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Abstract
Our aim in this paper is to develop a Schrödinger-type identity for a Schrödinger free
boundary problem inR

n. As an application, we establish necessary and sufficient
conditions for the product of some distributional functions to satisfy the
Schrödinger-type identity. As a consequence, our results significantly improve and
generalize previous work.
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1 Introduction and main results
Schrödinger-type identities have been studied extensively in the literature (see [1, 12, 13,
18] for the Schrödinger equation, [5, 14] for Schrödinger systems).

In recent years, many exciting phenomena were found by careful experiments on light
waves propagating in nonlinear periodic lattices. These phenomena are governed by the
following Schrödinger equation:

Schα(u) = (–�)αu + V (x)u – h(x, u) = 0 (1.1)

in R
n, where n ≥ 2, α ∈ (0, 1), (–�)α stands for the fractional Laplacian, V is a positive

continuous potential, h ∈ C(R2 ×R,R). The fractional Laplacian (–�)α with α ∈ (0, 1) of
a function ι ∈ S is defined by

G
((

(–�)α
)
ι
)
(ξ ) = |ξ |2αG(ι)(ξ ), ∀α ∈ (0, 1),

where S denotes the Schwartz space of rapidly decreasing C∞ functions in R
n and

F (ι)(ξ ) =
1

(2π )n/2

∫

RN
e–2π iξ ·xι(x) dx.

The Schrödinger transform Schα is defined as the following singular integral:

(
Schα(f )

)
(x) := p.v.

1
π

∫

R

f (y)
x – y

dy = lim
ε→0

∫

|y–x|≥ε

f (y)
x – y

dy,

where x ∈R.
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The Schrödinger-type identity for Schrödinger free boundary problems

Schα(fg) = fSchα(g)

was first studied in [2–4, 6]. It was proved that the above identity holds if h, g ∈ L2(R)
satisfy supp f̂ ⊆ R+ (R+ = [0,∞)) and supp ĝ ⊆ R+ in [20]. In 2015, Wan also obtained
more general sufficient conditions by weakening the above condition in [19]. Recently, Lv
and Ulker and Huang established the first necessary and sufficient condition in the time
domain and a parallel result in the frequency domain for the Poisson inequality in [10, 14].

It is natural that there have been attempts to define the complex signal and prove the
Schrödinger-type identity in the multidimensional case.

Definition 1.1 The partial Schrödinger transform Schα j of f is given by

(Schα jf )(x) := p.v.
1
π

∫

R

f (y)
xj – yj

dyj,

where f ∈ Lp(Rn) and 1 ≤ p < ∞.

The total Schrödinger transform Schα of f is defined as follows:

(
Schα(f )

)
(x) := p.v.

1
πn

∫

Rn

f (y)
∏n

j=1(xj – yj)
dy

= lim
max εj→0

∫

|yj–xj|≥εj>0,j=1,2,...,n

f (y)
∏n

j=1(xj – yj)
dy,

where f ∈ Lp(Rn) and 1 ≤ p < ∞. The property

∥∥Schα(f )
∥∥

Lp(Rn) ≤ Cn
p‖f ‖Lp(Rn)

was proved in [8]. The iterative nature of it in Lp(Rn) was shown in [16], where p > 1. It
was shown that

Schα =
n∏

j=1

Schα j.

The operations Schα i and Schα j commute with each other, where i, j = 1, 2, . . . , n.
Now we define the Schrödingerean Fourier transform f̂ of f (see [17]) by

f̂ (x) =
∫

Rn
f (t)e–ix.t dt,

where x ∈ R
n and f ∈ L1(Rn).

Set

D+ =

{

x : x ∈R
n, sgn(–x) =

n∏

j=1

sgn(–xj) = 1

}

,
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D– =

{

x : x ∈ R
n, sgn(–x) =

n∏

j=1

sgn(–xj) = –1

}

,

and

D0 =

{

x : x ∈ R
n, sgn(–x) =

n∏

j=1

sgn(–xj) = 0

}

.

We denote by DD+ (Rn), DD– (Rn) and DD0 (Rn) the set of functions in D(Rn) that are
supported on D+, D–, and D0, respectively.

The Schwartz class S(Rn) consists of all functions ϕ on R
n such that

sup
x∈Rn

∣∣xαDβϕ(x)
∣∣ < ∞,

where α,β ∈ Z
n
+.

The Schrödingerean Fourier transform ϕ̂ is a linear homeomorphism from S(Rn) onto
itself. Meanwhile, the following identity holds:

(Schα ϕ)∧(x) = (–i) sgn(x)ϕ̂,

where ϕ ∈ S(Rn).
The Schrödingerean Fourier transform F : S′(Rn) → S

′(Rn) is defined for any ϕ ∈ S(Rn)
as follows:

〈
̂,ϕ〉 = 〈
, ϕ̂〉,

which is a linear isomorphism from S
′(Rn) onto itself. For the detailed properties of S(Rn)

and S
′(Rn), see [3, 7, 15].

