Enyi Boundary Value Problems (2018) 2018:146 @ Boundary Value PrOblemS
https://doi.org/10.1186/513661-018-1061-4 a SpringerOpen Journal

RESEARCH Open Access

Robust exponential attractors for a

parabolic-hyperbolic phase-field system

Cyril D. Enyi'”

“Correspondence:

enyicyrildennis@gmail.com Abstract

'College of Sciences, Department of . . .

Mathematics, University of Hafr Al In this paper, we construct a robust family of exponential attractors for a

Batin, Haffr Al Batin, Saudi Arabia parabolic—hyperbolic phase-field system (PHPFS), which describes phase separation

in material sciences, e.g., melting and solidification. A consequence of this is the
existence of finite fractal dimensional global attractors which are both upper and
lower semicontinuous at the parameter € = 0. Hence we establish the convergence of
the dynamics of PHPFS to those of the well known Cagilnap phase-field system.

MSC: 35B41;81Q15; 82B26; 35M33

Keywords: Parabolic-hyperbolic phase-field system; Exponential attractors;
Continuity

1 Introduction

Exponential attractors are compact and positively invariant sets with finite fractal dimen-
sion which attract all the trajectories starting from bounded sets at a uniform exponen-
tial rate (see [5-7, 14]). The existence of exponential attractors guarantees the existence
of a finite fractal dimensional global attractor. Readers may see [4, 8, 13] and references
therein for more on the dimension of a global attractor. Thus a finite-dimensional reduc-
tion principle can be applied to reduce the infinite-dimensional dynamical system under
consideration to a finite-dimensional system of ODEs. The sensitivity of exponential at-
tractors under small perturbations is the main focus in this work. One may see [15] for
some recent developments in the construction of exponential attractors.

The phase-field system is a system of equations which couples the temperature # and
order parameter ¢ also known as “phase-field”. It describes phase separations in materials
occupying a domain Q C R,

We consider the following parabolic—hyperbolic phase-field system (PHPES):

€Pu+ e — AP+ ¢ +g(p)—u=0,
U+ ¢ — Au=0,

IuPlaq = ulse =0,

#(0) = o, $:(0) = ¢1,u(0) = uo,

(1.1)

in a bounded domain  C R?, d = 1,2,3 with smooth boundary 9€2, where € € (0,1] is
a small parameter. Denote the function G(s) = fos g(¢)d¢ and assume that g satisfies g €
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C%(R) and the following conditions hold (cf., e.g., [1, 3]):

G(s) > -Cy, C; >0, VseR, (1.2)

Vy € R,3C,(y) > 0, C5(y) = 0 such that

(s—y)gls) - C2G(s) > -C5, VseR (1.3)

(where C,, C3 are bounded when y is bounded),

g'(s) > -Cy, Cy>0, VseR, (1.4)

g’ (9)] < Cs(Isl? +1), Cs>0, VseR, (1.5)
with p > 0 when d = 1,2 and p € [0, 1] when d = 3. We note that in space dimension one,

no growth assumption on g is needed.

We remark that our results also hold when ¢ is subject to a boundary condition of peri-

odic type
u'xizo = M'xi:Ll‘x Uy, |x,-:0 = Mxi|xl‘:L,'1 i= 1) '~1d1
¢|xi=0 :¢|xi=Li: i: 1)-";d; (1'6)

for ¢ and the derivatives of ¢ of order < 3,

if @ = [T£,(0.L).

We shall construct a robust family of exponential attractors which are both upper and
lower semicontinuous at € = 0 with respect to a norm independent of €.

