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Abstract

The main purpose of this article is to consider a Lotka—Volterra predator—prey system
with ratio-dependent functional responses and feedback controls. By using a
comparison theorem and constructing a suitable Lyapunov function as well as
developing some new analysis techniques, we establish a set of easily verifiable
sufficient conditions which guarantee the permanence of the system and the global
attractivity of a positive solution for the predator-prey system. Furthermore, some
conditions for the existence, uniqueness, and stability of a positive periodic solution
for the corresponding periodic system are obtained by using the fixed point theory
and some new analysis method. In additional, some numerical solutions of the
equations describing the system are given to verify that the obtained criteria are new,
general, and easily verifiable.

Keywords: Predator-prey system; Feedback control; Permanence; Attractivity;
Periodic solution

1 Introduction

After the pioneering works of Lotka and Volterra, a lot of work has been carried out on
the predator—prey model. The most crucial element in these models is the “functional
response”—the expression that describes the rate at which the number of prey is con-
sumed by a predator. Modifications were limited to replacing the Malthusian growth func-
tion, the predator per capita consumption of prey functions such as Holling type I, II, III
functional responses, or density-dependent mortality rates. These functional responses
depend only on the prey volume, but soon it became clear that the predator volume can
influence this function by direct interference while searching or by pseudo interference
[1-3]. A simple way of incorporating predator dependence in the functional response
was proposed by Arditi and Ginzburg [4], who first considered this response function
as a function of the ratio. Moreover, Jost et al. [5] showed that prey-dependent and ratio-
dependent models can fit well with the time series generated by each other. Interestingly,
it has been investigated that the ratio-dependent predator—prey models are more appro-
priate for predator—prey interactions when the predator involves serious hunting pro-
cesses, like animals searching for animals, etc. [6-8]. It is justified through some basic
but different principles that ratio-dependent models are more appropriate for modeling
predator—prey interactions [9]. Kesh et al. [10] consider a food web model consisting of
two competing prey and one predator population with predator interference. From the
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knowledge of saturated equilibria and by constructing the average Lyapunov function, the
sufficient condition for permanent coexistence and extinction of species of the system is
obtained. Pang and Wang [11] study a class of two-predator-one-prey ecosystem and show
that the unique positive equilibrium solution of the system is globally asymptotically sta-
ble. Baek et al. [12] study a x1 (¢) elliptic system with ratio-dependent functional responses.
By employing a comparison argument for the elliptic problem and the fixed-point theory
applied to a positive cone on a Banach space, authors examine the positive coexistence
of one prey and two competing predators in an interacting system with ratio-dependent
functional responses under a hostile environment. Furthermore, Ko and Ahn [13, 14] in-
vestigate the stability at all non-negative equilibria and long time behavior of solutions for
a ratio-dependent reaction-diffusion system. For more similar work, we refer the reader
to [15-21].

On the other hand, one can find that an ecosystem in the real world is continuously dis-
tributed by some forces, which can result in changes in the biological parameters such as
survival rates. Of practical interest in ecology is the question of whether or not an ecosys-
tem can withstand those disturbances which persist for a finite period of time. In the lan-
guage of control variables, we refer to the disturbance functions as control variables. This
is of significance in the control of ecology balance. One of the methods for the realiza-
tion of it is to alter the system structurally by introducing feedback control variables. The
feedback control mechanism might be implemented by means of some biological control
schemes or by harvesting procedure. In fact, during the last decade, the qualitative behav-
ior of the population dynamics with feedback control has been studied extensively. Yin
and Li [22] propose a single species model with feedback regulation and distributed time
delay. By using the continuation theorem of coincidence degree theory, a criterion which
guarantees the existence of a positive periodic solution of the system is obtained. Further-
more, Chen [23] obtains a sufficient condition which guarantees the global attractivity of
the positive solution of the system by constructing a suitable Lyapunov functional. Nie
et al. [24] consider a non-autonomous predator—prey Lotka—Volterra system with feed-
back controls. They study whether or not the feedback controls have an influence on the
permanence of a positive solution of the general non-autonomous predator—prey Lotka—
Volterra type systems, and establish the general criteria on the permanence of the system,
which is independent of some feedback controls. In additional, by constructing a suitable
Lyapunov function, some sufficient conditions are obtained for the global stability of any
positive solution to the system. More work on feedback controls can be found in [25-30].

