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1 Introduction
The well-known zero-pressure gas dynamics reads

Pt + (pu)x =0,

1.1
(pu)e + (pu*)x =0, (D

where p > 0 is the density and u is the velocity. These equations are also called the trans-
port equations, or Euler equations for pressureless fluids, which have been systemically
studied by a large number of scholars since 1994. They can be regarded as the direct re-
sult by taking the pressure p = 0 in the isentropic Euler equations in gas dynamics [1].
They also can be obtained from Boltzmann equations [2] and the flux-splitting scheme of
the full compressible Euler equations [3, 4]. System (1.1) is used to model the motion of
free particles which stick under collision [5] and the formation of large-scale structures in
the universe [6, 7].

For system (1.1), Bouchut [2] presented the existence of measure solutions of the Rie-
mann problem. Weinan et al. [7] discussed the existence of global weak solution and the
behavior of such global solution with random initial data. The 1-D and 2-D Riemann prob-
lems were constructively solved by Sheng and Zhang [8], and a new kind of discontinuity,
called delta shock wave, was found in the Riemann solutions. A delta shock wave is a gen-
eralization of an ordinary shock wave, on which at least one of the state variables may
develop an extreme concentration in the form of a weighted Dirac delta function with the
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discontinuity as its support. It is more compressive than an ordinary shock wave and is
often used to describe the process of formation of the galaxies in the universe and the
process of concentration of particles. In the past over two decades, the investigation of
delta shock waves has been increasingly active. Specifically, the study on the stability of
delta-shock solution is much more important and interesting.

In the discussing of stability of a delta shock wave, the vanishing viscosity method is one
of the most vital ways. In fact, it is a very popular approach to constructing discontinuous
solutions of the Cauchy problem for the conservation law

u+ (f(w), =0. (1.2)

This method consists in viewing (1.2) as the limit of the equation

u+ (), = ety (1.3)

for ¢ — 0*. The difficulty for this regularization is that (1.3) does not possess space—
time expanding invariance ((x,t) — (o, @t), @ > 0). To overcome this difficulty, Dafermos
[9], Kalasnikov [10], and Tupciev [11] independently suggested the viscous regularization
given by

Ug + (f(u))x = ElUyy, (14')

which possesses the desired space—time expanding invariance and admits solutions that
depend only on the self-similar independent variable & (§ = x/t). For this kind of vanishing
viscosity approach, a small amount of diffusion or viscosity makes the mathematical model
more realistic in most applications. In addition, the shocks constructed by this method are
physical ones, since they satisfy the entropy inequalities.

Specially, in order to obtain the stability of the delta shock wave of (1.1), by using the
vanishing viscosity method, Sheng and Zhang [8] considered the following regularized

system:

pr+ (pu)y =0, (L5)
(pu): + (pu?)x = ettty
where ¢ > 0 is a small parameter. All of the existence, uniqueness, and stability of solutions
were investigated to viscous perturbations. See also Yang [12] for the generalized zero-
pressure system and [13—23] for the viscosity vanishing approach on various systems of
conservation laws.

In addition, there are a lot of different approaches to studying the formation of a delta
shock wave, such as the perturbation of the Coulomb-like friction term [24, 25], the
weak asymptotic method [26—28], the shadow wave method [29], and so on. Here, we
are pleased to introduce the flux-approximation method proposed by Yang and Liu [30].
The main idea of it is to introduce some small perturbed parameters in the flux function
of the system, and then discuss the limits of solutions to the perturbed system by letting

perturbed parameters drop to zero. They analyzed the limits of solutions to the perturbed
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isentropic system

+ (pu —2€1u), =0,
Pt (IO 1 )x (16)
(pu)e + (pu* — e1u® + €3p),, = 0

with p = % (y > 1), where p > 2¢1, €1, €3 > 0 are parameters modeling the strength of
flux and pressure, respectively. They proved that the limits of Riemann solutions of (1.6)
involving two shock waves and two rarefaction waves tend to a delta-shock solution and a
vacuum state to the zero-pressure gas dynamics (1.1), respectively. This implies that both
the delta-shock and vacuum solutions of (1.1) are stable under some small perturbations of
flux. See also the papers [31-33] for more discussions on the flux-approximation method.

System (1.6) is an archetype of hyperbolic systems of conservation laws of the form

u + (f(u€1,€6)) =0 (1.7)

with u = (0, pu)T and f (u, €1, €2) = (pu—2€1u, pu® —e1u* + €,p) T, where T represents trans-
pose. As €1 = 0, system (1.6) is nothing but the Euler equations of isentropic gas dynamics
with pressure perturbation. By using the vanishing pressure limit method, Chen and Liu
[34] identified the stability of the delta shock wave of (1.1) under the pressure perturba-
tion, which was equivalent to the formation of delta shock waves and vacuum states in
solutions of system (1.6) as €, — 0. Further, in [35] they also studied vanishing pressure
limit of solutions to the nonisentropic fluids. See also Li [36] for the isothermal Euler equa-
tions with zero temperature. Now, the vanishing pressure limit method has been widely
used and the results were extended to the relativistic Euler equations by Yin et al. [37-39],
to the perturbed Aw—Rascle model by Shen and Sun [40], to the modified Chaplygin gas
equations by Yang and Wang [41, 42], etc. It is clear that the flux-approximation method
is indeed a natural generalization of the vanishing pressure limit method.

