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1 Introduction

The nonlinear Schrodinger (NLS) equation provides a canonical description of envelope
dynamics of quasi-monochromatic plane wave propagation processes which are negligi-
ble. The dynamics are linear within short propagation distance and short time, but cumu-
lative nonlinear interactions lead to an important modulation of the wave amplitude on
large spatial and temporal scales.

In optics, it can also be considered as the extension to nonlinear media of the parax-
ial approximation used for linear waves propagating in some random medium. However,
by Kaminow [1], we know that single-mode optical fibers are not really single-mode, but
actually bimodal according to the presence of birefringence. This birefringence can influ-
ence the way in which an optical fiber evolves during the propagation travel along the fiber.
Indeed, it occurs that the linear birefringence makes a pulse split into two, and nonlinear
birefringent traps them together against splitting. Menyuk [2, 3] showed that the evolu-
tion of two orthogonal pulse envelopes in birefringent optical fibers can be governed by
the following coupled nonlinear Schrédinger system:

i + hux + (16° + €| ) =0, (1.1)
e+ Y + (el + W)Y =0, (1.2)

where e is a positive constant depending on the anisotropy of the fibers.
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When e = 0, system (1.1)—(1.2) becomes two decoupled nonlinear Schrédinger equa-
tions.

When e = 1, system (1.1)—(1.2) is known as Manakov equations. The integrability of this
system was proved by Manakov in 1974, and we shall regard it as the Integrable Manakov
System (IMS).

Equations (1.1)—(1.2) are important for a number of physical applications (see [1-7])
when e is positive and all the remaining constants are set equal to 1. For example, when
e = 2 for two-mode optical fibers; when e = 2/3 for propagation of two modes in fibers
with strong birefringence, and in the general case 2/3 < e < 2 for elliptical eigenmodes.
The special value e = 1 (IMS) corresponds to at least two possible physical cases, one is
the case of a purely electrostrictive nonlinearity, and another is in the elliptical birefrin-
gence case, when the angle between the major and minor axes of the birefringence el-
lipse is approximately 35°. Moreover, the experimental observation of Manakov solitons
in crystals has been reported. The pulse—pulse collision between wavelength—division—
multiplexed channels of optical fiber transmission systems are described by (1.1)—(1.2)
with e = 2 (Hasewaga and Kodama [4]).

Since the coupled nonlinear Schrodinger (CNLS) equations describe the propagation
of light waves in a nonlinear birefringent optical fiber, up to now, they have been studied
intensively over 30 years to realize the idea of using optical solitons as information bits in
high-speed telecommunication systems (see [8—19]). Moreover, collision of solitary waves
is a common phenomenon in science and engineering and it has diverse applications in
many areas of physics, including nonlinear optics, plasma physics, and hydrodynamics.

Notice that generalized coupled nonlinear Ginzburg—Laudau equations are more com-

mon than GCNLS equations and are supplemented by external force:

iur, — (b + ai) Auy + g(lu|* + |ua|*)ur = f1, (1.3)

oy — (b + ai) Ay + g (| |* + [ua|*)uz = fo. (1.4)

Firstly, we focus on generalized coupled nonlinear Ginzburg—Laudau equations which
are more common than GCNLS equations and are supplemented with damping and ex-
ternal force as follows:

iy, — (b + ai) Auy + gl |* + [ua|*uy + iruy = fi,

oy — (b + ai) Ay + gl |* + |ua|*)uz + iouy = fo,

where u3, 1, are the wave amplitudes in two polarizations, a, b are positive real numbers,
r,o > 0 are the damping parameters, g(s) is a nonnegative smooth function on R*, and the
external forcing fi(x) and f,(x) are independent of ¢, belonging to L?(2), where Q is an
open bounded set in R".

With the appearance of memory materials, a great attention has been focused on the
study of problems involving the fractional Laplacian

iy + (b + ai) (=AY uy +g(|lur® + lua|*)uy + iruy = £, (1.5)

ittng + (b + ai) (=AY uy + g(lu|* + [ua|* 1z + iouy = fo. (1.6)
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Consider the initial conditions
u1(x,0) = uio(x), (%, 0) = uzo(x), (1.7)
and the boundary condition

ur(x, ) = us(x, t) =0, x€0R. (1.8)

We rewrite (1.5) and (1.6) into the following form:

itly + (b +ai)(-A’U +g(|LI|2)U+iQU=F, (1.9)

where

r 0
U:(ulrMZ)T) F:(fl’_fZ)Tr |u|2: |u1|2+ |l/l2|2, Q: (O O’)’
and U(x,t) = U in C(Q x R), t € (0, T). We supply (1.9) with the initial and boundary
conditions

Uy = U(x,0); Ux,t)=0, xedQ. (1.10)

The global solution of problem (1.9)—(1.10) can hardly be got. For the case of only an
equation of problem (1.9), i.e., for the 2D Ginzburg—Landau equation, we obtain some
explicit periodic wave solutions using the homogeneous balance principle and general Ja-
cobi elliptic-function method and provide a blow-up solution (see [20]). Here, let us men-
tion that there are both similarities and differences between the Schrédinger equation and
the Landau-Lifshitz equation, the Landau—Lifshitz equation is more intrinsically difficult
than the Ginzburg—Landau equation (see [21-24]). If «, B are positive real constants, we
change the coefficients of (1.9) and get the generalized coupled nonlinear Schrédinger
equations

il + a(-AYU +g(|U1*)U +iQU + U = F. (1.11)

It is equipped with the same initial and boundary conditions as (1.10). With the help of
the extended techniques developed by Caffarelli and Silvestre [25], some existence and
nonexistence of Dirichlet problem involving the fractional Laplacian on bounded domain
have been established, see Refs. [26] for example.