Grasselli and Pata [10] showed a well-posedness result and the existence of the global
attractor for the system (¢ > 0)

€du + P — AP+ =y () + X (P)u,
ur + )L/(¢)¢t - Au :f'

Grasselli and Pata [11] considered the system (¢ > 0)

€Put+ P~ AP+ —N(Pu+h(e)=§, (1.7)
ur + A (p)p — Au=0
in 3D, subject to mixed boundary conditions, Neumann on ¢ and Dirichlet on u. They
proved a well-posedness result, the existence of the global attractor and its upper semicon-
tinuity at € = 0, and constructed exponential attractors with respect to a norm depending
on €. Also, Grasselli et al. [9] gave a well-posedness result and constructed a robust family
of exponential attractors E, for the system

Py + Py — AP —N(Pu+ x(9p) =&,

(1.8)
U+ 1 (P)pr — Au=0

in 3D, subject to Dirichlet boundary conditions on both ¢ and u, where x(¢) is singular
at¢ =+£1,eg, ln(%), ¢ € (0,1). More precisely, they showed that there exist ¢ > 0 and
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@ € (0,1), both independent of ¢, such that
dlstsym(EE,Eo) <ce”, Vee[0,1],

in the norm ||, e, 1) 1% . = | AGI1% o + €1Vl 2 g + 194112 g, + | A2, o, which clearly
depends on €.

Finally, we would also like to mention the papers [12, 16, 17] where the convergence to
equilibrium of solutions for a parabolic—hyperbolic phase-field model were proven.

This work is organized as follows. In Sect. 1, we give a brief introduction. In Sect. 2, we
give some a priori estimates. In Sect. 3, we construct exponential attractors for the system
(1.1). Finally, in Sect. 4, we construct a robust family of exponential attractors which are
both upper and lower semicontinuous at € = 0 for the system (1.1).

We define the Hilbert space H,. = H" x H'~' x H} ™, r > 1, endowed with the norm

[ )y, = (o2 + el 2, + IviiZ) ™,

where we understand that H) = H°(Q2) = L*(2). Hence, we denote H1 = H'(Q2) x L*(R),
endowed with the norm || (-, )3, = (I IF + [ - )2

2 A priori estimates

We multiply (1.1); by ¢, and (1.1), by u, then integrate over 2. Adding the resulting equa-
tions, we obtain

d

S E1 O+ 201l + 2 Vu* = 0 (2.1)

where

B0 = 19017 + 1617 + el + 1l +2 [ G(@)
From (1.2), (1.3) and (1.5), we deduce that

| G@ras=-ciial ana [ G@yds=clion ).
Hence,

[@, 05, —on < E1(®) < (g1 + €ligl® + lull® + 1), (22)

for some o, > 0 independent of €. Thus integrating (2.1) over (0, £) and accounting for
(2.2), we obtain that

/(”qﬁt 2+ Vi) [2) ds < Er(0) +en, Ve 0.

Hence by (2.2) again, we get

_/0 (6@ + | Vus)|*) ds < c(llgolly™ + €lir 1> + 1ol + 1). (2.3)
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Let (¢',u') and (¢?, u*) be two solutions of (1.1). Set ¢ = ¢' — ¢?, ¢, = ¢} —¢p? and u =
u!' —u?, then ¢(0) = 0, ¢,(0) = 0 and %(0) = 0. The pair (¢, ¢;, u) is a solution to the problem

€y + P — AP+ ¢ +g(¢1) —g(¢2) -u=0,
U+ ¢y — Au=0, (2.4)

$(0) = ¢:(0) = u(0) = 0.

We multiply (2.4); and (2.4), by ¢, and u, respectively, integrate over €2, then add the
resulting equations to get

Ld

5 dt(nwnZ + 11 + €l + ull®) + llgell* + 1 Vull® = —(g(¢") — g(¢?), ¢¢)-

By Holder’s inequality and (1.5), we have

’(g(d)l) _g(¢2), ¢t)‘ = C(H¢1 | IZ;;+3(Q) + H¢2 | i;pl+3(g) + 1) ”¢”L6(Q) ||¢t”
<c([o' 5 + @5 + )l el

Therefore, by Young’s inequality, we obtain

d ~
%(HW)II2 + 1917 + €liell® + lul®) < M) 1113, (2.5)

where

Sop 1 65WPieion 1800 + (1L=00)lin gy ifd=1,
t)_ 112p+2 2(12p+2 .
cllg I + 1My + 1), ifd=2,3.

Noting that ¢ > M(¢) is L1(0, T), and integrating (2.5) over (0, £), we deduce that
f
[(6(e 20, u®) I3, <™« ($(0),¢:0),u®) |5, , VE=o0. (2.6)

We state a well-posedness result, which is proved in [11, Theorem 3.4].

