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~ApU- '“llf‘j“ =QWK) '“'p:;fz“ +Au, inQ,

u>0, in 2,

u=0, on 02,
where A, = div(|VulPVu) is a p-Laplace operator with 1 < p < N. p*(t) = % isa
critical Sobolev-Hardy exponent. We deal with the existence of multiple solutions for
the above problem by means of variational and perturbation methods.
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1 Introduction and preliminaries
The main goal of this paper is to consider the following singular boundary value problem:

—Apu— '”‘li‘pz = Q(x )‘”‘p| 7 Ly du~s, inQ,
u>0, in Q, (1.1)
u=0, on 0%2,

where Q is a bounded domain in RY, A Ay = div(|VulP~2Vu) is a p-Laplace operator with
1<p<N.A>0,0<s<1,0<t<p,and 0<p<p:=(~ p)p pr() = N_t is a critical
Sobolev—Hardy exponent, Q(x) € C(2) and Q(x) is posmve on Q.

In recent years, the elliptic boundary value problems with critical exponents and sin-
gular potentials have been extensively studied [2, 6, 7, 10-23, 25, 26, 28, 30—34]. In [19],
Han considered the following quasilinear elliptic problem with Hardy term and critical
exponent:

Olul? 2u + MulP 2y, inQ,
\x\l’ = Q(x)|ul || (12)
u=0, on 0%,

—Au,u
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where 1 < p < N. The existence of multiple positive solutions for (1.2) was established.
Furthermore, Hsu [21] studied the following quasilinear equation:

|uP~2

—Apu— i = Q)| 2u + Af(x)|u|T%u, in L,
u=0, on 0%,

(1.3)

where 1 < g < p < N. We should point out that the authors of [19, 21] both investigated
the effect of Q(x). If p =2, u =0, and ¢ = 0, Liao et al. [27] proved the existence of two
solutions for problem (1.1) by the constrained minimizer and perturbation methods.
Compared with [2, 4, 8, 12, 19, 21, 22, 29], problem (1.1) contains the singular term
Au~*. Thus, the functional corresponding to (1.1) is not differentiable on Wol P(). We will
remove the singularity by the perturbation method. Our idea comes from [24, 27].

Definition 1.1 A function u € Wol’p (€2) is a weak solution of problem (1.1) if, for every
@€ W&’p(Q), there holds

p-2 +)p*(6)-1
/ <|Vu|p’2VuV<p - M7|M| pugo) dx = / (—Q(x)(u )[ 14 + A(u*)s<p) dx.
Q || Q ||

The energy functional corresponding to (1.1) is defined by

1 |ul? 1 Wy ® A s
IA’M(M)_I_?/QOVMW_MW) dx—p*(t)/QQ(x) P dx — 1_S/Q(u) dx.

Throughout this paper, Q satisfies
(Q1) Q(0) = Qu = max,.g Q(x) and there exists § > p(b(u) — %) such that

Qx) - Q(0) = o(|xI?), asx— 0,
where b(u) is given in Sect. 1.

In this paper, we use the following notations:
i) Nlull? = fQ(IVuV’ - u%)dx is the norm in Wol’p(Q), and the norm in L7(2) is
denoted by | - |,;
(i) C,Cy,Cy,Cs, ... denote various positive constants;
(ili) ] (%) = max{u,,0}, u;, (x) = max{0, —u,};
(iv) We define

9B, = {ue Wo”(Q):llull =r},  B.={ue W,(Q): |ul <r).
Let S be the best Sobolev—Hardy constant

Si= inf L1

* _pr__
ueWyP(@\(0)  ( Jo % dx)7 @

[o(UVul — n8y dx

Our main result is the following theorem.
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Theorem 1.1 Suppose that (Q,) is satisfied. Then there exists A > 0 such that, for every
A € (0, A), problem (1.1) has at least two positive solutions.

The following well-known Brézis—Lieb lemma and maximum principle will play funda-
mental roles in the proof of our main result.