In this paper, we would rather switch our viewpoint to the fractional order equation
(EigQF):

D*U(x,t) = (bi — a)(=A)U(x, t) + ig(|U(x, £) ) U (x, £)
+cl2(x, £)(=A) 2 U(x, 8) + d|U(x, £) |2 (= A) 3 U (x, £)
Eors) - QU(x,t) +iBU(x,t) — iF(x), inQ7, (L.12)
U(x,t) =0, ondQr,
U(x,0) = d(x), in L,

U;(x,0) = W(x), ing,

in space V' = Hj(2) x H(2).
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Notice that (1.9) is a special case of (Ejg,q,r,). The equation (Ei o) includes the frac-
tional Laplacian, time fractional order, and derivative terms, so it plays an important role
in physics and probability in finance. We refer, for example, to [27-29] and the references
therein.

As far as we know, there are few articles to study the global solution to (Ei,o,r:) with
three terms at the same time: the fractional order with respect to time, space fractional
order, and derivative terms. It is studied only when there is the lack of the time fractional
order or the space fractional order. For the case with derivative term, the existence of global
solution is an open question even in the integer order case and one-dimensional space. In
this paper we first build the existence of weak solution to (E; Fr,), then we prove the
existence of global attractor of (1.11) in L2(2) x L%(R2), and the dynamic motions will be
given under the condition G(p) = fop g(r)dr <g(p)p (p = 0).

2 Functional setting
As usual we denote the space of (classes of ) square-integrable measurable complex func-
tions on Q C R" by I7(Q) (p > 1). H™(Q)m € N is the subspace of L2-functions whose dis-
tribution derivatives of order no more than m belong to L*(R2). H}(S2) denotes the space
of functions in H(Q2) whose trace vanishes on 9.

The scalar product and norm on L2(2) are

(wv) = /Q W@ dx, = (w,u)",

and we set
V)= (Du,D*V),  |ullm=(uu)),?,
[a]=m
where u,v € H"(Q) and [o] = a1 + a3 + -+ + & is length of the multi-index o =

(0r1,0a0,...,0,) € N".
The basic Hilbert space L2(2) x L2(f2) is denoted by H, and we define the unbounded
operator —A on H with domain

D(-A) = (HX(Q) x H*(Q)) N (Hy(RQ) x Hy(£2))

such that

n 2

32U
—AU:—ZW €H, UeD(-A).
i=1 i

The operator I — A is self-adjoint, positive on H, and realizes an isomorphism from
D(=A) onto H. We deduce from the compactness of the embedding of H(2) into L%(2)
that (I — A)~! is a compact self-adjoint operator in H. Thus, there exists an orthonormal
Hilbert basis of H consisting of eigenvectors w; of —A in H(RQ) x H}(R), associated to the
eigenvalues A;:

—Aw/ = )\/a)]‘, ”U)]HH = 1,

0<i <Ay <---,A — coasj— oo (see [30]).
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In fact, let w; be an orthonormal basis of L?(2) consisting of eigenvectors w; associated
to the eigenvalues u;. Let

ij—l = (W]: 0), a)2j = (O: W])1 ] = 1, 21 ceee

For every U = (M, V) = (Z;:l /31,‘14//‘, Z;):l ﬂszf) = Zlozol fQ(IBIjWZj—l + ,32jw2j) dx.
If we set

V = Hy(R) x Hy (%),
according to the boundary condition, we consider norms

2 2\ 1/2
10w = (el + llual®) 7,

2 2\ 1/2
Ity = (el + Neeall?)

and the scalar product can be written as

((ul»MZ)r (Wl,Wz)) = / U\ W1 + U W dX.
Q

For every given s > 0, we define
(—A)Sa)j = )\136()]
if and only if

((-AYwjv) = Mwpv), ve H,

for those eigenvectors w; of —A, associated to the eigenvalues A;.
The powers (~A), s € R, are well-defined and the space H, = D((-A)¥2) and its dual
space H,' = D((—A)™*/?) are of particular interest in what follows. It should be noticed that

H, = [U | U = (w1, u2) = <Z/gljwj:Z,BZjo>’Z)\;/;Z(|ﬂlj|2 +|Byl*) dx <00 t.
j=1 j=1 J=1

ittt = |3 [ 35082 + 1s?)
=1 78

W, Wy = 3 [ By + B
j=1
where

U=(u,u)= (Z Bywj, Zﬂz,’%‘)’

j-1 j=1

W = (u3, us) = (Z B3iw;, Z ,34,'W;)'

Jj=1 Jj=1
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Remark 2.1 Hy = HY = V,H, = H3,H_, = H"' = V/,Hjy = HS". When s is not an integer,
H; defined by us is slightly different from the generalized Sobolev space:

(AYU,W) = (U, (~A)W) = (-A)U, (-A)*W) = (U, W)g,.

3 The time-fractional equations

Note that throughout this section the letter & may stand either for the parameter in
Eq. (1.9) or for the order of the fractional equation when we use the notation D*U. The
meaning to be chosen should be clear from the context.

In order to discuss the existence of the solution for the equation (Ej qFr,.), we need
to present some basic notations, definitions, and preliminary results which will be used
throughout this section. We first have the following two definitions and one lemma by
Kilbas [31].

Definition 3.1 The Caputo fractional derivative of order « of a function f(¢), t > 0, is
defined as follows:

(fel+1) g

o B 1
DO = 50 ap /0 (t—s)a

where {«}, [] denote the fractional and the integer part of the real number o respectively,
and I'(-) is the gamma function.

Definition 3.2 The Riemann-Liouville fractional integral of order « of a function f(¢),
t >0, is defined as follows:

a-1
-1 / (- 9*Yf(s)ds

provided that the right-hand side is pointwise defined on (0, c0).

