Jiang et al. Boundary Value Problems (2018) 2018:122 @ BOU nda ry Va I ue PrOblem S
https://doi.org/10.1186/513661-018-1041-8 a SpringerOpen Journal

RESEARCH Open Access

On the stability of Rayleigh-Taylor e

problem for stratified rotating
viscoelastic fluids

Yi Jiang', Xianjuan Li'*" and Youyi Zhao'

"Correspondence:
xianjuanli0591@163.com Abstract
'College of Mathematics and

Computer Science, Fuzhou We investigate the stability of Rayleigh-Taylor (RT) problem of the stratified

University, Fuzhou, China incompressible viscoelastic fluids under the rotation and the gravity in a horizontal

?Key Laboratory of Operations periodic domain, in which the rotation axis is parallel to the direction of gravity, the

Research and Control of Universities . . . . - . .

in Fujian, Fuzhou, China two fluids are immiscible, and the heavier fluid lies on the lighter one. We establish a
stability condition for the RT problem. Moreover, we prove that, under the stability

condition, the RT problem enjoys a unique strong solution, which exponentially

decays with respect to time. In addition, we note that the stability condition is

independent of rotation angular velocity, and the rotation has no destabilizing effect.

Keywords: Viscoelastic fluid; Rayleigh—Taylor instability; Horizontally periodic
domain; Rotation

1 Introduction
Considering two completely plane-parallel layers of immiscible fluids, the heavier on top
of the lighter one and both subject to the earth’s gravity, it is well-known that such equi-
librium state is unstable to sustain small disturbances, and this unstable disturbance will
grow and lead to a release of potential energy as the heavier fluid moves down under the
gravitational force and the lighter one is displaced upwards. This phenomenon was first
studied by Rayleigh [33] and then Taylor [34], and therefore is called the Rayleigh—Taylor
(RT) instability. In the last decades, this phenomenon has been extensively investigated
from both physical and numerical aspects, see [3, 8, 17, 19, 23, 36] for examples. It has
been also widely investigated how the RT instability evolves under the effects of other
physical factors, internal surface tension [9, 38], magnetic fields [3, 4, 18, 21, 22, 24, 25],
and so on.

Recently, Jiang et al. [16, 27] have found that the elasticity can inhibit the RT instability
based on the following idea, i.e., Oldroyd—B model of an incompressible viscoelastic fluid

in the presence of a uniform gravitational field in a three-dimensional domain :

POV + pv- Vv +Vp = uAv + k div(oUUT) - gpes,
o +v-VU-VvU =0, (1.1)
divv=0.
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Here v := v(t,x), p := p(t,x), and U := U(t,x) represent velocity, pressure, and deforma-
tion tensor (a 3 x 3 matrix-valued function), respectively. p, u > 0, ¥ > 0, g > 0 stand for
the density, viscosity coefficient, elasticity coefficient, and gravitational constant, respec-
tively. e5 := (0,0, 1)T is the vertical unit vector, and —ges denotes the gravitational force. We
mention that the well-posedness problem of (1.1) without gravity —pges has been widely
studied, see [28—31] for examples, the corresponding compressible case has also been in-
vestigated in [11-15].

Recently, Baldwin et al. investigated the effect of rotation on the RT instability by an
experiment. Motivated by the experiment of Baldwin et al. and the mathematical result of
Jiang et al. [16, 27], we further mathematically investigate the effect of rotation on the RT
instability in the stratified viscoelastic fluids in this article. Before stating our result, we
shall introduce the mathematical model.

1.1 Stratified rotating VRT problem in Eulerian coordinates

We consider the stratified incompressible viscoelastic fluids under the rotation and the
gravity in a layer domain, in which the rotation axis is parallel to the direction of gravity.
Moreover, the two fluids are immiscible, and the heavier fluid lies on the lighter one. Re-
ferring to the motion equations (1.1) and the motion equations of stratified viscous fluids
(see [20]), we can easily write out the mathematical model of stratified viscoelastic fluids

without internal surface tension:

0 Ve + PV - Ve +divS(p, va, Us) + 2pc(@ x vi) =0 in Q4(2),

oUr +vy -VUL =Vvily in Q4(2),

diVVi =0 in Qi(t),

d; + v101d + v200d = v3 onT, (12)
[v<] =0, IS, ve, U)]v = gd[ p]v on =(¢), ‘
vi=0 on X4,

Vileo =VY, Uyl = UY in Q4(0),

d|t:0 = d() on E(O),

where S(p%., v, Us) == p5.T — nsD(vy) — kepe(ULUT —1) and p% := p+ + gpix3. Next we
shall introduce the notations appearing in the above mathematical model.

Equations (1.2);—(1.2), describe the motion of the lower lighter and upper heavier vis-
coelastic fluids driven by the gravitational field along the negative x3-direction, which oc-
cupy the two time-dependent disjoint open subsets 2, (¢) and Q2_(¢) at time ¢, respec-
tively. The fluids are incompressible by (1.2)3. The two fluids interact with each other by
the interfacial jump conditions (1.2)5 and the motion of a free interface (1.2)4, in which
d := d(x1,x,t) represents the displacement function of the point at the interface. (1.2)¢
describes the non-slip boundary condition of the velocities on both upper and lower fixed
flat boundaries, and the initial statuses of the two fluids are described by (1.2)7—(1.2)s.

The notations f~ and f; in (1.2) denote the values of the quantity f in the lower and upper
fluids, respectively. The term 2p4 (a x v ) represents the Coriolis force with constant ro-
tation angular velocity a = (0,0, a) about the vertical direction [5]. D(v4) := Vvy + (Vvy)T
denotes viscous stress tension. The superscript T and the capital letter I stand for the
transposition and the 3 x 3 identity matrix, respectively. The notations f° or f; represent
the initial data of f.
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In this article, we consider that the domain €2 occupied by the two fluids is horizontal
periodic, thus we denote

Q= {(xp,x3) € R? | a 1= (x1,%0) € T,~l <a3 <m} with,m >0, (1.3)

where we have defined that T; = 27 L;(IR/Z) and T = T; x T,. Moreover, we have the fol-
lowing expressions:

Q. (1) = {(on x3) | 3 € T, d(wp, ) < x5 < m),

Q) = {@nxs) |y €T, ~l<x3 <dx, 1)}, Q) =Q()UQ (),
(8) = { (% d(xn, 1)) | %4 € T},

Y =Tx{x3=-1) and I,:=T x {x3 = m).