Commonly, an ecological system, such as that represented by the deterministic Lotka—
Volterra model, is not suitable to describe the real behavior of the population dynamics.
What we claim as “disturbance functions as control variables’, which is mentioned above,
is strictly connected to the environmental noise effect. It is necessary to include the effect
of environmental variables that can be deterministic, such as the variation of the temper-
ature due to atmospheric conditions, and stochastic, due to the stochastic variability of
all the other variables, such as growth rate, resources, etc. [31-36]. Moreover, the study
of nonlinear dynamical systems in the presence of external noise has led to the discov-
ery of a number of counterintuitive phenomena, with a constructive role of the noise and
high fundamental and practical interests in many scientific areas. The presence of a noise
source can change the stability of the ecological system [37]. Ghergu and Radulescu [38]
study the existence and non-existence of classical solutions to a general Gierer- Meinhardt
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system in which both the activator and the inhibitor have different sources given by gen-
eral nonlinearities, and regularity and uniqueness of the solution in one dimension are
also presented. In 2010, Ghergu and Radulescu [39] consider a class of reaction-diffusion
system of Brusselator type, and show that if f(u) has a sublinear growth then no Turing
patterns occur, while if f () has a superlinear growth then the existence of such patterns
is strongly related to the inter-dependence between the parameters a, b and the diffusion
coefficients dj, ds. Liu et al. [40] establish the existence of at least four positive periodic
solutions for a discrete time Lotka—Volterra competitive system with harvesting terms by
using Mawhin’s continuation theorem of coincidence degree theory. In [41], Giacomoni et
al. investigate a quasilinear and singular elliptic system and give some applications to biol-
ogy. In particular, many mathematical models in biology, chemistry, and population genet-
ics are included and studied in [42]. In recent years many theoretical investigations have
been done on noise-induced effects in population dynamics [43—45]. Finally, the noise
source can be non-Gaussian and this further enriches the dynamics [46-51].

However, as far as we know, no work has been done for the one-predator and two-prey
system with ratio-dependent functional responses and feedback controls. So, in this paper,
we will consider the following system:

#1(0) = 21 (D1 () — an (O, (1) - el O o g, (1uy (1)),
&o(8) = 2a(8) =12 (0) + A a0 (0)3(2) + da()ua (1)),

G
&3(2) = x3(0)[—r3(0) + =P — 5y (D)o (2) + ds (3 (£)),
i (2) = e1(8) — AL @Ou (2) + q1(D)x:1(2),
i (£) = e2(8) — fo(O)u2(2) — g2(£)x2(2),
u3(t) = es(t) — f(O)us(t) — q3(£)x3(2),

(1.1)

where x1(£), x2(¢) and x3(¢) stand for the densities of one prey and two competing preda-
tors, respectively, and u;(¢) (i = 1,2, 3) are the indirect control variables. The given coef-
ficients a;(t), by(t), d;(t), e;(t), fi(t), qi(t), and 7,(¢) are positive continuous bounded func-
tions of ¢ for i,j = 1,2, 3. System (1.1) describes the interaction between prey and predator
species which is based on a ratio-dependent functional response. System (1.1) is the so-
called food web system with two competing predators and one prey. Here, ri(¢) is the
intrinsic growth rate in the absence of predators r,(f) and x3(t); the parameters a;,(¢) and
a13(2) are the capturing (or catching efficiency) rates of the two predators; ay; (t) and as; (¢)
are the conversion rates (or maximum growth rates); b12(¢) and by3(f) are the interfer-
ence coefficients of predator species; r,(¢) and r3(t) are the death rates of the two predator
species x,(£) and x3(t); d;(¢), e;(t), q:(¢), and fi(¢) (i = 1,2,3) are the controls parameters.
When there are no feedback controls, system (1.1) is reduced to the following Lotka and
Volterra model:

ay(t)xo(t) a3 (t)xs3(t)
xl(t) xl(t)[al(t) dll(t)xl(t) b1a(t 1)2 (t)2+x1(t) - b13(;)3x3(t)3+x1(t)]’
&o(8) = 2o(8) [~ (8) + I — s (1)3 (1)), (1.2)
&3(2) = x3(0)[~as(t) + 5-PEPL s — a5 (Do (1)),

where the meanings of the parameters of system (1.2) are the same as those of (1.1). Lu et
al. [52] show that this system is permanent and globally asymptotically stable under some
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appropriate conditions by constructing a suitable Lyapunov function. Comparing systems
(1.1) and (1.2), one could see that we introduce the control variables u;(¢) (i = 1,2, 3) so as
to implement a feedback control mechanism.

This paper is organized as follows. In Sect. 2, we provide the conditions for perma-
nence to system (1.1) by using a comparison theorem and developing some new analysis
techniques. In Sect. 3, by constructing a non-negative Lyapunov function, we shall derive
sufficient conditions for the global attractivity of positive solution for the predator—prey
system (1.1). In Sect. 4, some conditions for the existence, uniqueness, and stability of a
positive periodic solution for the corresponding periodic system are obtained by using
the fixed point theory and some new analysis method. Some numerical solutions of the
equations describing the system are given in Sect. 5 to verify that the obtained criteria are

verifiable.

2 Permanence

In order to establish a permanence result for system (1.1), we need some preparations.
Due to the biological interpretation of the system, it is reasonable to consider only positive
solution of (1.1), in other words, to take admissible initial conditions x;(¢y) > 0, u;(¢y) > 0
(i = 1,2, 3). Firstly, we introduce the following notations and definitions. Given a function

g(t) defined on [¢y, +00), we set

g" = sup{g(t) : o < £ < +00}, g =inf{g(t) : to <t < +o0}.
Definition 2.1 System (1.1) is called permanent if there exist positive constants M;, N,
my, n; (i =1,2,3), and T such that m; < x;(t) < M;, n; <u;(t) < N;as t > T for any positive

solution (x1(£), x2(2), x3(£), u1(£), ua(2), u3(t)) of system (1.1) with positive initials.

For system (1.1), we let

11 1 m
M*_rl N*_el +q1M1
1= 1= 4
an A
Lyl 1l m 0 m 0 mipl 1.l
= r1b,bis — alybys — aj3bi; — di'bi,bisNa
e an b, b ’
11912013
m m m )
NF =B M= M d3'Ns +az; — 13
3= 3 =Ml 7
1 kbt — dmbl N
3 3913 3 Y134V3
m m m !
N*_ez M =M dy Ny +ay —r,
2= 2= 17,7 .7 .
f; bt —d"b N
2 2912 2 Y124V2
1 !
= my (—asMs + ay, — i) = my(—afsMy + ag, —ry')
2= M 1, m m ’ 37 m 1,m m m 4
ry'by + azbiyMs ry'biy + agnbisM,
) ) ) m ! m
«_ & tqim «_ € —q3 M «_ e~ q3Ms
n = m ’ ny = m 4 nz = m ’
A /3 /3

where M;, N;, m;, n; are some appropriate positive constants such that
0<m;<m! <M <M, O<m<nf<Nf<N,; i=123.

Theorem 2.1 Assume that system (1.1) satisfies the following conditions:

Page 4 of 16



Wang et al. Boundary Value Problems (2018) 2018:117 Page 5 of 16

(Hi)

’"ibllzblls > ‘l;nzblls + “gblls + d;nbllzbélei
(Ha)

d¥' N3 + all -1}

Ay~ oy
(Hs)

AV Ny + alft -1}

Ay~ g,
(Ha)

—aysMs + alm > 1y
(Hs)

—ans My + aél >y’
(He)

ey > gy M
(H7)

e > g Ms.
Then system (1.1) is permanent.
Proof From the first equation of system (1.1), we have
&1(8) <2 @O[r1() - an@w(©)] < m @[} - abyx1(0)] = alyx1 (O[M] - x1(8)],
thus, it holds that
%1(8)lay 0-ar < @, My [M} = My] <0.
In view of the comparison theorem, one has
(1) When 0 < x;(fy) < My, if t > to, then x1(2) < M;.

