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1 Introduction

In recent years, fractional differential equations have attracted worldwide attention due
to their wide applications in different research areas and engineering, such as physical [1,
2], chemical [3], biology [4], signal processing [5], mechanical engineering [6] and systems
identification [7], electrical and fractional dynamics [8—10]. However, for some practical
situations, the part of the diffusion coefficient, or initial data, or boundary data, or source
term may not be known, we need to find them using some additional measurement data,
which will lead to the inverse problem of the fractional diffusion equation, such as [11-13].
Recently, many researchers have presented results of the initial value problem and bound-
ary value problem on fractional differential equations, such as [14—16]. In [17], the authors
used the monotone iterative method to consider the existence and uniqueness of solution
of the initial value problem for a fractional differential equation. In [18], the authors used
quasi-reversible method to consider initial value problem for a time-fractional diffusion
equation. In [19], the authors used a modified quasi-boundary value method to determine
the initial data from a noisy final data in a time-fractional diffusion equation. Above these
references on identifying the initial value of fractional diffusion equations, the measurable
data is selected as a continuous function. However, in practice, the measure data is always
discrete. The discrete random data is closer to practice. To the best of our knowledge, there
were few papers for identifying the initial value of fractional diffusion equations with the
discrete random data. In [20], the authors once used the truncation regularization method
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to identify the unknown source for a time-fractional equation with the discrete random
noise, but we consider the inverse initial value problem with this special type of noise in
the data.

In this paper, we consider an inverse initial value problem for the time-fractional diffu-

sion equation as follows:

DY u(x, t) — uy(x,t) = F(x,t), (%) €(0,1) x (0,T),
u(0,8) = u(1,£) = 0, telo,T], (1.1)
u(x, T) = g(x), x€[0,1],

where the time-fractional derivative D¢ is the Caputo fractional derivative with respect
to ¢, x and ¢ are the space and time variables. The Caputo fractional derivative of order «
(0 <@ <1) defined by [21]

L ths/t—s“, O<ac<l,
Deute, )= | 0@ Jo o As/E=S) (1.2)
ou(x, t)/0t, a=1,

where I'(x) denotes the standard Gamma function.

In this problem (1.1), the source function F(x,t) and the final value data u(x, T') = g(x)
are known in advance. Our purpose is to obtain the initial function u(x,0) = p(x) from
some additional data. In practical applications, the additional data g(x) used in this study
is observed at a final moment ¢ = T, which may contain measurement errors. We assume
the measured data are given at a discrete set of points and contain errors. Therefore, we
put

and set H = (g(x1),2(x2), . ..,2(xar)), which is the measure of (g(x1),g(x2),...,g(xam))-
We assume the random noise data H satisfies the nonparametric regression model

g(xx) = glxe) + owers (1.3)

where &y is unknown independent random errors. Moreover, gx ~ N (0, 1), and oy are un-
known positive constants, bounded by a positive constant Ry.x i-€., 0 < 0k < Rmax for all
k=1,2,...,M. The noises ¢ are mutually independent.

In this paper, we extend this discrete random noise to identify the initial value problem
by the quasi-boundary value regularization method. In [22], the quasi-boundary value
method was first called non-local boundary value problem method and was used to solve
the backward heat conduction problem. Wei and Wang in [19] used the quasi-boundary
value regularization method to deal with the backward problem. Now, this method is also
studied for solving various types of inverse problems, such as parabolic equations [22-24],
hyper-parabolic equations [25], and elliptic equations [26].

The general structure of this paper is as follows: we first present some preliminary results
in Sect. 2. In Sect. 3 we develop the trigonometric method in nonparametric regression
associated with quasi-boundary value regularization method to construct the regularized
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solution. Section 4 contains the convergence estimate under an a priori assumption for
the exact solution. Some numerical results are presented in Sect. 5. Section 6 is a brief

conclusion.

2 Preliminaries
In this section, we introduce some useful definitions and preliminary results.

Definition 2.1 ([27]) The generalized Mittag—Leffler function is defined as
k

ad Va
Eup(2) = ; TakTh °C C, (2.1)

where o > 0 and 8 € R are arbitrary constants.

Lemma 2.1 ([27]) Let A >0, then we have

®© kipr=P 1
/ e Ptk (O (hap) dp = L Re(p) > all 7, (2.2)

o (py F a)k+1’
k
where Ewe(k)(y) = ﬁE%ﬁ(y).

