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Abstract

Under the necessary compatibility condition and some mild regularity assumptions
on the interior and the boundary data, we prove the existence, uniqueness, and
stability of solution in [L™ (€))7 x (W' (§2) N L2(§2)) for a generalized
Darcy—Forchheimer model, governing a non-Darcy flows in porous media with
dimensiond=2,3and m e (1, 2].
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1 Introduction

The applications of nonlinear differential equations are seen in many fields (see [1-4]).
In the field of fluid dynamics, the nonlinear correction to Darcy’s law has been an active
area of research for many years. Theoretical, experimental, and numerical analyses [5-7]
have been performed to ascertain the exact form and magnitude of the nonlinearity effect.
However, until now, no single correction seems to be acceptable by all (see [7]). Non-Darcy
effects are prevalent in fluid transport through porous media, especially for high velocity
flows [8, 9]. Worthy of note includes Darcy—Forchheimer which serves as a mathematical
model for many high velocity flows in porous media, most especially for gas reservoirs
and hydrodynamic flows [10-12]. The generalized nonlinear Darcy—Forchheimer equa-

tion takes the form
G(p,u)+Vp=Ff inQ. (1)

In (1), p is the pressure, u and p are the velocity and density of the fluid, respectively,
f is a vector function, usually the gradient of the depth function. Different forms of (1)
have been considered by several researchers, see, for example, [10-15]. Forchheimer in
his work [5] established three empirical nonlinear formulas: —Vp = av + B|v|v, —-Vp =
av + Blv|v + y|v|®v,and —Vp = av + B|v|" v, m € (1,2), to account for the inadequacies
of Darcy law with o, 8, and y empirical constants deduced from experimental data. The
model of interest in this article is the following generalized flow law:

ﬁ |m_1

Kg-lus “lu"™'u+Vp=Ff inQ, me(1,2], 2
p P
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where € is an open bounded domain of R (d = 2 or 3) with a Lipschitz boundary T,
u:Q — R%and p: Q — R denote the unknown velocity vector and scalar pressure
field, respectively, and f is a given function. The permeability tensor is assumed to be
uniformly positive definite and bounded, while the parameters i, p, and 8 are assumed
to be constants. We denote by | - | the Euclidean norm such that |u|”! = (u - u)mT_l. For
m =2, Equation (2) reduces to the classical Darcy—Forchheimer law [5, 16, 17].

We solve (2) subject to the following conditions:

divu=b inQ and u-n=g onTl. (3)

In (3), b and g are the interior and boundary data, respectively, satisfying the compatibility

condition

/;Zb(x)dx:/rg(o)do. (4)

Equation (2)—(4) is a reliable model for describing a single-phase strong inertia flow [18,
19] in simple and complex porous media.

In this article, we establish the well-posedness of (2)—(4). Our technique of proofis sim-
ilar to the one in [20] with some necessary modifications due to the nature of the nonlinear
term. We now state our main result, which will be proved by a combination of classical
arguments for saddle point problems [21, 22] and monotone nonlinear elliptic problems
[23, 24].

(d-1)(m+1)
a

d(m+1)
Theorem 1.1 Provided b € L&) (Q) and g € L ') satisfy (4), Problem (2)—(4)
1’m+1

has a unique solution (u, p), with u € [L"*(Q)]? and p € W (Q) NL3(R).

The remainder of the article is organized as follows: Some preliminaries are presented in
Sect. 2. The variational formulation will be given in Sect. 3. We prove the existence and
uniqueness of solution in Sect. 4, while the stability is established in Sect. 5.

2 Preliminaries
This section is devoted to recalling some notations, definitions, and some classical results.
Let 2 be a measurable subset of R,

L"(Q):{u:Q—>Rismeasurableand/.|u|pdx<oo,1 §p<oo}.
Q

The L” norm of a function f is given by

v
lullre = f )’
Q

For a given domain Q and for any k € N, let || - [l ykp(q) and | - [y#p(q), 1 < p < 00, be the
norm and semi-norm, respectively, on the standard Sobolev space W*?(Q) (see [25]). For
a vector-valued function v = (v1,va,...,v4) € [W*?(Q)]¢, the norm

d 5
IVl fwhe @y = Z”"i“kavpm) i ©

i=1
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Similarly, the semi-norm is given by

d ’
»
IVIiwipqye = Z |Vi|Wk,p(Q) . (6)

i=1

Note that || - [|[y#p(q)e reduces to | - [[1p(q)¢ when k = 0.
The following inequalities will be useful in our calculations and can be found in [24, 25]:

