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1 Introduction

In this paper, we consider the following suspension bridge system:

mpthy — Qi — K(w — u)" = mypg + €hy(x, t), (1.1)

MWy + EWyy + K(w — u)* = m.g + €hy(x, wt), (1.2)
with the boundary condition

u(0,t) = u(L,t) =0,
(1.3)
w(0,¢) =w(L,t) =0, Wix(0, 1) = Wy (L, £) = 0,

where x € (0,7), t € R, my, m,, Q and EI are positive constants, the parameter € > 0,
(w —u)* = max{w — 4,0}, h; (i = 1,2) is a time-periodic external force with period 27 /w
and amplitude €.

This model is first proposed by Lazer and McKenna [11] through the observation of
the fundamental nonlinearity in suspension bridges of which the stays connecting the
supporting cables and the roadbed resist expansion but do not resist compression. The
roadbed of length L is modeled by a horizontal vibrating beam with both ends being sim-
ply supported; the supporting cable of length L is modeled by a horizontal vibrating string
with both ends being fixed; the vertical stays connecting the roadbed to the supporting
cable are modeled by one-sided springs with resist expansion but not resist compression;
In the model (1.1)—(1.2), u(x, t) and w(x, t) denote the downward deflections of the cable
and the roadbed, respectively; m,;, and m, denote the mass densities of the cable and the
roadbed, respectively; Q denotes the coefficient of cable tensile strength; EI denotes the
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roadbed flexural rigidity; K is Hooke’s constant of the stays; /1; and %, denote the external
aerodynamic forces. In fact, we can write system (1.1) as a Hamiltonian system. Introduc-
ing the variables Z = (q1, g2, p1, p2), with q1(x, £) = u(x, £), g2 (x, t) = w(x, t), p1(x, £) = us(x, )
and p,(x, t) = wi(x, t), and the Hamiltonian

1 T
HD) = / [ + e + QUosqr)? + E0nso)? + (K(q — q1)")?]
0

- /0 [Fi(q1,p1) + Fa(q2, p2)] dx,

the system (1.1) can be written in the form
a
B_Z =]VzH(Z),
t

where Fi(q1,p1) = mpgqa + €h1(x, t)q1, F2(q2, p2) = mpgqa + €h1(x,£)q; and J is a 4 x 4 sym-
plectic matrix.

Theoretically and numerically of periodic oscillations in for suspension bridge model
have attracted much attention [5, 9-11]. McKenna and Walter [12] first studied large-
amplitude periodic oscillations for a single suspension bridge equation (a beam equation)
via Leray—Schauder degree theory. By considering the motion of the cable in suspension
bridge, Lazer and MaKenna [11] considered the model (1.1)—(1.2) under boundary con-
dition (1.3). By using a standard IMSL subroutine on a mainframe using high precision,

they showed that the approximation system of (1.1)—(1.2) with damped term

u’ + 81U +aju—Kw—u)* =eg(?),

Wt 8w +ayw + K(w—u)t =W,

has large and small periodic solutions. Recently, when w = 1, by using Leray—Schauder
degree theory, Ding [7] proved that system (1.1)—(1.2) under boundary condition (1.3)

has at least two large-amplitude = -periodic solutions, under the assumption that

Q <mg, EI < myp,
Amn = Q21 + 1) — dmom* # 0, Wmm = EIQ2n + 1)* — dmym® # 0;

)‘-m,n + Umn #0; for m >1,n>1,

where 1, , and w,,, denote the eigenvalue of wave operator mu; — Qu,, and beam op-
erator m Wy + EIW,,,,, respectively. Both ,/ m% and ./ m% are rational numbers.
In the present paper, we show the existence of small-amplitude periodic oscillations in

problem (1.1)—(1.3). Here, one of our main results is the following.

Theorem 1.1 Let 0< 6 <o <6 < 1, (mpg, mcg) € [0, xo] x [0, xol. Assume that Q,EI > K,
(h1,hy) € X5 x Y5. Then there exist €y > 0 and Ky > 0 sufficiently small and a Cantor set
XW) ={w: (v,0) € D,}, D, to be specified in (4.17), such that, for € € [0,¢)] and K €
[0,Ky), and every (v, w) € X (v) there exists a solution of system (1.1)—(1.2) under boundary
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condition (1.3),

(#(v, ), w(v, w))

= (@ + (v, 0),w+w(v,0)) € Vi x V3 @ (W1 NX5,) x (WyNY5,),

where the spaces V;, W;, X5 ; and Y5 5 are to be specified in Sect. 2, o is a sufficiently small
constant.

Moreover, for every 0 < w1 < wy < 00, there exists a constant C depending on Q such that
in the rectangular region Y = (v1,v2) X (w1, ) we have

XNVl _

>1-Cy.
[V

For dissipative system

mplty — Qg + 811y — K(w — u)™ = mpg + €hy(x, wt), (1.4)

MWy + EW,r + Sowy + K(w — )" = m g + €hy(x, wt), (1.5)
where 81,3, > 0, we have the same result.

Theorem 1.2 Let 0< & <o <6 < 1, (mpg, mcg) € [0, xo] X [0, xol. Assume that Q,EI > K,
81,82 > 0, (h1,hy) € X5 X Y5. Then there exist €y > 0 and Ky > 0 sufficiently small and a
Cantor set X(v) = {w: (v,w) € D, }, D, to be specified in (4.17), such that, for € € [0, €]
and K € [0,Ky], and every (v, w) € X (v) there exists a solution of system (1.4)—(1.5) under
boundary condition (1.3)

(u(v, ), w(v, a)))

= (L_t + Zt(v,a)),v'v + VV(U,(,())) eV xV,® (Wl mX5,s) X (W2 N Y&ys),

where spaces V;, W;, Xz s and Y5 ¢ are to be specified in Sect. 2, xo is a sufficiently small
constant.

Moreover, for every 0 < w; < wy < 00, there exists a constant C depending on Q such that
in the rectangular region Y = (v1,v2) X (w1, wy) we have

xX0NYI_

Cy.
v -7

The main difficulty in dealing with problems (1.1)—(1.3) and (1.4)—(1.5) is in the presence
of the term (w— u)*, which is piecewise linear. So, we cannot simply apply the contraction
map theorem in solving the range equation which is obtained by Lyapunov—Schmidt de-
composition. To obtain a 27 /w-time-periodic solution, a possible method is to construct
a rapidly convergent Nash—Moser iteration. The first pioneering work is due to Moser
[13-15]. Rabinowitz [16] showed that a class of nonlinear wave equations with damped
term has periodic solutions via constructing a rapidly convergent Nash—Moser iteration.
Celletti and Chierchia [4] established a dissipative Nash—Moser theorem via a rapidly con-
vergent Newton iteration, and proved KAM tori smoothly bifurcating into quasi-periodic
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attractors in dissipative mechanical models. Inspired by the work of [1-4, 6, 8, 16—18], we
will construct a suitable rapidly convergent Nash—Moser iteration scheme to prove our
results.

We organize the paper as follows. In Sect. 2, we recall some basic notations, splitting the
problem into the bifurcation equation and the range equation. Section 3, the bifurcation
equation is solved via direct calculus of variations. Section 4 is divided into two subsec-
tions. The first subsection is to give the strategy of the Nash—Moser algorithm and some
KAM estimates. The last subsection is to prove the convergence of the Nash—Moser algo-
rithm and local uniqueness of solutions. In the Appendix, the measure of the Cantor set
D, is also estimated.