While as €3 = 0, (1.6) becomes the following perturbed zero-pressure gas dynamics:

pr + (pu —2€1u), =0, 19)
(pu): + (pu® — e1u?), =0,

which is a pure flux approximation. The Riemann problem of (1.8) was solved in [30].
The Riemann solutions including a parameterized delta shock wave depending on €; and
a constant density state (p = 2¢;) were obtained. Compared with the transport equations
(1.1), the vacuum state here is removed, while the weight of a delta shock wave decreases.
These imply that the flux perturbation works in the pressureless fluids.

Motivated by systems (1.5) and (1.8), we are intensely curious if the flux perturbation will
have impact on the stability of delta-shock and vacuum state solutions of the zero-pressure
gas dynamics under viscosity approach. Therefore, we consider the flux-perturbation vis-
cosity regularized problem

+ (ou — 2€1u), =0,
123 (/0 14)x (1’9)
(pu); + (pu? — €1u%), = ettty
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with the initial data

(0, u)(0,%) = (px,us) (£x>0). (1.10)

Physically, a reasonable perturbation can be used to govern some dynamical behaviors
of fluids, so it is worth studying the vanishing viscosity limit for Riemann solutions to
the zero-pressure gas dynamics with flux perturbation. As stated in [35], small external
forces imposed on the fluids lead to deformation of a fluid particle. The small forces can
be regarded as a flux perturbation in terms of mechanics. What is more, although the flux-
perturbation parameter €; can be considered very small and reflects the strength of the
flux, it does not vanish in general. We propose to include this parameter in hope of inves-
tigating the effect of a flux approximation to the stability of the delta-shock and vacuum
state solutions to the zero-pressure gas dynamics under viscosity approach. Obviously, in
contrast to the previous works in [8, 12, 18], we here develop a viscosity approach which
contains flux approximation in the considered systems. So this paper to some extent ex-
tends the results and proofs in [8].

Using Schauder’s fixed point theorem, we first consider the existence of self-similar so-
lution for (1.9) and (1.10) in [-A, A], where A is a sufficiently large real number. Then
the obtained solution is extended to the whole interval (—o0o, +00). Here, we use a new
idea and skill to reach our goal. Furthermore, we investigate the limit of solution of (1.9)
and (1.10) when ¢ — 0*. Concretely, when u_ < u,, we rigorously analyze how constant
density solution is formed. While if u_ > u,, the limit solution of (1.9) and (1.10) gener-
ates the parameterized delta-shock solution of (1.8) and (1.10). At this moment, the limit
functions p(x,¢) is the sum of a step function and a Dirac delta function, u(x, ) is a step
function. These facts show that delta-shock and constant density solutions are stable to
the reasonable viscous perturbations under flux approximation. It also confirms the math-
ematical reasonability of the flux perturbation from another perspective. Furthermore, in
the process of proof, one can easily observe that the Riemann solutions to (1.9) and (1.10)
converge to those of the zero-pressure gas dynamics (1.1) with the same initial data when
€1, — 0.

This paper is organized as follows. In Sect. 2, for readers’ convenience, we present some
preliminary knowledge of system (1.8) and (1.10). Section 3 shows the existence of solution
to the viscous system (1.9) and (1.10). Then, as the viscosity vanishes, we discuss the limit
of solutions of the viscous system in Sect. 4. Finally, a brief conclusion is presented in
Sect. 5.

2 Riemann solutions to system (1.8) and (1.10)
We briefly recall the Riemann solutions for system (1.8) and (1.10) in this section. See [30]
for more details.

The characteristic roots and corresponding right characteristic vectors of the system are
A =wuandr=(1,0)7, with VA-7 = 0. So the system is full linear degenerate and elementary
waves only involve contact discontinuities.

Under the self-similar transformation & = x/¢, besides the constant state solution, the
system provides the singular solution p = 2¢;, u = £, while the elementary wave has only

contact discontinuity J : £ = u_ = u,.
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For case u_ < u,, one can construct solution of the Riemann problem as follows:

(o_,u_), —-o0<&<u,
(/0’ M)(-‘;:) = (261,5), u_ < ‘i: < U, (21)
(04 1s), Uy <& <+00,
which includes two contact discontinuities and a constant-density state besides two con-
stant states.
For the case u_ > u,, the solution contains a delta shock wave. In order to define the
delta-shock solution of (1.8) and (1.10) in the sense of distributions, a two-dimensional

weighted delta function w(s)ds supported on a smooth curve S parameterized as t = £(s),
x =x(s) (a < s < b) is introduced as

b
(w(t(s))ég,go(t,x)) = / w(t(s))(p(t(s),x(s))\/x’(s)2 +t(s)2ds (2.2)

for all test functions ¢ € C§°([0, +00) x (—00, +00)).

