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Abstract

In this paper, we investigate a class of nonlinear two-term fractional differential
equations involving two fractional orders § € (1,2] and t € (0,§) with integral
boundary value conditions. By the Schauder fixed point theorem we obtain the
existence of positive solutions based on the method of upper and lower solutions.
Then we obtain the uniqueness result by the Banach contraction mapping principle.
Examples are given to illustrate our main results.

MSC: 34A08; 34B18; 34A12

Keywords: Fractional differential equations; Boundary value problem; Positive
solutions

1 Introduction

Fractional differential equations are an important tool to describe many processes and
phenomena of science and engineering [1-3]. The boundary value problems of fractional
differential equations have received widespread attention in recent years, and there are
some attractive results obtained: see [4—9]. The theory of lower and upper solutions is
known to be an effective method for proving the existence of solutions to fractional dif-
ferential equations (see, e.g., [10-14]).

In this paper, we study positive solutions for the integral boundary value problems

D’x(t) +f(t,x(t)) = D g(t,x(t)), te(0,1), (1.1)

1 1
x(0) =0, x(1) = m /(; ¢! —s)a_f_lg(s,x(s)) ds, (1.2)

where D® and D? are the standard Riemann—Liouville derivatives, 1 <8 <2,0< 1 < §,
f,2:10,1] x [0,1] — [0, +00) are given continuous functions, g(¢,x) is nondecreasing on x
for any ¢ € [0,1], and f is not required any monotone assumption.

In the literature, single-term fractional differential equations of the form D°x(t) =
f(t,x(¢)) have been studied by many researchers (see [15-23]). In practical problems the
equation contains more than one fractional differential term, for example, the classical
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Bagley-Torvik equation [24]
ADy(x) + BD3y(x) + Cy(x) =f (),

where A, B, C are constants, and f is a given function. This equation was introduced in
1984 as the mathematical model for the motion of thin plate in Newtonian fluid. The

Langevin equation with the fractional derivatives of the form
Df (D“ + M)x(t) =f(t)

is another great example [25—27]. More generally, we can refer to [6, 10] on the equation
of type DPx(t) = f(t, x(t), D*x(t)).

Recently, in the aspect of theories, there are some excellent results on the existence of
solutions to two-term fractional differential equations. For example, Ibrahim et al. [28]

studied the boundary value problem

‘D*u(t) — aDPul(t) + f(t,u(t)) =0, 0<t<1,

u(0) =uo,  u(l)=u,

where °D* and °D* are the Caputo fractional derivatives with 1 <o < 2and 1 < 8 < . The
existence and uniqueness of solutions were obtained by the Banach contraction principle
and Krasnoselskii’s fixed point theorem.

Stanék [29], applying the Schauder fixed point theorem, considered the existence, mul-
tiplicity, and uniqueness of solutions to the periodic boundary value problem

D*u(t) + q(t, u(t))’DPu(t) = f(t, u(t)), O<t<l1,
u(0) = u(T).

Agarwal et al. [6] investigated the singular fractional Dirichlet boundary value problem

Du(t) + f(¢t, u(t), D*u(t)) = 0,
u(0) = u(1) = 0.

By means of a fixed point theorem on cone, the existence of positive solutions was proved.

In recent paper [30], positivity results of the initial value problems

°Dx(t) = f(t,x(2)) + °D*g(t,x(t)), 0<t<T,
x(0)=0; >0, x'(0) =60, >0,

were considered by using the method of upper and lower solutions, Schauder fixed point
theorem, and Banach fixed point theorem. It is interesting that the upper and lower control
functions f need no any monotone requirement.

To the best of our knowledge, no paper has considered the existence of positive so-

lutions for nonlinear fractional differential equations with integral boundary conditions
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(1.1)—(1.2). This equation has two nonlinear terms, one containing the fractional deriva-
tive. Compared to many two-term fractional differential equations, the form of the equa-
tion we considered is more general in a way. In addition, the other nonlinear term requires
no any monotonicity, which can respond better to objective laws.