2 Some notations

We start this section by introducing some notations. Consider the following space:

Xys:= {u(t,x) = Z u(x)e™ | uy € H((0,7),R), ;€ C((0,7),R) (I #0), u_; = uj,

leZ

2
2 2 25 20!
lull; = |u0|H(1) + E (rrzax)uﬂx)) 1%l < oo},

X ,TT
11=1

and

You:= {w(t,x) = Z wi(x)e™ | wo € HZ((0,7),R), w; € C((0,7),R) (I #0), w_; = w},

leZ

2
2 2 2s 20|l
W% = Iwol%s + (max w[(x)> 12 < oo,
0 x€(0,7)

[1=1
where u; and w; denote the /the Fourier coefficients.

Obviously, for a nested family of Banach spaces {X;s:0 > 0,s >0} and {Y,s:0 > 0,5 >
0}, we have

Xaz,s C Xal,sr Yaz,s C Yal,s;
and

”u”zn,s = ”u”(rz,s: V0 <o1 <0yu€ X,

”W”ol,s E ”WHUZ,S’ VO S o1 f oy, WeE Ya,s'

For o > 0, s > 0, the space X, 5 is a Banach algebra with respect to multiplication of func-
tions, i.e., if uy, up € X, 5, then uju, € X, ¢ and there exists a positive constant C, such that

luruallos < Cllaallosllee2llos-
The space Y ; is a Banach algebra with respect to multiplication of functions. It is obvious

that each function in X, ¢ or (Y5 ;) has bounded analytic extension in the complex multi-
strip [Imv| < o, where ¥; € C, i = 1,2. By the definition of the space X, s, the following
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inequality holds:
|5ul, < |05ul,, VhkeN*:h<k.

For more details, see [1].
After a time rescaling, we look for 27 periodic solutions of

*mpity — Qe — K(W — )" = myg + €hy(x, 1), (2.1)

O*M Wiy + ElW,gr + K(W — 10)" = mog + €hy(, t), (2.2)
with the boundary condition

u(0,t) = u(m,t) =0,
(2.3)
w(0,t) = w(m,t) =0, Wix(0,8) = wyy (7T, £) = 0.

Denote the wave operator (d’Alembertian operator) £,, by
Lot = 0> mpity — Qiyy,
with the Dirichlet boundary condition
u(0,%) = u(m,t) =0,
and the beam operator 7, by
ToW = 0* MWy + ElW,pr,
with the hinged boundary condition
w(0,t) = w(m,t) =0, Wi (0, 1) = wyr(mr, £) = 0.

Let A;; denote the eigenvalues of the wave operator £, and p;; denote the eigenvalues of
the beam operator J,,. Then it follows from a direct calculation that

Al = —w?mpl® + sz, Mij = —w?m P+ E1j4,
where/€Zandj=1,2,....
To find the solution of system (2.1)—(2.2) under boundary condition (2.3), we will intro-
duce the Lyapunov-Schmidt reduction according to the decomposition

Xa,s X Ya,s = (Vl X VZ) @ ((Wl ﬁXg,s) X (WZ N Ya,s))r

where

Vy := Hy(0, ), W := {u = Zul(x)em € X(,,S},
10
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V, := H2(0, ), Wy o= {w = Zw;(x)eilt € YG,S}.
140

Then the solution (u, w) € X, s X Y, s of system (2.1)—(2.2) can be written as

u(x, t) = up(x) + Z uy(x)e’™, w(x, ) = wo(x) + Z wi(x)e'™.
170 140

Note that /; (x, £) and hy(x, £) are 27 time-periodic forcing terms. So

(%, £) = hy (x) + Zhll(x)eﬂt; ha (%, £) = hy(x) + thl(x)eﬂt~
10 10

Set
ulx,t) = a(x) + i(x, 1), wix, £) = wlx) + w(x, £)

and
M, t) = () + I t),  ha(x6) = ho(x) + ha(, 1)

Projecting system (2.1)—(2.2) by Py and Py, the bifurcation equation and the range equa-
tion are obtained:

Q—//( ) PV(W_u+w—I,t) +€hl(x); ( )
u (x K 2.4
Elw’”/(x) ——I(I)‘/(W—M+W—M) + E”2(‘:‘:),

and

Loti=KPy(W—t+w-—u)" +mg+ eill(x, t),
. (2.5)
ToW = —KPyw(W—t+w—1)" + mpg + €hy(x, t).

Remark 2.1 To obtain more relaxation conditions on Q and EI, both constants m1,g and
m.g are put in the range equation. In doing so, EI > K is sufficient to solve the bifurcation
equation. On the other hand, if we get the bifurcation equation in time ¢ (not x) by splitting
system (2.1)—(2.2), mg and m.g will appear in the range equation.

Remark 2.2 We shall find solutions of (2.4)—(2.5) when the ratio  is small (see (4.17)). In
this limit w and # tends to 0 and the bifurcation equation reduces to the time-independent
equation

—Qi'(x) = K(w — in)* + ehy(x),

EIW" (x) = =K (W — it)* + ey ().

Remark 2.3 For dissipative system (1.4)—(1.5), by Lyapunov—Schmidt reduction, the bi-
furcation equation is the same as (2.4)—(2.6), and the range equation is

L)t = KW — i)+ myg + ehy (x, 1), (2.6)
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T = =K — it)* + meg + ehay(x,0), (2.7)
where L) u = @*mpttyy — Qg + 811 and Tow= @MWy + EIWgy + S3Wy.

3 The bifurcation equation
For convenience, we denote u(x) = u(x) and w(x) = w(x). Consider the following coupled
ODEs:

—-Qu (%) = K(w—u)" + €hy (%), (3.1)

E" (x) = —-K(w — u)" + ehy(x), (3.2)
with the boundary condition

u(0) = u(w) =0,

w(0) = w(m), w”(0) = w' ().
Define an action functional
o) = /O " Qlu| + Ellw' [+ K(w -] dx
- /On Fi(u,w) + Fy(u, w) dx,
where [:R xR — R,
Fi(u,w) = ehy(x)u, Fy(u, w) = ehy(x)w.

Theorem 3.1 Assume that Q,EI > K. Then system (3.1)—(3.2) admits a solution (u,w) €
V = H}(0, ) x HZ(0, 7).

Proof By the direct method of the calculus of variations, it suffices to prove that the action
functional /(u, w) is weakly lower semi-continuous and coercive.

We first prove the weakly lower semi-continuity of I(u, w). Note that the first part of
I(u,w), Qlu/|* + EIlw"|? is convex, we only need to show that 3 ;" K[(w — u)*]*dx —
foﬂ Fi(u, w) + Fy (u, w) dx is weakly lower semi-continuous. Take a sequence {(wj, wj)ljez € A
such that (u;, w;) — (u,w) weakly. By the Sobolev embedding V < L= L%0,7) x
L2(0, ), we know that {(uj, w))}jez is strongly convergent in L. We derive

1 [" 2 1 (7 2

- K[(Wj - u,-)*] dx — — K[(w - u)*] dx.