(a+by < 2”_1(011’ + b"), Va,b € [0,00),p € (1,00), (7)
P ph1 1 1

ab<Z v 4 bel0,00), -—+-=1, p, qe(0,00). ®)
P q ? q

Lemma 2.1 ([26]) Let (X, || - |lx) and (M, || - ||m) be two reflexive Banach spaces. Let (X*,
- M), (M*, 1| - |agx) be their corresponding duals. Let B: X —> M* be a linear continuous
operator and B* : M — X* be the dual of B. Let V = ker(B) be a kernel of B. Denote by
VO C X the polar subspace of V, V° = {x* € X*|(x*,v) = 0,¥v € X} and B:X/V — M* the
quotient operator associated with B. Then the following properties are equivalent:

(i) There exists a constant o > 0 such that

. (Bu,q)
inf  sup —— >
aeM\{0} yexv(oy gl lleellx

o; %)

(i) B* is an isomorphism from M onto V° and

|B*q

(it) B is an isomorphism from X/|V onto M* and
M| age > allitllxyy,  Vie € X/V. (11)

3 Variational formulation
We define the following spaces:

L%(Q): {V:VGLZ(Q),/ v(x)dx:O},
Q

X =@,

m+1
1,5

M =W (Q)NLA(Q).

The zero mean condition is required to guarantee the uniqueness of the pressure p. We

consider the following variational formulation:
For any f € X*, find a pair of functions (u, p) € X x M such that

E/(K‘lu)o(,oa’amé‘/ |u|m‘1u~q)dx+/Vp-godx:/f~<pdx, (12)
P Jo P Jg Q Q

/quudx:—/quaufqua, (13)
Q Q r

d(m+1) (d-1)(m+
Vo € X,Yq € M, with b € L#0w11 () and g € L 4" (T') satisfying (4).
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Problems (12)—(13) and (2)—(4) are equivalent. To see this, we multiply equation (2) by
¢ € X and integrate over Q2. We then apply the conditions in equation (3) to the Green’s
formula (14):

/V-qux=—/qdivvdx+(q,v~n)r, VYq e M,Yv € H, (14)
Q Q

with

H={ve["(Q)]"divv e Lstnh (@)}.

Define the following operators:

A: X=X (AW),9),. , =a,e), YpcX,
B:X — M, (Bu,q)mxm:=bu,q), geM,
B*: M — X*, <B*(p),(p)x*xx =bp,p), @cX.

With these operators, an equivalent form of (12)—(13) is as follows:
Given (f,g) € X* x M*, we want to find a pair (u,p) € X x M such that

a(u,@) +b(e,p) = (f,)x=x, YeeX,

(15)
b(u,q):(g,q)M*XM, vqu
Problem (15) can also be rewritten as
A B*(p)=f in X",
(u) + B*(p) in (16)
Bu=g in M*,
where
Aw) = Eklu+ é|u|’”‘1u, (17)
P P
(Bu,q) = / Vq - udx, (18)
Q
(B*(p), u) = / Vp - udx, (19)
Q
F(q):(g,q)M*X;wz—/ qux+/quo. (20)
Q r
In the sequel, Problems (15) and (16) are used interchangeably just for convenience.
Lemma 3.1 The following inf-sup condition holds:
b(u,
(u,q) (1)

inf sup — =1
aeM\(0} yex\(oy llgllallullx
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Proof By representation of a dual norm,

v -udx s
VIl ma = sup Jovoudx wv e [L5 (@)]". (22)
" weizmid [1Ullzme(gya

By setting v = Vg, we get

Vq - udx
IVall o= sp A2V ey 23)
L " e L TR T

Since g belongs to the space of zero mean, we have the following:

1941t 0 = Nllas, Vg € M.

Equivalently,
Vall . me
inf i@t _ (24)
qeM\(0} g1l
Now substituting (23) in (24) yields the required result. O

d(m+1) (d-1)(m+1)
Proposition 3.1 For each b € L% (Q) and g € L Ko (') satisfying (4), there is

unique uy € [L"1(Q)1%/V satisfying

/ul-qux=—/ qux+/qua, VYq € M. (25)
Q Q r
Furthermore,
luellpmapy < CIBI aomsyy  +1Igl @-nemn ), (26)
ellpme1yy ( o g L%(r))

where C is a constant depending on 2 only.