Lemma 2.2 ([28]) Let 0 < ap < a1 < 1, then, for all o € [ay, 1], there exists a constant
Cy > 0 depending on o, a1 such that

c. 1 c, 1

e Ear() < —————, forallx<O0. 23
TR Sl v Jorallx =< (23)

)1-x

Lemma 2.3 ([29]) For any M, satisfying A, > A1 > 0, there exist positive constants Cy, C,
depending on o, T, )1 such that

C C
< Epi(-2,T%) < 2. (2.4)
A’H n
Lemma 2.4 ([30], page 144) Let n=1,2,...,.M -1, and m = 1,2,..., with x; = % and
0u(xr) = V2 sin(nmxy), then we have
M1 M, m=En=2IM (leven),
Sum = Y _ Pn®)@m@) =3 -M, m+n=2AM (I odd), (2.5)
k=1 .
0, otherwise.
Ifm=1,2,...,M -1, then
M, m=mn,
Sum = (26)
0, m+#n,
and
M
1 0, n#2IM,
=Y el =1" (27)
M= (-1)'V2, n=2IM.
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Lemma 2.5 Let n,M € N such that 1 <n < M — 1. Assume that g is piecewise C* on [0, 1].
Then

M
(6w pa) = 52 3 ein(o1) ~ Qua, ©8)
k=1
where
Quat = Y (-1)'[(g), @nsana (%)) + (€(x), i (%)) ]. (2.9)

=1

Proof Using the complete orthonormal basis {¢,,}>_,, we can infer the expansion of g as

m=1’

follows:

861) =) Gmpm (i),

m=1

where g, = (g(x), ¢,,(x)). From Lemma 2.4, we get

=

1 M M [ee)
7 2 8@)gnw) = Z[ngwmuk)}w(xk)
k=1

k=1 Lm=1

1 M 1 M o]
= [ngwm xk)} Pnlwe) + - Z[ > gmwm(xk)} e
k=1 =1 k=1 Lm=M+1
M M
= Z m D om0 en(oi) + Z Gn Zwm(xk)wn (%)
m=1 k=1 m M+1 k=1
oo
=4 Z %), Qi (x )) + (g(x): (p—n+2lM(x))] =g + Qum-
So the conclusion is completed. 0

Now, we will need the solution of the direct problem (1.1). Applying the separation of
variables and Laplace transform of Mittag—Leffler function [Lemma 2.1], we can get the

solution of problem (1.1) as follows:

ulx, t) = Z[t"‘Ea,lm (-7t (F(x, £), ou(x)) + Eqt (-1 7%t ) py | (%), (2.10)
n=1
where
{@u(x) = V2sin(nrx) (n=1,2...)} (2.11)

is an orthogonal basis in L*(0,1), and

1
(P(x), pu(x)) = V2 /(; p(x)sin(nmx) dx. (2.12)

Page 4 of 12
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Making use of the supplementary condition u(x, T') = g(x), we can obtain
= (g(x), 9u()) = T*Eq g1 (-* 7> T*)F(T) + Eq 1 (-1* 7> T%) py, (2.13)

where p,, = (p(x), 9, (x)), F,(t) = (F(x, 1), p,(x)). Using (2.13), we can get

- Fn(T) TaEa,a+l(_n27T2Ta)

= , 2.14
Pr anl(—l’lszzTa) ( )
and
gn F (T T EO(DH—I( 2772Ta)
= (). 2.15
p) = Z E P T (%) (2.15)
From Lemma 2.5, we deduce that
M 1 M o 2 270
(x) = Z M Zkzlg(xk)gan(xk) - Quum -F,(TT Eoz,oHl(_n =T )(P @)
p = anl(—n2n2T“) "
> n_FnTTaEaa+ -n? 2Ta
Y (DT EaanCn'a’TY) 0 (2.16)

Ea,l (—n27t2 Toz)

3 Regularized solutions for backward problem for time-fractional diffusion
equation

In this section, we introduce the trigonometric method in nonparametric regression asso-

ciated with quasi-boundary value regularization method to solve the inverse initial value

problem of a time-fractional diffusion equation. We will do a modification of Eq. (1.1),

where a term of u(x, 0) is added as follows:

u(x, T) + pu(x,0) = g(x). (3.1)

We can obtain the regularization solution of problem (1.1) from the solution of the fol-

lowing problem:

DYu(x, t) — uy(x,t) = F(x,2), (%,£) €(0,1) x (0,T),
u(0,t) = u(1,t) =0, tel0,T], (3.2)
u(x, T) + pu(x, 0) = g(x), x€[0,1],

where p plays the role of regularization parameter.
Using the separation of variables and Laplace transform of Mittag—Leffler function
[Lemma 2.1], we can infer the solution p,, (x) of problem (3.2) which is the regularization

solution of problem (1.1) with the exact measurable data as follows:

8&n — T)T sz 1+a( zTa)
pux) = Z BT (3.3)
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From Lemma 2.5, we can get the regularization solution p,, 4(x) of problem (1.1) with

noise measurable data as follows:

M 1 M~ o 2.27a
= _12x)on(xk) — Quar — Fy(T)TYEg 140 (—n°m T
o) = 3 BB = Qo = BT )
a — W+ Egq(—n?m2T9)

oo

+ Z 8n — Fn(T) TaEa,1+a(_n27T2Ta)
W+ Eq i (—n2m2T)

@n(x). (3.4)
n=M+1

4 Estimators and convergence results

In this section, we will give the error estimate of the quasi-boundary value regularization
method under the a priori parameter choice rule. For y > 0, let D?($2) be the set of all
function v € L%(R2) defined by

1

1 llpr ) = (Z ”2V|(‘ﬁ»‘/’n)|2> < 0. (4.1)
n=1

Lemma 4.1 Foranyq>0,0<pu<1,and n>1>0, we have the following inequality:

. (@G Enqut, 0<q<2,
- pn 2 1
A(n) = ot jnin? <\ (@*w)/C, g=21<n<, (4.2)
m2udt, q>2,n> ﬁ

Proof For 0 < g <2, we can easily see

lir%A(n) =0 and lim A(n)=0,

n—00

then we infer

supA(n) < A(n*),

n>1

where #n* is the root of A’(n) =0, and n* = %.
So

(SRS}

A(n) §A(n*) = l(

@—mq)k )
2

- wlqud.
g
Forqz2and1<n<i,wehave

2-q2 2
n*ix T
A=t TH
Ci+un2n?2

Forqz2andnzﬁ,weget

2-q2
7w 2 g1
A= e ST -
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Lemma 4.2 Forany Q< <1, and n> 1, we have the following inequality:

n? 1

Bn=z —— < — 4.3
() Ci+un?m2 = pm? (4.3)
The proof is very easy and we omit it here.
The main result of this section is the following.
Theorem 4.1 Assume an a priori bound is imposed as follows:
lpllpay <E (4.4)

where g > 0 and E > 0 are two constants. Suppose the a priori condition (4.4) and the noises

data assumption (1.3) hold. We have an estimate as follows:

E||B,um() - p)|*

Lt (2 - @) C)/ (g ) uiE?, 0<q<2,
Tt (Tt CHUE?, g>21<n< i, (4.5)

iu2a-2E2, qg=2,n> i

AsO< < 1andlimy_, o ﬁ =0, we obtain

max(M%z, ui), 0<g<2,
E||Bua(®) - p)|* is of order max(yipu?),  g=2,1<n<d, @)
maX(M%Lz»qu_z) q>2,n> i
Proof Applying (2.16) and (3.4), we can get
M L y~M 227
D - 3 ket EkOkEa (-2 T%)
Bun) =1 =) e e + B T )

n=1

i (g0 — Fu(T) T Eg 41 (-2 T) 10
Eo 1 (272 T) [ + Eq1 (-n272T)]

n=1

Pn(). (4.7)

Using Parseval’s equality, we obtain

PRI O o i O L S
p#,M X) —p\X = s w +EO,,1(—I’127T2T”‘)
%) " Y ,
+Z [g”_F”(T)T Eoz,oz+1(—l’l T )]M
Eo1(—m2m2Te) [ + Eg 1 (-n2m2T)] |

n=1
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We use E(gje;) = 0 (j #1), and Esjz =1,7=1,2,...,M. Then we obtain

M 1 M 22
EH?IL,M(X) - (x) |2 < Z (M M2 Zk:l ESkO‘k

+ Ey 1 (—n272Te))?