2 Jo 2 Jo

Note that operators F («, w) and Fy(u, w) are linear on (#, w). So we know that % foﬂ K[(w-
uw)*? dx - fon Fi(u, w) + Fy(u, w) dx is weakly semi-continuous.

Next, we prove that the action functional I(u, w) is coercive, i.e.

I(u,w) — 00, as || (u, W)H y —> 00. (3.3)
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By assumption, there exist a sufficiently small constant € > 0 and positive constants Cj :=
Co(Q,K, €p) and C; := C1(ELL K, €g) such that

I(u,w) = %/(; Q|u/|2+E1|w”|2+K[(w—u)+]2dx—/(; Fi(u, w) + Fy (u, w) dx

1
> 5[(Q —K)Ilullﬂzﬂé +(EI —1<)IIWII§H(2)] —€llmlim ”u”]?ﬂ(l) —€llhalim IIWIIE%

1 2 1 2
= E(Q—K_ZE”]’IIHH}))”M”H(I) + E(EI—K—2€|IthIHg)|IWIIHg

2 2
= Collullyy + CillwliZp,

which implies that (3.3) holds.

Therefore, we conclude that the action functional I(u,w) is weakly lower semi-
continuous and coercive on the Hilbert space V, and it possesses the minimum point
(u*,w*) € V which is a solution of system (3.1)—(3.2). O

4 Therange equation
This section is devoted to solving the range equation (2.5) for system (1.1)—(1.2). Note that

the method of solving the range equation (2.6)—(2.7) for system (1.4)—(1.5) is similar, so,

we mainly discuss the range equation for the conservation case.

4.1 The Nash-Moser algorithm
For convenience, we denote u(x, t) = u(x, t), w(x, t) = w(x, ) and Py (W -+ w—u)* = (W -

u)*. Consider the range equation

Lou=Kw-u)* +mbg+61711(x, t), (4.1)

Tow = —K(w—u)" + mg + €hy(,t), (4.2)
with the boundary condition

u(0,%) = u(m,t) =0,

w(0,t) = w(m,t) =0, Wi (0, ) = wyr (7, 8) = 0.

Define a sequence of subspaces

W1i) = {M = Z ul,jfﬂj(x)eﬂt}, Wéi) = {w = Z wl,jl//j(x)eﬂt},

1<|l|<N; 1<|l|<N;
ML ) oL )
(W)t = {uz > uz,jwj(x)e‘”}, (W3')" = {W: > leﬂ/’f(x)ellt}'
|I|=N; [/=N;

Then

wi=wle (W) wh=wl e (WD), ieN.
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Let S; denote the smooth projections on Wl(i) and Wz(i). For all 0,06’ > 0, the following
smoothing properties hold:

ISittllgror < N7 [l
/ (4.3)
]\[iJ H(I_SZ)MHU < lullssors

where 6 satisfies assumption (4.53) below and N; = ¢” forall i e N.

For convenience, we write in short

Xa :Xo,s: ”””a = ”u”a,s;

Yo = Yo Wllo = lIwlo.s-

Note that (£, + C)™'1 = % (or for 7,,) holds in a suitable big space, for a constant C # 0.
We introduce a fixed positive constant ; (i € N) and operators

Ew = a)zmhatt - anx + 1

jw = wzmcatt + Elaxxxx + ;.
Remark 4.1 Another reason of introducing the parameters ; is to get a more exact domain
where m.g and m,g exist. Moreover, the optimal value of parameters 7, is obtained from
the estimate in (4.57).

The range equations (4.1)—(4.2) become

Lo =Kw—u)" +nu+ meg + el (x,0), (4.4)

Tow=—-Kw—u)"+ niw+mbg+eizz(x, t). (4.5)
Summing up (4.4)—(4.5) yields

Lot + Tyw = ni(u+w) + (mp + m.)g + ey + hy). (4.6)
Set

A =T, Ay=L}'w,  As=L]'A;+ T 'A,. (4.7)
By Eq. (4.6), it follows that

1 O
Ay + Ay = niAs + — (mp + mc)g + LT My + hy). (4.8)
]7,

1

Combining the second equation in (4.2) with (4.8), we get
ToLoAs = —K(A)* + mpg + ehy(x,t), (4.9)

where

- - - 1 e~ - A\"
fi= ((llw + Ju)As — ;. J0As3 — ;(mb +my)g—eL,) (h + hz)) .
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Let

A=TLoLo+Tu)™ (4.10)
and

Ay = (L, + To)As. (4.11)
Then we rewrite (4.9) as

ANAL+ K(Ay - f2)" = mpg + ehy(x, 1), (4.12)
where

~ 1 -~ o~ ~
fo=niTuAs + ;(mb +m)g + eﬁ;l(hl + hy).

For convenience, we rewrite (4.12) as

Aa+Kla-fo)" =mg+ ehy(x,1). (4.13)
Then from
w—u:ﬁww—jwuza—fg, (4.14)

the solution of system (4.1)—(4.2) can be written as

u= L' [Ka-f)* +myg+ehi), (4.15)
w=JT,"[-K(a-f)" +m(g+e}~12]. (4.16)
Remark 4.2 Outline of the strategy of the Nash—Moser algorithm:

Our target is to construct the approximation solution ao, = Y ;- a; and the approxima-
tion parameters (7.g)oc = Yoo (M1cg)i and (Mpg)oe = Y ooo(M15g); of Eq. (4.13) by the Nash—
Moser algorithm. Then, by (4.15)—(4.16), the solution in the range equations (4.1)—(4.2)
is

too = L' [K (oo —fz(oo)y + (Mpg) oo + 61711],

Woo = Tt [-K (a0 —f2(°o))+ + (Meg)oo + €hs),

where
K . - -
Sl = o +eLo(h + ).
In fact, if we choose suitable initial approximation (uo, wp), then, by (4.7) and (4.11), the
initial approximation a, of (4.13) can be obtained. Furthermore, by (4.15)—(4.16), the cor-

responding first step approximation solution of (4.1)—(4.2) is

uy = L, [K(ao + a1 —_}‘2(0))+ + (mpg)o + (mpg)1 + eizl] € Wl(l),
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w1 = jujl[—l<(ﬂo + d; —fz(o))+ + (chg)() + (}’I’lcg)l + 6;12] € Wz(l).

To obtain the ith step approximation solution (z;, w;), we first need to get the ith step
approximation solution Z;;ZO ay and the ith step approximation parameters Zizo(mbg)k
and Z;;:O(mcg)k. Lemmas 4.3—4.4 show how to get the ith approximation step ;. In the
process of proving convergence of Nash—Moser algorithm, the optimal ith approximation
step value of parameters (n1,¢); and (m.g); can be determined in Lemmas 4.5-4.6. Then,
by (4.15)—(4.16), the corresponding ith step approximation solution of (4.1)—(4.2) is

i + i
ui=L;) |:K<Z a —fz(i_l)> + Z(mcg)k + 65;‘—1/:1{| ew,,
k=0

k=0

w; = jajl |:—K<Z ax —fz(i_l)> + Z(mhg)k + eSilizz:| IS Wz(i),
k=0

k=0
where

(mpg)i1 + (mcg)ia
Ni-1

sz) = ﬂi—lijgil) + + L7181 (h + hy).