Lemma 3.3 Assumey € C[0,T], T >0, 1 <« <2, then the problem
D*u(t) =y(t), tel0,T], (3.1)

has the unique solution

u(t) = u(0) + ' (0)¢t + m/ (t—s)*" 1y(s)a,’s

Now we establish some results of the existence of solution for the equation (Ej,qr,).
By Lemma 3.3, we may reduce equation (E;,or,) to an equivalent integral equation as
the following problem:

Ux, t) = P(x) + W(x)t
+ ﬁ fot(t — 8)* 7 Y(bi — a)(-A)Y U(x,s) + ig(|U(x,s)|*) U (x,s)

(Egqrd) | +cllP(x,8)(=A) 3 U(x,s) + d|U(x,8)[*(=A)2 U(x,s) (3:2)
- QU(x,s) +ipU(x,s) —iF(x))ds, inQr,

U(x,t) =0, ondQr7.

Page 6 of 27
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And we set

1

T(U) = P(x) + V(x)t+ )

/t(t —s)*t ((bi —a)(-AY’U(x,s)
0

+ ig(’U(x,s)|2)L[(x,s) + el (x,8)(=A) 2 U(x, s)
+d|Ux,s)| (-A)3 U(x,s)

- QU (x,s) +ipU(x,s) — iF(x)) ds.

Definition 3.4 We call U € C([0, T]; H(2) x H](R)),s > 1, a weak solution of the frac-
tional order equation (Eig,0,r,¢) ifo(L[— Y(U))W dx = 0,Vt € [0, T] for every W € H5(Q2) x
H(Q).

Lemma 3.5 The operator Y(U) € C([0, T]; H,(2) x H,(2)) is completely continuous.
Proof Set B={U | |U||pxH, <M]}. Put

K(U) = (bi — a)(-AY’U(x,s) + ig(|LI(x,s)|2)U(x,s) +cl*(x,8)(=A)2U(x, s)

+ d|U(x,s)|2(—A)% U(x,s) — QU (x,s) + iBU(x,s) — iF (x).
We can rewrite

T(U) = P(x) + W(x)t +

1 ! _ el
I‘(a)/o(t $)* T K(U) ds.

For each W € Hj(2) x Hy(2) and || Wilkg@xmg@ < 1, when n <35,0<r<3,0<g=<

6, % + % =1, and % - % < %, % - % < m (for example 0 < r < 5 k=2), using embedding

theorem and Holder’s inequality, we have the following inequalities:

(B — a)(-AY U(x,s), W)

= ‘f(bi_“)(_A)iU(x»s)(—A)Zde

= f((bi —a)(=A)2U(x,5)(-A)2 W]

<Va? +bz(/|(—A)%u|2dx>7 /|(—A)%W|2arx>7

<V + || (-0 U], | (-A): W, + CIUIS I Wy
<Na? + DUl | W |,
< Mjy,
(luPa)iu, w)
< |

a2 U] LW
<,

= MZ;
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le(uru, w))l

= e(urr)u

ki
< (Co+1UP) UMWl

Lr”W”LP

< G (ColU " + U)W ]| o
SMS’

(e, W)

(Jwra (frwra)

< WUNENW Lz + N W 5

< M.

Similarly, |(U2(x,s)(=A) 2 U(x,s), W)| < Ms, |(F, W)| < M.

Applying the equalities above, we immediately get |(K(U), W)| < M.

Thus, by Cauchy—Schwarz inequalities, we obtain

= sup |(T(U),W>‘
1Wilps <1

= sup |(®@), W)+ MQ)Wt+——/Yt )* K (U), W)ds

w <1
I \IH(S)_

g
rmﬂ“” (K(U), w)ds

< [ @) oo W s, + | W @) oI Wi, T

<|(@@), W)| + |(W &), W)e| +

|mmww /@gﬂﬁ

= [0 iy + | Y@ oy T + m‘/ (= sy ds

”LOO T- C(F(a)t

M
= [@@ ] o) + [V 1oy T + aF(Ot)T '

= @@ e + ¥

Hence, Y (U) is uniformly bounded.

On the other hand, given € > 0, set

M\ e
Tt

Page 8 of 27
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Then, forevery W € V, t) <ta,t1,t, € [0, T],and &, —t; < 0, onehas [ Y U(t2) - YU(t1)l ; =
SUD| s <1 (YU(t,) — YU(t1), W)| < €. That is to say, Y (U) is equicontinuity. In fact,
o<

Iru(t,) -

= sup |(YU(r)-TU[®) W)
Wl <1

_ L 2 _ a-1
o Ws‘llill(;51|<lll(x),W>|(t2—t1)+F(a) /0 (t2 —9)* K (U), W)ds

1 i a-1
- % /0 (tl —S) <[<(U), W)dS

< @) oy | Wl 122 — t1|+F (K (W), w

/ |(t —8)%” 1als|

et [ e w7 - - as

( )

<|w@)| |t —t1] + Mo M
- 2@ 7T T () 2 —al () !

M
= “\IJ(x) ||Loo(Q)|t2 - t1| - r(a)(tg — l’?)

M
<||vx ”Lm |t2—t1|+ar(a)(t§‘—t‘l’).

In the following, we divide the proof into two cases.
Casel:0 <t; <ty < T,since 1 <o <2, we get

|ru) - ru)

w = Sup ‘(TU(Q)—TU(tl)’WH
||W|\H(S)§1

M
= qu(x)HLoc(sz)ltZ —tl+ ar—(a)(tg - t‘f)

= [ VW) oItz — tal + at”H(tz ~t1)

M
ol ()

= ||‘I’(x)||Loo(Q)|t2—t1| + (tr —t1)

M
()01~

M o
= W) | oy + F(a)e
M
= ||\I/(x)||L°O(Q)9a + F(a)ea

M
_ <||\Il(x) e * %>9a <.