Proof Denote
V:=KerB = {u € X,Bu =0}
:{ueX,b(u,q):/QVq~udx:0,quM}. (27)
Equation (15), can be written as follows:
b(u,q) =F(q), VqeM, (28)

where F(q) = — [, bqdx + [ ggdo . Now let us estimate the right-hand side of (28).

’F(q)’ = ‘—/ qux+/qua
Q r

<Ibll awsyy gl
Ld+(m+1) (Q) L

dome)  + gl @nemey gl @y . (29)
d+m+1) ( @d-1-1(Q) L4 () [ mdD-1()

m

m(d-1)-1 (7
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This implies

IF@)] < (161l aoney  +llgll @oemsy  )(lgl amsn — +llgl @yomn ). (30)
Ld+m+1) (Q) L d () Lmd-1)-1(Q) L md-1)-1 ()

By the trace theorem and Sobolev embeddings [25], we obtain

|F(q)|

<15l donn1 + d-1)(m+1 4 1)+ C 1
< (060 gy 4 Mgl wngen Nerllglhis,ma o) + 214110 )

<C(llb + - mel (g 31
SCPI gy o+ gl wpen Vgl mr ) (31)

Themap q — — [, bgdx+ .. ggdo isabounded linear map, so it belongs to M*. Therefore,
using the inf-sup condition in Lemma (3.1) and the equivalence statements in Lemma 2.1,
there is unique u, € [L”*1(R2)]4/V satisfying (25). Hence,

b(ug, q) < C(|1b]l aome 1) (m+ vyl m: . 32
@) < CQIBI gy + gl wngpen NIVl ot g (32)
Applying Lemma 3.1 in (32), (26) is established. O

Based on Proposition 3.1, we split the solution u into uy + u;, where up € V and u, €
[L7*1(2)]. An equivalence variational formulation of (12)—(13) is as follows: For any f €
X*, find uy € V such that

/A(UO+Uz)'¢dX=‘/f'¢dx, YoeV. (33)
Q Q

Proposition 3.2 Problem (12)—(13) is equivalent to Problem (33).

Proof Suppose (u,p), with u € X, p € M, is a solution of (12)—(13). Then we write u =
U + Uy, where uy € [L"+1(2)]?/V solves (26). It follows that uy satisfies (33).
Conversely, take ug to be a solution of (33); then

f(f—A(uo +uy))-@dx=0, VpeV.
Q
Equivalently, f — A(ug + ug) € V°, where

VO = {ve [ (@))% vw e v,/

V-wdx = O} = (KerB)°.
Q

It follows from the closed range theorem [27] that f — A(uo + u,) € Image(B*).
Thanks to the inf-sup condition in Lemma 3.1 and the isomorphism in Lemma 2.1, there
exists unique p € M such that

B*p =f- A(UQ + ul).
Consequently,

Vp =f- .A(U() + UE). (34')
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Hence,
E/.A(U()+Ug)-(pdx+/Vp-(odX:/f-(ﬂdX, Vo € X.
P Ja Q Q

Since u = ug + Uy, (12) is satisfied. Furthermore, since Uy € V, we have

Bu = Bu, + Buy

=Bu; = g. (35)
This implies that (13) is satisfied. O

In view of the equivalence in Proposition (3.2), Problem (33) will be the focus of our
analysis.

Lemma 3.2 For any pair (v,w) € R” x R”,
(v v — (w|” w| < m2” 2w+ w|" v -wl, m>1. (36)

Proof Let (v,w) € R" x R", y(v) := |v|" v,y (w) := |w|" 'w.
For n =2, set

v | | Ivi™in
vw= |:1/f2(V)):| i [W-lvj'
It follows that

31(/;1 (v) 31g1(v)
, W) o)
VW)= gyl oyt |7

vy vy
) - [(m et R L (7B D[ Y }

(m = 1)v|"Pvivy (m = 1)lv|" V3 + v

The Jacobian matrix ¥'(v) is 2 x 2 symmetric, so its norm ||y’ (v)]| is the larger eigenvalue
(spectral radius). The eigenvalues are computed by the following formula:

1
A= 5[(0111 +ax) £ VAapay + (an - an)?).

We have

VAaryas + (ay — ax)? = \/4(m = 1)2|v20n=32v3 + (m — 1)?|v[2073) (v] — V%)2
= (m = 1)|v|"D a2 + (v = 3)°
=(m—1)|v|"3/ (v} + v%)2
= (m=1)lv|" v’