Since there are errors (denoted by E;) in constructing each approximation step, the con-
vergence of Nash—Moser algorithm remains to be treated. We will prove it in Lemma 4.6.

Fix the following “nonresonant” set:

D, := {(v,a)) e (V,V") x (y,+00) : |wy/my, + mcl - JEI* + Q2| = m%,

1 1 v
P+K<%wmﬂw%ﬁﬁﬁwﬂ®+2wJﬁmeWﬂ—Jﬁ?)‘_W““
oo/l /Qjl = le

wyml - x/ﬁj2| >

Y Y ooyrij=1Y, 417)
|l|/<+1 )

where k € (0, +00), (V/,v”) denotes a neighborhood of vy, for some vy € [0,v”], and

Remark 4.3 In what follows, for each iteration step i € N, the nonresonant conditions

|V a?(my + mo) - 2n; — VE* + Q2| > |l|)':+1’

VarmP=n- Q= i, WePmP —ni= QP =

and

1 1 i
1+K - + — + - il -
—?mpl + Q2+ —w?m? + E*  (—w?mpl + Q% + ni)(—w?m. I + EIj*)

s Y
- |Z|K+1
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are also needed. But we find that if w € [y, +00]\D,, then, fori € N, |/| < N; and n; < e™i,

one derives

|\/w2(mb +m )2 —2n; — JEL* + Qj2|
= |a)./m;j +mgl — \/Elj4 +Qj% + V2 (my + m)l? = 2n; — w/my + mcl|

2n;
_ 02|
> |wy/my, + ml -/ EL* + Q2| oty P = 2ms + i il

v
Tt 20
> Y .

- 2|l|/<+1

In a similar manner, we obtain

’m‘\@hﬂﬁm Nm_\@zhlll%'

N,

Finally, fori e N, |/| < N; and 5, < e™i, we have

1 1 i
1+K - + — + - 7 -
—?*mpl + Qi + 1y —w?m? + EI* (—w?mpl + Q% + n;)(—w?m I* + ELj*)

1 1
>1+K +
- <—w2mbl +Q2  —w?m.l?+ E1j4> ‘
1 1
—?mpl + Q% + ;. —w?mpl + Qj?

I(ﬂi
(—w?mpl + Qf* + n;)(—w?m,I? + EIj*)

=

1 1
1+K +
<2w«/mbl(a)«/mbl— VO) 2w ml(w Sl - \/E1j2)>’
_ 21(7)1)/2|l|2k+2

-V
- 2|l|l<+1

Therefore, the nonresonant condition is sufficient to keep the operators L,,, Lo T T

A and 1 + KA1 invertible in a bigger space.

Lemma 4.1 Let w € X(v) and 6 > 6 > 0. Then the “diagonal” operators L, T, L, and
A satisfy the following:
(1) For any (u,w) € X, x Yy,

Lou= £w< > Jw,(x)eﬂf> = Ay,
(Lpez?

JoWw = j{u( Z Wl,ﬂ/fj(x)eilt) = [L1jWs

()ez?



Li and Zhao Boundary Value Problems (2018) 2018:141 Page 13 of 35

Lou=L, Z ul,j‘/’j(x)eilt> = 5‘1,1’”’

(pez?

Tow=JT. Z wl,,«l/fj(x)eilt) = W,

(Lj)ez?
where
Ay = —0*mpl* + Qf, iy = —*m* + EIj*,
. (4.18)
Alj = —?mpl? + @'2 + 15 = —?m P+ EIj4 + ;.

Operators L,,, Zw, Jo» and jw are invertible and map the spaces Xz ; and Y ; onto space

X5 s and Y5 , respectively, and

Llu= E;}( Z u;,j(pj(x)em) = Az}u,

(tpez?

T tw= jajl( Z Wl,jlﬂj(x)eﬂt) = MZ}-IW:

(Lj)ez2
Lolu= E;I< Z u;,jw,'(x)eﬂt) = i;}u,
(Ljez?
J.tw= J,;l( > wl,,wj(x)e”f) = g w,
(1)ez?

_ 1 1 ni ; 1 sl ire
Alu= <7 + 7 + 7 l£~ )( Z ”l,i%’(x)ellt> = (/*1,1‘1 + )‘z,jl + ”iﬂl,/l)‘z,il)”’
© e JoRel N pezr

where Lij, (1) 5»1,,' and [i;j are defined in (4.18).
(2) Set

Zi(w):= sup (|w2mb12 _ Qj2|_le"”‘l‘),
(Lj)ezZ2/{0}

So(w):=  sup (|a)zmcl2 —EI]4|_le_wm),
(Lj)ez2/{0}

. o1
S3(@):= sup (|*mpl* - QP +mi| e,
(1)eZ2/(0)

Sa(@):= sup (|o*ml? - El* + i e M),
L)eZ2/{0)

S5(w) = sup (ni|w’ml? —EI]4|_1 |w*m, > — Qf* + n,«}_le’m‘”).

(L)eZ2 {0}
Then we have
|cotul, < 216G -a)luls, | T, w], <226 -&)Iwls,
1L u], <256 -)ulls, | T, w], < 246 - &) Iwlls,

A7 u), < (526 - 6) + £3(6 - &) + Z5(5 - ) lulls,
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and

Cy (k\* C2y? (2 +2\ %
(@), Zo(w), B3(w), Zu(w) < w)'/‘ (E) ) (@) < —J/(T) )

where C is a positive constant.

Proof The property of the operators L, Jo, L, and 7, is obvious. Now we verify the
property of the operators £!, 7>, £;! and J;'. We have

“ﬁ;)l”H& _ Z(’a)zmblz _ Qj2|7167(&7&)|l‘)|ul,j| ’w;(x)|e”"—’

leZ

< X0 -o)lull5.
Since w € D,,, we have

|wmpl? - Q| = lon/mipl = QI o/l +/ QI

ol
< — = l[y.
Yy o

Then, from sup,_,(x’e™*) = (), Vy > 0, we obtain

Yi(w) < L<£>K'
wh\ e

In a same manner, we can get the property of the operators 7, ﬁ(;l, jajl and AL, O

To solve (4.13), introduce the function spaces

W?Ei) = {a = Z a;,j¢j(x)eilt},

1=</l|=N;

where {¢;(x) = sin(jx)} is the complete orthonormal system of the eigenfunctions of the
operator A.

Lemma 4.2 Let w € X (v). Then, for a constant K > 0, equation

Aa; +K(a)" +E_1 =0 (4.19)
has a unique solution a; € Wéi). Especially, equation

Aa; +K(a;)* =0
has a unique solution a; = 0. Furthermore,

lails < CZs(0 —o)Ei-1lls, (4.20)

where i € N, 6 > o, E;_1 is periodic in time t and does not depend on a;.
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Proof For convenience, we denote a = a; and E = E;_3, i € N. From the definition of op-
erator A in (4.10),a= 3", -n, aydj(x)e™ and E = D i<i<n; Ejj¢;(x)e', Eq. (4.19) can be

written as

At ; A\
#a;,jqu(x)e‘” n K( Z ﬂl,j¢j(x)ellt>
1<i=N, Mt 1<ll|<N;

+ Y Eyde” =o. (4.21)

1<|/|=N;

Denote the domain Q* := {(x,£) | a = Zlf\llsNi alszj(x)eilt > 0}. Then, comparing the co-

efficients of the above equation in Q*, we get

X[, .
(# + K)ﬂl,/ = —El'j,
ALj + (A

which implies that

o = ~hij— fiy
T N o
)\[}j//L[J' + I()\.l,/‘ + 1</,L]'1'

(4.22)

Denote the domain Q7 := {(x,£) | a = ZISUISM a1,j¢,»(x)e”t < 0}. Then, from (4.21), it fol-
lows

AjdL . .
l:]“f] ﬂl,j¢j(x)ellt+ Z El,/qu(x)el”:O.