(2) When x;(¢p) > M;, for a sufficiently large ¢, one has x; (¢) < M;. Otherwise, if
x1(£) > M, then there exists o > 0 such that %, (¢) > M} + «. Moreover, we have

&1y 0oan < x1@O)[r1(8) — an (Ox1 ()] < @by 20 (O[M - x1(2)] < —at;ax:1 (D),
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thus, it holds that x;1(¢) < x1 (%) exp(—alnozt) — 0 as t — +00. This is a contradiction,

so there exist sufficiently large 77 > £, > 0 such that

x1(t) <M; ast>T. (2.1)
By the sixth equation of system (1.1), we can get

i3 < € — fius(t) = f3 N3 — us(8)].

Thus, employing the comparison theorem and analysis similar to the one used
above, it holds that there exist sufficiently large T > o > 0 such that

usz(t) < N3 ast>Tg. (2.2)

Similarly, from the fifth equation of model (1.1), one has that there exist sufficiently
large T5 > ¢y > 0 such that

uy(t) <N, ast>Ts. (2.3)

From the third equation of system (1.1), and combining (2.1) and (2.2), the following

holds:
3 ) ﬂEanlMl m
<xs(t)| =1t + — 3L g,
xs—"g()[ BT bsOns(t) + M 3}
mM
< x3(t) [—rg + 1“3171 + dgwg}
b13x3(t)+M1

—x (t)[—ré(bﬂsxs(t) + M) + afi My + di' N (b, x3(2) +M1)]
bll.'-sx?»(t) + M,
bll3x3(t) + M;
rsbls = d'Nsbly
blyxs(t) + My

M (d"N m _ ol
=x3(t) 1( 3 3+6131 7'3)]

—x3(t) +
[ r3bis — dy'Nsbis

=x3(t) [—xg(t) +M3].
In view of the comparison theorem and the same analysis as above, we can obtain
that

(3) When 0 < x3(ty) < M3, if t > ty, then x3(¢) < Ms;

(4) When x3(ty) > Ms, for a sufficiently large ¢, one has x3(£) < Ms. So it holds that
there exist sufficiently large T3 > £, > 0 such that

x3(t) <Mz ast>Ts. (2.4)

Similarly, from the second equation of system (1.1), and combining (2.1) and (2.3), it
holds that there exist sufficiently large T3 > ¢, > 0 such that

x(8) <My ast>Ts. (2.5)
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By the fourth equation of system (1.1), we can obtain
in <€l —fluy(t) + ¢ M, =fll[Nik —uy(8)].

Moreover, employing the comparison theorem and analysis similar to the one used
above, it holds that there exist sufficiently large T, > o > 0 such that

u1(t) <N ast>Ty. (2.6)

On the other hand, by the same analysis process, we have

3 ) m aT2 (l}fg m
x1(8) = %1 (8)| ry — a1 (£) - 7 T —-d'N;
b, b
m ’"{bllzblls' - “szll?, - “ﬁblu - bllzbllsd;lﬂNl
=x1(t)al]| —x1(t) + Py
a1 bi,bis

= xy (O)ali[~x1 () + mi].