For 
 ∈ S ′(Rn), λ ∈ S(Rn), it is easy to check that

〈 ˜̆
,λ〉 = 〈
̃, λ̂〉 = 〈
, ˘̃λ〉 = 〈
̂,λ〉 = 〈
, λ̂〉

for any λ ∈ S(Rn), where

λ̃(x) = λ(–x),


̃ is the inverse Schrödingerean Fourier transform defined as follows:

〈
̆,λ〉 = 〈
, λ̃〉.

Therefore in the distributional sense, we obtain

˜̆
 = 
̂.

Following the definition in [4], a function λ belongs to the space DLp (Rn), 1 ≤ p < ∞ if
and only if
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(1) λ ∈ C∞(Rn);
(2) Dkλ ∈ Lp(Rn), k = 1, 2, . . . , where C∞(Rn) consists of infinitely differentiable

functions,

Dkλ(x) =
∂ |k|

∂xk1
1 · · · ∂xkn

n
λ(x).

In the sequel, we denote by D′
Lp (Rn) the dual of the corresponding spaces DLp′ (Rn),

where

1
p

+
1
p′ = 1.

As a consequence, we have

D
(
R

n) ⊆ S
(
R

n) ⊆DLp
(
R

n) ⊆ Lp(
R

n)

and

Lp(
R

n) ⊆D′
Lp

(
R

n) ⊆ S ′(
R

n) ⊆D′(
R

n).

Definition 1.2 Let f ∈D′
Lp (Rn), where 1 < p < ∞. Then the Schrödinger transform of f is

defined as follows:

〈
Schα(f ),λ

〉
=

〈
f , (–1)n Schα λ

〉
,

where λ ∈DLp′ (Rn).

In [10], Huang proved that the total Schrödinger transform is a linear homeomorphism
from DLp (Rn) onto itself, and that, if h ∈ D′

Lp (Rn) (1 < p < ∞), then PIh ∈ D′
Lp (Rn) and

the Schrödinger transform H defined above is a linear isomorphism from D′
Lp (Rn) onto

itself.
Note that, if 
 ∈ Lp(Rn) (1 < p < ∞), then we have

〈
(H
)∧,λ

〉
= 〈H
, λ̂〉
= (–1)n〈
, Hλ̂〉
= (–1)n〈
̌, (Hλ̂)∧

〉

= (–1)n〈
̌, (–i)n sgn(·) ˆ̂λ〉

=
〈

̌, (i)n sgn(·)λ̃〉

=
〈 ˜̌
, (i)n sgn(·)λ〉

=
〈
(–i)n sgn(·)
̂,λ

〉
,

where λ ∈ S(Rn).
Therefore in the distributional sense

(H
)∧(x) = (–i)n sgn(·)
̂(x).
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Define

t
 = {tx : x ∈ 
},

where t is a nonzero real number and 
 is a nonempty subset of R. Hence we have

supp

(
u
(

x
t

))
= t supp(u)

for any nonzero real number t.
For a subset A ⊆R, define

A
 =
⋃

t∈A

t
.

2 Schrödinger-type identity for Lp(Rn) functions
This part is motivated by the need of defining multidimensional complex signals. We de-
fine the complex signal of f ∈ Lp(Rn) through the total Schrödinger transform Schα as
f + i Schα(f ).

In this section we investigate the multidimensional Schrödinger-type identity Schα(fg) =
fSchα(g) for f ∈ S(Rn) and g ∈ Lp(Rn), where 1 < p ≤ 2. In particular, several necessary and
sufficient conditions are obtained.

Theorem 2.1 Suppose that f ∈ S(Rn); g ∈ Lp(Rn) (1 < p ≤ 2), then the Schrödinger trans-
form of the function fg satisfies the Schrödinger-type identity Schα(fg) = fSchα(g) if and only
if

∫

Rn

(
sgn(x) – sgn(t)

)
f̂ (x – t)ĝ(t) dt = 0. (2.1)

Proof According to [10], we use the following equalities:

dx̄ = ε2 dx,

d�̄ = ε d� on S
(
R

n),

d�̄ = ε2 d� on Lp(
R

n).

So

∫ T

0

∫

Rn
(fε∂tλ + fεgε · ∇ελ) dx dt = 0,

∫ T

0

∫

Rn

[
fεgε · ∂t
 + fεgε ⊗ gε : ωε(
) + fε divε 


]
dx dt

=
∫ T

0

∫

Rn

[
P
(∣∣ωε(gε)

∣
∣)ωε(gε) : ωε(
) – fε · 
]

dx dt

+
h(ε)
ε

∫ T

0

∫

S(Rn)
gε · 
 d� dt + q

∫ T

0

∫

Lp(Rn)
gε · 
 d� dt,
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for any 
 ∈ C∞
0 (0, T ; [C∞(
̄)]3), which leads to

∫ T

0

∫




b(fε)∂tλ + b(fε)gε · ∇ελ +
[(

b(fε) – fεb′(fε)
)

divε gε

]
λdx dt = 0.