In this paper, we prove the existence of positive solutions to the boundary value prob-
lem (1.1)—(1.2) by the Schauder fixed point theorem and the method of upper and lower
solutions. Then, we give a uniqueness result by the Banach contraction mapping principle.

The paper is organized as follows. Section 2 contains some necessary concepts and re-
sults. In Sect. 3, our main results on the existence of positive solutions are proved. Sec-

tion 4 is devoted to study the uniqueness of positive solutions.

2 Preliminaries
In this section, we present some definitions and lemmas, which are required for our the-

orems.

Definition 2.1 ([1]) The fractional integral of order « > 0 of a function f : (0, +00) — R is
given by

I“f(¢) )/ (t—s)""f(s)ds,

where I'(«) is the gamma function, provided that the right-hand side is pointwise defined
on (0, +00).

Definition 2.2 ([1]) The Riemann-Liouville fractional derivative of order « > 0 of a con-

tinuous function f : (0, +00) — R is given by

o 1 d " ! n—a+l
Df(t) = m(@) /O(t—S) f(s)ds,

where # = [a] + 1 ([] denotes the integer part of a number «), provided that the right-hand
side is pointwise defined on (0, +00).

Lemma 2.1 ([2]) Let o > 0. Iff € L*([a,b],RN) and I"*f € AC"([a, b],RN), then

" -
" (@) e
I“(D°f (1)) Z s ]+1)t j

almost everywhere on |a, b], where n is the smallest integer greater than or equal to o.
Lemma 2.2 ([3]) Ifa >0 and B > 0, then the equation
I(I°f @) = 1 P£ (@) (2.1)

is satisfied at almost every point t € [a,b) for f € LP([a,b],RN) (1 <p <o0). Ifa + B> 1,
then relation (2.1) holds at any point of [a, b]
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Lemma 2.3 ([3]) Ifa >0and B >0, then

F(,B) tﬂﬂx—l.

aﬂl
B = e

(2.2)

Lemma 2.4 ([3]) Let X be a Banach space, and let 2 C X be a convex closed bounded set.
If T: Q — Q is a continuous operator such that T2 C X and T2 is relatively compact,
then T has at least one fixed point in Q2.

Lemma 2.5 ([3]) Let (X,d) be a complete metric space, and let T : X — X be a contraction
mapping:

d(Tx, Ty) < kd(x, y),
where 0 < k < 1, for all x,y € X. Then there exists a unique fixed point x of T in X : Tx = x.

Lemma 2.6 Letx € L'([0,1],R) and I*"?x € AC?([0,1],R) with 1 < § < 2. Then x is a solu-
tion of the boundary value problem (1.1)—(1.2) if and only if

1 1 t
= / H(t, s)f(s, x(s)) ds + ———— / (t- s)‘s_’_lg(s,x(s)) ds, (2.3)
0 r'@é-1)Jo
where
A9l g ooy <,
H6:5) =\ gt o (24)
TR 0 <t<s< 1.

Proof The proof is divided into two cases.
Case 1. T < 1. From Lemma 2.1, applying I° on both sides of (1.1), it follows that

x(t) + 185+ et 4 Iaf(t,x(t)) = (ITDTg(t,x(t)))

=T (g(t,x(t)) + thT_l), (2.5)

that is,

x(t) + 185 + et 4 ﬁ /0 (t-9)"""f(s,x(s)) ds

1 () 5.,

= T6-D /0 (t- s)‘s_f_lg(s,x(s)) ds + qmt . (2.6)

By the boundary condition (1.2) we have ¢; = 0 and

_ g @
1 =— I‘((S)/(l s) fsxs))ds+63 TG)

Case 2. T > 1. As in Case 1, we can obtain

2@+t + ot + P (tx() = I (g(6x(t)) + et + cat™™?) (2.7)
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and

t

() + 185V + et 4 % (t- s)‘;’lf(s,x(s)) ds

s—t-1 I'(7) 4 F(T‘l)a—z
F(S— )/(t s) (s x(s))ds+csmt F(S—l)t . (2.8)