Using the comparison theorem and the same analysis as above, it holds that

(5) When m; < x1(p), if t > tg, then my < x1(8);

(6) When 0 < x1 (%) < m, for a sufficiently large ¢, one has m; < x;(t). Otherwise,
if %1 () < my, then there exists B > 0 such that x; (t) < m} — 8. Moreover, we have

&1(0)xy 0oy = a1 (O] —x1(6) + mi] > aly Bx1(8),

thus, it holds that x1(£) > x1 (%) exp(a} 8t) — +00 as t — +00. This is a
contradiction, so there exist sufficiently large 77 > £y > 0 such that

x1(t)>m; ast>T;. (2.7)

Similarly, we can obtain that there exist five sufficiently large positive constants 77
(i=2,...,6) such that

x(8)>my;, ast>T,i=2,...,6. (2.8)

From (2.1)-(2.8), and setting T = max; <;<¢{ T}, T}, we have
m; <x;(t) <M;,n; <u;(t) <N;ast>T for any positive solution

(o1 (2), 22(2), x3(2), u1 (), ua(t), us(t)) of system (1.1) with positive initials. This ends
the proof of Theorem 2.1. O

3 Global attractivity

In this section, the global attractivity of system (1.1) is studied. To get the sufficient condi-
tions for global attractivity of system (1.1), the following definition and lemma are firstly
given.

Definition 3.1 System (1.1) is said to be globally attractive if there exists a positive solu-
tion X(£) = (o1 (2), x2(£), x3(£), u1(£), up(x), us(x)) of system (1.1) such that

lim ‘xi(t) —yi(t)’ =0, lim ‘ui(t) - v,»(t)‘ =0,

t—>+00 t—>+00
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for any other positive solution Y (¢) = (y1(£), y2(£), y3(£), v1(£), vo(£), v3(2)) of system (1.1).

Lemma 3.1 ([53]) If the function f(t) : R* — R is uniformly continuous, and the limit
lim;_, o f(ff(s) ds exists and is finite, then lim;_, .00 f(£) = 0.

Theorem 3.1 Assume that system (1.1) satisfies (Hy)—(H7) and the following conditions:

(Hs)
; (aly+ba )My (afy + blsal )Ms )
an — 7 - 7 -q; >0;
(byymmy + my)? (by3m3 + my)?
(Ho)
m a,My “lzlblmml m .
B Y 2 m 5~ 42 > 0;
(byymy +my)? (b153Mo + My)
(Hio)
m d’i’éMl dlBlbll3m1 m .
—ay3 — 77 2 " 2—43>0’
(b13l’}13 + V}’Il) (b13M3 + Ml)
(Hup)

flsdr (i=1,2,3).
Then system (1.1) is globally attractive.

Proof Let X(¢) = (x1(2), %2(t), x3(£), u1 (£), u2(2), us(£)) be a positive solution of system (1.1)
and Y (£) = (y1(2), y2(2), y3(£), v1(2), va(2), v3(¢)) be any positive solution of system (1.1) with
initial conditions x;(fy) > 0, u;(t) > 0,i = 1,2, 3, then from Theorem 2.1, there exist positive
constants M;, N;, m;, n;, and T such that m; < x;(t) < M;, n; < u;(¢) <N;forallt>T.

Set the Lyapunov function

3

V() = Y [|Inxie) - Inyi@)] + [wi®) - vi(e)]].

i=1

We compute the upper right derivative of V(¢) along with the solution of system (1.1) only
using H-assumptions and simple calculations:

3

DV () <> D*[|Inxi(t) - Inyi(®)] + wi(®) - vil£)|]

i=1

: e 50 <
=> Sgn{xz’(t)—)’i(t)}< gL >+§ sgnfu;(6) — vi(0)} (i:(2) - vi(2))
i=1 i=1

xi(8)  yilt)

x5(8)
(b12(B)a(2) + 21(2))

= sgn{x1(¢) - y1(2)} |:—6111(t)(x1(t) -5() - ﬂlz(t)<

B ¥2(2) )
(b12(t)y2(2) + y1(2))
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x3(t) y3(2)

—as(t) < (br3(Ox3(8) +x1(8)  (b1s®)ys(8) + 31(0))

—dy (8) (w1 (2) - vl(t))] +sgn{xa(2) — 32(0)} [—azs(t) (x3(2) - y3(2))

x1(t) y1(8)