Proposition 1.1 ([3]) Suppose that u,, is a bounded sequence in [P(Q2) (1 < p < 00), and

U, (x) — u(x) a.e. x € Q, where Q@ C RN is an open set. Then

lim (/ |un|pdx—/ |un—u|1"dx> =f |ul? dx.
Hn—0Q Q Q Q

Proposition 1.2 ([23]) Assume that Q C RY is a bounded domain with smooth boundary,
0eQ,ueC(Q\{0}), u>0,u#0,and

-Ayu>0 inS.
Then u>0in Q.

By [22, 23], we assume that 1 < p <N, 0 <t <p, and 0 < p < f&. Then the limiting prob-
lem

~Apu—ptl =2 inRN\(0),

x[P |

u>0, inRN\{0}, u € D'?(RN)

has positive radial ground states

N X N |x|
Vix)=€e 7 Uy, | =) =€ 7 Uy, | — Ve >0
€ €

that satisfy

r |Ve(x)|p>d - <|Ve(x)|P*(t))d _Srt
/Q<|V\/e(x)| n =P x—‘/Q 7|x|t x=Sprt,

where the function U, ,(x) = U, ,(|x|) is the unique radial solution of the above limiting

problem with

Uy, (1) = (W)T

and
rl_i>%l+ o U,u(r)=c >0, rl—i>%l+ DA |LII;,IL(;’)| =ca(u) >0,
Jim POU,, ()= >0, lim UL ()] = e2b(n) 20,
aw b N-p
c3 < Llpyﬂ(r)(r vy )U <cy, Vi= ——,

p
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where ¢; (i = 1,2, 3,4) are positive constants depending on N, 1, and p, and a() and b(u)
are the zeros of the function

ht)=p-1) ~-(N-p)" +u, t>0,

satisfying 0 < a(u) < v < b(u) < I;I%f.
Take p > 0 small enough such that B(0, p) C 2, and define the function

p-N |x|
uc(x) =nx)Velx) =€ 7 nx)Up,u - )
where n € C§°(R2) is a cutoff function

L xl<4,
n(x) = 2
0, |x]|>p.

The following estimates hold when € — 0:

N-t
luell? = SP7 + O(eb(lt)p+p—]\[),

*(0) _
uct dx = S% + O(Gb(M)P*(t)—NH)’

o |l

2 Existence of the first solution of problem (1.1)

In this section, we will get the first solution which is a local minimizer in Wol ?(Q) for (1.1).
Lemma 2.1 There exist 1o >0, R, p > 0 such that, for every A € (0, Ao), we have
Loy (W)l ucoy = ps inf [, (u) <O0.
ueBp

Proof We can deduce from Holder’s inequality that

1
p*(t)

1 o * A _
L) 2l = s QuS™ 7 lull? W Collul™™

1 0] * A
:||u||1-5(—||u||-“”1’— QuS™ 7 |lul ™+ <f>——co),
p

pr(t) 1-s

(1)

7 *
where C is a positive constant. Put f(x) = %x‘l*“p - p*l(t) QuS 7 x7 1" we find that
0]}

- = 1
there is a constant R = [M]P*(fﬂ’ > 0 such that f(R) = max,of(x) > 0. Letting

PQM(=L+s+p*(2))
Ao = %, we have that there is a constant p > 0 such that I, (¢1)|,cap, > p for every
A €(0,X).

For given R, choosing u € B with u* # 0, we have

Lop|ylp - A2 yl-s g 0 Wy
lim IA,,L(ru) — lim pr ”M” 1—s fg(u ) dx 0 QQ(x) G dx
r—>0 pl=s r—0 rl-=s
A 1-
=—— [ (u) *dx <0,
1-s Q
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since p*(£) >p>1>s>0for 0 <t<p. Forall u* #0 such that [, ,(ru) < 0 as r — 0, that is,

|l#| sufficiently small, we have

= ulent;fRIML(u) <0. (2.1)
The proof of Lemma 2.1 is completed. g

Theorem 2.2 Problem (1.1) has a positive solution u, € Wol'p(Q) with I, (u1) <0 for A €
(0, Ao), where A is defined in Lemma 2.1.