By this definition, the delta shock wave type solution in the sense of distributions is
defined as

P = IOO(xl t) + Was, u= Mo(x; t);
where S = {(ot,£): 0 <t < 00},

po(x, ) = p- + [p]H(x - 0t), wuo(x,t) =u_+[u]H(x-ot),

w(t) =

T3 (oo~ lou 2610

in which [G] = G, — G_ expresses the jump of the quality G across the curve S, o is the
tangential derivative of the curve S, and H(x) is the Heaviside function.
The solution (p, ) constructed above satisfies that

(0, @c) + {pu = 26114, ¢x) =0, (2.3)

(ot 1) + (pu® — e1u®, 0,) = 0 (2.4)

for all test functions ¢ € C5°([0, +00) X (—00, +00)), where
+00 +00
(0, ) = / / pow dxdt + (ws, p),
0 —00

+00 400
(pits p) = f / potio dxd + (awds, @),
0 —00

u, u* and pu? have similar integral identities as above.
With this definition, the delta-shock solution of (1.8) and (1.10) has the form

(o_,u_), x < x(2),
(o, u)(t,%) = § (W(t)s(x — x(£)), us5), x=x(¢), (2.5)

(04 1), x> x(t),
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where x(£), w(t), and u; satisfy the following generalized Rankine—Hugoniot relation:

% = M(S = 0’,
WL — 5 [p] - [pu—2e11), (26)
W0 _ o [pu] - [pu® - ).

Besides, the discontinuity should satisfy the entropy condition
U, <o <u_.

Then we solve the generalized Rankine—Hugoniot relation (2.6) with initial conditions
t = 0: x(0) = 0, w(0) = 0. By a routine calculation, when [p] #0, one can easily obtain that

_ lou] +/[pul® - [p]([2€1u]o + [pu? — €1u?])

0 [o] ‘
[(p —e)ul + /(o= —€1)(ps — 1) (- — 1)
5§ =0 = ¢
(o]
(o) = leru] +/(p- —€1)(py —€1)(u- — u+)t
V1+02 ’

. _ _ u—+u . _ u—+u _ [2equ—pu]
while when [p] = 0, x(t) = “5*¢, us; = 0 = “=5**, w(t) = 11+02 ¢

3 Existence of solutions to the viscous system (1.9) and (1.10)
In this section, we show that the viscosity regularized problem (1.9) with initial data (1.10)
has a smooth self-similar solution. Equivalently, we consider the boundary value problem

— + (pu —2€1u)s =0,
Eps + (p 14)e (3.1)
—&(pu)e + (pu® — €1u®); = cuge

and
(0, u)(£00) = (p+, Ut). (3.2)
For system (3.1) and (3.2), we have the following theorem of existence.
Theorem 3.1 There exists a weak solution
(p,u) € L} (=00, +00) x C2(—00, +00)
for the boundary value problem (3.1), (3.2).
In order to prove this theorem, we first consider the existence of solutions of system

(3.1), (3.2) in the interval [-A,A], where A is a sufficiently large real number, with the
boundary condition

(0, u)(£A) = (ox, u+). (3.3)
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The main idea is to use Schauder’s fixed point theorem, so we take
B=C?[-A,A], K= {L[ |UeB U(FA)=uy,Uis monotone}.
Obviously, K is a bounded convex closed set in B, a Banach space.

Lemma 3.2 For any U € K, the problem

—£p: + (pU —26,U)g = 0,
p(iA) = P+

possesses a weak solution p € L'[-A, A].
(i) Whenu_ > u,,

(&) = pE), -A<§<é,
pZ(E)’ Ea“<%-§A;

where &, is a unique solution of equation

U(SU) = Ea:

p1(&) is increasing in (A, &), while py(§) is decreasing in (§,,A).
(i) When u_ < u,,

p1(§), -A=<§<&,
p(‘s): 2611 50'1 ES Eé:o'z!
/02(%_), 5(72 <E SAr

where &, <&, satisfying
Ealzmin{$|l,[(§)=$}, 502:max{€|u(§):$}
and

lim p;(§) = lim pa(§) = 2€y,

"Sal —>&ay

p1(&) is decreasing in (A, &, ), while py(&) is increasing in (§5,,A).

Formulae of p1(§) and p,(§) in (3.5) and (3.7) can be given as

U )ds

p1(&) =2€1 + (o —261)eXP( U6 s

and

~ A u/(s)
p2(8) = 2€1 + (ps —261)e><p< . uw _S) ds,

where’ = d/d§.

Page 7 of 27

(3.6)

(3.8)

(3.10)

(3.11)
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Proof (i) When u_ > u,, the equation in (3.4) can be rewritten as

(UE) &) ps +(p—2e))U = 0. (3.12)
Obviously, the singularity point of it is given by the solution of equation (3.6). U(§) is
decreasing, the uniqueness of singularity point can be easily obtained, we denote it by &,.
The solution (3.5) with formulae (3.10) and (3.11) can be obtained by integrating (3.12)

from —A to & or & to A, respectively. The monotonicity of p;(§) and p,(§) is apparent from

formulae of solution. Besides this, one easily obtains

lim p;(§) = +o00, Slir?+ 02(8) = +o0. (3.13)

§—>&y

Next, we show that p(£) is a weak solution of (3.4) and p € L'[-A, A]. Integrating (3.12)
on [-A,&] for —A < & <&,, we have

&
(U©O-n®)+ [ m)ds =4+ u)p. +20U(E) - 2eru (3.14)
Set
3
(&) = / s, A= (Ao, a(6) = UE) - 6. (3.15)
Equation (3.14) can be written as

a&)p'(§) + p(§) = A1 +261U(E) - 261,
p(=A)=0.

(3.16)

Solving (3.16), we obtain

§ _
p(s>=<A1—ze1u_>{1—exp(fA;"S)}
¢ _ds § 26,U(r) " ds
* exp(/A E) /:A a(r) P (/A %) ar.