According to boundary condition (1.2), we get ¢; = ¢4 I‘Ea and

1

1 ) o
5-1
_F(g)/o (1= f (s, %(5)) ds + c3 =

Therefore
I T L PR R Y A
x(t) = o) /0 7 (1-9) f(s,x(s)) ds N0) /(; (t—3s) f(s,x(s)) ds

+ ﬁ /o (t-9)"""g(s,x(s)) ds

1 1 t
= H(t,s)f (s,x(s)) ds + —/ t—9)2 " g (s, x(s)) ds. 2.9
| Hesrss)ds e i [ e gl m00) 29)
This process is reversible. O
Lemma 2.7 ([17]) The function H(t,s) defined by (2.4) satisfies:
(1) H(¢s)>0fort,s€(0,1);

(2) maxo<;<1 H(t,s)=H(s,s),s€(0,1).

Let the Banach space X = C([0,1]) be endowed with the norm ||| = maxo<;<1 |%(¢)|.
Define

P={ueX:ut)>0,te(0,1],u(0) = 0}.

The positive solution we consider in this paper is a function such that u € P.

To use the fixed point theorem, according to Lemma 2.6, we define the operator T as

f H(t,s)f s, )ds+ F(é—r)/ ) 1g(s,x(s))ds. (2.10)

Then we have the following lemma.
Lemma 2.8 The operator T : X — X is completely continuous.

Proof Obviously, operator T is continuous because of the continuity of f and g. For any

n >0, take B, = {x € X, ||%|| < n}. Then for any ¢ € [0, 1], x € B,, there exists a constant M;
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such that f (¢, x),g(¢,x) < M; and

1
Tx(t)=/ H(t,s)f(s,x(s)) ds
0

+ ﬁ ./o (t-9)"""g(s,%(s)) ds

L | M,
5/ (8)[s(1—s)] MldS+F(8—r)

M,y M,
<—+ )
— T TI@-1)

(2.11)

Thus T'(B,) is uniformly bounded.
Forallx € B,, t1,t, € [0,1], £; < £y, we get

|[(Tx)(22) - (Tx)(11) |

1 2 5-1
‘F(S)/ 221 ( ())de (tr =) f (s,x(s)) ds

+ 7/ (t2—9)" " 'g(s,%(5)) ds - Lfl[z.‘l(l—s)]é1f(s,x(s)) ds
r'@é-1)Jo ') Jo

1 2 1 )
_ m/ (t1 =) f (s, %(5)) ds - m/o (tr - ) g(s,x(s)) ds

tg L_ g1
r'(6)

5-1 s—1 4 51
+ m/() (2 =) = (t1 =) ")f (s,%(5)) ds +/ (tr — )" Vf (s,x(5)) ds

5}

/ (1-s)" 1f(s,x(s))

+ / t2(tz =8 —5) g (s, x(s)) ds + / ) (t =) "g(s,x(s)) ds
0 t

e
ré-r+1)

< |81 - A e -d)

map 4

As t; — ty, the right-hand side of the inequality tends to zero, which means that T'(B,)) is

equicontinuous. By the Arzela—Ascoli theorem 7' : X — X is compact. O

Let a,b € R* with b > a. For any x € [a, b], we definite the upper control function by
U(t,x):sup{f(t,)»):afkfx} (2.12)
and the lower control function by
L(t,x) = inf{f(t,1) :x < 1 < b}. (2.13)
It is clear that U(¢,x) and L(¢,x) are nondecreasing on x and

L(t,x) <f(t,x) < U(¢,x).
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Definition 2.3 Let a,b € R* with b > 4, and let x,x € P with a < x(¢) < x(¢) < b satisfy

1

TG0 /0 (t-9)"""g(s,%(s)) ds,

1
x(t) > / H(t,s)U(s,%(s)) ds +
0

1 1 t
x(t) < /0 H(t,s)L(s,a_c(s)) ds + TG-D /0 (t —s)‘s_’_lg(s,g(s)) ds

for all £ € (0,1]. Then the functions ¥ and x are called a pair of upper and lower solutions
of the boundary value problem (1.1)—(1.2).