Finally, we explain the interfacial jump conditions (1.2)s. The mathematical notation [-]

represents

Ifel :=filsw — 2@,

where f, |z denote the traces of the quantities i on X(¢). From the physical point of
view, the velocity of two viscous fluids meeting at a free boundary is continuous across
the interface and the jump in the normal stress is proportional to the mean curvature of
the surface multiplied by the normal to the surface (see [38]). Thus, we have the jump
conditions [v] =0 on X(¢) and

IIS(pi,vi, L[i)]] v=0Cv on X(¢),

where we have defined that

S, v, Us) = pid — s D(vs) — ke ps (UL UL 1), (1.4)

and v represents the unit normal vector on X(¢), ¥ the surface tension coefficient, and C
twice the mean curvature of the internal surface X(£). Here we only focus on the elasticity
effect upon the RT instability, then the surface tension is omitted. Thus we obtain the
second jump condition in (1.2)5. In addition, since the density of the lower fluid is lighter

than the upper one, we have
[o<] >o0.
Problem (1.2) enjoys the following stratified equilibrium state solution:
(v.U,d,p%) = (0,1,d, %),

where d € (=1, m). We should point out that ¢ can be uniquely computed out by hydrostat-
ics, which depends on the variable x3 and p. and is continuous with respect to x3 € (=1, m).
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Without loss of generality, we assume that d = 0 in this article. If 4 is not zero, we can ad-
just the x3 coordinate to make d = 0. Thus d can be regarded as a displacement function
away from the plane

¥ :=T x {0}.

To simplify problem (1.2), we introduce the indicator function y:

L xeu () )L xeQ ()
OZ00 xeq@, 97 )o, xee)
Then we define that
P =P X2, () T LP-XQ_(t) M= XQu(t) T H-XQ2_(t)»
K =KX, ) T K-XQ_(1) V=ViXa, @) tV-Xa_(1)

U=U,xa,pn+U-xa_@ P =PiX.@) +P-X ()

vo =V xa.0 + V" Xa_ ) Uy = U xa, @ + U (Dxa @

and denote the perturbation quantity around the equilibrium state (0, 7,0, p%) by
v=v-0, o=p5-p5 V=U-1, d=d-0.

Thus we have the following perturbation form for problem (1.2):

p0v+ pv-Vv+divS(o,v,V +1I)+2p(axv)=0 in Q(¢),

Vi+v-VV =Vv(V +1I) in Q(z),

divv=0 in Q(2),

d; + v101d + v200d = v3 onT, (15)
[v] =0, [S(o,v,V +1)—gpdI]v=0 on X(¢),

v=0 onXx*t,

V|t=0 = Vo, Vile=o=Vo on X(0),

dli=0 = do inQ\ 2(0),

where £*:= ¥, UX_, and S(o,v,V + ) is defined by (1.4) with (o,v,V +I) in place of
(p+,va, Uy). Here and in what follows, the subscript 4+ has been omitted in the jump
notation [[-] for simplicity. Thus the equilibrium-state solution of (1.5) is (v, V,d,0) =
(0,0,0,0). In this article, we call the initial-boundary value problem (1.5) the stratified ro-
tation viscoelastic Rayleigh—Taylor (SRVRT) problem.

1.2 Reformulation in Lagrangian coordinates

It is difficult to investigate the well-posedness of the SRVRT problem due to the movement
of the free interface X(¢) and the changes of the domain €2, (¢) in Eulerian coordinates.
Therefore we switch the problem to Lagrangian coordinates, so that the interface and

the domains stay fixed in time. To this purpose, we define the fixed Lagrangian domains
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Q, =T x(0,m), 2_=T x (-/,0),and 2 := 2, UQ_, and assume that there exist invertible
mappings

£9:Q1 — Q4(0)

such that
D) =£(%), T, =&(%), T =£(%), (1.6)
and
det(V&) = 1. (1.7)

The first condition in (1.6) means that the initial interface ¥(0) is parameterized by the
mapping £ defined on X, while the latter two conditions in (1.6) mean that £ map the
fixed upper and lower boundaries into themselves. Let &1 be the flow maps, which are
solutions to

8t'§i(y’ t) = Vi(st(y’ t)’ t) in Qiy
Si(y’ 0) = gi(y) in Q4.

We call (x,¢) with x = £(y,¢) and (y,£) € Q@ x R* the Eulerian coordinates and Lagrangian
coordinates, respectively.
We further assume that £, (-, ¢) are invertible and

Q1 (t) = ££(Qu, )

in order to switch back from Lagrangian to Eulerian coordinates. Since v and £ are all
continuous across the surface ¥, we have

() =§£(%,0).

In other words, the Eulerian domains of upper and lower fluids are the image of Q4 un-
der the mapping £, and the free interface is the image of ¥ under the mappings £.(t, -).
Recalling the non-slip boundary condition v |y, =0, we have

y=£+(y,t) on Xy,
Using the incompressible condition, we can derive that

det(VEL) =1 in Q4 (1.8)
as well as the initial condition (1.7), please refer to [32, Proposition 1.4] for the derivation.

In Lagrangian coordinates, we can use the Jacobi matrix of £1(y,t) to define the defor-
mation tensor {1:(y,t):

U:(y,t) = VEL (1), e, Uy =03(E£(,0),
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where 9; stands for the partial derivative with respect to the jth component of the spatial
variables. In Eulerian coordinates, the deformation tensor can be rewritten as follows:

Ui (x,t) = Up (57 (1), 2).

Using the chain rule, it is easy to verify that U («, £) enjoys the transport equation
o:Uy +vy - VUL =Vvily in Qy(2).

Now, we define & = x.&, + x_&_, n = & —y, and the Lagrangian unknowns
(,q)(y,t) = (v,0)(E(y, 1), £)  for (y,1) € 2 x RY,

then the motion equations of # and g in Lagrangian coordinates the evolution equations
read as follows:

Nne=u ing2,
puy +divaSalg,u, Vi + 1) + 2pa(uie; —uze;) =0 in Q,
divau=0 in Q, (1.9)
[u] =[n) =0,  [Salgu,Vn+I)-gpnslln=0 onX, '
u=0, n= 0 on Ei,
Ulg=0 = U0, M|s=0 = Mo in ,
where we have defined that
Salg,u,Vn +1):= gl — uD 4(w) — kp(D(n) + VyVnT), (1.10)
Da(u) := Vau+ (Vau)T, (1.11)
0 0
= 1(n+y) x 02(n +y) _ Aes (1.12)
101(n +y) x a(m+ )| |z |Aes| |5

for the unit normal to X(¢) = £(%, ¢). Since [#] =0 on X, then
[[3177[| = [[827’}]] =0 onX.

Thus the definition of n in (1.12) makes sense. We call problem (1.9) the transformed
SRVRT problem. In this article, we prove that the transformed SRVRT problem is stable
under proper conditions, see Theorem 2.1.