Proof By Lemma 2.1, we have

1 1 +\p*(0)
~ull - /Q(x)(” )V dx>p, VuedBe
Q

p p*(t) | - 22)

1 1 +\p*(0)
—lull? - /Q(x)(u )t dx >0, VYue€B;.
p p(8) Jo ||

From (2.1) we guarantee that there exists a minimizing sequence {u,} C Br such that
lim,_, o I, (1t,) = I < 0. Obviously, the minimizing sequence is a closed convex set in Bp.
Going if necessary to a sequence still called {u,,}, there exists u; € WOI ?(§2) such that

Uy — Ui, in W, ?(),
Uy —> Uy, in L7/ (Q, |x[7), 1=<p <p*(), (2.3)

U, (x) — u1(x), a.e.inQ,

and
Vu,(x) — Vuy(x), a.e.in €,
[ P21 |y P21y o
Tx‘p—l L= |x|p—1 ’ mn LP 1 (Q)r

v (-2 p*(6)-2 1,
Jo lunl® —""tn gy e —> Jo bl =70y dy, Wy e WP ().

ll* Il

For s € (0, 1), applying Holder’s inequality, we obtain that
[y s [ )< [ 00" - )
Q Q Q

§f‘u; —ut|dx
Q

l+s

< | - ui|, 1207

thus,

fQ () " dx = /Q ()"~ dx + o(1). (2.4)

Let w, = u, — u;, by the Brézis—Lieb lemma, one has

/|Vun|pdx:/ |an|pdx+/ |Vui|P dx + o(1), (2.5)
Q Q Q
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d /Q() T dx +o(1). (2.6)

/Q() A /Q()

Noting that ||u1||” = |V, Ip Iul/xlﬁ, we have that
lim ([[2 17 = lonll?) = llua |17
n— o0

If u; = 0, then w,, = uy, it follows that w,, € Bg. If u; #0, from (2.2), we derive that

Slonlr - — [ Qe —dr=o 27)

By (2.3)-(2.7), we have

I= IA,;L(MH) + 0(1)

=—|| unl? -

+\p*(t)
NG N / ()™ dax + 0(1)
Q

| x|t 1-s

! @O A [
p*(t)/QQ(x) T dx — l—s,/g(w”) dx +o(1)

1

=1 (u1) + = llwull” -
p

> I, (u1) + o(1).

Consequently, I' > I ,(u1) as n — oo. Since By is convex and closed, so u; € Bz. We get
that J; ;, (1) =T < 0 from (2.1) and u; 5 0. It means that u, is a local minimizer of I ;.

Now, we claim that #; is a solution of (1.1) and u; > 0. Letting r > 0 small enough, and
for every ¢ € WOI'I’(Q), @ > 0 such that (u; + r¢) € Bg, one has

0< b u(ur +r) — L (1)

1 + +\p*(t) A _
= s +rgll” - RSN f (w1 + 7)) " dx
p x| I-sJg
+)p*(8) 2 ~
- —||u1||1’ 0 e /(MI)1 Cdx
|| 1-sJa
1 » p
5;””1 +roll —1;||M1|| . (2.8)

Next we prove that #; is a solution of (1.1). According to (2.8), we have

A

e ALCE o)) = (uf) " dx

1
< =[llur +roll? — m|P] -

/Q( u1+r<ﬂ)*)”*(t)—(u{)p*(t)]d

||

p*(t)
Dividing by r > 0 and taking limit as » — 0*, we have

(1 +r@)*)— - (u*)l‘s

—hm f
1-5s r—o0t t
u11P%u
|Vu1|p_2Vu1V(p— " me 4.
|c[?

/ o B 22
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However,

A ((uy+re))' 7 = (w))'
1-s t -

)L/Q((ul +&re)) g dx,

where £ — 0" and lim, .o+ ((u1 + Ere)*) ¢ = (u]) ¢ (6§ — 0%) a.e. x € Q. Since ((u; +
Erg)*)*¢ > 0. By Fatou’s lemma, we obtain that

(1 +r@)")' = — (uf)'*
limi f
— S r—0t t

k/(u{)_swdxf
o 1

Hence, from (2.9), we obtain that

u |P%u _
|Vu1|p‘2Vu1V<p MM dx—2 | (u}) " pdx
|x|? Q
+yp
/ Qlx )(M1 - >0 (2.10)
||
for ¢ > 0. Since I, ;,(4;) < 0, combining with Lemma 2.1, we can derive that u; ¢ 0Bg, thus

llze1 || < R. There exists 8; € (0,1) such that (1 + 6)u; € Br (|0] < 61). Let h(0) = I, ,((1 +
0)u1). Apparently, /() attains its minimum at 6 = 0. Note that