1<p=N; Mt 1=<ll1=N;

Comparing the coefficients of the above equation, one derives

S~ i
Mg (4.23)

ap =
ALjlhL)

Note that ¢;(x) = sin(jx), j € Z. So, we have

b4 = L T\ ;
a(t, _'> Z _ b~ Hij —E; ¢/<—.> ollt
] 1<[[|<N; )\l,j//Ll,j + I(}Ll,j + 1</L['1' ]

T g, (E) elt = 0. (4.24)
1N, Mt J

Combining (4.22)—(4.23) with (4.24), there exists a unique solution a; € Ws(i). Here, the
solution 4; is in C((0, ), R). Especially, when E;_; = 0, there exists a unique zero solution.
Due to nonresonant condition and Remark 4.3, we have

1 1 ni

Hij o Ayj A

1

i

1

AL

1

+ +1i

ALjIALj
< 1y (24 mll ). (4.25)
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Furthermore, by (4.22)—(4.25), Remark 4.3 and sup,.,(#’e™) = (%)y , one derives

lalle < max{ >

Aij+

= = — | |Eyl| ()| €7,
)‘l,iﬂl,j + ]()»1,/* + K/LL]'

1<|],ljl=N;
A+ iy !
>0 1| IEy ()]
=i ji<N; M
1 1 ; 1 1 i
§max{ —+ — ~'h 1+K(—+~—+~m )
1<|il,ljl<N; Ml’j )"1,1' )"l,/l’Ll,j Ml»j )"l,]' )"l,//lfl,j

x || ¢y(x) [,

1 1 ni
+

Kij o A A

|Ez,,||¢,(x)|el“}

1<|L,ljI<N;

smax{ D P2 il y ) il () €17,

L=|L,lj1=N;

oY, |l|“1(2+ﬂi|l|K+1)/)|Ez,j||¢/(x)|€”“}
1=|l],[/1=N;

<max{C2s5(G - 0)||Ellz, ¥ £1(6 - 0)IIEls}

< CX¥s5(c -o)lEls,
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where C is a constant, X1(6 — o) and ¥5(6 — o) are defined in Lemma 4.1. This completes

the proof.
Define

Mla,mpg) = Aa + K(a—fo)* —mpg — ehy(x,t) = 0.

O

(4.26)

Lemma 4.3 Let w € X (v). Then Eq. (4.26) possesses the first step approximation a, € W?EU

satisfying (4.20) for i = 1. For the range equation (4.1)—(4.2), we obtain the corresponding

approximation solution

= L, [Ko(ao + a1~ £”)" + (meg)o + (megh + €Sin] € WY,

wy=J! [—Ko (a0 + @ —fz(o))+ + (mpg)o + (mpg)1 + 651];2] € Wz(l),

where

(mbg)o + (chg)o
No

AD T, AD=Lwe,  AD = A 4 TAD,

2(0) = noij(so) + + €L + hy),

Ey=Aagy + K(ao —fQ(O))+ —mpg — eSoljzz(x, t).
Proof Define

Ro=K(ao+ a1 —fi")" = K(ao—£2)" = K(a)" - (mpg)
+ G(S() - Sl)]:lg(x, t).

(4.27)

(4.28)
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Then we have

M(aq + a1, (myg)o + (me)1)
= Aag + Aay + K(ao +a —]‘2(1))+ — (mypg)o — (mpg)1 — €S1h(x, 1)
= Aag + K (ao —fz(o))+ — (myg)o — €Sohy(x,t) + Aay + K(ar)*
+K(ao + —fz(l))Jr - K(ao —fz(o))Jr —K(ay)* - (mpg)1 + €(So — S1)ha(x, 1)

=Ey+ Aay + K(ay)" + Ry.
On the basis of our approximation method, we need to solve the following equation:
Aay + K(ay)" + Ey =0. (4.29)
Lemma 4.2 shows that Eq. (4.29) has a unique solution a; € Wél) which satisfies
laille < Clo - o)lEolls

where C(6 —0)=X1(6 —0)+ X3(6 —0) + Z5(0 —0).
By (4.14)—(4.16), we obtain
uy = L, [K(ar +ao —fz(o))+ +(meg)o + (meg)1 + €Sihi ),

wy =T, [-K (a1 + ao —fz(o))+ + (mpg)o + (Mpg)1 + 6511712].
This completes the proof. O
Using the same method in Lemma 4.3, the following result holds.

Lemma4.4 Let w € X (v). Then (4.26) possesses the ith step approximation a; € Wg(i) satis-
fying (4.20). For the range equation (4.1)—(4.2), we obtain the corresponding approximation
solution

u; = E;I [I( (Z ai —fz(i_l)) + Z(mcg)k + eSilizl:|, (4.30)
k=0

k=0

w; = j(;l |:—[<<Z ag —fz(il)> + Z(m;,g)k + GSl‘_lilz:|, (431)
k=0

k=0
where

[(mpg)i—1 + (mcg)i-1]
Ni-1

A(li_l) = j{;lui_l, A(zi_l) = E;lwl‘_l, Ag_l) = Z;IA(li_l) + jale(zi_l),

i + i-1 *
Ri= K(Z ax - f;’)) - 1((2 ak - ﬁ"”) ~ K(a;)" + (myg);
k=0

k=0

A= m_JwAfof‘l) + + LS + ), (4.32)

+€(Siz1 = S)ha, (4.33)
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i i +
E = ZAak +K(Zak —fz(’)) — mpg — €Sihy.
k=0 k=0

In order to prove the convergence of Nash—Moser algorithm, we need the following
KAM estimates. For convenience, we choose the initial step (g, wp) = (0,0) and parame-

ters (mpg)o = (m.g)o = 0. Then, by (4.11), it follows that ay = 0. Set

Eo = K(=£,2)" = eSoha, (4.34)
Ey=Ro=K(ar-f;")" = K(-£")" = K(@1)" - (mp@)1 + €(So - S1)hax, ), (4.35)
O _ e £71So(hy + o), (4.36)
2(1) = 771ij§,1) + —[(mbg)li; (mgh] + eﬁ;lSl(itl + ), (4.37)

AV =T, AY =L)w, AV =L1A0 + 7 AY.

Lemma 4.5 (KAM estimates) Let w € X (v). Then, for any 0 < a < o, the following esti-

mates hold:

IEolls < KeCla)NE (I11llo + 12llo) + €N ol

lasllo_g < (ZC(%) . C(%)) IEol,
loarll, 2 < c<1<)(c(§>c(%) E C(%‘”)) 1Eoll,
el =<5 )e (5) +e(5)

o _a . -
IEillo—a < Cno, K, @)l Eoll? + EC(g)No *(Mhllo + k2l )

3
2
+eN ° ”hZ(x, t) ||(, + (mpg)1,

where C(K) and C(no, K, ) are constants, C(«) and C'(«) are defined in (4.38)—(4.39).