D1

+ > kn _Fn(T)TaEa,a+1(_n2ﬂ2Ta)]ﬂ g
| Eap (-7 T) [ + Eg 1 (-n?m2T*)] | -

(4.8)

Dy
From Lemma 2.3, we know that

G <E, ( nzT”‘)f C2

4.9)

22 Pr
Since o} < Ryax and Lemma 4.2, we estimate M, as follows:
R2 mt 2
D, < %(supB(nD < Jmax (4.10)

By (2.14), (4.4), (4.9) and Lemma 4.1, we obtain
e x|
25 L Pn Ci+ ,unz
2
Zpi 2a,-2a| T
C+ ;mz
E? (supA(n))

neN

—n4q2(%)2‘qu‘1£2, 0<q<2,

IA

1
4
Z_;;“ZEZ’ g=>21<n< lu (4.11)
Tiua2E2, qg>=2,n> i

Combining (4.10) and (4.11) , we can easy get the conclusion. O

1
Remark 4.1 By choosing p = (%)m, and by (4.6), in the case 0 < g < 2, we can conclude
that

El3 2., ford 1 ﬁ
|Bua(x) = p(x)|” is of order (1\7) .

Remark 4.2 By choosing p = (Ai/[)%, and by (4.6), inthecase g >2,1<n< ﬁ, we can con-
clude that

]EHIB;L,M(X) —P(x)”2 is of order (%) .
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Figure 1 The discrete data without noise data and 0.08 0.07
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1
Remark 4.3 By choosing u = (Ai/[) 27, and by (4.6), in the caseg > 2, n > i, we can conclude
that

2q-2
2q

~ 2. 1
E||pyum(x) - p(x) | is of order (A_/I>

5 Numerical results
In this section, we present a numerical experiment in the MATLAB programs to show the
validity of our scheme. First we display the discrete data with and without noise in Fig. 1.
Comparing with two picture in Fig. 1, we can observe the non-smoothness of curve data
in the case of random noise. And the measured data is very chaotic.

Since the analytic solution of problem (1.1) is difficult to obtain, we construct the final

data g(x) by solving the following forward problem:

DYu(x, t) — ux(x,t) = F(x,2), (%,£) €(0,1) x (0,T),
u(0,t) = u(1,£) =0, tel0,T], (5.1)
u(x, T) = g(x), x € [0,1].

We construct the final data g(x) by solving the forward problem with the give data F(x, ¢)
and p(x) by a finite difference method. Let the sequence {gk}ﬁ | represent samples from
the function g(x) on an equidistant grid. Choosing M = 31, 07 = 02 =107, i = 4,5, we have
the following nonparametric regression model of data:
2k -1

F(x;) = , =—,k=12,...,M.

8(xi) =gwi) + okers Xk = —
where g, ~ N(0, 1).

The relative error level is computed by

VL= Pum) (5.2)
V2 (p)?

Example Choose

e =

F(x,t) = (xt)* sin(2m ), px) = (v(1 - x))" sin(x).
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Figure 2 The comparison of the numerical effects 0.9 08
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Figure 3 The comparison of the numerical effects 0.35 -
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Figures 2 and 3 show the comparison between the exact solution and its regularized solu-

tion for various noise levels 0 = 10%,107° in the case of « = 0.2,0.8. According to these

figures, we can find that the smaller o and «, the fitting effect between the exact solution

and regularized solution is also better. In addition, we see that the relative errors (for vari-

ous noise levels 62 = 104,10 in the case of & = 0.8) are decreased when M are increased

(see Fig. 4). The results of this experiment have demonstrated the convergence results in

Remarks 4.1-4.3 and the effectiveness of our method. Tables 1 and 2 show the numerical

results of the example for different o2 = 107%, 10~ with different a.
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Table 1 Numerical results of the example for different o-% with o = 0.2

02=10" 0?2=10"
e 0.0971 00116
o 5.6555e-006 5.6485e-007

Table 2 Numerical results of the example for different o2 with o = 0.8

o?=10" 0?=107
er 02485 00249
I 14683008 1.4697¢-009

6 Conclusion

In this paper, we solve the inverse initial value problem for a time-fractional diffusion equa-
tion. The trigonometric method in nonparametric regression associated with the quasi-
boundary value regularization method is applied to solve the ill-posed problem. Specially,
the problem is dealt with the discrete random noise. The convergence estimate is pre-
sented under an a priori regularization parameter choice rule. In numerical experiments,
the computational cost is within 10 seconds and the convergence results is proved, so this
work is good. In future work, we will continue to research the other inverse problems of
this special type of noise in the data, such as identifying the source of the space-fractional
diffusion equation.
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