W (0) = d (I,W(l +0)uy)

=(1L+0P Hu|? - (1 +0) O 1/ Qx) (” dx—x(1+9)-3/(u;)1’sdx.
Q

%l

Furthermore,

+)p* ()
H(0)lo-0 = ||u1||1’—/QQ(x) (”}ilt dx—k/g;(u{)l_sdxzo. (2.11)

Define ¥ € Wol'p(Q) by
W= (uj +ey)", forevery ¢ € W,?(Q) and ¢ >0,

where (1] + )" = max{u] + ty,0}. We deduce from (2.10) and (2.11) that

p—2
0§f<|vu1|"‘2W1W’— |m| ul ) /Q (u N
Q X

—k/(u{)fs\lldx
Q
oy P20 (] + €3)

= / [|Vu1|p2Vu1V(uI + 81&) -
{xluj +ey>0} |x|p

f\pF(O)-1(,,+
(u) |x(|it1 +evr) ) (ut +81ﬂ)} d

P—Z +
= (/ _/ >|:|VM1|I’2VL£1V(L£1r + Sw) - |M1| ul(ul + gw) s
@ Jixluf ey <0} ot

- Q)
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@) O ui +ey)
Jxl*
(' ®
|t

[

- Q)

() +o0) | s

< ||u1||1"—/ Q(x) dx—kf(u{)l_sdx+£/ |:|Vu1|p2Vu1V1//
Q Q Q

| [P~ 2ur (uty Oy
P T

A(ui’)sw] dx

o1 [P0y (] + ew)] s

-f [|w1|ﬂwlv(u; +ey) -
{xluf +e <0} |x|P

+\pr(E)-1(,,+
[ o S ) g e as
{x|u] +ey <0}

|x*

lur P~ 2ur g (Mf)p*(t)_lw
e AT

58/ |:|Vu1|p2Vu1V1//—M —k(u{)_sw} dx
Q

w P tu
- e/ |:|Vu1|p_2Vu1V1// - MM] dx (2.12)
{lu} +e <0} |x17
Since the measure of {x | u] + ey <0} — 0 as ¢ — 0, we have
p—2
lim |:|Vu1|p2Vu1V1ﬂ —MM] dx = 0.
£ 0 Jixlut +eyr<0) x|
Dividing by ¢ and letting ¢ — 0* in (2.12), we deduce that
p-2 +\p*(t)-1
[ 92wy o2 oMy a ) v | aszo
Q %[ |x*
Since ¢ € Wol ?(Q) is arbitrary, replacing ¥ with —/, we have
p—2
/ ['Vuﬂpzwlwf _plal_my
Q |c[?
ut p*(t)-1 B
- Q(x)(l)l# —(u}) Sw] dx=0, Yy e W7 (Q), (2.13)
x

which implies that #; is a weak solution of problem (1.1). Putting the test function ¥ = u7
in (2.13), we obtain that u; > 0. Noting that I, ,,(#1) = I" <0, then u; # 0. In terms of the
maximum principle, we have that ; >0, a.e. x € Q.

The proof of Theorem 2.2 is completed. O

3 Existence of a solution of the perturbation problem

In order to find another solution, we consider the following problem:

-2 ¥ (6)-1 _ .
_APM - ‘u\li\p %= Q(x) (u )ll;lt +Mut+y)”, inQ, (3.1)
u=0, on 0€2,
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where y > 0 is small. The solution of (3.1) is equivalent to the critical point of the following
C!-functional on W,”(S):

1 (ur " A . L
p*@) /QQ(x) || dx = 1_5/9[(” +y) -y ldx

For every ¢ € Wol ?(Q), the definition of weak solution u € Wo1 ?(Q) gives that

p—2 +\p* ()~
/<|Vu|p_2VuV¢—MM>—A/ Wt y) fQ W e 2 ¥ 0 (32
Q [P Q ||

Lemma 3.1 For R, p >0, suppose that A < Ao, then 1,, satisfies the following properties:
(i) I,(u) = p >0 for u € 0Bg;
(ii) There exists uy € Wol’p(Q) such that ||uz|| > R and I,,(u2) < p,

where R, p, and ,y are given in Lemma 2.1.

