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Abstract

A kind of electrorheological fluid equations, with the orientated convection terms
Us = div(a(x)|Vu|”(X)‘2Vu) + B(X) VW, (e x (7)),

is considered. It is supposed that a(x) > 0 when x € €2, alx) = 0 when x € 9€2. If there
is interaction between the diffusion coefficient a(x) and the convective coefficient b,
the stability of the solutions can be proved without any boundary condition.
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1 Introduction and the main results
Consider the diffusion equation with an orientated convection term

Uy = div(u(x)IVu|p(x)_2Vu) + l;(x) -Vul, (x,t)eQr=Qx(0,T). (1.1)
with the initial value

u(x,0) = up(x), x€€, (1.2)
and the boundary value

ulx,t)=0, (x,t)e€dx(0,7). (1.3)

Here 1 < p(x) € C(Q),q > 1,a(x) € CX(Q), b = {b'}, b (x) € C1(Q), 2 C RN isabounded do-
main with a smooth boundary 9. Equation (1.1) arises in electrorheological fluids theory
[1]. If l;(x) =0, a(x) = 1 for all x € Q, the existence and uniqueness results of Eq. (1.1) have
been widely researched, one may refer to [2—7] and the references therein. If p(x) = p, the
equations are known as non-Newtonian fluid equations, and have been studied by many
mathematicians, one may refer to [8] and the references therein. All these papers show that
the uniqueness and the stability of the solutions can be proved if the Dirichlet boundary
value condition (1.3) is imposed. In this paper, we will show that, if the diffusion coeffi-
cient a(x) is degenerate on the boundary and, moreover, there is interaction between the
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diffusion process and the convection process, then the stability of the solutions may be
established without any boundary value condition.

We denote
p+=maxp(x),  p_=minp(x),
xeQ xeQ

we assume that p_ > 1, a(x) >0 in €,
alx)=0, xedQ. (1.4)

By this token, if Z(x) = 0, our previous papers [9-11] showed that the boundary value
condition (1.3) may be redundant, the uniqueness of the weak solutions can be proved only
depending on the initial value (1.2). Accordingly, in this paper, we will construct a suitable
test function to obtain the stability of the weak solutions independent of the boundary
value condition (1.3). We give the basic concepts and the main results now.

Lemma 1.1 If q1(x) and q>(x) are real functions with qll(x) + qzl(x) =1 and q1(x) > 1, then,
Sfor any u € L"9(Q) and v € L12W(Q),

/ uvdx
Q

Lemma 1.2

= 2||M||Lq1(x)(g)||V||Lq2(1)(g)'

p- 12
Iy > L then Nl o) < /Q 0P e <
P+ p-
If”””uﬂ(x)(g) < 1,then ||u||lp(x)(9) = /;2 |u|p(x) dx < "u"U;(x)(Q)'
Lemma 1.1 and Lemma 1.2 can be found in [12].

Definition 1.3 If a nonnegative function u(x, t) satisfies

u € L*(Qr), u e LF+(0, T; W+(Q)),

(1.5)
a(x)|Vul® e L>(0, T; L1(R2)),
and, for any function g(s) € C*(R), g(0) =0, ¢; € C3(R2), g2 € L>(0, T; VVli’f(x)(Q)),
3_bl p(x)-2
57 8(0102) + a(x)|Vul " Vu - Vg(pr92)
Qr ¢
+ u? (bl g(p1992) + b (0)gy, ((01§02))i| dxdt =0, (1.6)

then we say u(x, t) a solution of Eq. (1.1) with the initial value (1.2), and the initial value
(1.2) is satisfied in the sense

}gr(l)/ﬂ u(x, t)p(x) dx :/Quo(x)gb(x) dx =0, (1.7)

for any ¢(x) € C°(R2).
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. i p) . .
Here, p/, = pp—*l, = agx(,") 2 8x = a—f as usual. In this paper, the existence of the nonneg-
+ 1 1

ative solution is proved firstly.