+ 6121('?)(

+sgnfxs(8) - y3(0)}

x1(2)

bia(t)xa(t) + x1(8)  bro(t)ya(t) + y1(2)

) + d2(t)(u2(t) - Vz(t)):|

X I:—ﬂgz (%2(2) = 32(2)) + ﬂ31(t)<

+ds(t) (us(t) - Vs(f))}

+ sgn{uy (£) — vi(O) }[-A @) (w1 () = vi () + q1.() (%1(2) - 91(9)) ]
+ sgn{us(t) — va(6) }[-fa(8) (w2 (2) — va(2)) — q2(8) (%2(2) — y2(0)) ]
+ sgn{us(t) — v3(O)}[-f(8) (us(2) — va(2)) — g3(8) (%3(2) — y3(0)) ]

= sgn{x1(¢) - y1(2)} [—6111 () (x1(8) = 1(9))

_ ﬂlZ(t) <y1(t)(x2(lf) —y2(t)) —yz(t)(xl(t) _yl(t))
(bra(B)xa(t) +x1(8)) (D12(2)ya(2) + y1(2)

iy (t)<y1(t)(x3(t) —y3(8)) — y3(t)(x1(8) — y1(8))
BN (1) (8) + x1(0) (13 (0)ys(2) + 21(2)

bis()xs(t) + x1(6)  brs()ys(0) +y1(t))

) —dy (t) (w1 (2) - Vl(t))]

+sgn{x(2) — 32(0)} [421(f)b12(f)(

— (1) (xs(t) -ys3(0)) + dz(t)(uz(t) - V2(t)):|

y3(£)(x1(2)

Y2()(x1 () = y1(8)) — y1 () (x2(2) — y2(2)) )
(b12()x2(£) + %1 (D)) (br2(D)ya(t) + y1(2)

+sgnfxs(t) - y3(t)} |:ﬂ31(t)b13(t)<

— a3 (t) (%2 (t) — y2(2)) + ds(£) (us(t) - w(t))]

+ sgn{uy (£) — vi(O) }[-A @) (w2 () = vi () + q1.(8) (%1(2) — 91(9)) ]
+ sgn{us(£) — va(6) }[-fa(8) (w2 (2) — v2(2)) — q2(8) (%2(2) — y2(8)) ]

+ sgn{us(t) — v3(O)}[-f(8) (us(2) — va(2)) — g3(8) (x3(2) — y3(0)) ]
(a12(2) + bra(t)an (1))y2(t)

< |x%1(8) = 31(2)| [—ﬂn(t) +

. (a13(2) + b13(t)asi(t))ys3(£)
(b13(B)x3(2) + x1(2)) (b13(D)ys(t) + y1(2))

(b12(£)x2(2) + 21(2)) (B12(£)y2(t) + y1(2))
+ fh(t)i|

(a12(t) — bia()an (t))y:(¢)

+ |x2(t) - y2(t) | [ﬂsz(t) +

(b12(£)2a(2) + x1(2)) (b12(8)y2 (£) + y1(2))
(a13(t) — biz()az1 (2)y1(2)

+ |x3(6) - y3(8)| |:ﬂ23(t) +

(b13(£)x2(2) + x1(2)) (b13(8)ya () + y1(2))
+ |u1 () =i [-A©) + di(®)] + [ua2(2) = v2 () |[-£a(8) + da(2) ]

—y1(8)) — y1(£) (x3(2) — y3(£)) )
(b13()x3(2) + x1(0)(br3()ys(2) + y1(2)

+ qz(t)]

+ qs(t)]
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+ () = v3 () |[-£5(8) + d3(2) ]

—|x1(t) —310)||a |: (ﬂlz + blhal )M, (6113 + blyal ) Ms m:|

b112m2 + )2 (b13m3 + my)? —-q
1 3
a’y My ay brym mr|
xo(t 3 * -
= |x2(8) = 2(8)] [ az) = (b12m2 +my)? (UM + My): P
- i) 520 - s
blyms + ml)2 (b3Ms + M)

