vu(t)| 2Vu(t)dzdx+// —GVu(t+z,x)|Vu|’_2Vudzdx
QJ-c0 0x QJ-c0 du
+ / Ve(t,x)|Vu@)| " Vu(t) dx. (101)
Q

By the same arguments as Lemma 4.1, we also obtain the process {U(t, 7)} generating by
(100) has pullback absorbing sets in C,, y1r(q)-

Step 2. According to Theorem 15 [10], Eq. (1) has a pullback attractor ACV,HI @ Hence,
by the same arguments as Theorem 5.6, we also obtain the process {U/(t, T)} generating by
Eq. (100) on C, ;2(q) is @-limit compact.

Step 3. Combining step 1, step 2, and Lemma 6.1, as the proof of Theorem 5.6, we find
that the process {U(t, )} generated by Eq. (100) on C,, 1) has pullback absorbing sets
and is D pullback w-limit compact. Thus, we know from Theorem 5.6 the process {U(¢, 7)}
generating by Eq. (1) has the pullback attractors Acy O

WLr@)*
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