Theorem 1.4 Ifp_>1,1<g<p,,
0<upeLl™®(Q),  a)|Vult® el (Q), i=1,2,...,N, (1.8)
then Eq. (1.1) with initial value (1.2) has a nonnegative weak solution u.

In particular, when a(x) = d“(x), d(x) = dist(x, d2) is the distance function from the
boundary, 0 < @ < p~ — 1 is a constant, similar to the proof of Theorem 1.1 in [13], we
can show that there is a constant y > 1 such that the weak solution # in Theorem 1.4
satisfies

/ |Vul” dxdt < c. (1.9)
Qr

Similarly, if we impose some restrictions on «, we also can show (1.9) is true, then the
boundary value condition (1.3) is valid in the sense of the trace. However, in general, we
cannot define the trace of u# on the boundary. Accordingly, instead of being interested in
the boundary value condition, we would pay a close attention on the stability of the weak
solutions without any boundary value condition. By the innovative definition of the weak
solution above, we can prove the following main results.

Theorem 1.5 If g > 1, u and v are two nonnegative weak solutions of Eq. (1.1), and

bi(x)Va(x) |*

/ dx<oco,  |biwa ()| <c, (1.10)
ol al)
/ a~ P9 (x) dx < o0, (1.11)
Q
then
f |u(x, t) — v(x, t)| dx < c/ |u0(x) - vo(x)| dx, a.e tel0,T). (1.12)
Q Q

Theorem 1.6 Ifg > 1, u and v are two nonnegative weak solutions of Eq. (1.1),

1
/ a P®-1(x)dx < 0o, (1.13)
Q
and
1

C b+

—(A / |Val?® dx) < (1.14)

A \Q,
then the stability of the weak solutions is true in the sense of (1.12). Here Q; = {x € Q:
a(x) > A}.

Remark 1.7 1If 1 < p_ < p(x) < p, <2, then the condition (1.14) is satisfied.
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Theorem 1.8 If g > 1, a(x) satisfies (1.13), and for small enough X > 0, u(x,t) and v(x,t)
satisfy

1

1 o) 1 )" 1 o) 7|
a(x)|VulP* dx <c, a(x)| VP dx <c, (1.15)
A \Jae, A \Java,

then the stability (1.12) is true. Here q(x) = p’égc_)l , 4+ = MaX, g q(x).

In a word, the innovation of the definition of the weak solutions is that we use the test
function with the form ¢; ¢, instead of the usual one ¢ to overcome the difficulty that the
weak solutions may lack the regularity to define the trace. The weak solutions the existence
of the weak solutions is proved by the usual parabolically regularized method. The stability

of the weak solutions are proved by choosing some special test functions.

2 The weak solutions dependent on the initial value

Consider the following approximate problem:

Ugr — € diV(|VuS |p+—2Vu5) - div(a(x)|Vu£ |p(x)_2Vu8) - l;(x) -Vul

=0, (x¢)€Qr, (2.1)
us(x,6) =0, (x,2)e€dQx(0,T), (2.2)
ue(x,0) = ueo(x), x€L, (2.3)

where 0 < u.o € C§°(R), |usolix@) < luolro@), ax)|Viueol’* uniformly is convergent
to a(x)|Vuo(x)[P+ in L1(Q). Then there is an unique nonnegative solution u, € L#+(0, T;
W, () [6].