=(m—-1)|v|™ . (37)

Then A1 = 3[(m = D)|v|™ + 2|v|" 1 & (m - 1)|v|"!].
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The larger eigenvalue is given by
1 m-1 m-1 m-1 m-1
A= 5[(m—1)|v| +2lv]" "+ (m = DIv|" ] = mlv"

Therefore, the norm of the Jacobian matrix is given by |[y'(v)|| = m|v|".
Application of the mean value theorem for vector-valued functions [28] yields

| (v) - ¥ (w)| SOSUP1||I/N(W+ tv-w))|lv-w|
<t<
< sup m‘w+t(v—w)‘mil|v—w|
0=t=1
<m sup [|w(l-1t)|+ t|v|]m_1|v— w
0<t<1
<m[w| +|v|]]" " v -wl.

So, in view of inequality (7), we obtain

[y (v) — Y (w)| < m2"2[|v]" + [w|" v - wl.

4 Existence and uniqueness

Page 8 of 17

(38)

To prove the existence and uniqueness of solution for (33), it suffices to demonstrate that

the map A defined in (17) satisfies the following properties in [L"+1($2)]%:

boundedness,

strict monotonicity, coercivity, and hemi-continuity [23, 24]. We let the least eigenvalue

of K be A,. Therefore,

K(X)u-u> Aul?>, forallueR?and forallx € Q.

(39)

Lemma 4.1 The operator A : [L"(Q)]* — L (SZ) satisfies the following bounds:

Yv,VYw € [L"1(Q)]4,

LR 19 g+ 5 IV e

|| ./4 V) || m+1

Q)]d -

and

|A(v) - Aw)|

< (B i+ S22 s i) v, e

Proof Letu,v e [ (Q)]% v e [L"1(Q))? = A(v) e L% (). Therefore,

|<A(V)’ )[Lf ()19 x[Lm+1(Q))4 i

/[EK_1V+ é|v|’”‘1v]udx
ol p P

o k- B
E;HK 1||LOO(Q)/Q|uv|(,ix+;/;2||,|m|u|dx

(40)

(41)
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%IIKIHL& lullgron@yevI

(Q)]d
B
S G
Hence,
|<A(V) ) (Q)]dX[LWH-l Q)]d i
1% 1 IB
= I:;”I( ||L°°(Q)||V||[Lm7+l(g‘z)] ”V” [Lm+1( )]d}”u”[Lm“(Q)]d‘

Using dual norm representation (22) and the last line above, we deduce (40). The estimate
in (41) follows from (38). O

Lemma 4.2 The map u+— AU + uy) defined in (17) is strongly monotone, that is, for all
u,v € [L"™Y(Q)]4, we have

/ (.A(u +up) - A(v + ve)) (u-v)dx > A |lu— v||[L,,, 42)
) o
Proof Define F: [L"*(Q2)]Y — R by
_ i -1, . ﬁ m+1 m+1 d
F(v) = 2 /QI( v-vdx+ S D) /Q v tdx, Vvel[L"(Q)]".

For all v,w e [L"*1(22)]? and /& € R, we have

F -F
M:Ef(](‘lv)-wdx+h—'u/K_IW'de
h pJe 2
(|v+hw|m+1 vI™D
m+1 h

Therefore,

F -F
hmw:ﬁ/](—lv.wdx
h—0 h o Ja
B . / (Iv + hw |1 — |v|"™1)
lim

dx.
+p(m+1)h—>0 Q h x

Thanks to the Lebesgue convergence theorem [29], we get

p (v + w - v

d
,o(m +1) Joh—o h x

F’(v)-w:ﬁfl(‘1v~wdx+
P Ja

8
<

~wdx+ / — |V + hw|"*!
m+1)

h=0

il

P Ja

:E/I(‘lv-wdx+7/ —[(v+hw)~(v+hw)]mT+1

0 Jo ,o(m+1) dh h=
=ﬁ/1(‘1v-wdx+ /m+1|v|’” Ywv.w+v-w)dx.
P Ja p(m +1)
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Hence,
/ H -1 B m-1
F(v)-w=— | K'v-wdx+— [ |v|" (v -w)dx. (43)
P Ja P Ja
We have

f(v+hz)w-f(v)w

F’(v)-(z,w) = lim
h—0

h
=E/K’lz-wdx+gf v Y(z - w)dx
P Ja P Jo
m=1(y, . _ m—-1
+é lim[|v+hz| (v-w) - v i|(v-w)dx
P Joh—0 h
m