Proof Denote

C(tx)=1(£) =Clk,y)a™, (4.38)
ak \ e
C2 2 2 2 2k+2
Cla) = 2’/2< i ) < C'lk,y)a > (4.39)
ookt e

From the definition of Ey in (4.34) and fz(o) in (4.36), it follows that

A1, = NeZatsoti + o), < | £225oli + R,

< eC@Ng (7o + 2l (4.40)
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and

IEolle = |K(=£")" - Soha,
<K[£?], +€lSohalls

< KeCe)Ng (Il llo + 12l ) + €N 2l (4.41)
By (4.20), fori=1,
lallo—g < c(%) IEoll,- (4.42)
Then, from the property of operator A in Lemma 4.1, (4.40) and (4.42), it follows that
larlly -2 = |5 [K(ar ~£7)" + €Soln] |,z

o—

2 -
= KC(§ o + €5 KA +esih],

< C(I()(C(%)C’(%) + C(%“)) 1ol (4.43)

< KL ar + L (-A)" + eSohu] | 2

and

Iwilly_ze = [ £5'[K (a1 -£")" - eSom]||, 2

<||Kciar+ £(+£4")" - eSom]||,

< 1<c(%) lallo—g + c(%x) |K(£2)" - eSoln |,

< C(K)(C(%)C(%) + C(%‘X)) 1ol (4.44)

where C(K) is a constant depending on K.

Denote
2(1) _ §-1 2(1) _ §-1
5 = L7 (mu1 — noto), o =L (mw1 — nowo).
Then
D _fO = FD 4 T 4 €L NS1 = So)(y + o). (4.45)

By (4.43)—(4.44), we derive

15", = 127 Orn = mowo) |, _,, < mC(%> ol -2

o) o) (£) o)

= C1(771,K,0l)||50||a (446)
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and

0, = 1 =), = m(5 )it

o a\ (o 20
< UIC(I<)C(§) <C<§>C <§) + C(g))”EoHa
= CZ(nl,I(’a)”EOHU, (4‘47)

where Ci(n1, K, «) and C5(n1, K, o) are constants.
By the definition of E; in (4.35) and (4.45), we derive

IElo-a = |K (a1 —£")" = K(<£")" = K(a1)* - (mpg)
+€(So — S1)ha(x, 0) ||{,_a
< [K(a A" +£) - K@) + K(+£7) - K(-A2)]

o—-u

+ (mph + €]|(So = S (%, 1) %

o—

< [KEY + A7), + €l L3S0 = S0 + )| _,
+ (mpg)1 + €| (So = Sha(, 0|

(o

~ ~ _2a ~
= KA, DB ], ]+ 6C<§>No F (1l + )

+ €Ny ||a(x, )|, + (mpg)h,

which, together with (4.42), (4.46) and (4.47), yields

o _a ~
IE1llo—o < Cno, K, @)l Eoll} + €C<§>N0 *(Mhllo + h2llo)
2
+€Ny * | (e 1), + (mpgrs
where C(n, K, «) is a constant. This completes the proof. d
4.2 Convergence of Nash—-Moser algorithm, and local uniqueness

In the following, we will give a sufficient condition on the convergence of Newton algo-
rithm. Forie Nand 0< o <o <0, set

_ o0-0
0;:=0 + o (4.48)
o-0
41 = 03 = sl = (4.49)
By (4.48), we have
00>01>->0;>04,1> -+, Le€N.

For the convergence of the Nash—Moser algorithm, we need to choose

Nis1

[(mpg); + (meg):] = e, ni = [(mpg)i + (mg)i| =€ 271, ieN. (4.50)
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Furthermore, for convenience, choose

Nit1

1_
(mpg)i = (mcg); = 5e »1, jeN (4.51)

Remark 4.4 The choice of 7; in (4.50) depends on making
Nio N
Ni-illaillo,_, < nicie?™ 272 laglls, < llaills,

holds. Moreover, to make lim;_, o [(mhg)inw

l_¢c (C is a constant), the choice of (m,g); +
(m.g); in (4.50) is determined by 7;. For convenience, the values of (m,g); and (m.g); are
chosen in (4.51). It is important to prove the convergence of the Nash—Moser algorithm.

We assume there exist sufficiently small K and € such that

E<27%C2(k,y,0,6)p7", (4.52)

0>26, >2InE7}, (4.53)
where E is to be defined in (4.75) and depends on K and €.

Lemma 4.6 (Convergence of Nash—Moser algorithm) Let w € X (v). Assume that (4.52)—
(4.53) holds. Then there exist y . a; and y_ o (mpg); such that

oo oo
M<zai,z<mbg>i) o,
i=0 =0
Proof The target is to prove that the convergence of the error E; of the ith iterative step,
ie,
lim [IE]lo, = 0.
I—> 00
Denote
S = L niws = micaica), fO = Lo} iws = nicawiea). (4.54)

Then, by (4.54), we have
S0 f0 L FD e L1y — Sisa)(n + ). (4.55)

From (4.33) and (4.55), it follows

IEillo; = IRi-1llo,
i A\ i~1 ‘ +
= HK(Zak —f{”) —K(Zak - f;"“) ~ K(a;)*
k=0 k=0

+€(Sii1 — S + (myg)i

i
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=

i-1 + i-1
K(ai+£7 =) —K(ay)* + 1((2 ax - fz("‘”) - K(Z
k=0

k=0

+e(Si—S)ha|  + (myg);

o

< [KE + 7)), + KeClane™ D (g, + 1allo,)
+ e[S =S, + (),

< K(IA"],, + 1E],,) + KeClaN;“ (vl + I1sll,)
+ €Ny + €7

< K(IA],, + 14”1, + KeClade 8= (I lg, + lrallo;)

+ ee’ef(""_’)||ljzz||gi e,
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+
i—1
ak fz(l )>

(4.56)

In what follows, we need to estimate I[fg(i) ll; and |U~j‘(i) l|s;- From the definition of fg(i) in (4.54)

and 7; in (4.50), we derive

01, = V22 o= meawn],

i + i-1 +
Z;ILjK( (Z ax - fz"”> - (Z ax - f§’2>> )
k=0 k=0

+eni || £, (Siz1 - Sia)hy

=< Ni-1

o

< 0i-1C(e)Clair) | K a +f2i_2) —fg(i_l)]Jr

+enia | £, (Sic - Si2)l ”Gi

0j-2

77i2—1 Cla;)Clari_1) MFD Hiﬂ

Ni—
< = Cla)Clogn)llailly, , +

n 2

0i-2

+

S ClenCla) |7
+€Kn;_1C(e)Clati1) Clatia)N, 52 (||;11 llo; 5 + 2 lloss)

+eni1 )N I llo; + 2mi-1Clo) Cloti—1)K?

2N, 2Npp 2N,

= o=l i1 ~(i—
<nime? e 7T Clo)Clagoy)llaill?, + nige @ Cla)Cla) |7V

2
0i-1

+niqe 21 C(ozi)C(OéL;l)Hﬂ; ”

+ €K1 Cle) C(etio) C(@i )N, 572 (1 oy + 120, )

+eni1Clay)N, ! 172, llo; + 211 Clet;) Clati1)K?