Next, we further introduce the notations involving 4. The matrix A is defined by the
relation

AT = (VE) = (38303 (1.13)
We define the differential operator V 4 by

Voaw = (V.awy, V.awy, V.aws)T,
(1.14)
Vaw; = (A dwi, Aok dws, Asrdpw;) T,
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where A; is the (i,j)th entry of A, w:= (w1, wy, ws)T, and we have used the Einstein con-

vention of summation over repeated indices. The differential operator div 4 is defined by
div 4(fi, o, f5) = (div 4 fi,div a fo, diva f5)T  and  div fi := Agdify (1.15)
for the vector function f; := (f1,fi,fi3)” - In addition,
A X :=div 4 V4X. (1.16)

Finally, we introduce some properties of 4. Recalling the definition of .4 and (1.8), we
have

A= (A

lf)BxS’ (1.17)

where A?} represents the algebraic complement minor of the (i,j)th entry of the matrix
(0;€:)3x3. In addition, we have

Ajidig; = Aydigr = 8 (1.18)
and

A =0 or Ax=0, (1.19)
where we have defined that §;; = 1 for i =/ and §;; = 0 for i # . Thus

div 4, u = 0,0 Apiuar). (1.20)

The rest of this paper is organized as follows. In Sect. 2, we present the stability result of
the transformed SRVRT problem. Then, in Sect. 3, we deduce some preliminary estimates,
while in Sect. 4 we derive a priori estimates of 1 and u. Finally, in Sect. 5, we derive an
exponential decay estimate which, together with the local well-posedness result of the
transformed SRVRT problem, yields the desired stability result of the transformed SRVRT
problem.

2 Main results

Before stating our main result, we shall derive the stability condition for the transformed
SRVRT problem. To begin with, we introduce some notations, which are used throughout
this article.

(1) Simplified function spaces:
IP:=17(Q):= W(Q) forl<p < oo,

Hy:=Wy(Q),  H,:={weHy&)divw=0},

H* .= Wk(Q).
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(2) Simplified norms:

I les=1-llge =1l llyke fork=>0,
\[W, := lwils —w_lsllusry forseR,

W], = wils —w_lgllmsry forwils #w_|x,
S
lwsls s forw,|s =w_|s,

2 o
I 117 = Z |oy* 052,  for non-negative integer .

o] +ag=i

(3) Energy and functionals:

£@):= [u@]; + Nuel+ [0 + [ Va@)]o + | [a@T [},

D) = | wm@ | + w2 + [ Va@ |} + | [a®] |3,

(4) Other notations:

fe H**2 denotes f(y5,0) € Hl”%(T) for f = Y y3), yn = 1,92),
3} denotes 871 95> for any o + oy =

a < b means that a < cb, a 2 b means that a > cb,

where the letter ¢ denotes a positive constant depending on the domain and the
known physical parameters in the transformed SRVRT problem.
Now we start to derive the stability condition. We assume that (i, 1) is very small, thus
we can neglect the small terms of the second order (i.e., the nonlinear terms) in (1.9) and

obtain the following linearized transformed SRVRT problem:

n=u in ,

pus + Vq + 2pa(uies — uszer) = nAu + kp divD(n) in Q,

divu=0 in €, 2.1)
[ul =[nl =0,  [(g-gpns)I —D(uu+xpn)]es=0 onX,

u=0, n=0 onX’,

Ul¢=0 = Uo, Nle=0 = Mo in Q.

It is convenient to analyze the physical and mathematical mechanisms in the transformed
SRVRT problem based on the linearized problem.
Exploiting the standard method, we shall look for the normal mode solutions of (2.1) in

the following form:

u(y, t) = u(y)e™, q,t) = g(y)e, n(y,t) =7(y)e** for some constant A > 0.
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Inserting these ansatz into (2.1) yields the following eigenvalue problem:

A =1 in 2,

Aot + Vg + 2paltiye; — aer) = uAu + kpdivD() in ,

diviz=0 in , (2.2)
[u] =0, [(G—gons)] —D(uit + kpi)]es=0  on X,

u=0, n=0 on Xt

Replacing 7 by (2.2);, we arrive at the boundary value problem:

Aot + AVG —divD((Au + kp)it) + 2palii e; — itze;) =0 in ,

divz=0 in Q, (2.3)
[a] =0,  [(7-gpns)] — D(uit + kpij)]es = 0 on X, '
=0, n=0 on X',

Multiplying (2.3); by & in L? and exploiting the formula of integration by parts and con-
ditions (2.3)3—(2.3)4, one has

VB = gl il - 5 | D@ - 5 | VARD@; + 200 [ Gaer - ey

Noting that

2,061/ (t1261 — they) - udy =0,
Q

thus we derive that

- ~ .1 -
PI/pal = E@ - 2 [ VauDG@)] (24)
where we have defined that
- 5 1 5
E@) = glollal; - 5 | VeoD(@) 2. (2.5)

Using the point of view of energy, if E(iz) < 0 for some i, then the linearized SRVRT
problem may be stable. Hence, we have the stability criterion: if C; < 1 (i.e., the elasticity
coefficient « is appropriately large), any solution to the linearized stratified VRT problem
enjoys some stability estimate, where we have defined that

C, := sup .

v [ /KPD(W) 3
In this article, we will rigorously prove that the transformed SRVRT problem (1.9) is stable.
More precisely, we have the following mathematical result.

Theorem 2.1 Let a > 0. Under the stability condition C, < 1, there is a sufficiently small
constant 8 > 0 such that for any (uo, no) € H* x H® enjoying the following conditions:

(1) uo=0o0n X7 and div 4, ug = 0;

(2) det(Vno+1)=1,n9=00n X* and [no] =0 on %;
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(3) lluollz + linollz < 6;
(4) the initial value (uo, no) satisfies the compatibility condition

[[SAO (O; Uo, VUO + I)nO —ng - (SAQ (O; Uo, V’?O + I)no)n()]] = O)

then the transformed SRVRT problem (1.9) possesses a unique global solution
(u, ) € C°([0, 00), H? x H?3) with an associated perturbation pressure q.
Furthermore, (n,u,q) has the following exponential stability estimate:

Et) < ce™(Iluol3 + lInoll3), (2.7)

where Ao and ng denote the initial data of A and n, respectively, and are defined by
N0, and the positive constants § and c depend on the domain and the physical
parameters in the transformed SRVRT problem.