For the term ffA 225@ exp(f” 4 %) dr in the expression above, using the second mean

value theorem for integrals, we have

¢ g
p($)=(A1—261u_){1—eXP(/A Is;)}
§ —ds ¢ 2¢; " ds
coo( [z wen [ el [, )@
£ 2¢; " ds
+U(§)/{ %exp(/ﬂq @> dr}
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£ _
:(A1—261u_){1—exp(/ Iﬁ)}
—-A
£ —ds 3 —ds
+ 20 <eXp</{ @) _exP</_A @))
& _ds
+261U(§)(1—6Xp</§ @))’

where ¢ € (-4,§&).
Because a(£) > 0 and a(£) = O(|€ —&,]) as € — £, one has

&
liI?_ o1(8)ds = A1 —2e1u_ + 26, U(&,). (3.17)
=& J_a
Hence
élinérl,(U(%‘)) -&)p1(§) =0. (3.18)

For &, < & <A, in the same way as above, the following results

A
Slir?+ 02(8)ds = Ay — 2€1u, + 26,1 U(&,) (3.19)
50 JE
and
Jim, (U(8) ~8)pa(5) =0 (3.20)

hold, where A, = (u, — A)p,. Equations (3.17) and (3.19) mean that p € L}[-A, A].
For arbitrary ¢ € C5°[-A, A], we verify that

A

A
/ (ép—pU+261U)¢/d§+fA pwrdé =0. (3.21)

A -
In fact, for any &, &, satisfying —A < &; <&, < & < A, we have

A

A
1=/ (sp—pU+261U)w'ds+/ oy de
_A -A
&1 & A
=</ +/ +/ )((Ep—pU+261U)1/f’+p1/f)dE
-A & &
=Il+12+13.

By simple calculation, one can obtain

I = ((& - U() p(&1) + 261U (61)) p(&1),
Iy = —((52 - U(£2)) p(&2) + 261U (52)) 9 (&2).
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Considering the monotonicity of U(§), from (3.18) and (3.20), we get

L+ L] < | (&1 - UED))pED)dED) | + |(62 - UE)) p(£2)9 (&)
+2€1|(UE)P(E) - UE)P(E))]

—0, as&—~>E,5H—>E).

Since p € L'[-A, A], we can prove that

& 3
2] S/g (U -8y +ylpl+ 261/§ |U|dg -0, as& —§,,6 &, .
1 1
Noting [ is independent of &; and &, so I = 0, that is, (3.21) holds. Therefore, p(§) defined
in (3.5) is a weak solution of (3.4).

(ii) When u_ < u,, we can obtain &,, <§&,, because U(£) is increasing. The solution p(§)
of (3.4) to be (3.7) with (3.10) and (3.11) can be easily obtained by using the same method
as case (i).

When &;, <& <&,,, werewrite the first equation in (3.4) as (& —u) 0z + p(1 —ug) + 2€1 1 —
2¢1 = p — 2¢1, that is, ((§ — u)p) +2¢€1(u— &) = p — 2¢;. Hence

oy
£ (p(6) ~261) & = & ~ (&) 4261w~ )| =0, (3:22)

which implies that p(§) = 2¢;. In addition, with the help of (3.10) and noting that

£ U(s) , §  ds
/:A U(S)—sds =u (é‘l)./:A U(s)—s

, S ds
zU(cl)L i

ueg)-¢
UE)+A

=-U'(¢1)In
—> +00, as§—§,,

where A < & < &,,, —A < <&, we get the first half of (3.9). Similarly, the second half can
also be obtained. Moreover, the monotonicity of p;(§) and p,(&) is obvious. The proof of
Lemma 3.2 is completed. O

Define an operator T : K — B as follows: for any U € K, u = TU is the unique solution
of boundary value problem

eu” = p(U, &)U - &),
u(+A) = u4,

(3.23)

where p(U, ) is defined in (3.5) or (3.7). Integrating the first equation of (3.23) twice on
[-A, &), we get the solution as follows:

(. —u) [°, exp([*,(p(U —5)/¢) ds) dt .

A . (3.24)
[ exp( [, (p(U — 5)/e) ds) dr

u(§) =
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Lemma 3.3 T : K — K is a continuous operator in B.

Proof Take U, — U (in B) (n — o0), Uy, U € K. Then

TU, = u,, TU =u

satisfy (3.23), and we have

ey —u)" = pu(Uy — &)y — ) + (pu(Uy — &) — p(U - E)WL,
(u, — u)(£A) = 0.

(3.25)

Then it follows that

JA T an(@) exp([f” pals) ds) dr dt
[A exp(f7, pa(s) ds) d

3 3 &
X exp(/Ap,,(s) ds) + /A q,,(r)exp(/ Pn(s) ds) dr, (3.26)

o = 2)(E) = — JA T @@ exp(f! pals) ds) dv dt
f_’: exp([”, pu(s)ds)dr

X/_iexp(/_;l?n(s)dS)dr
+/_j /_; qn(r)exp(/:pn(s)ds) dr dt, (3.27)

where ep,, = p,(U, - §), q,, = (pn(U, — &) — p(U — &))u'. From the first equation of (3.4),
we have

(tn —u) (€) =~

(p(U -&)-26,U) =—p <0, (pu(Uy = &) = 261U,) = —pp <0 (n=1,2,...).