Note that (see [19])

∫


ε

(
ρ̄ε(t)

|ḡε(t)|2
2

+ ρ̄ε(t) ln
(
ρ̄ε(t)

)
)

dx̄

+
∫ t

0

∫


ε

P
(|D̄ḡε|

)
D̄ḡε : D̄ḡε dx̄ ds + h(ε)

∫ t

0

∫

�1,ε

|ḡε|2 d�̄ ds

+ q
∫ t

0

∫

�2,ε

|ḡε|2 d�̄ ds

=
∫ t

0

∫


ε

ρ̄ε f̄ε · ḡε dx̄ ds +
∫


ε

( |(ρ̄ε ḡε)0|2
2ρ̄0,ε

+ ρ̄0,ε ln(ρ̄0,ε)
)

dx̄.

For any t ∈ 〈0, T〉, this yields

∫




(
fε(t)

|gε(t)|2
2

+ fε(t) ln
(
fε(t)

))
dx

+
∫ t

0

∫




P
(∣∣ωε(gε)

∣∣)∣∣ωε(gε)
∣∣2 dx ds

+
h(ε)
ε

∫ t

0

∫

S(Rn)
|gε|2 d� ds + q

∫ t

0

∫

Lp(Rn)
|gε|2 d� ds

=
∫ t

0

∫




fεgε · vε dx ds +
∫




( |(fεgε)0|2
2f0,ε

+ f0,ε ln(f0,ε)
)

dx,

‖√gε∂α‖2
λ +

∥∥√
gε∂

∗
λα

∥∥2
λ

=
∑

|L|=p–1

′ n∑

j,k=1

∫

b


g
∂2ρ

∂zj∂zk
αjLαkLe–λ dS

+
∑

|K |=p

′ n∑

k=1

∫




g
∣
∣∣
∣
∂αK

∂zk

∣
∣∣
∣

2

e–λ dV

+
∑

|L|=p–1

′ n∑

j,k=1

∫




(
g

∂2λ

∂zj∂zk
–

∂2g
∂zj∂zk

)
αjLαkLe–λ dV

+ 2 Re

〈
∑

|L|=p–1

′ n∑

j=1

αjL
∂g
∂zj

dzL, ∂∗
λα

〉

λ

and

2 Re

〈
∑

|L|=p–1

′ n∑

j=1

αjL
∂g
∂zj

dzL, ∂∗
λα

〉

λ

≤ 2

∣∣
∣∣
∣

〈
∑

|L|=p–1

′ 1√gε

e–λ/2
n∑

j=1

∂g
∂zj

αjL dzj,
√

gεe–λ/2∂
∗
λα

〉∣∣
∣∣
∣
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≤ 2

∥∥
∥∥
∥

∑

|L|=p–1

′ 1√gε

n∑

j=1

∂g
∂zj

αjL dzj

∥∥
∥∥
∥

λ

∥∥√
gε∂

∗
λα

∥∥
λ

≤
∑

|L|=p–1

′
ς

∥
∥∥
∥∥

1√gε

n∑

j=1

∂g
∂zj

αjL

∥
∥∥
∥∥

2

λ

+
1
ς

∥∥√
gε∂

∗
λα

∥∥2
λ

for any t ∈ 〈0, T〉, where

gε =
(
f1,ε , ε–1f2,ε , ε–1f3,ε

)
, vε = (u1,ε , εu2,ε , εu3,ε).

Since the Schrödingerean Fourier transform is injective from S ′ into itself, fg , Schα(f )g ,
fSchα(g) ∈ Lp(Rn), we have

(
Schα(fg)

)∧ =
(
fSchα(g)

)∧,

which is equivalent to

(–1)n sgn(x)
∫

Rn
f̂ (x – t)ĝε(t) dt =

∫

Rn
(–1)n sgn(t)f̂ (x – t)ĝε(t) dt,

where

sgn(x) =
n∏

j

= 1 sgn(xj), x = (x1, x2, . . . , xn).

So
∫

Rn

(
sgn(x) – sgn(t)

)
f̂ (x – t)ĝε(t) dt = 0. �

Let aj and bj denote nonnegative real numbers in the rest of the paper, where j =
1, 2, . . . , n.

Corollary 2.1 Let f ∈ S(Rn) and g ∈ Lp(Rn), where 1 < p ≤ 2. If

supp f̂ ⊆
n∏

j=1

[–aj, bj], supp ĝε ⊆
n∏

j=1

R \ (–bj, aj), (2.2)

then the Schrödinger-type identity Schα(fg) = fSchα(g) holds.