< lall?, + Cla)Clain) [ £V

2
0i-1
2

Oi-1

+ Cla) Clap) ||

+€Kn;_1C(e) Clati1) Clatia)N, 52 (||;11 llo; 5 + 2 lloss)

+ €01 Cla)N 5 1 Nl + 2i-1 C o) Clari1)K .

2

9i-1

(4.57)
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In a similar manner, we get

91, = 12w - e,
< lall?, + Cla)Cla | ||(2,H
+ Cloy)Claye 1)”}‘4

+ €Kni-1 C() Clati) Cia)NL S (I lloy, + 112116, )

[

+€nis1 Ce)N T 1 zllo, + 2121 Clor) Cletio ) K. (4.58)
Hence, by (4.57)—(4.58), it follows that
151, + 1571,
< 2aill?, +2C@)Cle ) (JA ]2 + 1AL )

+2€Kn;_1C(a;) Cleti1) Clati2)N.5 (||h1 llosp + 22 lloss)

+ €N lc(al) —a, 1(””’1”01 + ||h2”a,) +4n;_1C(a;)C (Oli—l)1<2« (4.59)
Furthermore, by using the Young inequality, we get

”j;Fl) Hii—l < 6C2(05i—1)c2(05i—2)”ai—1||2 | +6C* (i) C*(eticy “fg

0j-2

+6C*(ati-1)C*(atia) W_Z) | 5’#2

—20;_ 4 7 2
+ 662K 7 ) C*eti-1) C2(@i-2) C2(@is)N 3 = (1 gy + 12l )
+ 66277,»2,2C2(0li71)N,-7_22ai_2 1711 ||z27,-_1

+6x 2202, C2 (1) CHey2)K ™. (4.60)
Also,

Wg(i_l) ||jH < 6C2(ai71)C2(ai72)”ai71”(2;_1 + 6C2(Oli71)C2(Oli72)|b;3(i_2) ||(2,i2

+6C* (1) C* i Z)HﬁL

||J -2

—2a; ~ ~ 2
+6€2K2n2 5 C2 (1) CHti2) C2 ()N 32 (1B lloy s + 122110 5)

+ 66202, CHay 1 )N, 22| g |12

0i-1

+6 X 22;;?_2Cz(ai,l)cz(ai,2)1<2 . (4.61)

This, combining (4.60)—(4.61), shows that

A, + 1R

<6 x 2C%(0;1) CHai) a2

Oi-1

+6 X 2C2(Oli-1)cz(ai—2)“f3(i_2) ”ii,z
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+6 x 2C* (1) C* (ot 2)|lf4

||U -2

—20;_. ~ ~ 2
+6 % 262K2C*(oti-1) C2(@i2) C2@ti-3)N 3 (11Nl + N2l )
+6€2n,CHoi- )N 2 (I )2, + 12 )
+6x 22702, C2 1) C2 (i) K™ (4.62)

Then, applying the Young inequality to (4.60)—(4.61), we have

T Y A

<6271 % 27717 (010) CF (i) aia |2,

0i-2

()

4 6% 5 02 1c” (Oli-z)czz (Oli—3)|lf3(i73) ”j_
#6771 5 22102 0) P ) [

+ 6771 x 2212 K2 02 (4,,) C% (ati3) C2 (i 4)N_2 i
% (Wil + Wiallor )

#6102 CP (NS (I 12 + a2 )

2_ 3
+6271 x 22712 % () C% (ai3)KZ,

-2 ~ i-2
|5 f A1,

2i-2_1 2i=2_1 pi-2 2i-2 2i-1
<6 x 22 7TICY () C () llanll;,

9i-1
a1

i-2_ i-2_ i2 zz
#6771 5 2277102 (0) €2 ()

9i-1
o1

+62 77 % 227 (0y) € (o) 7Y

i—2 i—2 i—2 i—2 i—2 i—2 i—2 _9i-2
+62 7 x 22T 2T KT 2 (0)) CF T (o) CF (ozo)NO2 0
N - 9i-2
x (1 lloo + 1h2llo)
9i=2_] 92 _oi-2 _gi-2 ) )
+6 € 7C (@INy (I, + hall,”)

. 62i_271 % 225-17177%5-2 CZi—Z (Olz)Czi_z(Oll)KZi_l.

Iterating the above estimates one by one, we obtain

)12 o
Hfg,(l 1) HUFI n H}Z(l 1) o <Ry +Ry+Rs+Ry+Rs, (4.63)
where
i-1 . .
Ry =Y llaikal?, k“]"[lzz’ C? (i) C? (o),
k=2 j=2

= (12 1 nm“ 5 (o) C (i),
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-2
k+ k Ko
Rs =Y (K" (Cletioka) Cleit) Clerikon))” N !
k=2

k
~ ~ ok -1 _oj-1 -1
< (Illoyyy + Wallo )™ []127 €7 (@ii)C7 (i),
j=2

-2
k ok —2k-lg, ~ ok ~ ok
Ry= e C¥(@dN . “(IlZ, + a2 )

Oi-k Oi-k
k=2

k
X H 6 c?” (ai—j+1)C2}_l (i),

j=2
i1 P R -1

Rs :Z’h‘{qu(z anzlczl (Oli—j+1)C2/ (eti).
k=2 Jj=2

By (4.48) and (4.49), there exist positive constants C(x,y,0,6) and C;(k,y,0,5), depend-
ing on k, o, ¢ such that

Cle) < Clk,y,0,5)2%, Ci(a) < Cilk,y,0,5)2%, (4.64)

where C(a) and C'(«) are defined in (4.38)—(4.39), Ci(a) = 2C(x) + C' ().
On the other hand, from N, = ¢, 8 > 20, and k > 1, it follows that

—2kot;k,1 (-1 _ (ks _gi-1
N. i _e(z) 6(9)(00)561,

k-1 = (4.65)
N Tikilai’k = (3 23 0-0) < o1 (4.66)
—K —_
Note that Ni_;_; = ¢ " > 0°%-1, We have
Mg = e N < et (4.67)
So, by (4.64)—(4.67), we estimate R;, Ry, R; and R4, having
- k k j—1 j—1 j—1
Ry =Y laiwal ,, []127 € (@p)C” (o)
k=2 j=2
Lo k k k
+1¢;_ _Q(i_ +1 -
S Z 122 X 2[2 (i—k+2)-8(i 1)]KC2 (Kyy,0,0)||ﬂi_k+1||(27i7k+1
k=2
- ok kel k
<) (12C%(c,y,0,6))" x 2B D880, 12 (4.68)
k=2
i i+2_g; i _ ~ i-1 ~ i-1
Ry <12 x 20 e, y,0,0) (1KY 7 + IRV
8k 2 “\ (117D 7(1) 2!
=[12x2*Cw.y.0.0)(|5" ], + 167],)]" (4.69)
pi-1 - (2K (5-5k+2)-8i+8] 572K 17 7 2kl
Ry<e i ) ol OGSk 88l (19K e C0)™ (|1 oy yy + IH2llo )
k=2
22 k
< e—ei_ 22[2 (5!—5k+2)—81+8]/([12[<6Cs(”h1 ”(70 + ||h2||(70)2]2 , (470)