By the maximum principle ([8], p. 150), we have

It | oo Qq) < c- (2.4)

Since

// \ugl;(x) . Vug|dxdt = q// !uZZ(x) . Vu,3|
Qr Qr
< f// Vi, [P dxdt + c(e),
2 Qr

by multiplying (2.1) with u, and integrating it over Qr, we easily obtain

1 .
—/ ugdx+g// (Vi |P dxdt+// a(x)| Vi |PY dxdt < c. (2.5)
2Ja Qr Qr

For any @, CC €, since p_ = min, g p(x) > 1, by (2.5),

T T o~
/ / |Vu.|dxdt < c(/ / |Vug P~ dxdt) <c(d) (2.6)
0 Q. 0 Q)
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and

sf/ |Vue [P+ dxdt < c.
Qr

For any v € L7+ (0, T; W " ()), V], ( oy = 1 We have

0,T;WaP* (
(ther, V) + 8// |Vu, Ip*_ZVugVdedt
Qr
+// a(x)| Vv P92V, Vvdxdt
Qr

+ //QT ul (bfcl_ (x)v + b'(x)vy,) dx dt.

This formula makes sense because u, € LP+(0, T; Wol’p*(Q)) N L*(Q7).

By (2.8), using the Young inequality, we can show that

|(u”,v)| < c[sf/ |V, |P* dxdt+f/ a(x)|Vue [P dx dt
Qr Qr
+ // (IvIP* + |VvP) dxdt + 1] <c,
Qr

then
Neteell 1, o w1k () = ©
where p/, = p‘j:l.

Now, for any ¢ € CA(Q), 0 < ¢ <1, for any v € L7+ (0, T; W, 7 (),
((‘P”a):; V> = <(puat)v) = <Mat) §0V>
= s// |V [P+~ 2Vu, V(pv) dxdt
Qr
+ / / a(®)| Ve P92V u, V(pv)
Qr
+ /f ul (b;i (x)vep + bi(x)(V(p)xi) dxdt.
Qr
Similarly, we can show that

((@ue)es V)| = (sets V)

SC[S// |Vug [P+ dxdt+// a(x)| Vi P9 dx dt
Qr Qr

+ // (|v|1’+ + |Vv|”*)dxdt+ 1:| <c,
Qr

then

“ (pue): “ 1P (0,T; W14 () =c

Page 5 of 15

(2.8)

(2.10)

(2.11)
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For a fixed s such that s > % + 1, one has Hj(Q) — W+(Q). Consequently,

W74 (Q) <> H™5(Q). As a result, we have

| @utede | ot o 7510-s(c) =< € (2.12)

At the same time, we have

T
// lV(wus)l"‘dxdrsc(w(u / / |ws|f’-dxdt)5c(¢),
Qr 0 Qp

where Q,, = supp ¢. We give an explanation of this inequality. Since a(x) € C* (Q), alx) >0
when x € @, for any ¢(x) € C3(Q),

(%)

(x

S

<c(o),

~

Q

then

T
//|Vus|p‘dxdt
0o Ja,
T
=/ /(p(x)|Vu5|p*dxdt
o Ja

T
:f /@a(x)WusV’* dxdt
o Joal

a(x)
T
= C((p)/ / a(x)|Vu,|P- dxdt
0o Jao
<c(g).
Thus we have

Npzeell . 0,7y o) = € (2.13)

Noticing that WOI P7(Q) — LP-(Q) < H*(R2), we can employ Aubin’s compactness theo-
rem in [12] to obtain gu, — @u strongly in LP+(0, T; LP- (). Thus ou, — gu a.e. in Qr.
In particular, due to the arbitrariness of ¢, u, — 1 a.e. in Q7.

Now, by (2.7),

eIV P2V, — 0, in Li1(Qp).

—
By (2.4), (2.5), (2.6), there exists a function u and an n-dimensional vector function ¢ =
(¢1,...,¢y,) satisfying

&)
ue LOO(QT), |Cl| € Lr-1 (QT);
and

us —u, weakly-star in L(Qr), U, —> u, a.e. inQr,
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ul - ul, a.e. inQr,
. o)
Ugx; — Uy, 1N Lloc (QT)’

— pX)
a@)|Vu P92Vu, ~ ¢, in {L1(0, T; L7901 ()},

Moreover, we can prove that
2 —
// a|Vul!W=2Vu - Vodxdt = // ¢ -Vedxdt, (2.14)
Qr Qr

for any given function ¢ € C}(Qr).
Then, by (2.14), for any ¢ € C}(Qr), we have

(up, @) + // [a(x)quIp(x)_ZVuV(p + uq(bi(x)goxi + bfcl, (x)(p)] dxdt=0. (2.15)
Qr