1
Case2:0<t,thp<aal,

Iru(s) - ru()

w = Sup ‘(Tu(fz)—TU(t1)7W>|
||W|\H(S)§1

M
< V@) | ooyl = 12l + ozF—(oz)(tg - 1)
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M 1 N«
aF(a)(aae)

= W@ o) +

o M o
= ”‘I’(")”Lw(me + me

M
(19l + 7)o" =

By applying the Arzela—Ascoli theorem, we know that Y'(U) : Hy(€2) x Hy(2) — H(2) x
H(R2) is completely continuous. This completes the proof. d

By Lemma 3.5, we know that fQ(U -Y(U)Wdx=0,Vt €0, T] for every W € H;(2) x
H{(2). That is to say, the fractional order equation (Ej, o,r,) has a unique weak solution
U € C([0, T]; H(2) x H.(2)).

4 Estimate to U;
For U € B, from Sect. 3, we have

Ul = sup [(Us, W)

Wl s <1
Wiy <

= sup
Wy <1

1 t
(llf(x), W> + Tea-1) /0 (¢- S)a_2<K(U), W) ds

t
< sup !(\I/(x),W)|+‘ﬁ f (t-9"2 sup (K(U),W)ds
HWIIHB'SI 0 IIWHHSSI

+ sup |(K(U),W)|‘ 1 /ot(t—s)“_2ds

Wl <1 MNa-1)

M ' a-2
V) i g | -9

M
<[¥ ||L°°(Q) + mt"‘ '

M 7oL,

<[ ||L°°(Q) + T(@)

Hence, ||U| ;; is bounded.
Because

/t(t — ) Y =AY U(x,s)ds
0

_ L ! _ -l _ S
= Ul 1) = P00 - V@) - 5 @ /0 (t—9)* N (K(U) + (A U(x,5)) ds, (4.1)

SO

/t(t - s)“_l((—A)SL[(x, s), W) ds = (L[(x, 1), W) - (Cb(x), W) - (\I»’(x)t, W)
0

1

[ ' _ a-1 _ s
F(O{)/(; (t S) (K(U)+( A) U(x,s), W)dS
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Integrating by parts, we have

fo (t-9"" | (cA) U,

=/O(t—s)‘)‘_1 sup |(( )2LI( A% )|ds

[Wilgs<1

= /0 t(t —) 7 ((~AY Ux,s), W)|ds

= ’(U(x, 1), W)
1 ! o—1
—(®(), W) - (Y (x)z, W)—m /0 (t -9 N (K(U) + AU(x,5), W) ds
< |(U(x, t), W/)| + sup <<I>(x), W) + <l11(x), W)t
Wl =1
L ! _ -1 A
+ I‘(a)/o(t s) (K(L[)+( A) LI(x,s),W)ds

< Ul + [{ @), W)| + (), W]

1 ‘ a-1 s
* m/o (t —9)* Y KU) + (A U(x,s), W)ds

< U + [ PO oo IW iz + WG| oy I W g T

+ (K@Ul g1+, W|’ /(t_s)a Lds
M| [t "
§||U||H4+||‘D(x)HLoo +H\y HLOC T+m/;(t—s) L ds
M o
= 1l + | 2@y * 1Y@ )T - S
M o
= U+ [P0 + 19O i) T + s T

Because (K(U), W) is bounded, thus from Sect. 2 we deduce (K(U) + (-A)U(x,s),
W) < M. Hence, fot(t —8)*(=A)2 U(x,5) Il ds is bounded.

5 A priori estimate of (1.9)-(1.10)
Lemma 5.1 If F € H, there is a priori estimate about solution U(x,t) € H® for problems
(1.9)—(1.10) as follows:
M
|l < e+ 3 0-e),
[miul;, + f g(IUP) U dx < CIIF .
Q

Proof Multiplying (1.9) by U and integrating on 2, we have

iU, U) + (b +ai) (AU U) + (g(UP)U,U) +iQU, U) +ip(U,U) = (F,U). (5.1)
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From our definition

f (-AYUU dx = f [(-A): U dx.

Q Q
In formula (5.1), we know that

(Qu,u= / (runtiy + ouxtz) dx = rl|lur |* + o |luz |1,

Q
we choose the imaginary part of (5.1)
d 2 Sirl? 2 2 77

57 U3, + al|(=a)2 U, + (rlul)® + o llua)1?) = Im(F, ). (5.2)
Set y = min{r, o}, we have

2altIIUIIHHZH( A)2U||H+J/||U||H<Im(F u). (5.3)

Because of al|(-A) 2 U||% > 0, we get
2 ST+ al U,y = Diui + i
To simplify the formula,
d S 2 1
Zp UG+ v UG + 2a] A)2U |}, < —IFIE,
¢ 14
where F € H and ||F||, < M;. By using Gronwall’s inequality, we have
2 L, M _
[u@; = 1lie + 75 (1-e7).
Then
M

limsup |U||? < —-.
t—>oop H VZ

Deducing from (5.3), we have

LU+ a -3l < Ul + Pl <3l 2
2dt H = 8y y?
We integrate the equation above for ¢ € (0, T),
2 T 1 1 5
U@}, +2a | |(~0):2ues)|;, ds < 2TM, 5 "2 + 2| Uo7 (5.4)
0
Because of ||U(T)||% > 0, and |[Uo||? is bounded, therefore, fo (= 2L1(s)||Hds is

bounded. Then we come to meet the conclusion that the local solution for coupled non-
linear Ginzburg—Laudau equations exists in the space H*, and U(x,¢) € L*(0, T; H®).
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At the same time, we choose the real part of (5.1) to find

bl-a)yiuly+ /Q g(uP)|u? dx + IUNY = Re(F, 1), (5.5)
and so

b|(-a)3uly + /Q g(uP)u?dx < %nFni,. (5.6)
This proves the assertion. 0

6 Some a priori estimates of CNLS equations
Lemma 6.1 IfF € H, the solution U(x,t) of problems (1.10)—(1.11) has a priori estimates
as follows:

M

U@}, < IUolZe™ + y—;(l —eh). (6.1)
Proof Multiplying (1.11) by U(x, t) and integrating on €2, we have

iU, U) + (AU, U) + (g(IUP)U,U) +iQU, U) + (BU, U) = (F, U). (6.2)
Choosing an imaginary part of (6.2),

1 F ,

2dt_/ |U|)?dx + (QU,U) = m/ Udx
where (QU, U) = ((ruy, o us), (101, %2)) = [, rlur|* + o |us|? dx, we set y = min{r,o},

—1||u||2 +y U3 <Im/Fde (6.3)

2dt" H=""")q ’ '
We know that U, € H,

IFIIZ v
S DU, (64)
2y 2

d _
mnun?{ +y Ul < fg \FU|dx =
d IFII
UG+ IUl < TH (6.5)

Because of F € L*(0, T; H), we have || F||2, < M;, U(0) € H. By using Gronwall’s inequality,
we get

M
”LI “H—HUO”2 T y_zl(l—e‘yt),

then we finally get
M
limsup |1 < — . (6.6)
t—00 Y
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Lemma 6.2 IfF € HNV and G(s) = fgg(s) ds satisfies G(s) < g(s)s (s > 0), the solution
U(x,t) of problems (1.10)—(1.11) has a priori estimates as follows:

n(U) < n(lp)e™™" + Coo(1 - e72"), (6.7)
here we introduced the functional equation

n(U) = BIUNY +a|/(-A)2 u”fi + /Q G(|U[*) dx - 2Re(F, U). (6.8)

Proof Multiplying (1.11) by U, and integrating on €2, we have
iU, Up) + (YU Uy + (g(IUIP) U, Uy ) + dQUL Uy + B(UL UL = (F, Uy, (6.9)

where (QU, U;) = ((ruy + o uy), (14, o)) = fQ ruL1 U1 + O Usly; dx, and

]{e rUuilys + O Ul - u u 7] 6.10
141¢ 2032t 2 1 H 2 2 H

and the real part of (6.9) is

Rea((-A)5 U (-8)}t) +Re [ g(UP)uT,d
Q

—Im/ ru iy + o uytyy dx + Re B(U, Uy)
Q

=Re(F, Uy). (6.11)
Return to see the real part of (6.2),
Im(U, U,) + a||(—A)%u||i, + /Qg(|L[|2)|LI|2dx + BIIU|?% = Re(F, U), (6.12)
we have
Im/Q ru1Uys + O Ugllp dX + (VO( ||(—A)%u1 ”i[ +oa || (=A)2uy ||2)
+ fn g(UP)(rla* + olual?) dx + (Brin 7, + o luallzy)
= Re/Q rf_1u1 + afzuz dx. (6.13)

Let us add (6.11) with (6.13), set ¥ = min{r, o}, we have

Sl 3 g [ oury e § S

+yH(—AﬁuHi,+V/Qg(|U|2)|U|2dx+yﬂnun%

<Re(F,Uy) + Re/ rf_1u1 + O'_f_2Ll2 dx. (6.14)
Q
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Because f(x) is independent of ¢, so %(Fﬁ) = Fl;, and (6.14) can change into

1d

3 g {elcarul« [ 6Qur)avs prun - 2ree, )

+ y{a” (_A)%u||i[ + / G(IU*)dx + B U7, - 2Re(F, L[)}
Q
§Re/ rfiuy + o fyuy dx — 2y Re(F, U). (6.15)
Q
Set § = max{r, o}, rewrite (6.15) as

1d
iaﬂ(u) +yn(U)

SReRe/ rfiuy + o fous dx — 2y Re(F, U)
Q

<@+ 2)/)/ |FU|dx
Q

S +2y
2

=

(111 + I F1IZ,).- (6.16)

We know that F € L*(0, T; H), F; € L™(0, T; H), then || F||%,, | F||% are bounded in H, as
to (6.6), then

d

21 + 2yn(U) =2y Cwe.

By using Gronwall’s inequality, we get
n(U) < n(Uo)e™™" + Coo(1- 7).

Finally, we get

limsupn(U) < Cy

t—>00

and
BIUIZ +a|(-a)iul?, + f G(1UP) dx - 2Re(F, 1) < Cw. (6.17)
Q
Then

BIUIZ +a|(-A)Ul?, +fQG(|U|2) dx
< Cy +2Re(F,U)

1
< Coo o (IFI + LI

1 M
<+t <M1 N _1), (6.18)
2 y?2
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Lemma 6.3 If g(s) is a slowly increasing function, s > 3, then

U, € L*(0, T; H*) N C(0,00; H).

Proof Multiplying the derivation of (1.9), with respect to t, by U, and integrating on £,

we have

iUt Uy) + (a+ bi)((-A)Y U, Uy) + (¢ (U U FU

+g(IUP) U, Uy) +i(QU,, Uy) + B(UL, UL) = 0. (6.19)

Choosing the imaginary part, we have

1d s 2
5 g Uelli + B[ Ay U],
+ /g’(|LI|2) Im(Uzﬁtz) + / ru Uy + O Ugtas dx = 0. (6.20)
Q

If g(s) is a slowly increasing function, s > %, then

/g/(|U|2)|U|%uUtdx s/ L™\ dix
Q Q

< CIUNE U

< CllU |-
We can deduce
1d srr 2
5 g el + B (A Wiy, < Ll
This completes the proof. O

7 Existence of solution

The existence of solutions of coupled nonlinear Schrodinger equations will be considered

in this section. We apply the Galerkin method to prove the existence of global smooth

solution for problem (1.10)—(1.11). Let w; = (wy, wzj)T be the normalized eigenfunction

of the equation —Aw; + A;w; = 0 with the Dirichlet boundary condition corresponding to

eigenvalue 1}, and {w;(x) S eV forms a normalized orthogonal system of eigenfunctions.
For every m € N, we denote the approximate solution U,,(x,¢) of (1.10)—(1.11) by the

following form:

Un(,t) =Y Bm()wi(x), te[0,T], (7.1)

Jj=1

where B;,,(£)(j = 1,2,...,m) are coefficient functions of variable ¢ € (0,L). According to

the Galerkin method, the coefficient f;,,(¢) is assumed to satisfy the following system of
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nonlinear ordinary equations of the first order:

(i), + (=AY Uy + g(1Un)*) U + iQU,y + BU,y — F,wj) =0, (7.2)
where |U,,|? = |u1u]? + |ttom|? j = 1,2, ..., m, with the initial condition

(Um(x, 0), wj(x)) = (Llo(x), wj(x)). (7.3)

It is obvious that

(L[;n(x, t)r Wj(x)) = ﬂ},m(t)r

(um(x7 0)’ Wj(x)) = lgjm(o)¢
and U;(x) = (Uo(x), w;(x)) (j = 1,2,...,m) are coefficients in the approximate expansion
21 Uojwj(x) of function Up(x).

Let us prove that (7.2) has solution about the unknown function g;,,(¢). By using the
characteristic of normalized eigenfunction

(wijwii) = (W wai) =1, i=j;

(wij,wi) = (Waj, wa)o =0, i #J,

from (3.2) we get

0= (i Z BimWjs le) -« (Z Bjm(=A) wij, le)

j=1 j=1

(5

Z BimW;
j=1
+ (iVZﬁij1j,W1t> + (ﬂ Z,Bjmwlj; le) = (f(x), wy))

j-1 j=1

:1/ ﬁl/mdx—a/ Z,B,m(—A)Swl,Wlldx
Q @7

2
):Bjm dx

2
+

2 m
) E Bimwij, le)
j=1

m
> By
j=1

m 2 m
+/g( D Bimwij| +| Y Bimws
Q2 =1 =1

+(ir+ﬁ)‘/gﬁjmdx—/§;f(x)wljdx

:i|Q|,8,‘/m+aZﬂjm[ (=A) 2wy (~A) Wy dx
IS

m 2
+ ,Bjm / g( Z ,BijQj ) dx
o \|Z Py

Z ,3ij1/
j=1
+ (ir + B2 Bjm — /Qﬁ (x)wy; dx. (7.4)

2
+
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That is,
0=iQIB),
m
+aZ/3jm/ (—A)%wlj(—A)%Wde
j=1 ¢
2
"

m
Z BimWj
j=1

+,6jm/9g< 2 2) dx

+ (ir + B)|2| Bjm — /Qfl(x)wl,» dx. (7.5)

m
Z BjmWaj
j=1

And as to wy;, we have a similar conclusion

2
+

+ﬁ,m/S2g< 4 2) dx

+ Gir + BB — /Q P d. (7.6)

0= 1018}, +a D fin [ -8V
j=1 @
Zﬂ/’mwlj
j=1

m
> By
j=1

We know that (7.7) and (7.6) are the first order ordinary equations of unknown functions
Bim>j =1,2,...,m.1f (7.7) and (7.6) have common solution, it must satisfy that

h(lglm» ﬁZm: LRES] ,Bmm)

B /Q EINL RN
j=1

m 2
+ Bim / g( Zﬁjmwlj +
o \|5

m 2
Z ﬁijZj ) dx
j=1

+ (ir + B2 Bjm — /Qfl(x)wlj dx. (7.7)

It is locally Lipschitz continuous in H.

Weset 6(t) = (,Blm(t)» ,32m(t)» EEy) ﬂmm(t))’ é(t) = (,glm(t); 52m(t); ) Bmm(t))’ and LipSChitZ
continuous functions /(6(t)) are considered to satisfy

|h(6(8)) - h(6(2))| < Clo@) - 0(p)].

Then

HOO) =a D Bin) [ () wn-) 5w

j=1

2
+

m 2
> By ) dx
j=1

+ﬁjm/Qg( 4

m
Z Bimwaj
j=1
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4 (ir + B)|QUBm(0) - /Q )iy

HEO) =a D Fin) [ () wn-0)

j=1

m 2
+ ﬁjm(t)/gg< > Bmtywyj| + |Bjm(t)W2]'|2) dx
j=1

4 (ir + B)|QUPm(0) - /Q )iy
and

h(6(t) - h(6(0))
=a<2 Bim(0) - Zﬁjm(t)) / (=A)2wip(=A) Ty dx
j=1 j=1 &

& (Bun®) = Bin0) /Q a(Unl?) dx

+(ir + B)IQ(Bim(8) — Bim(®)).

Because of

106)=0®)] = 1Bim = Bjml,

j=1

and

0] = /B2 + B+ -+ B

G| = B2+ Bt + B
\h(0@t) - h(6(2)))]

<Y 0= Y Bu®)]| [ AV w0
=1 =1 ¢

o |Bn(®) = Bim(®)| /Q QW) dx -+ + BIRU|Bonle) = Bin0)]

/ (CA) wi(—A) 3y dx
Q

m
<o Y Bim — Bl
j=1

+ 3 1Bim —B,m|/52g(|um|2) dx+ (r+ B2 1 Bim — Bml

j=1 J=1

:|9—é|<a

/ () win(—A) by dx
Q

+ / g(1Ul?) dx + (r + ﬁ)|Q|).
Q

Page 19 of 27
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If [Lg(|Uul*)dx <M, {wj(@)}%, € V, because of wyj, wi;, wy;,wy; € V, and V — H is
compact, ||w,»j||%, is bounded and ||w17||%{ also is bounded, then

RESE RN

i=1

M\%
N\m

o <N

and
3 m
5 Zf lwyjl? + [wyj|* dx < Ny
24 Jq

leads to

|h(0) - h(0)| < (N1 + C'N, +r|Q| + BII)16 - 8]

We finally get 4(6(t)) is a Lipschitz continuous function and know that the ordinary
differential equations (7.2) have common solutions for the unknown functions f;,(t),
j=12,....,m

Theorem 7.1 For the given functions F, Uy,
F e H(Q), Uy € H(Q) N V().