1
1 (u) = —[lull” -
p

Proof (i) By the subadditivity of £'~%, we have

1-s

W +y) " =y < ()", Vue WP(Q), (3.3)

which leads to
L) > I, (), Vue Wy (Q).

Hence, if A < Ao for p, Ao > 0, we can obtain the conclusion from Lemma 2.1.
(if) Vu* € Wy?(RQ), u* #0 and r > 0, which yields

HM—%M” /mfxvdwigﬁwwwftwﬂw

+p t)
<HMP ”/@))

— —00 (r— +00).

Therefore, there exists i, such that [|us|| > R and I, (u2) < p.
This completes the proof of Lemma 3.1. O

Lemma 3.2 Assume that 0 < y < 1. Then I, satisfies the (PS). condition with ¢ <

Nt »
({’A;f)t) s f,fp — DAPT where
i ort

(e AT .
T p 1-s p(N-9) | (N-8)(1-9) '

Proof Choose {1,} C Wy” () satisfying

L(t,) > ¢, and I;(t,,) -0 (n— o00). (3.4)
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We assert that {z,,} is bounded in W/Ol’p(Q). Otherwise, we assume that lim,,_, o, ||7,,|| = o©.
By (3.4), we have

C:Iy(fn) 0 )(I (Tn), Tn>+0(1)
_ 1 (f;)p*(t) A + 1-s 1-s
—l;urnnp—p*(t)/ge(x) o dx—l_sfg[(rn +y) -y ]dx

+)p*(t)—1tn A N i
gl [ Q" e [ (5 ey nde o)

(; piﬂ)”MW____/‘T +y)" -y

/ (t,) +v) "tadx+o(1)
Q

p*()

-t 1 1
> P ”Tn”p—)\-(—+ )/ Iz 75 dx + 0(1)
p(N 1) 1-s p*®) /) Ja
—t 1 1
> P ||Tn||p—)~<— + *—)C1||Tn||l_s +0(1).
p(N —1t) 1-s  p*2)

The last inequality is absurd thanks to 0 < 1 — s < 1. That is, {r,} is bounded in Wol ?(Q).
Hence, up to a sequence, there exists a subsequence, still called {t,}. We assume that there
exists {r,} € W,”(R) such that

T, — 11, in W7 (),

Ty —> T1, in L#(2, |x| %),

L<p<p*(®),
T,(x) — 71(x), a.e.in ,
|t.(x)| < h(x), a.e. in Q for all n with h(x) € L}(R).

Since

(@ - (e +7)" | sy (h+1nl),

it follows from the dominated convergence theorem that

lim (rn—tl)(r +y) “dx=0.

n—00

Furthermore, by |71|(z,} + )™ < |t1|ly~*, and applying the dominated convergence theo-

rem again, we have

nli)n;o/ﬂ(r;+y)7srldx=/g(tf+y)fst1dx.

Thus, we deduce that

lim [ (7 +y) tndx= / (rf +v) "t dr.

n— o0 Q Q
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Now we prove that 7, — 77 strongly in W&’p(Q). Set w, = 7, — 71. Since Ig,u(tn) — 0in

(Wol’p(Q))*, we have

Tt *(t)-
Iz ll1? - / Q(x) )T i %dx - A/ (t) +y) "tadx=o(1).
Q
According to the Brézis—Lieb lemma, together with (3.4), we have

+ )-1 +\p*(t)
||a)n||p+||n||’”—/Q( o en /Q )1’ n
o T L

- A/ (rf +7) "tidx=0(1),
Q

and

) o *(t)_lt i
lim (7, (z,), 1) = w1 - / Q(x)% dx ~ 4 / (7 +7) ndx=0.
n—00 Q Q

Thus

+)p*(
Tim flon 1 = 11m/Q ) (@ )| |t " dx=1,

Q) ot [ QW) (@) e

|, |7 ©
||t

@ Qu  |x “Ja Qu

o Ixff

Sobolev’s inequality implies that

« ya
"\ 7
loall? = s( .