Theorem 2.1 We assume that (1.2)—(1.5) hold. If (¢o, p1, u0) € Hi,e, then (1.1) possesses a
unique solution (¢, u) such that

(&, b1, u) € C([0, T]; Hae)
forany T > 0. Moreover, if (¢o, d1, o) € Hae, then (¢, dr,u) € C([0, T]; Hae)-
On account of Theorem 2.1 we can define the semigroup
Se(t): Hie = Hier (P b1,u0) = (4(2), ¢(8), u(t)), V=0,

where (¢(t), ¢¢(£), u(t)) is the solution to problem (1.1) at time ¢. The semigroup Sc(¢) is
strongly continuous (cf. (2.6)).
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It is also known from [11] that the semigroup S, (¢) : H; — H, has bounded absorbing
sets B3; in H; of the form

sz {(Ql),l”yv)eHj,e;H((ﬂyl//;V)”Hj,e Srl}x j=1)2:
where r; > 0 is independent of €. In fact, they are exponentially attracting sets.

3 Exponential attractors
Now we state sufficient conditions which guarantee the existence of robust exponential
attractors, which are continuous with respect to € (cf. [2, Theorem 5.1]; also [1, 7, 15]).

Theorem 3.1 ([2]) Let E*, E2, V', V2, W1, W2 be Banach spaces such that W' € V' € E/,
i=1,2.8etE. =E' < E%, V. = VI x V2, W, = W x W2 and endow them with the following

norms:

1/2
(Ipl7: +€lqlz)

’

|@alL,
1/2

[y, = (P15 +€llgl}s)
)1/2

’

@)y, = (I215 + €llgly

respectively, where € € [0,1], with the convention that Ey = E*, Vo = V1, and Wy = W
Let Bc(r) denote a closed ball in W, of radius r > 0 and centered at zero. Consider a one-
parameter family of strongly continuous semigroups {Sc(t)}e acting on the phase-space E.,
for each € € [0,1]. Then assume that there exist a,B,y,? € (0,1], k € (0, %), Y; >0, and
0 > 0 (all independent of €) such that, setting B, = B.(0), the following conditions hold.:

1. There exists a map L : By — V2 which is Hélder continuous of exponent o. Here By

is endowed with the metric topology of E*.
2. There exists t* > 0, independent of €, such that

Sc(t)B. CB., Vt>1,

and Bc is uniformly bounded (with respect to €) in the Ey-norm. Moreover, setting
Se(t*) = S, the map S satisfies, for every z1,z; € B,

Sez1 = Sezo = Le(21,22) + K (21, 22),
where

lLezi — Leza g, < kllz1 — 22|,

Kez1 = Kezallv, < Yillz1 = z2llg.
3. Foranyz e B, there hold

|2z - £Sg ez |, < X3P, VmeN,

IS ()= - ES()(L‘)HGZ“EI <Tse”, Vte[th2t]
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Here the “lifting” map L : By — E. is defined by

(%, Lx), ife>0,
X, iff = 01

Lx=

and I, : B, — By is the projection onto the first component when € > 0, and the
identity map otherwise.

4.  The map z > S(t)z is Lipschitz continuous on B endowed with the metric topology
of E., with a Lipschitz constant independent of € and t € [t*,2t*].

5. The map

(t,2) = Sc(t)z: [t*,2t*] x B — B.
is Holder continuous of exponent &, where B, is endowed with the metric topology
of E..
Then there exists a family of exponential attractors E. on B, = EEG with the following prop-

erties:

(i) & attracts Be with an exponential rate which is uniform with respect to €, that is,
distg, (Se()Be, &) < Mye™, Vt=0, (3.1)
for some M; > 0 and some w > 0.
(i) The fractal dimension of & (denoted as dimg(E,)) is uniformly bounded with respect
to €, that is,

(iii) The family & is Holder continuous with respect to €, that is, there exist a positive
constant Mz and t € (0, %] such that

distzm(&, LEy) < Mse”, (3.3)

forall 0 < € < 1. In addition, there exist a positive constant My and o € (0, %] such
that

distg, (&, LEy) < Mye?, (3.4)
forallO<e <1, and
eli_r)r(l) distg, (L&, &) = 0. (3.5)
Here w, T, 0 and M; are independent of €, and they can be computed explicitly.