Proof We first prove

∫

Rn

(
sgn(x) – sgn(t)

)
f̂ (x – t)ĝε(t) dt = 0

from Theorem 2.1.
That is,

∫

D+

(
sgn(x) – sgn(t)

)
f̂ (x – t)ĝε(t) dt +

∫

D–

(
sgn(x) – sgn(t)

)
f̂ (x – t)ĝε(t) dt = 0.
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Let x ∈ D+, if t ∈ D+, the integrand is vanish so (2.1) holds. If t ∈ D0, (2.1) holds since the
integration is over a set of measure zero. As for the case t ∈ D–, assume that there exists
t ∈ D–, such that t ∈ supp f̂ (x – ·)ĝε(·), then t ∈ supp ĝε ∩ D–, x – t ∈ supp f̂ .

Since D– ∩ D+ = ∅, there exists j ∈ {1, 2, . . . , n} such that xjtj ≤ 0. We may assume that
xj > 0 and tj ≤ 0. Thanks to (2.2), we have tj ≤ –bj and xj – tj ≤ bj, which is impossible.

By repeating this argument for x ∈ D– and x ∈ D0 (see [6]), we find the same conclu-
sion. �

Lemma 2.1 Suppose that f ∈ Lp(Rn) and g ∈ Lq(Rn), where

1
p

+
1
q

=
1
r

≤ 1 (1 < p, q ≤ 2).

Then

(f ∗ g)∧ = f̂ ĝε

holds.

Proof Let yi = 1, where i = 1, 2, . . . , n – 1. Then

f (t, 1, . . . , 1) ≥ kbf (t, k, . . . , k),

where k ∈ (0, 1).
So

f
(
t, k–1, . . . , k–1) ≥ kbf (t, 1, . . . , 1),

f (t, ky1, . . . , kyn–1) ≤ k–bf (t, y1, . . . , yn–1),

f (t, k, . . . , k) ≤ k–bf (t, 1, . . . , 1),

where k ∈ (0, 1), which yields

f n–2
0+ w(t) > 0, f n–3

0+ w(t) > 0, . . . , f 1
0+ w(t) > 0, w(t) > 0,

g
(
t, f n–2

0+ w(t), f n–3
0+ w(t), . . . , f 1

0+ w(t), w(t)
)

≤ g
(
t, f n–2

0+ Ae(t), f n–3
0+ Ae(t), . . . , f 1

0+ Ae(t), Ae(t)
)

≤ g
(
t, f n–2

0+ A, f n–3
0+ A, . . . , f 1

0+ A, A
)

= g
(

t,
A

(n – 2)!
tn–2,

A
(n – 3)!

tn–3, . . . , At, A
)

≤ g(t, A, A, . . . , A, A)

≤ Abg(t, 1, 1, . . . , 1, 1)

≤ Abg(1, 1, 1, . . . , 1, 1),

and

h
(
t, f n–2

0+ w(t), f n–3
0+ w(t), . . . , f 1

0+ w(t), w(t)
)
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≤ h
(

t, f n–2
0+

1
A

e(t), f n–3
0+

1
A

e(t), . . . , f 1
0+

1
A

e(t),
1
A

e(t)
)

= h
(

t,
�(α – n + 2)

A�(α)
tα–1,

�(α – n + 2)
A�(α – 1)

tα–2, . . . ,

�(α – n + 2)
A�(α – n + 3)

tα–n+2,
1
A

tα–n+1
)

≤ h
(

t,
ζ

A
tα–1,

ζ

A
tα–1, . . . ,

ζ

A
tα–n+3,

ζ

A
tα–n+2

)

≤ h
(

t,
ζ

A
tα–1,

ζ

A
tα–1, . . . ,

ζ

A
tα–n+4,

ζ

A
tα–n+3

)

≤ . . .

≤ h
(

t,
ζ

A
tα–1,

ζ

A
tα–1, . . . ,

ζ

A
tα–1,

ζ

A
tα–1

)

≤
(

ζ

A

)–b

t–b(α–1)f (t, 1, 1, . . . , 1, 1)

≤
(

ζ

A

)–b

t–b(α–1)f (0, 1, 1, . . . , 1, 1).

So

g
(
t, f n–2

0+ w(t), f n–3
0+ w(t), . . . , f 1

0+ w(t), w(t)
)

≥ g
(

t, f n–2
0+

1
A

e(t), f n–3
0+

1
A

e(t), . . . , f 1
0+

1
A

e(t),
1
A

e(t)
)

= g
(

t,
�(α – n + 2)

A�(α)
tα–1,

�(α – n + 2)
A�(α – 1)

tα–2, . . . ,

�(α – n + 2)
A�(α – n + 3)

tα–n+2,
1
A

tα–n+1
)

≥ g
(

t,
ζ

A
tα–1,

ζ

A
tα–1, . . . ,

ζ

A
tα–n+3,

ζ

A
tα–n+2

)

≥ g
(

t,
ζ

A
tα–1,

ζ

A
tα–1, . . . ,

ζ

A
tα–n+4,

ζ

A
tα–n+3

)

≥ . . .