Q

_p
Consequently, [ > S(ﬁ)ﬂ*“ We guarantee that / = 0. Otherwise, we suppose that

Z
I

¢
B

~
v
z

R

D
<3

It follows that

c=1I,(t,) - pl()(l (), Tn) + 0(1)
— (p_t) A + 1-s -s A + —s
_p(N—t)“Tn”p_l——s_/Q[(Tn +y) -y ]dx+p*(t)/ﬂ(rn +y) Tadx +o(1)
(-t 577 p-t L
—p(N_t)QTp p(N—t)”tl”p_)L(l— t)>/ﬂlt,,| dx +0(1)
M

(p-1) S p-t 1 1 .
Z oN=D N‘f+p(N—t)”t1||p_)L(1T *(t))cznrln o(1)
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Nt
> il S;; _ DA,
p(N 1) Q/\I/Ilj

which contradicts the condition of Lemma 3.2. Hence [ = 0. Therefore t, — 3.
This proof of Lemma 3.2 is finished. g

Lemma 3.3 For 0<s<1and )\ >0 small enough, there exists u, € Wol’p(Q) such that

z

S
EN

p-t S~ _p_
sup 1y, (tuy) < — DAPTss (3.5)
o T AN D)

where D is defined in Lemma 3.2.

Proof For every r > 0, we have

174 0] (" ® A -
e e A RS e
! o ) O 1-s Q[( ) -]

which implies that there exists a positive constant € such that
lim I, (ruc) =0, Ve €(0,¢€),
r—0

and

lim I, (ruc) = —oo, Ve €(0,¢€),

r—>+00

where u, is defined in Sect. 1. Let

*

r o) w0
Aclr) = —lluell? - — /Q(x)( L7
p p@) Jo ||

1 _
B(r)=—— [ [(ru; +y)1 Py dx,
1-s Q
because of lim,_, o, A, () = =00, A.(0) = 0, and lim,_, o+ A.(r) > 0, so A.(r) attains its maxi-

mum at some positive number. In fact, we let

y utP®
AL = =0 [ QS =,
Q ||
therefore
u.||? PO)-p
(et
fg Q(x)W dx

Noting that A, (r) > 0 forevery 0 < r < T. and A_(r) < O for every r > T, our claim is proved.
Thus, the properties of I,, (ru) at r = 0 and r = +00 tell us that sup, . I,, (ru) is attained for
some r > 0.
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From condition (Q;), we have

/QM

dx

*(t)
/|Q O)’ i dx:O(e’S).

It follows that

ulg*
/ Qw)
Q x|t

By (3.6), we deduce that

= Q(O)SP + O ON+) | O(eh), (3.6)

_pr
AT = —[””—”P(] T e
Jo Q) da

0] *
1 llute |17 op ul”®
_p*(t)[ 20 } / A &
Jo QW) dx ¢

p
p-t [ eI T*m—p
s llue 1P
N -t O]
P( ) fQ (x) <

p-t SPT_;

7t O(eb(")p"p’N) + O(e’s). (3.7)

PN =1) ((0)) 7+

Next, we will estimate B.. Here, we use the following inequality from [24, 27]:

—s 3(-s)
A ) <19y T, 0<x<y. (3.8)
Observe from (3.8) that
1
B (re) P 1-s [yl_s_(reus +V)1_s] dx
L—5 Jixiwize %)
<G f L (o) dx
{xllx|<e 2 )
1-s
_N-p x K
< Cg/ . |:r56 7 U,, (u)i| dx
(sllvl<e 2 Jnin(x=1) €
—s 2p

<-C4

o\

- upu()’)] NN dy
1-s-2p

2p
_(N-p)(i-9) €
< -Cse I +N/ y—b(;t)erN—l dy
0

_ (=)

€ w ’ b(w) > %r
(N=p)(1-s)
<-Csye N nel, b(u) =%, (3.9)

_(N-p)(-9) a7, (s 2p)( b(u)P+N
4p

€ » b(n) <
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From (3.7) and (3.9), we find that there exists a positive constant o such that, for every
A€ (0,3:0), one has

Iy(reue) =Ac(re) + ABc(re)

-t Srt
< Pl 2 L o(r Ny 1 o(eP)
P(N—P) Q —f
M
_(N-p)(i-s)
e v N b(w) > 5,
(N-p)(1-s)
~Csie Mg, b(u) =Y,
N-p)(1-s) (1=s=2p)(=b(p)p+N)
- Iipl P ) o Wp , b(’u) < %’
¢ st
— p—
Pt STt
p(N-p) 5%
M
This completes the proof of Lemma 3.3. O

Theorem 3.4 For 0 <y < 1, there is A* > 0 such that A € (0,A*), problem (3.1) admits a
positive solution T, € Wol’p(Q) satisfying I, (t,,) > p, where p is given in Lemma 2.1.