3 Existence of positive solutions
In this section, we establish the existence of positive solutions for the boundary value
problem (1.1)—(1.2) by the Schauder fixed point theorem based on the method of upper

and lower solutions.
Theorem 3.1 Assume that x and x are a pair of upper and lower solutions of the boundary
value problem (1.1)—(1.2). Then the boundary value problem (1.1)—(1.2) has at least one
positive solution x € X, and x(t) < x(t) < x(¢),t € [0,1].
Proof Let

K ={xeP:x(t) <x(t) <x(t), £ € [0,1]}.
Clearly, ||x|| < b. Thus K C X is convex, bounded, and closed. By Lemma 2.8 the operator

T : X — X is completely continuous. We only need to prove that 7(K) C K. Let x € K.

Then, by the definitions of upper and lower solutions,

1 1 t
(Tx)(t) = /o H(t, s)f(s,x(s)) ds + m /o (t- s)‘s_’_lg(s,x(s)) ds
1 1 t
< /o Hi(t, s)LI(s,x(s)) ds + m /0 (t- s)s_r_lg(s,x(s)) ds

! = 1 ! 6-1-1 =
< /0 H(t,s)u(s,x(s)) ds + F(T—r) /0 (t-s) g(s,x(s)) ds

<x() (3.1)

and

Tx)(¢) = 1Ht d 1 tt d-t-1 d
(Tx)( )—/0 (t,8)f (s, x(s)) ds + m/()( -9)"""g(s,x(s)) ds

! 1 ! §—t-1
> /0 H(t, s)L(s,x(s)) ds + m /0 (t—5s) g(s,x(s)) ds

> fo 1H(t,s)L(S»J_C(s)) ds + ﬁ /0 t(t—s)‘s‘f‘lg(s'z(s)) ds

> x(t). (3.2)
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Then T : K — K is a compact mapping. By the Schauder fixed point theorem, T has at
least one fixed point x € K. Therefore, the boundary value problem (1.1)—(1.2) has at least
one positive solution x € K with x(¢) < x(¢) < x(¢),¢ € [0,1]. O

Corollary 3.1 Assume that there exist continuous functions ki, ky, ks, and ks such that

0<ki(t) <f(t,u) <ky(t) <oo, (tu)e](0,1]x [0,+00), (3.3)

0 <ks(t) <g(t,u) <ky(t)<oo, (t,u)e[0,1] x [0,+00), (3.4)

and one of ki(t) and ks(t) is not identically equal to 0. Then the boundary value problem
(1.1)-(1.2) has at least one positive solution x € P, and

1 t
x(t) 2/0 H(t,s)k(s) ds + ﬁ/o (¢ —8)° " ks(s) ds, (3.5)

1 t
x(t) 5/(; H(t,s)ky(s) ds + ﬁ/(; (¢ — 8)° "V ky(s) ds. (3.6)

Proof Consider the boundary value problem

D’y(t) + ka(t) = D" ka(2), 37)
Y0)=0,  y(1) = i fo (1= ha(s) ds. '
Then (3.7) has a positive solution
1 t
y(t) = /0 H(t,s)ko(s) ds + 1"(5;—r) /0 (¢ = 8)° "L ky(s) ds. (3.8)

From the definition of a control function (2.12)—(2.13) we have
ki) <Lt,y) <U(t,y) <k (t), (t,y) €[0,1] x [a,b],

where a, b are the minimum and maximum of y(¢) on [0, 1]. Therefore this implies that

1

1 t
y(t) > /0 H(t, S)L[(s,y(s)) ds + m /0 (t - s)‘s"‘lg(s,y(s)) dsds. (3.9)

Clearly, (3.8) is an upper solution of the boundary value problem (1.1)—(1.2). In the same
way, we can conclude that