≥ g
(

t,
ζ

A
tα–1,

ζ

A
tα–1, . . . ,

ζ

A
tα–1,

ζ

A
tα–1

)

≥
(

ζ

A

)–b

tb(α–1)g(t, 1, 1, . . . , 1, 1)

≥
(

ζ

A

)–b

tb(α–1)g(0, 1, 1, . . . , 1, 1)

and

h
(
t, f n–2

0+ w(t), f n–3
0+ w(t), . . . , f 1

0+ w(t), w(t)
)

≥ h
(
t, f n–2

0+ Ae(t), f n–3
0+ Ae(t), . . . , f 1

0+ Ae(t), Ae(t)
)
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≥ h
(
t, f n–2

0+ A, f n–3
0+ A, . . . , f 1

0+ A, A
)

= h
(

t,
A

(n – 2)!
tn–2,

A
(n – 3)!

tn–3, . . . , At, A
)

≥ f (t, A, A, . . . , A, A)

≥ A–bf (t, 1, 1, . . . , 1, 1)

≥ A–bf (1, 1, 1, . . . , 1, 1),

which yields

∫ 1

0

∫ 1

0
H(s,ς )g

(
ς , f n–2

0+ v(ς ), . . . , f 1
0+ v(ς ), v(ς )

)
dς ds

≤
∫ 1

0
ιq

(
sβ–1

�(β)

∫ 1

0
g
(
ς , f n–2

0+ v(ς ), . . . , f 1
0+ v(ς ), v(ς )

)
dς

)
ds

≤
∫ 1

0
ιq

(
sβ–1Abg(1, 1, . . . , 1)

�(β)

)
ds

≤
∫ 1

0
ιq

(
sβ–1)ds

and
∫ 1

0

∫ 1

0
H(s,ς )f

(
ς , f n–2

0+ w(ς ), . . . , f 1
0+ w(ς ), w(ς )

)
dς ds

≤
∫ 1

0
ιq

(
sβ–1

�(β)

∫ 1

0
f
(
ς , f n–2

0+ w(ς ), . . . , f 1
0+ w(ς ), w(ς )

)
dς

)
ds

≤
∫ 1

0
ιq

(
sβ–1

�(β)

∫ 1

0

(
ζ

A

)–b

ς–b(α–1)f (0, 1, 1, . . . , 1) dς

)
ds

≤ tα–n+1(ζ –bAbf (0, 1, 1, . . . , 1))q–1

�(α – n + 1)(�(β))q–1

∫ 1

0
ιq

(
sβ–1

∫ 1

0
ς–b(α–1) dς

)
ds.

It follows that
∫ 1

0
ιq

(∫ 1

0
g
(
ς , f n–2

0+ v(ς ), . . . , f 1
0+ v(ς ), v(ς )

)
dς

)
ds

≥
∫ 1

ξ

ιq

(∫ 1

ξ

g
(
ς , f n–2

0+ v(ς ), . . . , f 1
0+ v(ς ), v(ς )

)
dς

)
ds

≥
∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )g
(
ς , f n–2

0+ v(ς ), . . . , f 1
0+ v(ς ), v(ς )

)
dς

)
ds

≥
∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )
(

ζ

A

)b

ςb(α–1)g(0, 1, 1, . . . , 1) dς

)
ds

=
(
ζ bA–bg(0, 1, 1, . . . , 1)

)q–1
∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )ςb(α–1) dς

)
ds

≥ tα–n+1(ζ bA–bg(0, 1, 1, . . . , 1)
)q–1

×
∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )ςb(α–1) dς

)
ds
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and
∫ 1

0

∫ 1

0
h
(
ς , f n–2

0+ w(ς ), . . . , f 1
0+ w(ς ), w(ς )

)
dς ds

≥
∫ 1

ξ

ιq

(∫ 1

ξ

f
(
ς , f n–2

0+ w(ς ), . . . , f 1
0+ w(ς ), w(ς )

)
dς

)
ds

≥
∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )f
(
ς , f n–2

0+ w(ς ), . . . , f 1
0+ w(ς ), w(ς )

)
dς

)
ds

≥
∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )H(ς ,ς )A–bf (1, 1, 1, . . . , 1) dς

)
ds

≥ (
A–bf (1, 1, 1, . . . , 1)

)q–1
∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )H(ς ,ς ) dς

)
ds

≥ tα–n+1(A–bf (1, 1, 1, . . . , 1)
)q–1

∫ 1

ξ

γ (s)ιq

(∫ 1

ξ

ρ(ς )H(ς ,ς ) dς

)
ds,

which yields

T(v, w)(t) ≥ 1
A

tα–n+1 =
1
A

e(t),

where t ∈ (0, 1).
Then we prove that T : Qe × Qe → Qe is a mixed monotone operator. We have

∫ 1

0
ιq

(∫ 1

0
g
(
ς , f n–2

0+ v1(ς ), . . . , f 1
0+ v1(ς ), v1(ς )

)
dς

)
ds

≤
∫ 1

0
ιq

(∫ 1

0
H(s,ς )g

(
ς , f n–2

0+ v2(ς ), . . . , f 1
0+ v2(ς ), v2(ς )

)
dς

)
ds.