Proof Let A* = min{ko,xo}, then Lemmas 3.1-3.3 hold for 0 < A < A*. Based on Lemma 3.1,
we know that /,, satisfies the geometry of the mountain pass lemma [1]. Therefore, there
is a sequence {1} C Wol ?(€2) such that

L(t)—c¢,>p>0,  I(1,) =0, (3.10)
where

o = 3ok i (00

@ = {p € C([0,1], W, () : $(0) = 0,p(1) = 2}

So, according to Lemmas 3.1 and 3.3, one has

0<p<cy, < max I, (ruy) < supl,(ruy)
re(0,1]

r>0
p-t 511\7% P
<"y — DAP*sT, (3.11)
p(N -p) =3
M

From Lemma 3.2, note that {z,} has a convergent subsequence, still denoted by {z,} ({z,} C
Wol'p(Q)). Assume thatlim,_, 7, = 7, in Wol’p(Q). Hence, combining (3.10) and (3.11), we
have

I(t,)= nlingoly(r,,) =¢,>p>0,
which implies that 7, # 0. By the continuity of },, we know that 7, is a solution of (3.1).

Furthermore, 7, > 0. Hence, applying the strong maximum principle, we obtain that 7, is
a positive solution of (3.1). O

Page 14 of 19
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4 Existence of the second solution of problem (1.1)
Theorem 4.1 For 1 € (0,)1*), problem (1.1) possesses a positive solution t, satisfying

L, (1) > 0, where \* is given in Theorem 3 4.

Proof Let {1, } be afamily of positive solutions of (1.1), we will show that {r, } has a uniform

lower bound. Indeed, we denote

A

dr) = 7 ®-1 ;
(r)y=r +(r+p—1)3

A A
case (i) O<r<l, d(r)>———=—;
1+p-10 p

case (i) r>1, d(r)>1.

Therefore, for every y € (0,1), r > 0, we get

+ ~ > i (0-1 # > min{ 1, » .
(r+y) — (r+p-1y "~ r

Recall that e is a weak solution of the following problem:

Pro-1

~Apu—pE 1 inQ,

%P

u:o, on BQ,

so e(x) > 0 in Q. According to the comparison principle, we have
. . A
7, > min{1l, Q,}miny 1, — te >0, (4.1)
pS
where Q,, = min,cq Q(x) > 0. Since {7, } are solutions of problem (3.1), one has

HwH—/Q

Combining with (3.3), (4.2), and Theorem 3.4, we have

dx A/(ty+y) °t,dx=0. (4.2)

¢ Srt

p-t Sr _p

p(N-p) N - D
M

>I,(7,) - (t)( (ty) T 7/)

5\[ t)” 7,7 + *(t /(Ty+y) rydx—_/ (TV"'V)I s _s]dx
p-t p_L/‘ e

_P(N—t)”rV” 1—s Q[(f)ﬂf)’) y ]dx

= P p_ > 1-s

_p(N_t)llryll 1_S||ry||
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since s € (0, 1), so {t, } is bounded in Wol'p(Q). Going if necessary to a subsequence, also
called {r, }, there exists 7; € Wol ? () such that

T, = 11, in WOI'I’(Q),
T, — T, in L7/(Q,|x7), 1=<p <p*(@), (4.3)

7,(x) — 11(x), ae in Q.
Now, we show that 7, — 7, in Wg'p(Q) asy — 0.Setw, =1, — 71, then ||w, | > 0asy —

0; otherwise, there exists a subsequence (still denoted by w, ) such that lim,, ¢ [|w, || = [ >