Remark 2.1 In view of the proof of Theorem 2.1, we can easily observe that Theorem 2.1
still holds if Q = {x € R3|—/ < x3 < m} or one of k', and «_ is non-zero and sufficiently large.
Moreover, if k, = k_, then the stability condition is equivalent to « > k., where we have
defined that

2 2
K= sup M'
We]-[}, ”\/E]D)(W)Ho

It should be noted that the stability condition is independent of a. Thus Theorem 2.1
presents that the rotation has no destabilizing effect. Next we briefly introduce the proof of
Theorem 2.1. The key step of the proof is to deduce an a priori exponential decay estimate
(2.7). To this purpose, we naturally construct an energy inequality of differential form

%é(t) +D(t) SVED (2.8)

for some energy functional £(¢) (see (5.7) for the definition) and dissipative functional
D(¢) (see (5.8) for the definition). Moreover, &(£) and D(¢) are equivalent to £(¢) and D(¢),
respectively, and £(t) can be controlled by D(t). In particular, if £ is sufficiently small, we
further have

d ~
_ <
dtg(t) +D@) <0,

which implies the desired exponential decay estimate by Gronwall’s inequality. Thus, by a
local well-posedness result of the transformed SRVRT problem, we immediately get The-
orem 2.1.

Here we mention the derivation of (2.8). Recently, Jiang et al. [27] have proved that the
elasticity can inhibit the RT instability based on the energy method. To obtain (2.8), we nat-
urally use the energy method in [27] to prove Theorem 2.1. However, we need some more
complicated mathematical techniques for the estimate of ||5||3. Thus our derivation of the
estimate of ||77]|5 is very different with the one in [27]. In fact, since w:= u + (kp/p)n may
not be continuous on X, we shall apply the regularity theory of one-phase steady Stokes
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problem to the momentum equations of upper and lower viscoelastic fluids. Thus we de-
rive an energy inequality of ||]|3, which has some norms of y;,-derivative (i.e., horizontal
derivative) of (i, 1), see Lemma 4.2 for details. Moreover, we also derive a series of energy
inequalities of y;,-derivative in the energy inequalities of y;,-derivative of («,7), see Lem-
mas 4.1 and 4.4 for details, which can close the norms involving yj,-derivative in the energy
inequality of ||n||s. Thus, we can still exploit a standard energy method to establish the en-
ergy inequality (2.8). It should be noted that £(¢) contains some negative terms involving
gravity. To control the non-positive terms, we shall use the stability condition based on
the physical idea that the stabilizing terms of elasticity can control the non-positive term,
see Lemma 4.3 for details. Thus we derive the equivalence of € and £. Of course, we will

also use the stability condition in the derivation of the dissipative functional D.

3 Preliminary estimates

The key step in the proof of Theorem 2.1 is to derive a priori exponential stability estimate
for the transformed SRVRT problem (1.9). To this purpose, let (#,1) be a solution of the
transformed SRVRT problem and satisfy

sup ,/ Hn(t)”3 + ||u(t) ||2 <6€(0,1) forsomeT >0, (3.1)
0<t<T

where the initial data of (&, n) enjoys assumptions (1)—(4) in Theorem 2.1, and § is suffi-
ciently small. We mention that the smallness condition (3.1) depends on €2 and other phys-
ical parameters in the transformed SRVRT problem, and will be repeatedly used through-
out the rest of the article. Moreover, we assume that the solution (i, ) possesses proper
regularity, so that the procedure of formal derivation makes sense.

In order to exploit the regularity theory of the (steady) Stokes problem in the derivation
of a priori estimates, we shall write (1.9),—(1.9)5 as the following nonhomogeneous form,

in which the terms on the left-hand side of the equations are linear:

pus + Vg —divD(uu + kpn) + 2pa(ue; —use;) =N in Q,

divu =—div ju in €, (32)
[u] =0,  [(qf - D(uu +kpn) —gpns)es] =M  on X, '
u=0, n=0 onXx*,
where we have defined that
A=A-1, (3.3)
N = div(uD 4(w) + kpVnVn") —div ;S alg,u, Vi + 1), (3.4)
M= [uD z(w) + kpVnVn" ] es + [(Salg,u, Vo +1) - gonsI)] (es — n), (3.5)

and D 4(u) and div ; are defined by (1.11) and (1.15) with Ain place of A, respectively.
Since det(V&g) = 1, we have det(VE) = 1, i.e.,, det(Vn + 1) = 1.

This section is devoted to the derivation of preliminary estimates for (n,u). To begin
with, we shall recall some important inequalities, these inequalities will be frequently used
in the rest of the article.
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(1) Sobolev’s embedding inequalities [1, Theorem 4.12]:

Ifllee Sl for2<p<e, (3.6)

Ifllco@y < If 12 (3.7)
(2) Korn’s inequality [10, Lemma 10.7]:

Iwlly < ||]D)(w) ||0 forany w € Hé. (3.8)
(3) Interpolation inequality H/ ([1, Theorem 5.2]):

VI < 1S A1 < Collflo + el forany0<j<ie >0, (39)

where the constant C, depends on the domain and ¢.

(4) Estimates of the product of functions in Sobolev spaces [26]:

[TAN KA forj=0,
WYl < g Il for0<j=<2, (3.10)
20 lls + f Nl ll2 - forj=3,
<
1801,,3 ) < 190,30, 190,30 (3.11)
||¢(0||H_%(T) S 1 caemy @l pacrys (3.12)
<
169113 0y S N0lwrrmllell,y - forany y >2. (3.13)

(5) Trace theorems [1, Theorem 7.58]:

Hf(xh, 0) H WAA(T) S W llksr  for any integer k >0, (3.14)
|[f(xh, 0) ”Hl”% m S fllksr  forany k >0, (3.15)
|u3|_% Sllullo + || divullo  for any u:= (uy, up, us) € H&, (3.16)

where (3.16) can be derived by integration by parts and the inverse trace theorem.
We mention that (3.6)—(3.10) also hold for the bounded domain.
Now, we start the derivation of some preliminary estimates. First, we derive bounds for
div 7. Since
det(VEo) = det(V(no +y)) = det(Vno +1) = 1,

one can derive from (1.9); that

det(Vn +1)=1.
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Then, using the determinant expansion theorem, we have

om+1  dam 03m1
det(Vn+I)=| dima  dma+1  d3m
01m3 dams Oamz +1
1
=detVn+ E((div n)?* - tr(Vn)z) +divp+1=1.
Consequently,
1
divy = 3 (te(Vn)* = (div)®) — det V. (3.17)

Making use of (3.17), (3.10), and (3.1), we have

Idivnllz < [[(divn)*|, + [e(Vn)*], + Il det Vnll2
S ldivalalinlis + 1Vall2lVallz + V713

SIVHIE(L+1Vnll2) < lnli3. (3.18)
Second, we estimate for A and A. Using (3.10) and (1.17), we have
Al ST+ lInlls(1+ lInlls) S1. (3.19)
Similarly, we can deduce from (1.9); that

AN < llolljen for0<j<2, (3.20)

[Awllo < Noselly + llael2. (3.21)

Since § is sufficiently small, we have the following relation:

AT =1V + (V)2 Y (=) =1- Vi + (Vn)* A7,

e

L

1l
(=]

which yields that

AT = (V)2 AT - V. (3.22)
Using (3.22), (3.19), and (3.10), we can estimate that

1AL S IVl 1AL + Inll; S inllje for0<j<2. (3.23)
In addition, exploiting (3.23), (3.19), and (3.8), we can easily deduce that, for any w € H{,

DA S lIwlh, (3.24)

Il S D) |, S [DgW) |, + [Dat) |, S Inlisliwlly + [D.a(w)

(3.25)

0’



Jiang et al. Boundary Value Problems (2018) 2018:122 Page 14 of 29

which yield that, for sufficiently small §,
Wiy < [Daw)|, < lwlly  for any w e Hy. (3.26)

Finally, we estimate the nonlinear terms A and M. Recalling the definition of \V, we
use (3.23), (3.19), and (3.10) to infer that

IVl = o div(V V") + pdivD 4(u) + e div 1D aw)
+kpdiv 1 D(n) - div 41(q]) + kp diVA(VnV”T) ” 1

S[vaval,+ D a1, + 1Al [Pl

+ 1Al D), + 1AVl + 1Al Vo VaT],
S lnlZ + 1Al s + 1Al 1Al s + 1Al 1713
+ 1 Al211Vgll: + 1Al lIn]1?

S lnlls (|| ml; + 11V4lh). (3.27)

Following the argument of (3.27), one has

IV llo S Imll2linlls + 1Al (lzlla + Al lllls + Inll2 + [ Vgllo + Inll2linlls)

Slinls(] (u,n)||2 + 1 Vgllo)- (3.28)
Since we have the following relation
Aes =01(n +y) X 92(n +y) = €3+ 1 X Do + 11 X €2 + d1n X 0o, (3.29)
making use of (3.29), (3.10), and (3.7), we find that, for sufficiently small §,
[l es [, 1 and |11 Aesl|, < lInls. (3.30)

Exploiting (3.30), (3.23), (3.19), and (3.10), one estimates that

< lnlls. (3.31)
2

=
| Aes| |,

H Ae

| Aes|
Consequently, exploiting the estimates (3.31), (3.23), (3.19), (3.15), (3.11), and (3.10), one
has

IMls < | [uD () + kpVn V'] 63‘%

+ | [Sa(0,u, Vi + 1) — gonsI] (es —n)|% +|[gqf](es —n)|%

< D 4@) + koY VT,

A
(Sa(0,u,Vn +1)—gpn31)(es— IAZI) 2+|[[011]](eg,—n)|%

S lnlis([aem); + (L4l 3)- (3.32)
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Similarly, we can derive from (3.14) and (3.13) that

My S nlls ([, + [l ) (3.33)

1
2

4 Estimates of n and u

In this section, we aim to deduce some estimates of n and u.

4.1 Estimatesof 5
This subsection is devoted to the derivation of the y;-derivative estimates of 7, the H>-

norm estimate of 7, and some positive definiteness estimate under the stability condition.

Lemma 4.1 We have, for 0 <i <2,
d i i 1 i 2 Fi( i
- pOyn - dpudy + — ”\/ED(ah’?) ”0 _E(ah’?)
de\ Jg 4
S ull?y + I liollullio + VED. (4.1)
Proof Applying 9; to (3.2), we have

,oaflut + Va}’;q —div 3ZD(MM +KpN) + 2pa8;,(ulez —Upey) = 8;;.N’ in €,

div Bi;u = —8}’; div ju in &, 4.2)
[8,u] = [9;n] =0,  [9;(ql —D(uu +xpn) - gpns)es] = ;M on %, '
aliu:O, 8,’;n =0 on X*.
Multiplying (4.2); by 97 in L%, one obtains
d i i i3 i i |2
— | pdyn - dudy = 8h(d1V]D>(/Lu+Kpn)—Vq)-8hndy+ p‘ahu| dy
dt Jg Q Q
+ / N - dindy + 2/ pad;(uzer —uie;) - dndy
Q Q
4
=Y I (4.3)
k=1

Next, we estimate for I —1Iy.

Using the integration by parts, the boundary conditions in (4.2),, and the second jump
condition in (4.2)3, we have

I = / div B;I(D(uu +kpn) —ql) - 9 dy
Q
- fz[[a};(qf—D(WMpn)—gpns)eB]] '3z’mdyh+f2[[351(g/”’3)]]63'3£”dyh
4 /Q 3i(ql) : v (3in) dy - /Q D) : V(9n) dy

—/Q/cpa,iD(n):V(Z);,n) dy

1d

= E(9jn) - 1z |VED(3n) |2 + 15 + I, (4.4)
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where
Is = / 3 M - 3in dyp, (4.5)
D)
Is = f dj,qdiv d;n dy. (4.6)
Q

Therefore, putting (4.4) into (4.3) and using Holder’s inequality, we have
d i i 1 i 2 Fi(ai
—( [ PO - dudy+ [ V/uD(3n) [, ) - E(3n)
de \Jg 4
S lullZy + Inlliollullio + I + Is + Ie. (4.7)
Exploiting the formula of integration by parts, (3.32), and (3.27), one obtains

=S N - 33ndy SN Dlinlls fori=2,
37 i i .
Jo 0N -8indy SINlilinll; — fori=0,1,

SN linlis SVED, (4.8)

and

o S M dindy S 10u MUy 10301y fori=2,
5= . . )
Js pM - 3im dyn S IM il fori=0,1,

SIMlslnls S VED. (4.9)
Using Holder’s inequality and (3.18), we can get that
Is < |03l |divain|, SVED fori=1,2. (4.10)
Next we turn to estimate for I with i = 0. We can deduce from (3.17) that

1
divy = E(tr(Vn)2 — (div n)z) —detVp

= 01120201 + 02130312 + 03110173 — 017110212 — 01110313 — 021720373

+ 0111(02130312 — 02120313) + 211 (017203713 — 311303172)

+0311(011m3021m2 — 01120273), (4.11)
which yields that
divy =divy, (4.12)

where we have defined that

—11(0212 + 9313) + N1(3213031m2 — 02120373)
V= | 010102 — 020303 + N1(31120313 — 01739372)
N10113 + 120212 + N1 (0113022 — 01120273)
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Using the integration by parts, (3.15), and (3.10), we obtain that

16:_/ [[q]]es~1/fdyh—/ V- Vqdy
) Q

S W (IValo +[4l],) < 113(1Vallo + | [4]] ) < VED. (4.13)
Finally, inserting (4.8)—(4.10) and (4.13) into (4.7), we immediately deduce (4.1). O

In order to estimate 7 in H3-norm, problem (3.2) shall be rewritten as the following two
one-phase steady Stokes problems:

—/J,iAWi + ti = gi in Q,

div w4 = /Hi in Q, (4.14)
Wi =Wily on X,
wy=0 on Xt
where
Hy = (Qdivn—divA M)Xgi, (4.15)
7
G i= (WVHL + N = puy + 2pa(uzer — u12)) xou (4.16)
Kp
Wy = (u+ —n)xgi, (4.17)
i
and (w4, w4 |x) enjoys the following relation:
Hidy =/ Wiz - (Fes) dyp. (4.18)
Q4 z
Lemma 4.2 We have
d ko |? 2
2 2
y” H,/;n + w5+ 1val} D[ mw|;, + lwllf + ED. (4.19)
3

i=0

Proof Applying the classical regularity of one-phase Stokes problem in [35] to (4.14), one

has

Iwlls + Vgl SUGIT + M3 + IWiIzIZ%I (4.20)
which yields that

w3 + ||V61||%5IIQII%+IIHII%+|W|2%, (4.21)

where we have defined that w = w, xo, + w_xq_, G =Gixe, + G-xo_, and H = H,xq, +
H_ XQ_ .
Since

d| [kp
2 _
Iwllz = dtH‘/ T

2
) (4.22)
3

2
2
+ flulls +
3

Kp
—n
%
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inserting the above equation into (4.20) yields

4] [p
dt an

Making use of (3.27), (3.23), (3.18), (3.15), and (3.7), we have

Kp
—

2
pd IVglI? SUGIT + IHIS + IWI% (4.23)
3

2
2
+ [lullz +
3

G S Naelly + Naaelly + 1 H 2 + [N 111
S Moty + llagelly + I divlla + [l div g ella + [N ]14

Sllulhy + el + Inlls ([ e m) |5 + 11Vgl1)

Sllully + luelly + VED, (4.24)
Kp 2 2
17113 = H Tﬁvn —divzul < (Il + Inlsluls)” S ED (4.25)
2
and
2 2
2

i = 1wl S D Il < Dl ol (4.26)

=0 =0
Putting (4.24)—(4.26) into (4.23) yields (4.19). O

In order to control the negative terms containing g and 7, we will establish the following
positive definiteness estimate.

Lemma 4.3 We have
||8Ln||i§—§(8;;n) + ||77||§ for0<i<2. (4.27)

Proof It is obvious that (4.27) holds with any ¢ € H! in place of 9} . In fact, recalling the
definition of C; in (2.6), we have

2
. (4.28)

C,
~glellgsl = = | VP D(w)

which implies that

~ 1 C:
~E@) = S |[VeD@)| g - 5 [VEeDe) [ 2 )]
Therefore, together with C; < 1 and Korn’s inequality (3.8), it implies that
lell? < |D(g)| g < ~E(p) forany g € H.. (4.29)

To further deduce (4.27) from (4.29), we shall introduce Bogovskii’s function with the
standing-wave form. We have the following conclusion:

Let Q' be a bounded Lipschitz domain. For any given f € L*(Q') satisfying [, f dy =0,
there exists a Bogovskii’s function B € H} () such that div B[f] =f and

|BU 11y < €lf 2@y (4.30)
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where the constant ¢ only depends on the domain Q' (see [6], Theorem 10.11 or [7],
Lemma II1.3.1).
The above Bogovskii’s function defined on a bounded domain can be extended to the

horizontal periodic domain . In fact, we define that
C:= {(yl,yz,yg) eR30<y; <2mL;,0<yy < 2Ly, —l < y3 < t}. (4.31)

Then C is a bounded Lipschitz domain. We can use Bogovskii’s function defined on C
and an approach of horizontally translational extension to infer that, for any given g € L*

satisfying [i.gdy = 0, there exists a horizontally periodic Bogovskii’s function B[g] € Hj

such that
divBlg]l =g, (4.32)
|Blgl], < cligllo, (4.33)
(Blgl)(2mkiLy, 21 ks L, y3) = O (4.34)

for any integers k; and ky. We call B[g] Bogovskii’s function in a standing-wave form due
to property (4.34).

Since div djn € L? and Jo div dindy = 0, then we can apply Bogovskii’s function to div .
Thus, using (4.30) and (3.18), we can infer that

| B[divajn]|, < |divajn], < Inl3- (4.35)
Obviously, —E(B,i,n) can be rewritten as follows:

—E(B,in) = —E(aén - B[div ;0] + B[div ;7))
= —E(&Zn - B[div 3;%7])
1 , , ,
o5 (2 [ wontotn): D(BLavn)) 0 - 1 RPD L i) I}
-glel (2/2 B,inng [div 312’7] dyy, - ’Bg[div a,in] ‘5)

:217 +18 +19. (4'36)

Since 9;n — B[divd;n] € H}, thus, using (4.29) and the Cauchy—Schwarz inequality, we

obtain

SIm(@in) |2 - [D(B[aiv o)
< D@} I + [D(Blaivap ;-2 | D@jn):D(BLaiv o))

= |D(8jn - B[divajn]) |; < b (4.37)
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In addition, we use (4.35), (3.15), and (3.1) to estimate that

s + Io| + | D(B[divain])||;
< [B[divajn] |y (|8jms|, + [B[divain]|,)
+ | (B[div dn]) [, (I (35m) [, + [D(B[div 3;u]) )
< [[B[div ]|, ([8n]l, + | B[divan]]l,)

< Inli3- (4.38)

Thanks to (4.37) and (4.38), we deduce from (4.36) that

1 . o
5 D@ g < -E@5) + Il
which, together with Korn’s inequality (3.8), yields (4.27). O

4.2 Estimates of u
In this subsection, we deduce the y;,-derivative estimate of u, the temporal derivative es-
timates, and the elliptic estimates for (u, q) in sequence.