Ifg(s) >0, G(s fo s)ds < g(s)s and |g'(s)| < cos (s > 0), where ¢ > 0, then there exists a
unique solution U(x, t) for problem (1.10)—(1.11), and it satisfies the condition

UelLl®0,T;H(Q)NV(Q)). (7.8)

Proof Under the condition above in this section, we continue to get the existence of the
solution of problem (1.10)—(1.11). Firstly, we multiply (7.2) by g,,(£) and make sum about j,

= (F,Up). (7.9)
It is similar to the process of (6.2), (6.4), from (6.5), we obtain
d 1
S Ul + 71Ul < ” IE I,

because of F € H(RQ), ||F||?, < M, and Uy, € H(2) N V(). For condition (7.3), by using
Gronwall’s inequality, we have a conclusion similar to (6.1)

2
Um(t) U,,(x,0) 2oty NEN: 1-e7h),
H= H Y

then

. 2 Ml
limsup || Uy |1z < 7

t—00

Therefore U,,(t) is bounded in H.
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Secondly, we choose w]/- instead of w; in (7.2), then multiply (7.2) by Ejm(t), to make sum
about j:

(U Uy) + (=AY Uny ) + (@(1Un ) Uy U) + H(QU U) + B (Ui U

- (R

and the real part of the equation above is

Rea((-A)2 U, (-A)2U,,) +Re/9g(|l,[m|2)UmU;l dx
- Im/Q Uiy, + 0 Uymiy,, dx + Re (U, U,,)
=Re(F, U},). (7.10)
Return to see the real part of (7.9),

Im(U,,, U},) + ||(—A)%UmH12_[+/Qg(|Um|2)|L[m|2dx+,6||L[,,,||f{=Re(F,L1m), (7.11)

where G(|U,|?) = 0‘”"1'2 g(s) ds. Combining (7.10) with (7.11), we finally get

1d

m{ [CSEA / G(ium|2)dx+ﬁ||umn3,-zae<p,um)}

+ y{a” (=A) 32U |, + / G(|Upn|?) dx + Bl U % - 2Re(F, um)}
Q
< Re/ (r = 2y)fitim + (0 = 2y)folioy, dx. (7.12)
Q
Introducing a functional equation about (7.12)
2 s 2 2
N(Up) = BllUnllz; + | (-A)2 Uy |, +/ G(|Unl*) dx — 2Re(F, U,,)
Q

and rewriting (7.12) as

1d

1
EEU(Um) +0n(Un) < 5(5 +20) (1 Unliz + IIF 1),

we have

d !
EU(U) +2yn(U) <2yC,.

Finally, we can get

limsup n(U,,) < C.

e}
t—00

and

s 1 M
Bt + el -)ithy [+ [ G(un?)de = 3 (o0 20),
Q
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Because of B||Uy|l7; = 0, [, G(|Uyx|*) dx > 0, we know that (=AU, |13 = 1, )13, and
U,,(t) is bounded in V.

Hence from the sequence {U,,(x,£)} of approximate solutions, we can select a subse-
quence {U,(x,t)} and have a function U(x,t) € L*°(0, T; H) such that

U,(x,t) —> Ulx,t) in U(x,t) € L(0, T; H) weakly star, u — oo.
(—A)% U,(x,t) —>(—A)% U(x,t) inU(x,t) € L0, T; V) weakly star and a.e., u — oo.

(U, P)U, > — g(UP)UP  in Ux,t) € L®(0, T; L°(S2)) weakly star, 1 — oc.
And

U,x,t)— Ulx,t) inlx,t)e L*(0, T;H) weakly, u — oo.

(—A)% u,(x,t) — (—A)% U(x,t) inU(x,t) € L*(0,T; V) weakly and a.e., 1 — 00.

(U, P)U, > — g(UP)UP  in Ux,t) € L*(0, T; L(S2)) weakly, 1 — oc.
From

(iU, - a(-AYU, + G, U, +iQU, + BU, - F,U,) =0, (7.13)
hence the function U(x,t) satisfies equation (1.11) everywhere and the boundary ini-
tial conditions (1.10). So the existence of solution for problem (1.10)—(1.11) has been
proved. g
8 The uniqueness of solution
Let U, U, be solutions of (1.11) satisfying the conditions of Theorem 7.1. We have W =

U, — U, and W(0) = 0, we have

T 2 2 2
Uy = (ug1,u2)" [U31° = |ug1|” + |ul™;

Uy = (u11,u12)", UL |7 = Juga | + |una .
Then we obtain

iw, +a (=AW +iQw+ BW = g(|UL[*)Us - g(IUL1*) U (8.1)
Making a scalar product with (8.1) by vector W over €2, then

(W, W) + a((=APW, W) +i(Qw, W) + B(W, W)

= (g(ItL P Uy - g(1th ) Uy, W). (8.2)

Choose the imaginary part of (8.2)

1d _
——||W||3,+/ r|W1|2+a|W2|2dx=Im/ (e(ItL*)Us - g(ILL1*) L) W dx.
2dt Q Q
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Set y = min(r, o),
1 d 2 2 2 2 v/
5 73 1Wli + 71 Wl < Im (g(ItL?)Us - g(1LL1?) L) W dx. (8.3)
Q
Firstly we shall prove

lg(ILhl?) Ut — g (ILh ) Lh |
< |e(1tLP) (U - th) + (g(1Ua?) - g (1L %)) U |
<g(Ih?)|Uy = Uh| + | (01U 1* + (1 = 0)| L) [| LI || Uy - U |
= (e(1thLl?) + 1thIg (01U > + (1 = 0)|Ua]?)) U — UL |,

where 0 <6 < 1. Since Q C R?, H}(R) is embedding to L*(£2), and
”U”%,OO(Q)XLOO(Q) <Clul3,

by using Holder’s inequality of the form

f 11| dx < U s g i @pri
Q

we get the deduce of (8.3)