=—/K’lz-wdx+E/ vz w)dx
P Ja P Jo

d
+/§2E|v+hz|’”"l‘ (v-w)dx

h=0

:%/QK‘lz-wdx+g/QIVIm_I(Z'W)dX
+/Q%[(v+hz)-(v+hz)]m__1 hzo(V'W)dXo

Consequently,

F”(v)~(z,w)=ﬁ/[(’lz-wdx+é/ vz w)dx
Y P Jo
+

Q
B[ L v s k)2 v k) ] v wrae
pla 2 e

It follows that

F”(v)~(z,w)=ﬁ/[(’lz-wdx+é/ v Y(z - w)dx
P Jo P Jo

+ é(m— 1)/ v 3(v - 2)(v - w) dx. (44)
Y Q
Therefore,
F'(0)- (w,2)= = / K'z-wdx, vw,vze [l (Q)]". (45)
P Jga

Now we observe that F” is positive definite and symmetric. Indeed,

F'(v) - (w,w) > %xsnwn;, vv,w e [L"(@)]". (46)

Let u, v be in [L"*(Q2)]%. Set &t = u + u, and V = v + u;, where uy is fixed in [L"*(Q)]%.
Then

(F'(@)-F @) - (@-)
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“F@) (@—-0)—F @) (@-v)

:%/Q(K‘IO)-(0—\7)dx+g/ﬂﬁn’”‘l(ﬁ-(&—\?))dx

A2 (o) @—nrax+ B wr-e - @—v
|:,o /S;(I( V) (@ v)dx+p/ﬂ|v| (V- (@ v))dx:|

:ﬁ/(zcl(a-o)-(a_o)dx
pJa

+f (la™ " a - 0" 'V) - (@ - V) dx. (47)
P Ja
That is,
(F@)-F @) - @-9) = /Q (A@) - A®) - (u - v) dx. (48)

Furthermore, by the mean value theorem, we have
1
(F(@)-F®)-@-9)= / F'(0 + it —9)) - (@— 0,0 - ¥) da.
0
Therefore, (47) becomes

/ (A(@) - AW)) - (u—v)dx = /1 F'(+a(@-) - (@-v,a-v)de. (49)
Q

0

Thanks to (46), equation (49) becomes

1
~ ~ 122 PN 1% A A
/Q (A@) - AW)) - (u-v)dx = /0 ;Asnu—vnizdaz;xsnu—vnﬁmﬂd. (50)

Hence, we have (42) sinced — v =u —v. d

Lemma 4.3 The map u > A(u + uy) in (17) is coercive in [L"*(Q))%, for any u, fixed in
[Lm+1(Q)]d,

! / A(u + uy) - udx) = 00. (51)
)4 JQ

lim (—
HuH[LmH(Q)]d‘)OC ||u||[Lm+l(Q
Proof Let u € [L"*(R2)]? be arbitrary chosen and assign & = u + u;. Then
/ Al) -udx = / A()adx - / A(t)u, dx. (52)
Q Q Q
Thanks to (43), we see that

F'(a).a=ﬁ/1<-1a.adx+ﬁf L@ - i) dx
P Jo P Ja

:/(EK-WH E|u|m‘1ﬁ) ddx
Q\pP P
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- / A) - ardx.
Q
With the last line above, (52) becomes
f.A(u) udx=F () -ua /A(u ugd (53)
We have
F(o)-a=5% /(K‘ a)- udx+é/.|&|m‘1(ﬁ-&)dx
P Ja P Ja
= ﬁ/(K-la) -Gdx + éf |a|"™ " dx.
Q P Ja

Y
This implies
PP T B
F(@) - 0= =Adlalg, + =1l o
P P
Cu B
= e 1] A ||u||‘(;::+1 gpir M2 (54)

Now, we estimate the second term on the right-hand side of (53).