We observe that the solution to the unperturbed problem (i.e., when € = 0 in (1.1)) for
the pair (¢), u) at any time ¢ is given by (¢(£), u(t)) = S(£)(¢o, uo) and ¢, = L((2), u(t)), where

L(p,9) =—(-Agp + ¢ —glp) - ). (3.6)
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Let z1,22 € By, z1 = (¢, ¢1,uy) and z; = (@3, d7,u3) be initial data for two solutions
(¢!, u') and (¢%, u?) of (1.1), respectively.

We set ((2), :(2), u(t)) = Se(t)z1 — Sc(t)z2, do = ¢ — P2, b1 = ¢ — 7 and itg = ul — u3.
Furthermore, we perform the splitting

(0(6), de(8), u(8)) = (x (8), xe(8), D (2)) + (W (1), We(2), v(2)),

where K, (z1,23) = (x (t), x:(£), 9(¢)) and Le(z1,22) = (W (2), We(2), v(2)) respectively solve the
problems:

Xt + Xe — Axe + x +8(1) —gle) -9 =0,
ﬂt + Xt — A = 0, (3.7)

Xlt=0=10, Xele=0=0, Wiz =0
and

Eq’tt'f\llt—A\IJ‘l'ly—U:O,
Ut+\l"t—AU:0, (38)

Wi = o, Wilio = b1, Ul¢=0 = tho.
Proposition 3.1 There exist c¢,c,c1 > 0 independent of € such that

”LE (z1,22) ”?-n = ce™ ||z, — 2|3y, V220, and (3.9)

|Ke(zr2),y,, < el -2ll3,,, VEzO. (3.10)

) ” HZ,E

Proof Firstly, we multiply (3.8); by ¥; and (3.8), by v, integrate over €, then add the re-

sulting equations to get

1d
EE(HWHZ + WP + el ® + lI%) + W1 + [ Vul* = 0. (3.11)

Next, we multiply (3.8); by ¥ to obtain

| &

[I1W1° +26(¥, U)] — €W * + VY[ + W] - (v, W) =0,

N | =
Y

t

and then deduce that

| &

1
[IW11? +2e(W, W)] + VW[ + EII‘I’II2 +2€(W;, W) < 5e | W||” + ¢ Vull>. (3.12)

N | =
Y

t

Summing (3.11) and « (3.12), for some « € (0, 1) small enough, we get

1d K
E%(IIV‘I’II2 + (L + IV + el Well> + [v]I* + 2ce(W, Wy)) + 6 [V + 5||‘IJ||2

+e(1=5) W% + (1 = cx) || Vu|? + 2ke(W, W) <O0.
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Hence, there exists a ¢; > 0 (independent of €) such that

d
EEz(f) +aEy(t) <0,

where Ey(£) = [|[VW |2 + (1 + ) || ||? + €] W |2 + ||v]|? + 2ce (¥, ¥,). Simple integration over
(0,¢) gives

Ey(t) <e™V'Ey(0), Vt>0. (3.13)
Clearly, by Young’s inequality, there exist b3, by > 0 (independent of €) such that

bl (W, Wi v) 5, = Ea®) < ba| (W, W 0)[5, (3.14)
It follows from (3.13) and (3.14) that

” (\I’) \I’t» U) ” ;]’e = e_CIt ” (¢;01 431, lth) || ;1,5 ’ vt = 0.
Hence (3.9) follows.

Secondly, we multiply (3.7); by x; and (3.7), by &, integrate over 2, then add the result-

ing equations to get

| &

(VX2 + 1+ €llxel® + 121%) + lxell> + 1Vo 1 = —(g(¢") —g(8%), xe)-

N | =
Y

t

We have that ||g(¢!) — g(¢?)|| < |’ (0¢! + (1 —0)d?) 1o |#]l, where 6 € [0, 1]. It follows
that

1d 1
——(IVX I+ X I + €l el + 19 1%) + S el + VeI < llgll>. (3.15)
2dt 2

Integrating (3.15) over (0, £) and then accounting for (2.6), we deduce that

/ ~ o~ 2
X115+ €llxel® + 1917 < ce”* [ (B, pr it0) 5, »  VE=0. (3.16)

Next, we multiply (3.7); by —A x; and (3.7); by N, integrate over €2, then add the resulting

equations to get

| &

(MAXIP+ IV XIZ + €l Vel + IVO 1) + 11V + A9 )2

N =
QL

t
=-(V(e(¢") - 2(¢") Vo).