Thus T(v, w)(t) is nondecreasing in v for any w ∈ Qe.
Let w1, w2 ∈ Qe and w1 ≥ w2. Then

∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )f

(
ς , f n–2

0+ w1(ς ), . . . , f 1
0+ w1(ς ), w1(ς )

)
dς

)
ds

≤
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )f

(
ς , f n–2

0+ w2(ς ), . . . , f 1
0+ w2(ς ), w2(ς )

)
dς

)
ds,

i.e.,

T(v, w1)(t) ≤ T(v, w2)(t), w ∈ Qe.

Therefore T(v, w)(t) is nonincreasing in w for any v ∈ Qe.
We shall show that the operator T has a fixed point.
It follows that

∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )g

(
ς , f n–2

0+ tv(ς ), . . . , f 1
0+ tv(ς ), tv(ς )

)
dς

)
ds

=
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )g

(
ς , tf n–2

0+ v(ς ), . . . , tf 1
0+ v(ς ), tv(ς )

)
dς

)
ds
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≥
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )tbg

(
ς , f n–2

0+ v(ς ), . . . , f 1
0+ v(ς ), v(ς )

)
dς

)
ds

≥ tb
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )g

(
ς , f n–2

0+ v(ς ), . . . , f 1
0+ v(ς ), v(ς )

)
dς

)
ds

and

∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )f

(
ς , f n–2

0+ t–1w(ς ), . . . , f 1
0+ t–1w(ς ), t–1w(ς )

)
dς

)
ds

=
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )f

(
ς , t–1f n–2

0+ w(ς ), . . . , t–1f 1
0+ w(ς ), t–1w(ς )

)
dς

)
ds

≥
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )tbf

(
ς , f n–2

0+ w(ς ), . . . , f 1
0+ w(ς ), w(ς )

)
dς

)
ds

≥ tb
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )f

(
ς , f n–2

0+ w(ς ), . . . , f 1
0+ w(ς ), w(ς )

)
dς

)
ds,

we obtain

T
(

tx,
1
t

y
)

≥ tbT(x, y), x, y ∈ Qe, t ∈ (0, 1), b ∈ (0, 1).

Therefore

�(α – n + 2)
A�(α)

tα–1 =
1
A

f n–2
0+ e(t) ≤ u(t)

≤ Mf n–2
0+ e(t) =

A�(α – n + 2)
�(α)

tα–1, t ∈ (0, 1).

Since f ∈ Lp(Rn) and g ∈ Lq(Rn) (see [11]), we have

f ∗ g ∈ Lr(
R

n),

which shows that there exist functions gn ∈ S(Rn) such that

‖g – gn‖q → 0

as n → ∞,

(f ∗ gn)∧ = f̂ ĝεn,

and

(fgn)∧ = f̂ ∗ ĝεn.

Thus in the distributional sense

lim
n→∞(f ∗ gn)∧(x) = (f ∗ g)∧(x).
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On the other hand

∣∣〈f̂ (ĝεn – ĝε ,λ)
∣∣〉 =

∣∣〈(ĝεn – ĝε , f̂ λ)
∣∣〉 ≤ ‖f̂ λ‖q‖ĝεn – ĝε‖q′ → 0

as n → ∞.
Hence the result

(f ∗ g)∧ = f̂ ĝε

is obtained. �

We define

Sn =
{
σk : {1, 2, . . . , n} → {+1, –1}},

Qσk =
{

y = (y1, y2, . . . , yn) ∈ R
n : yjσk(j) > 0

}

and

–Qσk =
{
ξ ∈R

n : –ξ ∈ Qσk

}
, sgn(ξ ) =

n∏

j=1

sgn(ξj),

where j = 1, 2, . . . , n.
It follows that if ξ ∈ Qσk and η ∈ –Qσk , then sgn(ξ ) = sgn(η) when n is an even, and

sgn(ξ ) = – sgn(η) when n is an odd.
With these notations we have the following.