Then p(U - &) — 26, U and p, (U, — &) — 261U, (n=1,2,...) are monotone decreasing and
continuous functions. We can rewrite eq, as follows:

&qn = (pn(un -&)- 261”}’1) - (,O(U -&) - 2€1U) +2e1 (U, — U)u'.

Because the sequence of monotone functions (continuous or discontinuous) which con-
verges to a continuous function must converge uniformly, we have that g,(£) converges to
zero uniformly. From (3.25), (3.26), and (3.27), we can get that

u, —u (inB), asn — o0.

Therefore T : K — B is continuous in B.
Furthermore, from (3.23) we have

(1, — ) exp([*, (p(U - 5)/e) ds

u'(§) = )
T4 exp([7 (p(U = 5)/e) ds) d

(3.28)
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It is obvious that # = TU is monotone. So we get TK C K. The proof of this lemma is
completed. d

Lemma 3.4 TK is precompact in B.

Proof According to the continuity of T and the Ascoli—Arzela theorem [43], we still need
to show the boundedness of TK in B.
When u_ > u,, for any U € K, we have

& _
W () =t/ (-A) exp< / ) p (Li 9 ds).

By Lemma 3.2, when s < &,, it yields that

S

0<p(U -9 =p-(u- 4 A) - [ p©)dE +261(UE) 1) < p-(u+4)

While when s > &,, we get

A
0> p(U —5) = pi(u, —A) + / p(&)dé + 261(”(5) - u+) > pi(uy = A).
Thus we need only to consider the uniform boundedness of #'(-A). From (3.23) we obtain

u"(£)<0, §e[-4A&).
Then it follows that

u,(g) < u,(_A) < 0’ E € [_A’ga):

and

u_—u, > u(-A) —uE,) = (L) (A - &) > U (5)(-A -u,), & el-4E).
So

0>u/(-A) > u' () > —LZ;::.

These above imply that #/(£) is uniformly bounded for K.
When u_ < u,, from (3.23) and (3.24), we have

0< Ll/(g) < u/(gm) = 1: E € [_A,‘i:al)
and
0<u'(§)<u(E,) <1, &el(&pAl

Therefore, u(§), #/(§), and u”(§) are all uniformly bounded for K, that is, 7K is a bounded
set in B. We complete the proof of this lemma. d
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From the above lemmas, by virtue of Schauder’s fixed point theorem, we get the follow-

ing result.

Theorem 3.5 There exists a weak solution
(p,u) € L'[-A,A] x C*[-A,A]
for the boundary value problem (3.1) and (3.2).

Now we extend the solution of (3.1) and (3.2) in [-A, A] to the whole interval (—00, +00).
The following lemma is necessary.

Lemma 3.6 The solution (p,u)(§) of system (3.1) and (3.2) satisfies
(i) u(&), u'(&) have uniform bounds independent of A;
(i) |u”(§)] < Cle), & € [-A,A], where C(¢) is a constant only dependent on &;
(ili) pa(ut, &) converges as A — +0o, where p(u, &) can be expressed as

p1() =261 + (p- — 2e1)exp( [, ) s,
Ee(-A)ork e (_A’éal)’
pa(u,§) = A Wi
pZ(E) =2¢€1 + (o4 — 261)CXP( £ u(s)—s)ds’

§ €65, A) or§ € (8, A).

Proof We only consider the case u_ > u,, one can prove the case u_ < u, in a similar way.
For this case, we have

U, <& <u_.

(i) Take —A < & < u,. From the first equation in (3.23), we can obtain

& _
W (E) = u/(él)exp( /g ”(“8 9 ds).

1

Because
u'(§)<0, §e(-4A&)

it follows that
0>u'(E)>u'(€), &e(€,é)

Since

u_—uy, >u(€r) —ulEs) =u'(83) (6 - &) > u'(53)(E —uy), &3 e(E1,&)

we get

U_—u,

El_u+'

u'(g3) >
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In addition,

/

&1 _
p(E) = 261 + (p- —2e1>exp< / a ds>

A U—=S

81 _ (77— <) —
=2¢€1 +(p- — 261)€Xp</ % ds)
_A -
+A 51 _ds
=261+ (p- 261)”(51) 51 </—A E)

51 _ds
=2alp-—2a) ey (51) &1 exp(/_A E)

u-—§&
u)-&’

= 261 + (p_ - 261)

If £ < &, then

§ —
exp(/; p(ug 9 ds) <1.

While if & < & < &,, we have

¢
plu =€) = pE)(ulEr) - &) + 261 (w(&) - u(Er)) - /s o

< p()(u(&1) - &) < p-(u_ - &).

So we obtain that

exp(/: p(ug—S) ds) <exp<%>

When & > &,,

3 B £ _ £ _
/ o(u s)ds=/ p(u S)d8+/ p(u S)ds
£ € 31 € & €
£ _
5/ p(u—s) Js
&1 €

Therefore, () and u/(§) have uniform bounds independent of A.

(if) We can get this result from the first equation of (3.23) and (i).

(iii) Similar to the estimate on p;(£) in (i), we can obtain that

pulE) < 261+ (o~ 2e0) Z Ee(-A8)

Page 14 of 27
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and

u,-§

m: & € (&,4),

p2(&) <2e1 + (04 — 2€1)

which show that p4 (¢, §) converges as A — +00. We finish the proof of Lemma 3.6. O

From the above discussion, for any L > 0, {u4(£)} is a compact set in C'[-L,L] if A > L.