We have that || V(g(¢!) — g(¢2))]| < cll¢|l;. It follows that

1d 1
EE(nAxnz + VI + €l Vxl® + VD ?) + Env)@nz +1A9)? <cllgl}.  (3.17)

Integrating (3.17) over (0, £) and taking into account (2.6), we deduce that

/ ~ o~ 2
IAXIZ+ IV + €l Vell® + IVOI* < ce" [ (Po, br o) |5, »  VE=0. (3.18)
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On account of (3.16) and (3.18), we obtain that

2 AN EINT
|6 x5, = ce @005, VE=o0.
Hence (3.10) follows. O
We prove the following result.

Theorem 3.2 For every € € (0,1], the semigroup Sc(t) possesses an exponential attractor
E (with dimension independent of €) in Hi ..

Proof Let t € [¢*,2¢*] and set ($(2), d:(2), u(w)) = Sc(D)zo1 — Se(D)z02 = (9" (8), ¢} (£), u' (1)) -
(9%(2), p2(2), u*(¢)). Therefore, the triplet (¢(£), ¢ (£), u(u)) is a solution to the problem

€y + s — AP + ¢ + g(d1) —g(d2) —u =0,
U+ ¢ — Au=0, (3.19)

¢|t:0 = ¢01 - ¢02, ¢t|t:0 = ?1 - ?2, Ul=0 = MOI - MOZ.
On account of (2.6) we obtain
|Se(®)zo1 — Se ()20 ||H1e <c(t*)lzo1 - zo2llpy,.,  E <285, (3.20)

where ¢(¢*) > 0 is independent of €. Now, we multiply (1.1); and (1.1), by —A¢; and —Au,
respectively, integrate over 2 then add the resulting equations, and deduce

d
E(IIAtPII2 +IVI? + el Voel® + IVull®) + [IVhel* + || Autl)?

1
< 8@ ;e I VI

<cl|Vel?*.

Integrating over (0, £) and recalling (2.2), we get

IAGI2 + IVRI% + €l Vel + | Vaul® +/0 (|Vee(s)|* + || Auts)|*) ds

<c(t+1), Yt>0. (3.21)
It then follows from (2.3) and (3.21) that
t
/ ([e9)]> + | Auo)P) ds < et + 1), Ve o. (3.22)
0

Next, from (1.1);, we deduce that

& [ ds = [ (01 + 12061 + o)+ le(@@)]* + ] ds
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then from (2.2), (3.21) and (3.22) it follows that

t
[ elocolf < S, vezo 629
0

Also, from (1.1), and (3.22), we deduce that

[P as<c [ (1ol + |auo])ds
0 0
<c(t+1), Vti=0. (3.24)

Finally, we have that

|Se (201 = S (¢) 200 | Hie

< [[Se(®zor = Se(¢)z01 [ 5y, + [[Se(¢)z01 = Se(¢)202 5, V84 €[, 27].
Indeed, on the one hand, from (3.23) and (3.24), we have

|Se®)zo1 = Se (¢')zon | Hie

=c(lo@®-¢(@)], + Vel ou@) = ou£)] + [u@) - u(@) )

se [ (ool + Veluts] + Ju]) s

<c(e, )|t —t|".

On the other hand, it follows from (3.20) that
IS¢ (£)z01 = Se (£') 202 ”HLe <c(t")zo1 - z02ll34,,, V2 = 0. (3.25)

Hence, we conclude with

IS @201 = e (¢)z02 |, < elet?) (|~ 2]

+ 201 — zo2ll34,,. )- (3.26)
We now apply Theorem 3.1. We will only need to check Assumptions 2, 4 and 5, for the
existence of a family of exponential attractors &, that satisfy (3.1) and (3.2). Assumption
2 follows from estimates (3.9) and (3.10) of Proposition 3.1. Assumptions 4 and 5 follow
from (2.6) and (3.26), respectively. This shows the existence of a family of exponential

attractors & in H; . with dimension independent of e. O

4 Robust family of exponential attractors

We start by showing the existence of an absorbing set in Hs.