/QA(&)U[ dx < ||.A(fl)||[ m+l d||Ug|| Lm+l(Q)]d

L ()]

M1 i 'B
E (;H[< HLOO(Q)”u”[LmTH(Q)]d ||u||[Lm+l(Q ]d)”ue”[LWH‘I )]d

1% 1 ~
< —|IK Ugl[iym
= P ” ||Loo(Q | ”[LLH( )]d” [”[L +1(Q))4
B .
+ ;”u”[mLmn(Q)]d luellpmgya- (55)

Substituting (54) and (55) into (53), we get

Cu B
/A(u) UdX> 0 )" ”u”[Lrn Q)]d + — ||u| ;[(Z:nil

1 N
- Zlx ||Loo(g)||"||[Lm7+1(Q)]d||"€||[Lm+1<m]d
B

G gyl (56)

Hence,

N B . N
LA(") -udx > ;||U||[mLm+1(Q)]d(||u||[LM+1(Q)]d - ||ul||[LM+1(Q)]d)

B ”I<_1||L°°(Q)||uﬁ||[Lm+1(Q)]d). (57)

7 N N
+ —CAg||lu m u m
P sl (sz)]d(” llizm (e Chs

If ||u||[Lm(Q)]d —> 00, then

-1
" N N 1K™ || oo () [1Ue [l 1 ()74
—C)\. u m d u m d — > 0.
’ sl <|| (I . >
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Therefore,
/QA(fl)udX > §||i’||[m+1(sz)]d||a| (st g (181 g1 e = I8l s gypa)-
Recalling that
U=u+u = ”a”[LWHl(Q)]d > Ul pmer e = NUellpmer(gya-
As ||ullgm(gya —> 00, we obtain

1
||u||[Lm+1(Q)]d - ||UZ||[Lm+1(Q)]d = 5||"||[Lm+1(9)]d,

since ||u||[Lm+l(Q)]d > 2”“( ”[LW‘“(Q)]”['
Hence,

- B - .
/QA(U)UdX = %”u”[LWHl(Q)]d”u”fz;ﬂlﬂ(g)]d(”u”[LWHl(Q)]d - ||ue||[LM+1(Q)]d)~
It follows that
1 - A im-1 -
Il i aya Jo Al@udx = 117 gy (181l @ = 14l @)
Letting [|u]|{zm+1 ()¢ —> 00, the desired result (51) is achieved. a

Proposition 4.1 For uy fixed in [L"*(Q)]%, the map

9&—>/A(u+u4+9v)-wdx,
Q

is continuous on R for all u, v, w € [L"*1(Q)]%. In other words, A is hemi-continuous in
[LW’“(Q)]”I,

Proof Let u and v in [L"*1(2)]? be arbitrary functions and assign & = u + u,.
For any 61,6, € R,

/A(fl+91V)~VdX:/<ﬁ](l(fl+91V)+é|ﬂ+91V|m1~(fl+91V)) -vdx
Q Q\pP 1%
12 _1/n :3 A m=1/p
=— | K (U+6v)-vdx+ = | |u+6,v|" " (u+61v)-vdx.
P Jo P Ja
Thanks to (43), the last line becomes
/.A(fl+01v)-vdx:F/(&+01v)'v.
Q
Similarly,

/ AU +60,v) -vdx =F' (U +6,v) - v.
Q
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Therefore,
fQ (A +61v) — A(@ + 0,v)) - vx = (F'(@ + 61v) - F' (@1 + 6,v)) - v. (58)
Now, we define
H()=F (6(t+6:v) + (1-6)(@+6,v)), 6€[0,1].
By the mean value theorem [29],
H(1)-H(0)=H'(x), «€(0,1). (59)
In fact,

H'(x) = F”(a(fl +0v)+ (1 —a)(+ 92V)) (6 =)V

= (it + 6,v — (63~ 1)) - (61 - 62)v. (60)
Therefore, (59) becomes
(F'@+61v) = F'(@+0pv)) -v = F'(i+ 0o ~ (6 = 00)v) - (01 ~ o)V, @ € (0,1). (61)

Using (61), it follows from (58) that
/ (A(@ +6,v) — Al + 6,v)) - vdx
Q
1
= —(92 - 91)/ F”(fl + 92V - Ol(92 - 01)V) . (V, V) da. (62)
0

In view of (44), the term on the RHS of (62) goes to zero as 0, — 6; goes to zero. Thus
Proposition (4.1) is proved. O

4.1 Proof of the main result (Theorem 1.1)

In view of Lemmas 4.1, 4.2, 4.3 and Proposition 4.1, the existence and uniqueness of u fol-
lows from the Minty—Browder theorem [23]. The inf-sup condition in Lemma 3.1 guar-
antees the existence and uniqueness of p [21, 26], so that the pair (u, p) solves Problem
(12)-(13).