1 ¢
z(t) :/0 H(t,s)ki(s) ds + ﬁfo (£ =) " hs(s) ds (3.10)

is a lower solution of the boundary value problem (1.1)—(1.2). By Theorem 3.1 the bound-
ary value problem (1.1)—(1.2) has at least one positive solution x € P with z(¢) < x(¢) <

¥(2). O

Corollary 3.2 Let (3.4) and f(t,u) > ki(¢£) > 0, t € [0,1], hold with at least one of ki(t)
and ks(t) not identically zero. Assume that f(t,u) converges uniformly on [0,1] to k(t) as
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u — o0o. Then the boundary value problem (1.1)—(1.2) has at least one positive solution

onP.

Proof By assumption there exist N, M, > 0 such that
[f(t, u) — k(t)| <N, u>M,tel0,1],

that is,

0<f(t,u) <k(t)+N, u>M,tel0,1].

=i=1,V=u=

ki(t) <f(t,u) <k(t)+ N+ Ms, te]l0,1],u e [0,+00).

Thus, by Corollary 3.1, the boundary value problem (1.1)—(1.2) has at least one positive

solution x € P such that

1 t
x(t) 2/0 H(t,s)ki(s) ds + ﬁ/o (£ —8)* " hs(s) ds

and

(N + M) (! = ¢%)
re+1)

x(2) < /OlH(t,s)k(s) ds + + I‘(Sl— m /ot(t—s)‘s_f_llq(s) ds. N

For simplicity, we denote

a(tb‘—l _ té) lgtS—r

M) =6 Y Te s D)

Corollary 3.3 Assume that

t,u
lim max J&w
u—ootel0,1] U

<ai, (3.11)

t,u
lim max gt < ds, (3.12)
u—ootel0,l] U

where ay,a, € R with max;epo,1) M(t,a1,a2) < 1, and f(t,u) > c1,g(t,u) > c3,t € [0,1],u €
[0, 00), where ¢y, ¢y > 0 with ¢1? + 22 # 0. Then the boundary value problem (1.1)—(1.2) has

at least one positive solution x € P.

Proof By (3.11) there exist constants Ny, Ny, a3, a; > 0 such that
f(tru)falur M>Nl)t€ [011];
and

g(t,u) <asu, u>N,tel0,1].
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Let by = maxeo,1},ucfon,.f (£, #) and by = maxeeqo1],ucfoNg] £(¢ #). Then we have

ft,u) <aju+b

and

g(t,u) < axu + by

for t €[0,1] and u € [0, 00).

Consider the boundary value problem

Dix(t) + alx(t) + b1 =D (awx(t) + by), te(0,1),

(3.13)
x(O) =0, I‘(5 7) fo 8 o ( )dS+ I‘(& 1:+1)
Then x € L'([0, 1], R) and I*7°x € AC?([0, 1], R) is a solution of (3.13) if and only if
1
x(t) = /0 H(t, s)(alx(s) + bl) ds + ———— F(8 0 / (£ —s)% " 1(azx(s) + bz)
1
=a; j(; H(t,s)x(s)ds + G i 3 /(; (¢ = s)° " x(s) ds + M(¢, by, by). (3.14)

Define the operator 77 : X — X as
1 @ ¢
(T1x)(¢) = ﬂ1/ H(t,s)x(s)ds+ 7/ (£—9)2"""Yx(s)ds+ M(¢t, by, by), ¢t €]0,1].
0 Ir'@-1) Jo
By the proof of Lemma 2.8 operator T} is completely continuous in X. Let
M(t) blt b2)
=maxy ——— .
telo1] | 1 = M(t, a1,a,)
IfxeB, ={xeX:|x| <y}, then

1 1
|(T1x)(t)| §azl||x||/0 H(t,s)ds+b1‘/0 H(t,s)ds

@l [ ey, bt
re$-1)Jo ré-t+1)

= M(t) 611,612)”95“ + M(t’ bl; b2)
=v.