Proposition 4.1 The semigroup S.(t) possesses an exponentially attracting bounded ab-
sorbing set Bs in Hs.
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Proof Let B C Hs, be a bounded set, and let (¢, ¢1,u0) € B. Hence, since Hz, C Hy,
there exists a £(B) > 0 such that (¢(z), ¢, (¢), u(t)) € By, Vt > t(B). That is,

l6@)5 + €| g + |u®]; <r2 VE=t(B). (4.1)
The following estimates hold true:

(82(@), Ad) < || @) o | 2D AGeN + (€7 (B)] oo I V1 ag | A
1
< (1€ @) ) 1801 + [ @) i) IV + SRS (42)

(€(9), 8°0) < [&@) | o0y I VOV ASI

1
< ¢ @) 1n @) IVSI + 1V ASI?, (43)
1
(u, A%¢) < | Vul® + 1"VA¢"2’ (4.4)
1
e(Ap, Ady) < E”A‘””2 +ellAg (4.5)

Multiply (1.1); by A%¢, and k A%¢ with 0 < k < %, then multiply (1.1); by A%4, and inte-
grate over 2. Adding the resulting equations gives, on account of (4.2)—(4.5),

1d
Ea[llvmﬁll2 +(L+ )| AN + €l Agell® + [ Aucl® + 2ce(Ap, Agy)]
K 2, K 2 1 2
+ EHVA(N + §||A¢|| el =2k |I1AG” + ex(Ag, Ady)
< ol @) 10y 1 AD I + & (@) 0y I VRIT + V2]

Hence from (4.1), there exists a constant z; > 0 independent of € such that

d

EEs(f) + @1 E3(t) < c(r), (4.6)
where

Es(t) = [VAQI* + (1 + @) Ad)* + €| Adell” + | Aucl)* + 2 e(Agp, Ay).

Clearly, by Holder’s and Young’s inequalities, there exist constants @y, w3 > 0, indepen-
dent of € such that

@ (IVADI? + [ ADI* + €l Adell* + | Auel?)
< Es5(t)

<a3(IVAGI? + [ AdI° + €l Agell* + [ Aul?). (4.7)
Applying the generalized Gronwall’s lemma to (4.6) and using (4.7), we obtain

[ (6@, o), u®)]5,, < eB)e™ +c(rz), VE=o0. (438)
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Hence, we have that

BB = {((0’ 1P,V) € HS,E,

(‘/’»%V)HH&( <V2c(ry)/w1 =r3}

is an exponentially attracting absorbing set for S(¢) on Hs . O
We prove the following result.

Proposition 4.2 For every € € (0,1], there exists a ¢ > 0, independent of €, such that for
any z € Bs,

Se(t)z <c¢, Vt>1. (4.9)
Hao

Proof Let zg = (¢o, P1,u0) € B3. We set (¢(¢), ¢:(£), u(t)) = Se(t)(¢o, 1, o), ¥t > 0. There
exists a ¢ > 0, independent of ¢, such that

||¢(t)||§ +€ ||¢t(t) ||§ + ||u(t) ||§ <¢ Vt>O0. (4.10)

Multiplying the first equation of (1.1) by I"¢,, where I" = I — A, then integrating over €2,
we obtain

d
SOl 18 + (A8, T90) + (6, T00) + (6), T80) = (u, T8 =0.
Hence, we deduce due to (4.10), that

d
eEu@n% +l¢ell} <c. (4.11)

ct/e

First, we multiply (4.11) by e/ and integrate between 7 and ¢ + 1, for any v < ¢+ 1. This

yields

€t +1) ||iec(”1)/€ < ce|¢(r) ||ie“/E + ce (e Ve —gerle), (4.12)
Now, integrating (4.12) between ¢ and ¢ + 1 with respect to t, we deduce

l¢@]; <e vE=1, (4.13)
hence the estimate (4.9) holds. O

The following estimate holds for difference of two solutions.