If for any given ¢ € [0, T), denoting 2, = suppyp, then we have
T . .
(up, @) + / / [a(x)|Vu|p(")_2VuV<p + uq(b‘(x)wxl. + b;i(x)(p)] dxdt=0. (2.16)
o Ja,

Moreover, for any ¢; € C3(Qr), ¢2(x,t) € L*(0, T; Wl})f ®(Q)), we clearly have
g@192) € L%(0, T; Wo "™ ().

Since C3°(2,,) is dense in W,” (x)(Qm), by taking a limit, we have

T
(0,8 (102)) + / / [a(@)| VP2 VuVg(pip2) ] dxdt
0 Q‘/’l
T
+// [uq(bi(x)gxi(¢1¢2)+b;lg(§0l¢2))]dxdt
0 Q‘#’l
=0 2.17)

and so

T
(1 g(0102)) + fo /Q [a) | VulP 2V uVg(gr )] dxdt

T
- / / [ (b’ (0)gx; (@r902) + b, g(010)) | dx it
o Ja
- 0. (2.18)
Finally, the initial value condition in the sense of (1.7) can be proved (1.7) as in [2], then

u is a solution of Eq. (1.1) with the initial value (1.2) in the sense of Definition 1.3. Thus
we have Theorem 1.4.



Zhan Boundary Value Problems (2018) 2018:104 Page 8 of 15

3 The proof of Theorem 1.5
Lemma 3.1 Let v € L+(0,T; Wol’p*(Q)), vi € LP+(0, T; W~'1+'(Q)). For any continuous
Sfunction h(s), H(s) = fos h(s)ds, a.e. t1,t, € [0, T),

/ 2(14, h(v)) dt = L(H(V)(x’ t) — H)(x, tl)) dx. (3.1)

3]

Lemma 3.1 is proved in the note [2].

It is well known that the BV function is defined as u € BV(RQ2) = {u € L}(Q) : fQ |Vu|dx <
oo} = WH(R). Moreover, C°(£2) is dense in the space Wy () = {u : u € BV(), u|yq = 0},
accordingly, 7’ 0, T; Wol 7’ (2)) is dense in ”° 0, T; WOM (€2)). Then we have the following.

Remark 3.2 Lemma 3.1 is still true for the function v € L?+(0, T; Wol 1(Q)), v, € LP+(0, T;
WP (Q)).

Now, we begin to prove Theorem 1.4. For small > 0, let

S,(s) = /s hy(t)dr, hy(s) = %(1 - l%') .
0 +

Obviously, 1,(s) € C(R), S, (s) is monotone increasing about n and

lim S, (s) = sgns, lim H,(s) = / Sy(v)dr = s, (3.2)
n—0 n—0 0
moreover, one has
hy,(s) >0, |sh,7(s)’ <1, lir%sS;(s) =0. (3.3)
T]—)
For two solutions u(x, £), v(x, t) of Eq. (1.1) with the initial values

u(x,0) = up(x), v(x,0) = vo(x),

respectively, we can choose S,,(ozﬁ (# — v)) as the test function, where 8 > 1 is a constant.
Then

/t/ Sn(aﬁ(u—v))a(u_v) dxdt
0 Ja at

t
+/ /aﬁ“(x)(quW(x)_ZVu—|VV|”(")_2VV)~V(u—v)S;(aﬁ(u—v))dxdt
0 Ja

+ /t/ a(x)(IVulp(x)_ZVu - IVvlp(x)‘ZVv) VaP(u- V)S:] (aﬂ(u - v)) dxdt
0 Jo

+ /t/ (bfcl, @) (u? = v1)S, (@’ (u - v)) + aP b’ (x) (u? — 1)
0 Ja

(U =v)yS, (aP (u—v)) dxdt

' i a9 _ 4 . 4P (14 — NS (2P (1 —
+/O /Qb(x)(u V) a, (u V)Sn(a (u V)) dxdt
_O

0. (3.4)
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Let us analyze every term on the left hand side of (3.4). In the first place, since a(x) > 0,