0. Since 0 < W < T]} %, applying Holder’s inequality and (4.3), we have

‘/r,,(ry+y)‘sdx§/r}}‘sdx§/ |wy|1‘sdx+/ |ty |75 dx
Q Q Q Q
1 Lis 1
= |Wy|pfs|9| r +/ |t " dx
Q
5/ |t |7 dx + o(1).
Q
Similarly,
/|1:1|de§f 7,(t, + ) dx + o(1).
Q Q
Therefore
lim/ r},(ty+y)’sdx:/ T dx.
y—0 Q Q

It follows from (I}, (7y), 7,,) = 0 and the Brézis—Lieb lemma that

" e / Q(x)

Note that 7, — 1; as y — 0*. Choose the test function ¢ = ¢ € Wol’p(Q) N Co(2) in (3.2).
Letting y — 0" and using (4.1), we deduce that t; > min{1, Q,,} min{1, %}e >0, and

2 17
/<|Vt1|p_2VTIV¢— m T“p) /Q 4 ¢dx+k/rls¢dx. (4.5)
Q

w17 + P = / Q(x) dx x / dvmol).  (44)

We show that (4.5) holds for every ¢ € Wol’p(Q). In fact, since Wol’p(Q) N Cy(R2) is dense in
Wol'p(Q), then for every ¢ € Wol’p(Q), there exists a sequence {¢,} C Wol’p(Q) N Co(R2) such
that lim,,_, » ¢, = ¢. For m, n € N* large enough, replacing ¢ with ¢, — ¢,, in (4.5) yields

Ifl |p_27:1|¢n - ({bml ) dx

|x|?

/ (IVH P2V V(¢ — Pm) — 1

/Q( o |¢>n—¢m|dx+A/Qr;S|¢n—¢>m|dx. (46)
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On the one hand, using ¢, — ¢ and (4.6), we have that {‘f—f} is a Cauchy sequence in L?(£2),

hence there exists v € L?(£2) such that lim,,_, o, ‘f—g = v, which implies that lim,,_, ‘f—g =v

in measure. By Riesz’s theorem, without loss of generality, choose a subsequence of {f—?},
0

still denoted by {‘f—g }, such that

lim ¢—: =v(x), aexecQ. (4.7)

n—>00 T

On the other hand, from (4.7), we have that v = %, which leads to

i [ 9 g [ 90
n—>o0 fo 1’0 Q ‘L’O

dx.

Therefore, we deduce that (4.5) holds for ¢ € Wol P(Q). Setting ¢ = 1; in (4.5), we have

P - f Q(x)

Together with (4.4), we obtain that

dx A‘/. rl_sdx:O. (4.8)

* (t)

w17 - / Q(x) _ dx = o(1). (4.9)

Hence

(1)

wh
lim [w, || = lim/Q(x) Y _dx=1>0.
y—0+ y—>0* Jo |x|t
Since
wy 170 o [ Q@) wyl © . [ Q@ (wy )
o Ixlf o Qu |« o Qu |l
]Ltt
Then [ > SL By (4.8), we have
QL
lm(n)-—||n||19 ——/rl‘sdx

p P _ 1-s d
T pIN - Nh” (Lw p&) oo

p_t 1-s
zp(N—t) lf - ( — *(t)>C2||T1||

> —DAFT, (4.10)

At the same time, it follows from (4.4) and (4.9) that

I)\,/L(Tl) = Iy(fy) - ”Wy 7+ 0(1)

_p-t
p(N —t)
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t (S
- -
< L( N — l) _D)\‘p—liﬂ
p(N —1) Q/\?
p
E _D)\‘p—h-s’

which contradicts (4.10). Therefore, we deduce that
L,(n)= lin})l,,(t},) >p>0.
)/*)

Consequently, problem (1.1) has two different solutions #; and t;. Furthermore, 7; # 0,
together with the maximum principle, we conclude that 7; > 0 a.e. x € Q. That is, 7; is a
positive solution of problem (1.1).

The proof of Theorem 4.1 is completed. d

Remark 4.1 In order to apply the Brézis—Lieb lemma, we need to establish the conver-
gence results for the sequences with gradient terms [5, 9]. Furthermore, the strong maxi-
mum principle for a p-Laplace operator is also used.
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