1d
2dt

< / (L) U — g (1L ) L | [ dix
Q

W%+ v I W2

5/ (g(1t?) + UL lg (O1LL1* + (1 - 0)|Us?)) |1 U — U || W] dx
Q

< (1+%°)/ (1L * + UL )| W dax
Q

=<

N

Co
1+ 5)(||u2||§m<mxmm MU By roee) / WP dx
Q

=<

(1L + ILL 1) WL (8.4)

0| &

From Sect. 6, we know that || U1 |12, + || U>]|? is bounded. Rewrite (8.4) as follows:

Ld W13 BZIIU [k 3EIIU I )IWlz <0
-— +ly-—= -— .
2ar’ YT Rl R e =
Because of W(0) = 0, we finally get W = 0.

9 The global attractor
Furthermore, for every ¢ > 0, the mapping

S : Uy — U
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is continuous and bounded in H and V. It follows from the uniqueness of solution (1.10)—
(1.11) that the family {S(¢)};>0 forms a semi-group:

S(tl + tz) = S(tl)S(tz), t1,t >0, S(O) =1 (91)

Another important property is that the semi-group S(¢) is compact on H for ¢ > 0. That
is to say the image of S(¢) of any bounded set in H is relatively compact in H. In order to
prove the existence of global attractors of problem (1.10)—(1.11), we need the following
result.

9.1 Absorbing ballin H
From Sect. 7,

2 e IEI7 _
Hmahsn%ﬁﬁ”+—7ﬂa—wﬂ,teme (9.2)
and
. My
limsup | U7, < p5, 5 = —5- (9.3)
t—00 ]/

We know that By = By (0, po) is the absorbing set in H for the semi-group S(£), and

M
pa=—. (9.4)
14
We infer from (9.2) that the balls By = By(0, pp) of H with p > py are positive invariants
for the semigroup S(¢), and these balls are absorbing for any p > po. We choose p; > po and
denote by By the ball By(0, p}). And the set B bounded in H is included in a ball B(0,R)
of H. It is easy to deduce from (9.2) that S(t)B C By for ¢ > o(B, p;)), where
1 yIR?

ty = —log

_r= (9.5)
Y ving-a

We infer from (6.5) that integration in ¢, T > 0 yields

Ml'L'

t+t
y/ 17 ds < U7 +
t
With the use of (9.3) we conclude that

B Myt Mt
limsup/ ||U||12-1ds§—13+—12.
t—oo Jt Y 14

(9.6)
In Sect. 7, we get the inequality

d
E"(u) +2yn(U) <2yCy (9.7)

and

limsup(,BIIUII?.,+o¢||(—A)%L[||12{+/ G(IUI*) dx - 2Re(F, L[)) < Cao.
t—00 Q



Song and Yang Boundary Value Problems (2018) 2018:109 Page 25 of 27

Integrating (9.7) between ¢ and ¢ + T

t+7T
lim sup{ / BIUG |}, + | (=82 U)|, + [ US)] jaq — 2Re(F, U(s)) ds
—00 t
+ Bllut + r)”i + oz||(—A)%L[(t+ r)||12{ + | U+ r)H;m) —2Re(F,U(t + r))}
<2yCs(l+71),
we obtain

lim sup /
t—00 t

9.2 Absorbing ballin V
We continue and show the existence of an absorbing set in V and the uniform compactness

+T

<ﬁ||U(s)||;+a||(_A)%u<s>||;+ fﬂ G(|U|2)dx) ds<C,.

of S(¢). For that purpose, we know that

n(W) = BIUI +a|(-a)3 U, + /Q G(IUJ?) dx - 2Re(F, U).
If Fe HN V, we have

n(U) < n(lo)e™" + Coo (1 - €7),
then

limsup<,8||L[||12{+a||(—A)%U||2+/ G(IU|?) dx - 2Re(F, Ll)) <Cx
t—00 Q

and limsupt_moaH(—A)%UII%., <0 p1 = Cus.
We recall that (|| U2+ ||(=A)3 U||2)2 is the norm on V (= the H'(€2) norm). Combining
(9.5), we obtain the existence of an absorbing set in V' for S(¢) and uniform compactness

property:
The operator S(£) is uniformly compact for ¢ large. By this we mean that for every
bounded set B there exists ¢y, which may depend on B, such that

Jsw®s

>ty

is relatively compact in H.
Indeed, if B is a bounded set of V/, then it is also a bounded set of H,

S(t)BC By for t > ty(B, By),
and then with (9.3)
S BCB;, fort>ty+r,

where B; is the ball of V' centered at 0 of radius p; > po.
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The ball of V, By = By(0, p1) centered at 0 of radius p; is absorbing in V' for the semi-

group S(¢t).
If Uy € B, where B is only bounded in H, the above analysis still applies and

S(t)BC By fort>ty(B) + .

Since Bj is bounded in V and the injection of V in H is compact, we conclude that
Uiz os: S(8)B is relatively compact in H.

Definition 9.1 The w-limit set K of B

K= U S(£)B,

>0 t>tp+T

where the closure is taken in H.

Therefore, from the a priori estimates, using Theorem 1.1.1 in [32], the w-limit set of
B, K = w(B), is a global attractor. It is an infinite-dimensional dynamic system associated
with this evolution equation (1.11) supplemented by the Dirichlet boundary condition. K
attracts the bounded sets of H. This dynamic system possesses an attractor K which is

compact in H.
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