Proposition 4.3 There exist t, >0, c and ¢’ > 0 all independent of € such that
2 /
IS¢ (®)(¢o, b1, 10) — LS(#) (o MO)”HLG <cJeet, Vixt, (4.14)
for any (¢po, p1,u0) € Bs, and

||Se (t)(¢0r ¢17 MO) - L:S(t)((PO; MO)”;LO < C%edtr vt > tﬂ (4'15)
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Jor any (o, p1,u0) € Se(1)Bs, and any € € (0,1], where L(Y(2),v(t)) = (¥(2), LV (2),
v(), v(#)).

Proof Let (o, ¢1,uo) € Bs. We set (¢°(£), d7 (¢), u (¢)) = Sc(£)(¢o, #1, 10), and (#(2), (1),
u(t)) = LS(£)(¢o, uo)-

We have that
le@; +eles @ + [w @], <e vezo, (4.16)
lo@]:+ |u@)|s <c vezo. (4.17)

We set P = ¢¢ — ¢ and R = u“ — u, then the pair (P, R) solves the problem:

€Py + P — AP + P+ g(¢) — g(¢p) — R = €y,
R, + P, — AR =0, (4.18)
Plio=0, Ptl—0 = ¢1 — L(¢ho, uo), Rl;-0 = 0.

We multiply (4.18); and (4.18); by P; and R, respectively, then integrate over Q2. Adding

the resulting equations, we obtain

1d
iﬁ(HPHf + €| P” + IRI%) + 1Pl + IVRII* = —(g(¢°) — g(9), Pr) — €(pus, Py).
We deduce that
d 2 2 2 2 2 _ ipl2 2 2
E(IIPIII +€]|Pll* + IRIIP) + P> + I VRI> < CI|PII” + 2€* || pee I (4.19)

The following holds true:

t
[outo) ds <ce”, vezo (2.20)
0
We integrate (4.19) over (0,t), and on account of (4.20) we obtain
1P| + €| + [RO| < c(e]|d1 - Lo, uo)| + €2, Ve 0. (4.21)

Similarly, we multiply (4.18); and (4.18); by —AP; and —AR, respectively, then integrate
over Q. Adding the resulting equations and proceeding like in the proof of estimate (4.21)
above, we obtain

PO+ €| VP& + [RO|: < cle]dr - Lo, o) |} +€2)e?, VE=0.  (4.22)

Now, integrating (4.19) between 0 and ¢, we obtain

/O (1P| + |RG) |3 ds < c(e |1 — Lo, o) |* + €2)e", Ve =0, (4.23)
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due to (4.20) and (4.21). Next, we multiply (4.18); by P, and integrate over 2 to deduce

d
Eenptnz +1P1* < c(IIPI3 + IIRIZ + €| peI1?)- (4.24)

We multiply (4.24) by ¢ to get

d
27 (€HIPPe™) < ellPle!” + [ee (I + IRI? + € ) e (4.25)

Integrating (4.25) between 0 and ¢, due to (4.20), (4.21), (4.22) and (4.23), we obtain
t
etHPt(t) ”2 <e / ”Pt(s) ”2 ds + cet(e H¢1 — L(¢ho, ug) ”i + ez)eclt
0

t
+ce2t/ ||¢tt(s)||2ds
0

< ce(€? + €|y — Lo, uo)||*) e + cte (€ + €| ¢y - £(¢0,u0)||f)e”/t

+cteet, V> 0.
Hence

€ ||Pt(t)||2 <cet™ (€ + €] p1 — Lo, o) ||2)ec/t

+ce(e +e|dr - L(Go,uo)|})e, Ve=0.
Therefore, we have
e[ P (Ve = eve(e® +ellgr - Lgo,u)[*) +ce(e + €1~ Lgowa)]})-  (4:26)
Using the interpolation inequality, (4.22) and (4.23), we deduce

|P@); < PP,

< oVE(€? + €]y - Lo, o) [)e",  VE= 0.
Therefore,
|PEN; < e/e(e? + €] g1 — L(go, u0)]})- (4.27)