—’bll( —v1( t)’[fll d] |”2 V2 t)’UZ dm]
— |us(®) - vs@®)|[fs - a%']-

In view of conditions (Hg)—(Hj1), one has

. alt + bhal )My (a'lh + bhal ) Ms;
a:mm{alu—( 12 + bhaz) ( 15 + bizaz))

_ m
(blumz + my)? (b13m3 + my)? v
g allsM;y . aélbluml s
2 (bymy + )2 (UM + My)? P
ali tll bl m
_am_ 13 + 31%13 _m,l_dm,l_dm,l_ m N
23 (bt ams +my)?  (DAM3 + My)? a50fi —dih — a0
Thus,
3
D V() < —a Yy _[|xie) - yi(t)| + |us(t) - vi®)]]. (3.1)

i=1

Integrating (3.1) from 7T to ¢ (T > t;), one has

i 3
V(t)+a/ {Z[’xl( —yi(t | !u —vi(t)|]}ds§V(T)<+oo.
T li=1
Therefore,
i 3
/ {Zﬂxi(t) 0] + |us(0) - vl«<t>|]} as= VD <o (32)
i=1
By (3.2), we have
3
> @) - yi(#)] + [uie) - vi(e)|] € LT, +00).
i=1

From the uniform permanence of system (1.1), Zf’:l [x:(2) — yi(£)] + |u;(£) — v;(£)]] is uni-
formly continuous. By Lemma 3.1, we can obtain that

lim |x, ) —yi(t )| =0, lim |u —v,»(t)| =0 (i=1,2,3).

t—>+00 t—>+00

This ends the proof of Theorem 3.1. O
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4 Periodic solution

Assuming that the coefficients of system (1.1) are positive continuous, w-periodic func-
tions, then system (1.1) is changed to an w-periodic system. In this section, we shall obtain
conditions for the existence, uniqueness, and stability of a positive periodic solution for
system (1.1) by using the fixed point theory and some new analysis method. For conve-

nience, we give firstly the following lemma.

Lemma 4.1 ([54]) Let S C R, be convex and compact. If the mapping T : S — S is contin-

uous, then there exists a fixed point, i.e., there exists x* € S such that T (x*) = x*.

Theorem 4.1 Assume that system (1.1) is an w-periodic system and satisfies conditions
(H1)—(Hi1), then system (1.1) has a positive unique w-periodic solution, which is globally
asymptotically stable.

Proof According to the existence and uniqueness theorem of solutions of differential

equations, we can obtain a Poincaré mapping 7 : R — R® defined as follows:
T(XO) = X(t! , t(); XO)y

where X(t, w, to, Xo) = (x1(2), %2(2), x3(8), u1(¢), ua(£), us(t)) is a positive solution of system
(1.1) with the initial conditions Xy = (x1(fo), %2 (£0), x3(fo), u1 (o), ua(to), u3(ty)). And define

6 .
S = {(x1, %, %3, 11, g, u3) € RS |m; < x; < Mym; <w; < Niyi=1,2,3},

then it is obvious that S C R® isa convex and compact set. By Theorem 2.1 and the continu-
ity of solution of system (1.1) with respect to the initial conditions, the mapping T: S — S
is continuous. Furthermore, it is not difficult to show that system (1.1) has a positive
unique w-periodic solution, which is globally asymptotically stable by using Lemma 4.1,
Theorem 2.1, and Theorem 3.1. O

5 Numerical simulation
In this section, we give some numerical simulations supporting our theoretical analysis. As
an example, we consider the following Lotka—Volterra predator—prey system with ratio-

dependent functional responses and feedback controls:

x1() =x1(8)[5 + cosmt — [6.25 + 1.25 sin w£]x; (£) — [0.4 + 0.1 sin 7w £]x(£)

[0.75+0.25 sin t]x3(t) .
- [1.5+0.5sinrrt]xg(t)fxl(t) —(0.015 + 0.005 sin 7 £)u; (¢)],