Thus T; : B, — B, is a compact operator. Hence, by the Schauder fixed theorem, T; has

at least one fixed point in B,, and (3.13) has at least one positive solution x(t) with

1
x(t) :a1/ H(t,s)x(s) ds + / (¢ = )5 %(s) ds + M(¢, by, by). (3.15)
0

r(a- 7)
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By the definition of a control function we get

1
x(t) > / Hi(t, s)U(s,%(s)) ds+ ———— F((S / (t—s)’ L (s x(s)) (3.16)

0 _
Then X is an upper positive solution of the boundary value problem (1.1)—(1.2). Similarly,
x(t) = M(t, ¢y, ¢2) (3.17)

is a lower solution of the boundary value problem (1.1)—(1.2). By Theorem 3.1 the bound-
ary value problem (1.1)—(1.2) has at least one positive solution x € P, and x(¢) < x(£) <
x(2). O

Example 3.1 Consider the boundary value problem

D4x(t) + 79/4);'“"(0 +t+1= r(?;/z)D% (x() +cost+1), te(0,1), (3.18)
2(0)=0,  x(1)=1 [1(1 =)V 2(x(s) + coss + 1) ds, '

where f(t,x) = M +t+1landg(t,x) = %(x +cost+ 1). We can see that g is nonde-

creasing in x and that

fltx) _TOM)

lim max <
x—>00te[0,1] X 2
t,x I'(3/2
lim max ‘M < ( ),
x—ootel0l] X 2
I‘(9/4 3/2

and max;e,1] M(t, LGy 1. By Corollary 3.3, (3.18) has at least one positive solu-

2
tion.

4 Uniqueness of positive solution
In this section, we prove the uniqueness of a positive solution for the boundary value
problem (1.1)—(1.2) by the Banach contraction mapping principle. In particular, the mono-

tonicity of g(¢, x) is dispensable.

Theorem 4.1 Assume that f + g # 0 and that there are constants L,,Ly > 0 such that

Ift,x) - f(t,p)| < Lillx - yll,
lg(t,x) —g(t,9)| < Lyllx -yl

forallt e [0,1] and x,y € [0, +00). Then, if

max M(t,Li,L,) <1,
te[0,1]

then the boundary value problem (1.1)—(1.2) has a unique positive solution on P.
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Proof We will prove the T defined by (2.10) is a contraction mapping on P. Clearly, ifx € P,
then Tx € P. In fact, for any x,y € [0, +00), we get

|(Tx)(2) = (Ty)(0)]
1
< /0 Hi(t, S)V(s,x(s)) —f(s,y(s)) ’ ds

F(3— / (t-s) 1|g(s,9c(s)) (s,y(s))|ds

1
< f H(t, )Ly |lx -yl ds + ——— f (t -3 Lyllx —yll ds
0 r@é-r7)Jo

=M(t, Ly, Ly)|lx - yll. (4.1)

Hence, T is a contraction mapping on P. Therefore, by the Banach contraction mapping
principle, T has a unique fixed point on P, and the boundary value problem (1.1)—(1.2)

has a unique positive solution on P. d

Remark 4.1 The conditions of Corollary 3.3 imply the conditions of Theorem 4.1, and
thus Corollary 3.3 also concludes the uniqueness of a positive solution.

Example 4.1 Consider the boundary value problem

5
Dix(t) + £ + fo(t =Ds(1+t+ 05, te(0,1), @2)

x(0) = 0,6(1) = gy Jo (1 =931 +5+ 2L ds,

where f(¢,x) = t* + 3% and g(¢,x) = 1 + £ + 5. Then

+

tx ty
t,x) —f(t, = =
If (&%)~ £(t,9)] ’3” 345 3Ix yl
and
y 1
tx) —g(t,y)| = - <—|x-
lg(t,x) —g(t.y)] = | 5 2ey =5kl

forall £ € [0,1] and %,y € [0, +00). Since M(t, %, %) <1, by Theorem 4.1, (4.2) has a unique

positive solution.
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