Hence there exists a subsequence {u4,(£)} such that

Jlim @) =@, lim W, ) =), &Ll

i

By Helly’s selection theorem, we get a subsequence, also denoted by {u4,(£)}, such that

lim u,(8) = u(§), lim w), (§)=u'(§), &€ (-00,+00).

Aj—+00 Aj—+00

Theorem 3.7 Let ¢ < é&o. Then u(§) satisfies

eu’ = p(u,§)(u—-§)u,

Ll(:l:OO) =U4,

(3.29)

and

p1(§), —o0<§ <&y,
P(é) = 261) 501 SE S éazx (3'30)
pZ(S)» 502 < %' < +00,

when u_ < u,, while

,O(S) _ pl(S)r —OO<.‘;: <‘§6r (331)
02(8), &5 <& <400,
when u_ > u., where
E
pi(6) =260+ - 2enexp( [ 0 ), (332
pu(6) =261+ o =2enexp( [ ), (333)
e uls)-s

and EU¢ EUI; and Egz Sﬂtiéf)}

501 Zmin{i"a‘u@o)zsa}! ";:02 =maX{§J’M(§J)=$U}.

Page 15 of 27
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Proof Denote (p4 (&), ua(§)) by the solution of (3.1), (3.3). When u_ > u,, integrating (3.23)
from &, to &, &, is a fixed point. Then we have

e(uy (&) — us (&) = pa(€)(ua(€) — &)ua(§)

3
= A (1A (E2) — Ba) 1A () — €1 (13 (6) — 124 (5)) + /S patis ds

whenever &, is between &, and £ or not. Letting A — +00, by the Lebesgue convergence
theorem it follows that

e(u'(§) = /(&) = p(6)(u(8) - §)u(&) - p(62) (u(62) - &2)u(62)

&
- el(uz(é) - uz(Ez)) + /g puds. (3.34)

When u_ < u,, we can get the same formula as above. The right-hand side of (3.34) is
continuous, so we get

U € CH{-00,+00).

Differentiating (3.34) with respect to & yields
su’ = p(-€ + u)u/,

and from (3.24) we have
u(—o00) = u_, u(+00) = u,.

The formulae of p(§) in (3.30)—(3.33) can be obtained from the lemmas above. The proof
is completed. O

4 The limit solutions of (1.9), (1.10) as viscosity vanishes
In this section, we investigate the behavior of solution of (3.1), (3.2) as ¢ — 0.
Casel.u_>u,.

Lemma 4.1 Let & be the unique point satisfying
w(g) =5, &= limé
(pass to a subsequence if necessary). Then, for any 1 > 0,
Jim u (§)=0 for|§ &=,
Jim w*(§) =u, for& =&+, (4.1)
slirg uE)=u_ for§ <& —n

uniformly in the intervals above.
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Here and after, denote u*, p® as u, p when there is no confusion.

Proof Take & =&, + 7, and let & be so small that &, < &3 — 7. Integrating the first equation
of (3.1) twice on [&3,&], we get

& T _
uEs) — u(e) = —d (&) eXp< / ps) -9 ds> i,
&3 &3

£
When & > &,
+00 M,(S)
p(&) =2€1 + (0 — 261)eXp</ dS)
e uls)-—s
=2¢1 + lim (p, —2¢€7) exp( Mds)
A—+00 S

<2e+ lim (p, —2€1) e = A exp(/A ds )
- A—+00 ul&)-¢& g Uy —S

+ -A + =
=2e+ lim (on- ZEI)LZsTg =
=2¢€1 + (ps 261) (5) i

we have

p(u—§)>2e(u—-§&)+ (o, —261)(u, - &)
> 2e1(uy — &) + (pr — 261)(u, — &)

=p.(u, — &), &e(&,+00). (4.2)

Then

3 T _
uEs) - u(E) = (&) /E 3 exp( /S 3 w ds) dr
3
e [ exp(2 (-6 -89 - 367 )
E-&3
- U(&) / exp( ((u+ &)r—%rz) )

Letting &€ — +00, it follows that

U —u,>-u (Es)/ CXP( (2(us - &5)T - 7?) dr)
Z _M/(‘i:?))\/EA?n

where A3 is a constant independent of &. Thus

/(E5)| < = IA
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So, one can check that

U, S plu—s)
Wi <o p(/E =),

Again note that when & > &3,

(&) =261 + (ps —261)exp(/;oo u'(s) )ds

u(s) —s

A Y, 1
=2€1 + Alim (s — 261)exp< M ds)
—+00

€ u(s) —s
>2¢; + lim (o, — 261) p</A ds )
- A +00 (E) S ¢ u(&)-s
_ . u, -A M(é?») _E
S I 2 e -4
B u(és) - &
=21 + (ps —2€1) WE) ¢

we have

p(u—§) <26 (u(€) - &) + (p, — 2€1) (u(&3) - §)
<261 (u(&3) — &) + (s — 261) (u(E3) - §)
=P+ (u(ES) - E)’ g € (%—3) +OO).