S;(s) > 0, for the second term, one has
/ aﬂ”(x)(IVuV’(x)_ZVu - |Vv|p(x)_2VV) -V(u-v)S, (aﬂ(u - v)) dx > 0. (3.5)
Q

For the third term, since |Va(x)| < ¢ in 2, we have

/ al(u - v)S, (aﬁ(u -v)) (|Vu|1’(")_2Vu - |Vv|p(x)_2Vv) dx
Q

_p)-1
= ’/ a "9 aP(u— v)S, (aP (u-v))
{Q:af |u—v|<n}

el ()2 ()2
ca P9 (|VulP¥2Vy — |[VyP2Vy) dx

1
r1

_pw)-1
< </ |a P g (1 - V)S;] (uﬁ(u - V)) |p(x) dx)
{Q:af |u—v|<n}

. ( / a(@)(|VulP™ + |VvP)) dx) n (3.6)
{Q:aP |u—v|<n}

where p; is p, or p_ according to Lemma 1.2, p'(x) = £ (x_)l, py =P, or p_ has a similar

p)
meaning.

If {x € Q:u — v =0} has zero measure, then
lim ax)(|Vul’™ + |VvP®) dx = 0. (3.7)
n—0 {Q:aP |u—v|<n}
Since (1.11),
/ a~P®V(x) dx < o0,
Q

by the fact |a” (u - v)S (a” (u - v))| < ¢, it implies

<c, (3.8)

_pw)-1
/ |a P gP(y - v)S, (a’s(u - v)) |p(x) dx
(Q:aP lu—v|<n}

by (3.6), one has

lim - 0. (3.9)
n—0

/ al(u - v)S, (a‘g(u - v)) (|Vu|1’(")_2Vu - |Vv|p(x)_2Vv) dx
Q

If {x € Q: u —v =0} has a positive measure, since

_px)-1
/ la™ 7@ af (u - v)S,, (a’ (u—-v)) |p(x) dx
{Q:aP |u—v|<n)}

< / |a7% al(u - v)Si7 (aﬂ(u - v)) |p(x) dx,
Q
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and

/ a@)(IVulP™ + |VvP™) dx < / a(x)(|VulP® + |VyP@9) dx < c,
Q:aP |u—v|<n) Q

according to the condition (1.11) and the fact |a (u — v)S;(a’S (# —v))| <c, using the dom-

inated convergence theorem and Holder inequality, by the last formula of (3.3), one has

L

(x)-1 P
lim (/ ‘a_pp(x) al(u - v)S; (a’s(u - v)) |p(x) dx) g 0. (3.10)
{Q:aP [u-v|<n}

n—0

Thus, from (3.6), (3.9) is true.
Moreover, since u, v € L>(Qr), by (1.10), using the dominated convergence theorem, we

have
%i_r)r(l) /Qbi(x)(uq - 1) -afi(u -v)S, (aP (u—v)) dx

| o

§r1]1_r)r(1)/’b —Vq ’S( u-— 1/))zz(u—v)a—‘3 dx
bi(x)V
<chm/|S ﬂ(u—v)) Blu - )|| x) a|
% bi(x)Va |* 2

<clim (f |S;] (aP (u—v))a’ (u-v)| dx) ( dx)

n—0 Q Q a
-o. (3.11)

Since g > 1,

|uq—vq| <clu-v|,

and by (1.10), |aill’b"(x)| <gc

/ bi(x)aﬁ(x)(uq - vq)Sn/(aﬁ(u = V))(u =)y, dx
Q

1
< c(/ a(x)(|Vu|p(") + |V1/|"’(’C))dx)p1
Q

</ |a P")b’(x)im 1|aﬁ(x)(u—1/)5 ( ﬂ(u—v))