5 Stability
In this section, we prove the stability of the solution in Theorem 1.1.

Theorem 5.1 For any lifting u, in [L"*(Q)]? satisfying (26), the pair of functions (u, p) in
Theorem 1.1 satisfies the following estimates:

Clm+1) p IK lzeoe)
1 2
”u“[Lm*l(Q)]d = <||u€||}£:—n+l(9)]d + 4 E As lluell [Lm+1(Q))d
1
p(m+1) T
LIy ) R (63)
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where Uy satisfies the bound in (26) and

B g2

N + ; ”u”[Lerl(Q)]d + ”f”[LmWH(Q)]d' (64‘)

.
IVPH et 0 = ;||1< ||Loo||u||[Lm7+1(g2

)]

Proof Setting ¢ = uy in (33) gives
/ A(ug + up) - ugdx = / f-uydx. (65)
Q Q
Therefore,
/ A(u) -udx = / Alug + up) - uodx+/ Alug + up) - ug dx
Q Q Q
:/ f~uodx+/ A(ug + uy) - ug dx. (66)
Q Q
We estimate the LHS of (66) as follows:

/A(u)-udx:/ ﬁK’lu-udx+/ é|u|’”’1u~udx
Q QP QP

,3 m+1

MAs o
”u”[LZ(Q)]d + ;“u”[LmH(Q)]d'

> °
0

(67)

The RHS of (66) gives the following bound:

m

/f-uodx+/A(u)~wdx§||f|| mi1 [ Uollpme1 gy
Q Q [L ()]

HA@] el gye:

In view of (40), we get

/Qf~uOdX+/QA(U)'wdxsIIfII[LmTH(Q)]dIIUOII[Lm+1(m1d

LT
+ —||K sorn Ul s U ||pm+
P || “L (Q)” ”[L ml ()4 ” ¢ ”[L L)

By

+ ; llull [Lm+1 ()4 luellpmerqya- (68)

Substituting (67) and (68) into (66) yields

ﬂ m+1

13 2 ST
—Asllully> + —|lu <—|K u ug|pme
sl + e < 71K o 0l it a0 s

B

+ Z ”u”;ZmH(Q)}d ”u@ ||[Lm+1(Q)]d

+ ||f||[LmT+l |u0||[Lm+1(Q)]d. (69)

(Q)]d|

Then, for any € >0 and m > 1,

/3 m+1

K 2
;)"S”u”LZ + ; ”u” [Lm(Q))d
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w 1 2 ! 2
2_ ||]( ||LOO(Q) <6 ||u||[LmT+1 @ + g ”uZ ” [Lm+1(9)]d)

:B m+1 m+1
+ m("’l”lﬂ [l )d T ||u1€||[Lm+1(Q)]d)
+ ||f||[Lm7+1(Q)]d||"0||[LM+1(Q)]d‘ (70)

It follows that

,3 m+1

)" ”u”[LZ Q)]d +— ”u”[Lerl(Q)]d

3K g Celul sy + 2 el
LoO(R2) E”"”[LZ(Q)]d] + E ||u13||[Lm+l(Q)]d

< 2p
+ L(mll [ + [l )
p(m i 1) [Lm+1(Q))d 4 [Lm+1(Q))d
+ ||f||[Lm7+l(Q)]d||u0||[Lm+1(Q)]d- (71)
We choose € = ﬁ&m(g) and (71) becomes
ﬂ m+1
WHUH [Lm+1 ()4
m+l C M ”I< 1||Loo
( + 1) ” Zl [Lm+1( Q)]d 4 0 7” €||[Lm+l(9
+ ”f”[L”’T“(Q)]d”uOH[Lm*l(Q)]d' (72)
Hence (63) is established.
In view of (34), we have
VPl et o = [ AGo +u)| s o+ U (73)
Now, applying (40) to the RHS of (73), we get
IIVPII[LmTA(Q)]d
<H 1 'B
= [T ] o gy 10 + 0l o+ oo+ el s g *+ I et
Thus (64) is established, since u = uqg + uy. O

6 Conclusion

The well-posedness of Darcy—Forchheimer model was first established in [20]. In this pa-
per, we extended the well-posedness results to the generalized Darcy—Forchheimer model
in a two- or three-dimensional porous domain using classical arguments for nonlinear

monotone saddle point problems.
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