Then
W (€)| < = — M ex ( &fé(s u(& ))ds)
\/— As b € Jg ’ ,
which implies that

lir{)l uz(£) =0, uniformly for & >&; +n.
e—0%
Next, we pick &, such that & > &, > &, + 1. From

p(u—s)

& T
uEs) — u(e) = —d (&) eXp< / ds) d,
&y &y

we get

& T _
Ju(es) - u®)| < |1 &) / eXp( / %ds) it
<—|u(€4)|{1 exp( (& - s))},

where Ay =20, (&4 — u(&y)). Letting & — +00, we conclude that

’M(S‘L) - bt+| =

Page 18 of 27
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which implies that
111%)1+ u®(§) =u,, uniformly for & > &, +n.
The result for £ < &, can be obtained in the same way. The proof is completed. 0

Lemma 4.2 Foranyn >0,

_, —00<&E<é&,—n,
lim p*(€) = 1" § <o (4.5)
a0t Prr & 1 <& <00,

uniformly.
Proof From (4.2) and (4.3), for any & > & > &, + 1, it follows that

M(SS) _E < p(%-) < 261 + ('0+ — 261)ﬂ

2e1 + (py —2€1) wE) £ = WE) &’

which yields
lirg+ p°(&) = p,, uniformly for & > &, + 7.
In a similar way, the rest can be obtained. This completes the proof. d

Next, we study in more detail the limiting behavior of p° in the neighborhood of £ = &,

as ¢ — 0*. Denote

0 =£ = lim & = lim ug(éj) =u(o). (4.6)
e—0% e—0%
Then
U, <0 <U_. (4.7)

Now we take & < 0 < &, ¢ € C5°[£1,&,] such that ¢ (£) = (o) for & in a neighborhood €
of £ = o (¢ is called a sloping test function). When 0 < ¢ < &9, £ € Q. From (3.1) we have

& &
/ (p°(& —u') + 2e1u’) Y d& + / p°Y d€ =0, (4.8)
&1 &1
& & &
/ (ps(g —MS)MS +61(MS)2)¢/61€ +/ ,Ogl/lsl/f dé _ 8/ usl/f//d%'. (49)
&1 &1 &1
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For any o and oy near o with «; < 0 < o, from Lemmas 4.1 and 4.2, we immediately
obtain that

&
lim 2(,05 (S —u°) + 261u£)¢’d§

+
e—=0 £

o]

&
lim (,os(é - ug) + 261u6)w/d$ + 81_i)1¥)1+ /az (pg(é - ug) + Zelu‘g)lp’dé

e—>0% &
ay &
- /E (-t~ 2e0 )y ds + [ (pule - )+ 2e0 )

= (pstty — py0ta — 261U, — p_u_+ p_ay +2€1u_) Y (0)

- /: -V (€)dE - f: P+ (§)dé.

Letting «; — 0~ and oy — o*, we conclude that

&
slir{)l+ ; (0° (& —u°) +26,u) Y dE
&
= (0[] + Lo — 261u]) ¥ (0) - /E H(E - o) (®) (4.10)
where
Hix) = [,0_, x <0,
P, x>0,

Returning to (4.8), we get

&
lim [ (of - HE - 0))y(€) de = (o1p] - [ou—261u]) ¥/ (o) (4.11)

+
e—0 &

for all sloping test function v € C{°[&1,&,]. For an arbitrary ¢ € C5°[£1, &,], we take a slop-
ing test function ¥ such that ¥ (o) = ¢(o) and

max | —¢| <p, for§ €[§1,8],u>0.

Considering that p¢ € L'[£}, &] uniformly, we find that

&
Jlim [ (0"~ HE ~o)ple)de
&
=81i1})1+ ) (p° —H(E —0)) ¥ (&) dE + O(u)

(olp] - [pu —2€1u]) ¥ (o) + O(w)

= (o[p] - [pu — 2€1u])p(0) + O().
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Sending  — 0, we find that (4.11) holds for all ¢ € C{°[&1, &,]. Thus, the limit function of
pf (&) is the sum of a step function and a Dirac delta function with strength o[p] — [pu —
2€1u].

Similarly, from (4.9) we can obtain

3 5
lim [ (o°u’ = H(E - 0))¥(§)dé = (alpul - [pu® - e1u®]) ¥ (o) (4.12)

e—0 &

for Y € C{°[&1,&,], where

- p-u_, x<0,
H(x) =
Py, x>0,

Thus p*u® converges in the weak star topology of C3°(R'), and the limit function is a step
function plus a Dirac delta function with strength o [pu] — [pu® — €;u?].
If we take the test function as v/(zz° + p) in (4.9), where ¢ is a modified function sat-

isfying u°(0) in © and u® outside €2, and let p — 0, then we can get the other formula as

follows:
&
lim A (0° —H(E - o))y (€)dE - u(o) = (o [pul - [pu® - e1u?]), (4.13)

where € C3°(&1,&2).
Denote u;s = lim,_, o+ u°(§2) = u(o), compared (4.13) with (4.11), we have

us(uslp] - [pou - 2€1ul) = us[pul - [ pu* — e1u?], (4.14)
that is,

utp] - us ([pu — 2€1u] + [pul) + [pu — 2€1u] = 0.
When [p] #0, we can get

(0 —e)ul £ /(o —e1)(ps —€1)(u- —u,)

(o]

Us =

Because u, < u®(£)) = &2 < u_, we take

(o — ) + p- — ) (ps — ) ~ ) (4.15)

(o]

Us =

Let wy be the strength of Dirac delta function in p, then

wo = us[p] — [pu —2€1u] = [e1u] + v/ (p- — €1) (o4 — €1) (U — u,). (4.16)

Then we have the following theorem.
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Theorem 4.3 When u_ > u,, let (0°(€), u®(¢)) be the solution to (3.1), (3.2). Then

u, §&<us,
w(§) = im u'(§) = Yus, &= us, (4.17)
u,, §>us

p¢(€) converges in the weak star topology of C5°(R"), and the limit function is a sum of a
step function and a Dirac delta function with strength wy, where us and wy are expressed
by (4.15) and (4.16).