S

-1 dx)

1

, x (x A

< c(/ |a_1%bl(x)|1’ﬁ°()-)1 |a” (x)(u —v)S, (a” (u - v)) |Pf")-)1 dx) n
Q

Therefore,

Jim (3.12)

f B ) (1 = 1) S, (a (1= 1)) 1t = V)P () | =



Zhan Boundary Value Problems (2018) 2018:104 Page 11 of 15

At the same time,

11m

/b’ (x) —vq) ( Plu— v))dx

<c/ lu —v|dx, (3.13)
Q

obviously by the assumption of b(x) € C'(R).
Finally, for the first term on the left hand side of (3.4), by the monotone convergent
theorem, one has

3135/ / a(”a_ Y dxat
/ /Slgl‘l (aP (u—v)) 8(u )
:%ig})/o ‘/an(“_") uazv) dxdt.

We can employ Remark 3.2 to deduce that

%13(1)// —v) )d dt

= lim (H,,( —v)(8) — Hy (o — vo)) dt
=0 Jo

= /Q|u(x, £) = v(x,t)| dx - /S; |10(%) — vo(x)| dx. (3.14)
Now, let n — 0 in (3.4). By (3.5), (3.9), (3.11), (3.12), (3.13) and (3.14) , one has
/Q|u(x, t) — v(x, t)| dx < C/Q|uo(x) - vo(x)| dx, Vtel0,T).
4 The proofs of Theorem 1.6 and Theorem 1.8

Proof of Theorem 1.6 For a small positive constant A > 0, denoting Q; = {x € Q: a(x) > 1}
as before, let

1, ifx e Q)\,
6(0) = [ N (1)
rax), ifxeQ\Q;.

Now, by a process of limit, for g(s) = s, we can choose ¢ = @5 (x) x[0,4, ¥2 = Sy(# —v), and
integrate it over Qr, accordingly,

/ /(j)x xS, (u a(u )dxdt

+/ / ¢ (®)a(@) (| VPO Vi - |VvPPI2 V)
0 JQ

V(u—-v)S, (u—v)dxdt

t
+ / / a(x)(|Vu|p(")‘2Vu - IVVIP(’“)‘ZVV) -V (x)Sy(u — v) dx dt
0 Ja
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R /0 t /Q (10 = ) [0 (015, 4~ ), | el
+ /Ot /Q(uq - 1) [b;i (*). (¥)S, (u — v)] dxdt = 0.
In the first place,
/Q 6. (®)a(x) (|VulPD2Vu — Vo2 V) - V(i = v)S) (u - v) dx > 0,
is clear. For the third term,

/ a(x)(IVu|p(x)_2Vu - |Vv|p(”)_2VV) -V (x)S, (u—v)dx
Q

< / a(x)‘ (|Vu|p(x)’2Vu - |Vv|p(x)_2Vv) -V (%)S, (u — V)‘ dx
Qe

< / a(@)|(IVulP® 2V — |VvPR2vv) || Ve, (x) | dx
Q\Qy,

c
< —|:/ a(x)|VulP“1\Va| dx +/ a(x)|Vv|1’(")_l|Va|dx:|.
AlJave, \Q,

By (1.14), i.e.