X9(8) = x5 (£)[2.5 + 0.5c0oswt — [0.13 + 0.1 sinmt]x1(£) — [7 + sinm£]x, ()

[1+0.5sinm ¢]x3(8) .
- [1.8+0.25inm]x3(?)+x2(t) — (0.5 + 0.1sinmt)uy(t)],

%3(2) = x3(0)[~[425 + 0.25 cos wt] + AZoriounrtald (5.1)

[5.5+0.5 sin 7 ]2 (£) .
802 sinntls (s T (0-03 +0.01sin 7 )us(1)],
11(t) = [0.8 + 0.2cos ] — [1.6 + 0.1 sinmwt]u;(¢) + [0.15 + 0.05 sin 7w t]x1 (¢),
it5(t) = [0.5+ 0.1 cosmt] — [1.4 + 0.2sin 7w £]uy(¢) + [0.30 + 0.1 sin 7w £]xo(2),

i3(t) = [2+0.5cos ] — [1.2 + 0.2 sin w t]us(£) — [0.15 + 0.01 sin 7w £]x3(2).
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x3(1). (b) Time series of uq(t), u>(t), and us(t)

18 ;Xm) 2
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I
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Y
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Figure 1 The numerical solution of system (5.1) with initial conditions (5.2). (a) Time series of x; (t),x,(t), and

It is easy to show that system (5.1) satisfies the conditions of Theorem 4.1. It follows from

Theorem 2.1, Theorem 3.1, and Theorem 4.1 that the predator—prey system (5.1) is per-

manent and globally attractive and that it has a unique and stable periodic solution which

is globally asymptotically stable. By employing the software package MATLAB 7.1, we

can solve the numerical solutions of Egs. (5.1) which are shown in Fig. 1, Fig. 2, and Fig. 3.

Figure 1 shows the permanence of system (5.1) with the initial conditions

xl(t()) =0.1, JCQ(t()) =0.1,

ui(to) = 1, uy(to) = 1,

From Fig. 1, it is not difficult to find that
0.07 < x:() <0.18, i=1,2,3,
and

02=<u(t)<2, i=1,2,3ast>10.

usz(to) = 1.

x3(tp) = 0.1,

(5.2)

From Fig. 2, one can find that lim,_, . [x:(£) — :(¢)] = 0, i = 1,2,3, for any two solutions
X(t) = (e1(8), %2(2),%3(2)) and Y (¢) = (y1(2), y2(£), y3(¢)) of system (5.1) with different initial

conditions, which shows that the periodic predator—prey system (5.1) has a unique peri-

odic solution which is globally asymptotically stable. Figure 3 shows the dynamic behavior

of system (5.1).
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Figure 3 The dynamic behavior of system (5.1). (@) Phase portrait of x; (t) and x(t). (b) Phase portrait of x; (t)
and x3(t). (€) Phase portrait of x,(t) and x3(t). (d) Phase portrait of x; (t), x2(t), and x3(t)

6 Conclusion

This paper presents the use of Lyapunov stability theorem and comparison theorem as
well as fixed point theory for a system of nonlinear differential equations. This method
is a powerful tool for solving nonlinear differential equations in mathematical physics,
chemistry, engineering, etc. The technique constructing a suitable Lyapunov function and

Poincaré mapping provides a new efficient method to handle the nonlinear structure.
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We have dealt with the problem of positive solution and periodic solution for a Lotka—
Volterra predator—prey system with ratio-dependent functional responses and feedback
controls. The general sufficient conditions have been obtained to ensure the permanence
of the system and the global asymptotic stability of a positive solution for the predator—
prey system. Furthermore, some conditions for the existence, uniqueness, and stability of a
positive periodic solution for the corresponding periodic system are obtained. In addition,
some numerical solutions of the equations describing the system are given to illustrate
our results. In particular, the sufficient conditions that we obtained are very simple, which
provides flexibility for the application and analysis of the Lotka—Volterra predator—prey
system.

Remark Obviously, model (1.1) is the extension of model (1.2). Adding delay term to the
proposed model (1.1) is our next research work.
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