Theorem 2.2 Let n be an odd and f ∈ S(Rn), g ∈ Lp(Rn) (1 < p ≤ 2) satisfy supp f̂ ,
supp ĝε ⊆ Qσk ∪ –Qσk with ajσk(j), –bjσk(j) ∈ supp f̂ (j = 1, 2, . . . , n) and

supp f̂ ⊆ {
ξ ∈ Qσk : σk(j)ξj ≤ aj

} ∪ {
ξ ∈ –Qσk : –σk(j)ξj ≤ bj

}
.

Then g ∈ Lp(Rn) satisfies the Schrödinger-type identity Schα(fg) = fSchα(g) if and only if

supp f̂ ⊆
{

ξ ∈ Qσk :
n∑

j=1

σk(j)ξj

bj
≥ 1

}

∪
{

ξ ∈
n∑

j=1

–σk(j)ξj

aj
≥ 1

}

.

Proof Suppose that Qσk is the first octant in R
n, that is to say, all the σk(j) = 1, where

j = 1, 2, . . . , n.
Let

f̂
(
s, gn–2

0+ sgn(s), gn–3
0+ sgn(s), . . . , g1

0+ sgn(s), sgn(s)
)

=

⎧
⎪⎪⎨

⎪⎪⎩

f (s, gn–2
0+ m(s), gn–3

0+ m(s), . . . , g1
0+ m(s), m(s)), sgn(s) < m(s),

f (s, gn–2
0+ sgn(s), gn–3

0+ sgn(s), . . . , g1
0+ sgn(s), sgn(s)), m(s) ≤ sgn(s) ≤ n(s),

f (s, gn–2
0+ n(s), gn–3

0+ n(s), . . . , g1
0+ n(s), n(s)), sgn(s) > n(s).

(2.3)
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Consider the fractional differential equation

Qβ

0+ ιp
(
Qα–n+2

0+ n(s)
)

+ f̂
(
s, gn–2

0+ sgn(s), gn–3
0+ sgn(s), . . . , g1

0+ sgn(s), sgn(s)
)

= 0,

0 < t < 1,

v(0) = 0, v(1) = av(ξ ), Qα–n+2
0+ v(0) = Qα–n+2

0+ v(1) = 0.

(2.4)

Set 
2 = {v ∈ E2 : ‖v‖ ≤ M1ιq(M2L2)}, then 
2 is a closed, bounded and convex set,
where

L2 := sup
t∈[0,1],v∈
2

∣
∣f̂

(
s, gn–2

0+ sgn(s), . . . , g1
0+ sgn(s), sgn(s)

)∣∣ + 1.

The operator A : 
2 → E2 is defined by

A sgn(s) =
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )f̂

(
ς , gn–2

0+ v(ς ), . . . , g1
0+ v(ς ), v(ς )

)
dς

)
ds.

Now, we show that A is a completely continuous operator. It follows that

∣∣(Av)(s)
∣∣

=
∣∣
∣∣

∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )f̂

(
ς , gn–2

0+ v(ς ), . . . , g1
0+ v(ς ), v(ς )

)
dς

)
ds

∣∣
∣∣

≤
∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς )

∣∣f̂
(
ς , gn–2

0+ v(ς ), . . . , g1
0+ v(ς ), v(ς )

)∣∣dς

)
ds

≤ Lq–1
2

∫ 1

0
P(s,ς )ιq

(∫ 1

0
Q(s,ς ) dς

)
ds

≤ Lq–1
2

∫ 1

0
P(s, s)ιq

(∫ 1

0
Q(ς ,ς ) dς

)
ds

< +∞,

which yields

P(t1, s) – P(t2, s) <
ε

Lq–1
2 ιq(

∫ 1
0 Q(ς ,ς ) dς )

.

So

∣∣Av(t2) – Av(t1)
∣∣

≤
∫ 1

0

∣∣P(t2, s) – P(t1, s)
∣∣ιq

(∫ 1

0
Q(s,ς )f̂

(
ς , gn–2

0+ v(ς ), . . . , g1
0+ v(ς ), v(ς )

)
dς

)
ds

≤ Lq–1
2

∫ 1

0

∣∣P(t2, s) – P(t1, s)
∣∣ιq

(∫ 1

0
Q(ς ,ς ) dς

)
ds

≤ Lq–1
2 ιq

(∫ 1

0
Q(ς ,ς ) dς

)∫ 1

0

∣∣P(t2, s) – P(t1, s)
∣∣ds

< ε

for any v ∈ 
2.
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We prove that the fractional differential equation has at least one positive solution. Sup-
pose that d(s) is a solution of (2.4) (see [9]), then

d(0) = 0, d(1) = ad(ξ ), Qα–n+2
0+ d(0) = Qα–n+2

0+ d(1) = 0.

So

f
(
s, gn–2

0+ n(s), gn–3
0+ n(s), . . . , g1

0+ n(s), n(s)
)

≤ f̂
(
s, gn–2

0+ d(s), gn–3
0+ d(s), . . . , g1

0+ d(s), d(s)
)

≤ f
(
s, gn–2

0+ m(s), gn–3
0+ m(s), . . . , g1

0+ m(s), m(s)
)
.