1
C P+
—(A/ |ValP® dx) <c,
A\ Jave,

using the Holder inequality, by (4.4),

‘/ a(x)(qu|p(x)_2Vu - |Vv|p(x)_2VV) -V (x)S,(u—v)dx
Q

IA
>l a

[ / a(x)|VulP® | Va| dx + / a(x)|Vv|1’(")_1|Va|dxj|
Q\Q;, 2\,

1
< (/ a|Val'® dx) " (/ a(x)|VuP® dx) o
A \Jang; \e;
p Pr
+ = (/ a(x)|Val’® dx> </ a(x)|Vv[P® dx)
A\Jae, Qe

A e
< c(/ a(x)|VuP® dx) + c(f a(x)|VyP® dx) .
Q\Qy Q\Qy,

By (4.5), clearly,

IA

S

lim ’ / a(@)(IVulP®2Vy — VoD 2Vy) . Ve, (x)S, (1 — v) dx| = 0.
- Q

As for the fourth term, by g > 1, and the condition (1.13)

1
/ a PW-1(x)dx <c,
Q
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(4.2)

(4.3)

(4.4)

(4.6)
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using the last formula of (3.3) and the dominated convergence theorem, one has

lim
n—0

/ b (x) (u? - vq)S,'?(u —v)(u - V), dx
Q

1

< / a(@) (V™ + Vv dx) "
Q

-0, (4.7)

S

. __L p&) 7
Scllm (/ |(,1 p(x)S;I(M—V)(M—V)|p(x)_1 dx)
Q

n—0

where p; = p, or p_ according to (ii) of Lemma 1.2, p] has a similar meaning. We have

lim / G2 0" () (u? = V1), (u — v) dx
2r—0|Ja
. c
< lim — |Va|dx
=0 A Jona,
1 Bl
. cC P 1 P
<lim — (/ a(x)|Val'® dx) </ a P@-1(x) dx)
=02 \Ja\g, o\Q;
-0. (4.8)

By (4.7)—(4.8), for the fourth term on the left term in (4.2), one has

lin}) / (uq — Vq) [bi(x) (qﬁk(x)S,,(u - v))x_] dx| < c/ |u—v|dx. (4.9)
n— Q i Q
Moreover, for the fifth term, one has
lin}) / (uq - Vq)bfc_(x)@(x)Sn(u —v)dx| < c/ |u —v|dx. (4.10)
n—0|Jq ! Q

Finally, for the first term, also by the monotone convergent theorem, and employing Re-

mark 3.2, one has

t P _
i [ e

=/|u(x,t)—v(x,t)|dx—/’uo(x)—vo(x)’dx. (4.11)
Q Q

dxdt

Now, after letting A — 0, let n — 0 in (4.2). By (4.3), (4.6), (4.9), (4.10) and (4.11), using
the Gronwall inequality, we have

f|u(x,t)—v(x,t)|dx§c/|u0(x)—v0(x)|dx. O
Q Q

Proof of Theorem 1.8 Similar to the proof of Theorem 1.5, we have (4.2) and (4.3). Since
u(x) and v(x) satisfy the condition(1.15), by (4.4), using the Holder inequality,

/ a(x)(qu|p(x)’2Vu - |VV|P(")’2VV) -V, (%)S,(u—v)dx
Q

1 1
P+ A
< E(/ a|ValP® dx) (/ a(x)|Vu'® dx)p
A \Jave; Yo




Zhan Boundary Value Problems (2018) 2018:104 Page 14 of 15

1 1

1 1
+ ¢ (/ a(x)|Val'® dx> o </ a(x)|Vv[P® dx) o
A\Jae, 2\,

e e
< c([ a|Valf® dx) + c(/ a(x)|Va|’® dx) , (4.12)
Q\Qy Q\2,

which goes to zero as A — 0 since a(x) € C!(Q) satisfying (1.15), one has (4.6). Last but not
1
least, since fﬂ a P91 (x) dx < 0o, similar to the proof of Theorem 1.5, one has (4.7)—(4.11),

and we know that the stability (1.12) is true. Theorem 1.8 is proved. O

5 Conclusion

The equations addressed arise in electrorheological fluids theory. Compared with the
known results [2, 3, 14], the novelty lies in that, if the diffusion coefficient is degenerate
on the boundary, the existence and the uniqueness of the weak solutions may be proved
independent of the boundary value condition. Moreover, how the convection term with
an oriented form affects the well-posedness of the solutions of the equation is studied.
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