From (4.18), and (4.23), we deduce

t t
[ IR0 ds<e [ (el « [vre) ) ds
0 0
< (€ + €1 — Lo, uo)||*)et, VE=o0. (4.28)
Again, by interpolation inequality, (4.22) and (4.28), we have

|R@)|* < c|RO|_, | R,

< cVEH(E + e — Lo o) [})e, VE=0,
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so that

|RWE|* < cdfe(e? + €| g1 = L(go,u0)})- (4.29)
We now apply Gronwall’s lemma to (4.19) between +/€ and ¢ + /€. We find

(IPI? + €llPell + IRIZ) (£ + v/€) < c[(IIPIIF + €llPe)* + IRI%) (Ve) + €2]e, (4.30)

for every t > 0.
Due to (4.26), (4.27) and (4.29), from (4.30) it follows that

(IPIZ + €l + IRIP) (£ + V&) < c/e(e + €| b1 — Lo, o) })e?, V=0,  (4.31)
Again, integrating (4.19) between s and ¢, we arrive at the following estimate:
[P +elp @] + [ROI < ([P + €| PO + [RO" + €2)e,

for any given s > 0 and any ¢ > s. Let £, > 0, independent of ¢, be such that ¢, > \/e. This
latter estimate, with s = 4/€, in combination with (4.31) gives

||P(t)”? te HPt(t) ||2 + ||R(L‘)||2 <cJe(e+e ||¢1 — L(¢o, uo)H?)ec/t, Vs> e (4.32)

Finally, estimate (4.14) follows from (4.32) while estimate (4.15) follows from (4.9) and
(4.32). 0

We have the following corollary of Proposition 4.3.

Corollary 4.1
TS (£) (o, B1, 10) — S(£) (o, uo)HLm <cJee!, Vtxt, (4.33)

where TI (X x Y x Z) =X X Z, i.e., |¢<(t) = p(t)|1> + |uc(£) — u(t)|* < cHeet, Vt > t,.

The semigroup S(t) for the variable (¢, u) alone possesses an exponential attractor & on
Hi,0, see Theorem 9.14 in [11]. We set gg = Sc(t*)Bs, where t* > 0 is independent of €.

Theorem 4.1 There exist w1, @ € (0, %] and My, M, > 0, all independent of €, and a fam-
ily of exponential attractors &, enjoying all the properties of Theorem 3.2 and such that

distj_yglne (&, &) < Me™, (4.34)
distyy; o (Ee, &) < Mpe™?,  and (4.35)
liIT(l) distyy, o (£,E) =0, (4.36)

where € = LEy = {(p, L(p, D), ), (@, ?) € &}
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Proof On account of Theorem 3.1, we let Ec = Hy ., Ve = Hae, We = Hs e, Be = B, and we
check all Assumptions 1-5. To verify Assumption 1, using the interpolation inequality,

there exists a constant ¢ such that for some 6 € [0, 1] we have

£, 0) = LWV < | Al =) + llo =¥l + | gle) —g)| + 11 -Vl
<c(le=vI"+lle -y 13 e - I+ 19 - vl

<c(le =¥+ 1o -vI'?), (4.37)

for any (¢, ) and (v, v) in B.

Assumptions 2, 4 and 5 were checked in Theorem 3.2. Assumption 3 follows from (4.14)
and (4.15). This shows the existence of exponential attractors in H; that satisfy (4.34),
(4.35) and (4.36). O

We also state the following theorem, which is a direct consequence of Corollary 4.33.

Theorem 4.2 Forevery e € (0, 1], there exists a constant M, > 0 independent of € such that
the family of exponential attractors & of the semigroup Sc(t) on H, . satisfies

distyy" (Me&e, &) < Myie. (4.38)

5 Conclusion

In this work, we considered a parabolic—hyperbolic phase-field system, a model which
describes phase separation in material sciences. An example is melting and solidification
processes. We constructed a robust family of exponential attractors, which are both upper
and lower semicontinuous at the parameter € = 0. A consequence of this is the existence
of fractal dimensional global attractor and, moreover, the dynamics of the global attrac-
tor converges to that of the well known Cagilnap phase-field system. Most interestingly,

estimates were obtained in norms which are independent of the parameter €.
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