Lemma 4.4 We have

d

a( [ |a,§u|2dy_1§(agn)) v o] JAD(Ou)|2 S VED fori=1,2. (439)
Q

Proof The derivation of Lemma 4.4 is very similar to the one of Lemma 4.1. Multiplying
(4.2) by 9} u, and integrating the resulting identity over Q, we have

1d . ) ) , .
—— / p|8;lu|2dy = —/ 8;1(Vq—diVID)(,uu +/cpn)) - Opudy + / N -9 udy
+ 2/ paa,i(uzel —uiey) - Bflu dy. (4.40)
Q
Noting that

2/ ,oaa;il(uzel —urey) - Bliu dy=0,
Q

following the argument of (4.7), we have

1d

: o 1 .
55(/ p|a;l”|2dy‘E(afz’7)) + 5 VD (3u) 2= ho + Iy, (4.41)
Q

where we have defined that
Lo := / N - djudy +/ 3, M - 8} udyy, (4.42)
Q by

Ly := / ) qdiv djudy. (4.43)
Q



Jiang et al. Boundary Value Problems (2018) 2018:122 Page 21 of 29

Following the argument of (4.8) and (4.9), we have

Lo SVED. (4.44)
By (3.2)3, one further gets

Iy =- fg g0l div s udy SVl div gully S VED. (4.45)

Finally, we put the result (4.44) and (4.45) into (4.41), and get (4.39). This completes the
proof of Lemma 4.4. d

Lemma 4.5 We have

d L
&(Hﬁ(u(t), ) o - Ew) - E(n) - /Q i Aqur dy - /E [[q]]Ateg.udyh>

+ cH (u, 1y) ’ﬁ < VED. (4.46)
Proof Since [[] =0, one has
[Aes] =o0. (4.47)
Recalling the definition of n in (1.11) and the second jump condition in (1.9)4, we get
[[SA(q, u,Vn + I)Aeg]] = [[SA(q, u,Vn + 1)]] Aes =g[[p]nsAes onX. (4.48)

Hence, multiplying (1.9), by u in L? and using (1.19), the jump condition (4.48), and the

relation
2/ pa(uie; —uze;) - udy =0,
Q

we have

| o

(17t} - Em) + 5| Vst

N =
o

t

= —/ /cp(VnVnT :Vaul + D) : VAMT) dy +g[p] f nsAes - udy, = Ky. (4.49)
Q T
It is easy to estimate that
Ky S I3 1Al el + Il Allallly + Inlla LAl el S VED. (4.50)

Inserting the above estimate into (4.49) yields that

1d . 1
5 2 (IVPulls = E@) + - | VD a(w) |> < VED. (4.51)
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Next we turn to estimate u;. Differentiating (1.9);—(1.9),4 and the jump condition (4.48),
we use (1.20) to deduce that

puig +diva V +20,(pa(uie; — uzer))

=—diva, Salg,u, Vi + 1) — nudiv 4 D 4, (u) in Q,
div 4 u; = —0;(3p A1) inQ, (4.52)
[V —gpusl] Aes = [gonsl — Salg, u, Vn + )] Ases + [uD 4, ()] Aes on X,
ut:O, }"t:O on Er,

where we have defined that
V :=Salq: us,0) — /cp(ID)(u) +VuvnT + VnVuT). (4.53)

Multiplying (4.52); by u, in L? and exploiting (4.52),—(4.52)4, we have

d ~ 1
3 VPuels —Eo) + 2 | V/iD atun) |

N =

= —/ q: 313 Apgur) dy — / (ko (VuVn™ + VoVuT) : Vau] +koD(u): V zu] ) dy
Q Q
- / (diva, Salg, u, Vi +1) + diva D 4, (u)) - u, dy
Q
+ / ([[g,ongl —~Dalg,u, Vn + 1)]] Aes + [[/,LD_At(M)]] Aes +g,ou3erg) - uy dyy,
z

+ 2/ padi(user — uiey) - uy dy
Q

6

=Yy K. (4.54)
We can estimate the integrals K3—Kg as follows:

K3 < | Vuvn” + vanHO |V au/ HO + || D) ||0 IV aul], < VED, (4.55)

lo
Ky S lluglio]|divoa, Salg,u, Vi + D] g + llucllo || divaDg, @),
S lucllol Adllz(1Vgllo + [Da@) |, + D), + [VaVa™],)
+ luelloll Al Allzllll2 < VED, (4.56)
Ks < ludlo(| [gonsl = Sa(0,u, Vi +1)] Aves
+ [uD 4, )] Aes + g[p]usAes|, + |[] A )
Sl (ImsAelly + [Sa(0,, Vi + DA,

+ | D @A, + s Al + [[g] | 1A lwran)

9]

< Dot (M (sl + 1Al + il + 1nl3)
+ 1 All2llell + [Tl | 1-4c12)
<JVED, (4.57)
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Kg = 2/ pad(uzer —ure;) - uydy = 0. (4.58)
Q
By (4.47), one has
[[Ateg]] =0.

In order to estimate K;, we use partial integrations and get

K; = / 31%3:Ak1ukdy+/ lq:] Aces - udyn
Q z

d
=% (/ 01q0: Axuay dy+/ [q]Azes - udyh> + K5, (4.59)
t\Ja by

where we have defined that

K; = —(fQ 0190 (0 Arqu) dy + /2 [q] Azes - u, dyh> - fz [gl Az - udyn

= Ky + Ko. (4.60)

Exploiting (3.21) for A, we have

Ks S 1Vallo(lel 1A + IAulollzella) + 1A lselln] [4] |, S VED. (4.61)
Since

Apes = ey X 0quty + 0114y X €y + 011y X 031 + 201U X Oyu + 017 X Ooliy,
one can exploit (3.14) and (3.12) to derive that

Ko < luclo(lll2(|[014] |, + [[0241,) + Nulls|[al],) (1 + lInlls)
+ ||”||2||”t(3’h’0) ||L4('J1‘) ” 91021 (yn, 0) ||L4('£F)| [[q]]|0

+ el | ells|92ul0] [4])],
SVED. (4.62)

Exploiting (4.55)—(4.62), we can derive from (4.54) that

1d

3 53 (At = E = [ ago s ay— [ 1414 uan)
¢ Q z

1
+o | VED Ay | S VED. (4.63)

Finally, adding (4.63) to (4.51) and exploiting (3.26), we get (4.46). O
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Next, we use the stratified steady Stokes regularity theory to estimate (i, g). Problem (3.2)
can be rewritten as the following standard form of the stratified steady Stokes problem:

—uAu—kpAn+Vg=G in Q,
divu =—div ju in , (4.64)
[«] =0, [(gl — uD(u))es] =K on X,
u=0 on X7,
where
K :=gl[p]nses + [xpD(n)es] + M.
Next, we obtain the following regularity result for problem (4.64).
Lemma 4.6 Let § be sufficiently small, we have
luall3 + 19415 + [ Tal |3, < Inll3 + | e o), (4.65)
lull3 + 1Vl + [Tl |5 < Il + | o) (4.66)

Proof Applying the classical regularity of stratified Stokes problem in [37, Theorem 3.1]
to (4.64), we obtain that, for k=2 and k = 3,

el + 11Vqlle—2 + | [41 |3
S NG lk-2 + 1div g ullis + K] 3
Slmlle+ [ o ue) |,y + 1N NIz + 1 H g + IMl_s + Inlisllele (4.67)
where we have exploited (3.23), (3.10), and (3.15) to estimate the second inequality in

(4.67).
Since

I#I S I divalh + Idiv g S il + I llslullz, (4.68)

then, making use of (4.68), (3.33), and (3.28), for sufficiently small §, we derive from (4.67)
with k = 2 that

lzellz + 1Vgllo + [l y < || Gee0) g + Imlls(1 + [TaD ]y + 1V alo), (4.69)
which immediately implies (4.65).