So

f
(
s, gn–2

0+ q(s), gn–3
0+ q(s), . . . , g1

0+ q(s), q(s)
)

≤ f̂
(
s, gn–2

0+ d(s), gn–3
0+ d(s), . . . , g1

0+ d(s), d(s)
)

≤ f
(
s, gn–2

0+ p(s), gn–3
0+ p(s), . . . , g1

0+ p(s), p(s)
)
,

which yields

Qβ

0+ ιp
(
Qα–n+2

0+ n(s)
)

= Qβ

0+ ιp
(
Qα–n+2

0+ (Fp)(s)
)

= f
(
s, gn–2

0+ p(s), gn–3
0+ p(s), . . . , g1

0+ p(s), p(s)
)
.

From the above discussions, we have

Qβ

0+ ιp
(
Qα–n+2

0+ n(s)
)

– Qβ

0+ ιp
(
Qα–n+2

0+ d(s)
)

= f
(
s, gn–2

0+ p(s), gn–3
0+ p(s), . . . , g1

0+ p(s), p(s)
)

– f̂
(
s, gn–2

0+ d(s), gn–3
0+ d(s), . . . , g1

0+ d(s), d(s)
)

≥ 0,

where t ∈ [0, 1].
If we let z(s) = ιp(Qα–n+2

0+ n(s)) – ιp(Qα–n+2
0+ d(s)), then z(0) = z(1) = 0. By Lemma 2.1, we

have z(s) ≤ 0.
Hence,

ιp
(
Qα–n+2

0+ n(s)
) ≤ ιp

(
Qα–n+2

0+ d(s)
)
,

where s ∈ [0, 1].
Since ιp is monotone increasing,

Qα–n+2
0+ n(s) ≤ Qα–n+2

0+ d(s),

that is,

Qα–n+2
0+ (n – d)(s) ≤ 0.
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By the assumption that supp f̂ , supp ĝε ⊆ σk(j) ∪ –σk(j), we obtain

∫

Qσk

f̂ (x – t)ĝε(s) ds = 0,

where x ∈ –Qσk , and

∫

–Qσk

f̂ (x – t)ĝε(s) ds = 0,

where x ∈ Qσk .
So

supp ĝεχQσk ⊆
{

ξ ∈ Qσk :
n∑

j=1

ξj

bj
≥ 1

}

(2.5)

as the other case can be obtained in a similar way.
Let λ = f̂ χ–Qσk

and 
 = ĝεχQσk . We decompose 
 into


 = 
1 + 
2

with supp
1 ⊆ ∏n
j=1[0, bj] and supp
2 ⊆ Qσk \ ∏n

j=1(0, bj).
By (2.5) we obtain

(
1 ∗ λ)(x) = –(
2 ∗ λ)(x),

where x ∈ –Qσk .
Meanwhile

supp(
2 ∗ λ) ⊆ supp
2 + suppλ ⊆ Qσk \
n∏

j=1

(0, bj) +
n∏

j=1

[–bj, 0] ⊆R
n \ (–Qσk ) (2.6)

and

supp(
1 ∗ λ) ⊆ supp
1 + suppλ ⊆
n∏

j=1

[0, bj] +
n∏

j=1

[–bj, 0] ⊆
n∏

j=1

[–bj, bj]. (2.7)

By (2.6) it is clear that

supp(
1 ∗ λ) ⊆ R
n \ (–)Qσk .

This together with (2.7) implies that

conv supp(
1 ∗ λ) ⊆
{

ξ ∈R
n : –bj ≤ ξj ≤ bj,

n∑

j=1

ξj

aj
≥ 1 – n

}

. (2.8)
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We claim that, for any ξ ∈ supp
1,

n∑

j=1

ξj

aj
≥ 1

holds.
If it is invalid, then there is ξ 1 ∈ conv supp
1 satisfying

n∑

j=1

ξj

bj
< 1.

Note that ξ 2 = b ∈ suppλ satisfies

n∑

j=1

ξj

bj
= –n.

Since

conv supp(
1 ∗ λ) = conv supp
1 + conv suppλ,

there exists some point ξ ∈ conv supp(
1 ∗ λ) such that

n∑

j=1

ξj

aj
< 1 – n.

This contradicts (2.8). We conclude that

supp
1 = supp ĝεχQσk ⊆
{

ξ ∈ Qσk :
n∑

j=1

ξj

bj
≥ 1

}

.

This completes the proof. �

3 Conclusions
This paper was mainly devoted to developing the Schrödinger-type identity for a Schrö-
dinger free boundary problem in R

n. As an application, we established necessary and
sufficient conditions for the product of some distributional functions to satisfy the
Schrödinger-type identity. As a consequence, our results significantly improved and gen-
eralized previous work.
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