This theorem shows the stability of delta shock waves for (1.8) and (1.10) under viscous
perturbations.

Case2. u_<u,.

Lemma 4.4 Foranyn >0,

lim uZ:O, foré <u_-noré>u, +n

e—>0%

(pu-) for§ <u_—n,
lim (p%,u%)(€) = | 2€1,&)  foru-—n<& <u, +n,

e—>0%

(04, 14) fOV& >u, +1,
uniformly in the above intervals.

Proof Taking &; = u, + n and integrating the first equation of (3.1) twice on [&3,£], we get

3 T _
u(E) — w(Es) = /(&) exp< / Pl =) ds) dr
& £

&3 3

3 T _
>M/(é:3)/; exp(/s st)dr

Letting & — +00, it follows that

U, —u_ > u/(ég)/o exp<g—; (2(u_ —&)T - rz)> dr
> u/(é_S)\/gAS’

where As is a constant independent of &. Thus

U, —U_

|'4/(§3)| = JiAs
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So we get

_ § _
/(8)] < ”ﬁ A”s‘ exp( £ P (”8 g ds).

Noting that when & > &;,

p(€) =261 + (pys - 2e1)exp( fg ¥ ds)

u(s) —s

A _ ’ 1
=2¢; + lim (p, — 261)exp< M ds)
A—+00

£ u(s) —s

>2¢; + lim ( 2€)u+—A ex /A ds
= A%+oop+ 114(‘5)—3;' P g Uy —S

u, -A u,-§&
ul)-§u,-A
-&
(E) £

=2¢; + lim (p, —2¢€7)
A—+00
=2¢€1 + (ps 261)
we obtain

/0(14—5) SP+(U+ _g)r %- € (EO" +OO)~ (4‘18)

Therefore

|/ (§)] =

& _
o p(/ M”’)
&3
”f' A”* ex ( (O 5)2—(u+—sg)2)>,

which means that

hI(I)l uz(£) =0, uniformly for & > u, +n.
e—0t

Next, we take &, such that &€ > & > u, + . Noting that

& T _
u(E) - ulEs) = 1 (52) exp< / plu—s) ds) i,
&4 & &

we get

POEE |u(s4|/ exP(/ Mds)df

_ (&) / exp( (20, - s4><s—s4>—(s—s4)2)>ds

Iu(&)I/ eXp( (2(us - S4)s—s2)) ds
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Letting & — +00, we obtain
|u(€a) — .| < |/ (E4)|VEAs,
where Ag is a constant independent of &, which implies that
Elilg u®(€) =u,, uniformly for & > u, +n.
Furthermore, from Lemma 3.2(ii) and (4.18), for £ > u, + n, we get that

po=p@) = W8 L e o)

ué)-¢&
Thus

111%)1+ p°(&) =p,, uniformly for & > u, +n.

Analogously, we can obtain the result for & < u, + .
Now we consider the limit solution on [u_, u, ]. Set

Then from Lemma 3.2(ii) we have
Fig)=(u#)-£) =) -1=0,
where & € [u_,u.]. Hence
uuy +n) <u() < u(u--n),
namely
uluy +n) = (e +n) <) —§ <u(u_—n) - (u--n),
which yields
—n < lim (u(§) - &) <.
Since 7 is arbitrary, we conclude that
Tim (u(§) - &) =0.
This immediately shows that
lim p®(§) = 2¢;, uniformlyforu_—n<§ <u, +n. O

e—>0%

Thus we have the following theorem.
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Theorem 4.5 Let (p°,u’) be the solution of (3.1) and (3.2) and u_ < u,. Then

(o u), &<u,
(p(&), u(§)) = Sl_i)%g(ps,ug)(é) =1 (21,6), u.<E<u,, (4.19)
(01, 04), E>uy.

The theorem shows that the constant density solution is stable under viscous perturba-

tion.

Remark When the two perturbed parameters €; and ¢ vanish simultaneously, one can ob-
serve that the Riemann solutions to (1.9) and (1.10) converge to those of the zero-pressure
gas dynamics (1.1) with the same initial data, which shows that the parameterized delta-
shock and constant density solutions to the zero-pressure gas dynamics with flux pertur-
bation are stable to the reasonable viscous perturbations and flux perturbations.

5 Conclusion

In order to explore the impact of flux perturbation on the stability of delta-shock and
vacuum state solutions to the zero-pressure gas dynamics under viscosity approach, we
propose the perturbed zero-pressure gas dynamics model, which contains viscosity and
flux approximation simultaneously. This is quite different from the previous works [8, 30]
that only involve viscosity or flux perturbation (or pressure perturbation). The vanish-
ing viscosity limits for Riemann solutions to the flux-approximation pressureless system
are investigated and the formation of constant density solution and parameterized delta-
shock solution is rigorously analyzed. It is proved that the parameterized delta-shock and
constant density solutions to the zero-pressure gas dynamics with flux perturbation are
stable to the reasonable viscous perturbations. Moreover, our work to some extent con-
firms the mathematical reasonability of the flux perturbation proposed in [30-33] from
another perspective.
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