Similarly, exploiting the estimates (3.32) and (3.27), for sufficiently small §, we also get
from (4.67) with k = 3 that

llulls + 11Vl + |[[q]]|% S N Ge )|, + Inlis (1 + [l + |[[q]]|% +Vaqlh), (4.70)
which implies (4.66). |

Next we establish an estimate for ;(0).
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Lemma 4.7 Let § be sufficiently small, we have
0| < limolls + llaoll- (4.71)
Proof We denote w:= A”u as in [2], then

divw =0, w|g+ =0, [8:ws] =0, (4.72)

Iwello < Nleeello + llaell3- (4.73)

Now, multiplying (3.2); by w; in L? and exploiting condition (4.72), we get

/ plug|*dy = / [ql0:ws dyn
Q >
+ f (div]D)(Mu +Kkpn) +2pa(ure; — usey) + ) -wy dy
Q
- / OUs - ((ATut) + .AtTu) dy
Q
=: I(l() + Kll + I(lg. (4-74-)
Exploiting (4.73), (3.33), (3.28), and (3.16), we have

Kio S [l 100wsl_y < [1al[y lwello < [Lal |y (haeello + llel)

S ([0 + kpn) +gons)es] + M)[y (lleello + l1ullz)

S ([Gem, + lis([Ge ], + |TaD],) (lasello + Nzel2), (4.75)

K S ([@m ], + 1IN o) lwello < ([ e m||, + Inlls IV allo) 1wello
S ([, + 0l Vglo) (laello + llall3), (4.76)

1 2 2 2
Kiz S I Al2llaell + Nullz | Aellollsello S Ml llzeellg + Naellz e llo- (4.77)

Therefore, making use of (4.75), (4.77), (4.65), the smallness condition (3.1), and Young’s
inequality, we deduce that

laaelIF < Meell3 + 113, (4.78)
which yields (4.71). Furthermore, by (4.65) and (3.1), we deduce that

€ = cg(llully + lInl3) < ¢z, (4.79)
where ¢, depends on the domain and other known physical parameters. O
5 Exponential stability

We are in the position to deduce (2.7). By Lemmas 4.1-4.5, (3.26), (4.27), and Young’s
inequality, there exist positive constants ¢;—c4 such that

arll il < =E(3jm) + Il 51)
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d . . 1 . 1., . )
(L ot iy L1 VARG 13) - 320 <cal3full + VD), 62
Q

d Kp
dt n g

2 2
+@mws+ 1Vl <c (ZH (83m, 05u) | + lluel + JED), (5.3)
3 i=0

d ) - ,
E(/QP|3ZU|ZCIJ’—E(3LU)) +Cg,||8}4u||i Sczx/ED, (5.4)
d . -
&(H«/ﬁ(”(t)» ) ||(2)—E(M)—E(77) —/ﬂalqatAkluk dy—/;[[q]]/lteg . udyh)
e u)|} < eaVED. (5.5)

Thus, we can derive from the above four inequalities (5.2)—(5.5) that

%g(t) + ’l5(t) <cy(1+c¢s+ce+ C7)\/ED, (5.6)

where we have defined that

s 2 o 1 ,
E(t):= CsZ( /Q POy Budy + - | /ED(9;n) ||§>
i=0

Kp
—
w

+

2 2 . 2 ~ .

; +¢o ;(/;2 p|opul dy—E(E),‘qn))

o 1A - B0 - EGo)

—/ 0190 A dy — / [q]A:es - udyh) (5.7)
Q >

and

2 2
~ Ce ~ . . .
D(t) := —;E(B;ln) . ;” 3,‘177”? + (cec3 — €3 — C5¢9) Zo:” BLu”f
+ [ w)| + 1Val? + (cacr — )| ()|} (5.8)
By (4.66) and (4.27), there exist constants ¢s—¢; and cg such that

csD(t) < D(t)

for any c¢s > Cs, ¢¢ > Cs, and ¢7 > ¢7. Thus, by (4.79), for any 8 < cg/2c.ca(1 + ¢5 + c6 + ¢7), we

have
dem s Bpe <o (5.9)
de 2 - '

Noting that

S luli3(11Vallo + | [4]

o)

/ 01q0: Axug dy + / [q]Aces - udy
Q by
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we utilize (4.65), (4.29), (4.27), (3.8), and the Cauchy—Schwarz inequality to see that there
exist sufficiently large c¢ and sufficiently small ¢; such that

E@)<E@) (5.10)
for any sufficiently small 8. Obviously, € < D. Thus, by (5.9), we can deduce that

%fj +c€ () <o,
from which, together with (5.10), we have

) <E(0)e e, (5.11)
where we have defined that

£(0):= lImoll? + llutol3 + [1:(0) ;-
On the other hand, by (4.71) we obtain

£(0) < lluoll3 + llnoll3,
which, together with (5.11), yields

E@ < (lluoll3 + lImollz)e. (5.12)

Consequently, we get Theorem 2.1 from the above a priori stability estimate (5.12) and
the following local well-posedness of the transformed SRVRT problem.

Proposition 5.1 Let (ug, no) satisfy assumptions (1)—(4) in Theorem 2.1 and § be suffi-
ciently small, then the transformed SRVRT problem (1.9) possesses a unique global strong
solution (u,n) € C°([0, T), H? x H?) with an associated perturbation pressure q for some

T > 0. Moreover, (u,n,q) enjoys the following estimate:

T
sup 5(t)+/ D(t)dr < 00. (5.13)
0

0<t<T

Proof Xuetal. [39] have established the local and global well-posedness results of the one-
layer viscoelastic fluid model with upper free boundary. Exploiting the regularity theory
for the stratified viscous flows in [38], we can easily extend the well-posedness results in
[39] to the transformed SRVRT problem by a standard iteration method, and thus obtain
Proposition 5.1. g

6 Conclusion

We investigate the stability of RT problem of the stratified incompressible viscoelastic
fluids under the rotation and the gravity in a horizontal periodic domain, in which the
rotation axis is parallel to the direction of gravity, the two fluids are immiscible, and the
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heavier fluid lies on the lighter one. We establish a stability condition for the RT problem.
Moreover, we prove that, under the stability condition, the RT problem enjoys a unique
solution which exponentially decays with respect to time. In addition, we note that the sta-
bility condition is independent of rotation angular velocity and the rotation has no desta-
bilizing effect. However, we can observe that the rotation has no stabilizing effect from
the experiment of Baldwin et al. Hence we will try to prove mathematically the stabilizing
effect of the rotation in the future.
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