k=2
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i-2
i-1 k(s ; W2k~ ok ~ ok
Ry < et E 9[2(5i-5k+2)-8i+8]k (6€C2(K,y,o',o'))2 (th”i’ik + ”hzniiik)
k=2

i-2
_pi-1 kg _a; _ ~ ~ 2k
<t S oGS [6e 2, 1, 0,5) (Il + iallog) ] (4.71)
k=2

and

i-1
i k Tl .
Rs <Y (12KC¥(k,y,0,5))" x 22" (he2)-sixsle, 4.72)
k=2

Inserting (4.59), (4.63), (4.68)—(4.72) into (4.56), then, by (4.20), the relation between | E;|,,
and ||E;_1[lo;_, is
i-1

k _rok+2(;_ 4 k
IEillo; < 2KC @) IEia 17, + K Y p* 2B 240 B2
k=2
+ Ti(l) + Ti(z) + Tl.(g) + Ti(4) + Tl.(s)
N K+l
< 2KCH@)l|Eia |12, + K Y p* 2B R B 27

9i-1
k=1

+ 'Y\i(l) + Ti(z) + Ti(s) + Ti(4) + Ti(S)’ (4.73)

where
p =12C*(k,y,0,6)Ci(k,7,0,5),

T = Coe, 0,312 % 2% Coe,y,0,3) (A, + ] )T
, i-2 R ~
Ti(z) _ e’eiflcz(;c,y,a,&)Z2[2k(5i’5k+2)’4i]"[121(6C5(||h1||JO + ||h2||00)2]2k,
k=2

i-2
3 _gi-1 kic: 4l _ ~ ~ ok
T =y a2 G (6 e, y,0,6) (1l + 2log)]
k=2
) i-1 " .
1 = e Ck,y,0,6) Y (12KC(k,y,0,6))" x 212" (ked-dile,
k=1

5 -01(c=5) (17, A ~010-5) )]
1Y =3KeC@)e ) (Il + Ih2llor ) + €1 sl

+4e Cla,)Clai_ ) K? + e,

By (4.53), it follows that

i

lim ey 200 2,

i—+00
k=1
Hence, for small K and ¢, by (4.46) and assumptions (4.52)—(4.53), it is easy to check that
limY? =0, j=1,2,34,5.
11— 00

In what follows, we will prove lim;_, o E; = 0 by induction.
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When i = 2, by (4.73), we have

4 2 1 2 3 4 5
IExllay < 2KCHa)|E1lI2, + p222 IE 2 + Y + 08 + 1+ 1 + 1,

< B2C2 () (2KB? + 222 C2 (@) E2H + B,)
S EZC%(aZ)G)Z;
where
bE = ||E1llo;,

o]

20, =1 + Y+ 1Y + 1+ Y

2

©; = (2KB* + p222 CH(an) B + ®,).
By assumptions (4.52)—(4.53), for a small b > 0, it is easy to check that

@2 <1.
When i = 3, by (4.73), we derive

IEslloy < 2KCH @) B2, + 0227 | EallZ + 0¥ 2%% || Ey |12
T R G N ¢ e L O L

< 2KC2(a3) C (02) ¥ O2 + 222 C2 () B 2
n p22226"b23 Eza N Tél) . T§2) + TEE:«:) . Té‘” N Tés)

2 2
< E¥ CH(a3)CY ()@,

where

]

20, =1 + Y+ 1Y+ 1+ x,
O3 = 2KO2 + 2227 C12(at3)CZ () BX ©F

+ Cr(s)Cr2 () p” 27 b B + Cr2(s) G2 (o) ®s.
By assumptions (4.52)—(4.53), for a small b > 0, it is easy to check
O3 < 1.
For 2 < k <i-1, assume that the following estimate holds:
IEcllop < B2 CHe)CY (@) CF (@)@
where

k—
R T S S B S S SR g )

Page 27 of 35

(4.74)

(4.75)
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4 _ k— 1
O = 21(@%_1 + p22CM Y C2 () CF (1) B2

Page 28 of 35

i-1 k— 1
+ p? 2@ D4 KC12(05k)C1 (1) C7 () B?
+ ...
+ CIZ(Olk)Cl (1) - zk 1( 2)p2k‘12(2k+3(i—k+1)—4i);< Ezk-lbzk
+ C'l_z(otk)Cl_22 (g_1)--- C_Zk_l(az)E_2k_21(2k
+ Cr2(a) i (@) -+~ G () D,
and
O < 1.
By (4.73), we get
-l k k+2 k+1
IEills, < CHe)|Eial2, + ) p> 22 k=t g, 27
k=1
" Ti(l) + Ti(Z) " Ti(3) + Ti(4)
2 i-1 i—
< CHo))CT (1) - CF (o) E? @
4 iKc 3 = i
+p22(2 4)i C% (ai—l) Cl (052) 2
2 (95 1) _ai 4 2
)02 2(2 (i-1) 4<l)KC% (ai—Z) C2 (0(2) 2
T Ly S oL SO o T,-S) + 1@ x®
2 i-1 i—
< CHa)C¥ (i) - C¥ ()BT O, (4.76)
where
R T S R R R R S o
2 i-1 2
®; = 2KO%, + p22 Vi C2(0)C2 (1) B2 ©F
2 (Bl 2 i-1 2i-1 93
+p? 2@ EVHRC () C (0imr) -+ € () EF OF,
+ e
n Cl_z(ai)CI_ZZ (ai_l) o C_Zi—l (az)pzi—l 2(2i+3—4i)K Ezi—l bzi
_ 52 i1
+ C12(ai)C12 (otiz1) - - C12 (ot2) @;.
Note that
2 22 2i-1 8ic 2 —\\ 27!
C1 (Oli)C1 (otiz1) - - C1 (o) < (2 C1 (ks Y,0, U))
Hence, by (4.76), it shows that
i-1
IEill; < (2% C2(k,7,0,6)B)" ©; (4.77)
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and

i _ i-1
®; < 2KO? | + p*Clic,y,0,6)8" O + p> (2% Ci(k,y,0,6)B) O,

1

i-1 _oi~
et (224KC3(K,%0,5)pr2)2 + (4 X 28xcf(,<,y,a,5)) 2 D;.

By assumptions (4.52)—(4.53), for small b > 0, it is also easy to check

o0
0, < Zz-” =1
i=1

Hence, we have
i-1
0 < lim |E],, < lim (2% C2(c,y,0,56)E)" ©, - 0,
11— 00 11— 00
which implies that

lim |IE]lo, = 0.
11— 00

This means that Eq. (4.26) has a solution @« = ) -, @x. This completes the proof. O

Lemma 4.7 (Existence of solution) Let w € X (v). Assume (4.52)—(4.53) hold. Then system
(4.1)—(4.2) has a solution (4o, Weo) € X5 X Y5 to be defined in (4.82)—(4.83).

Proof This result is to prove the existence of solution for system (4.1)—(4.2), ie.,
limj, ¢ l|#ll6; and lim;_, o [l exist. Since the methods for the two are the same, we
only prove the former.

From the definition of u; in (4.30), for j > i, we have

”ui — Ui ||J/'+1

= ||ul — Ui ||(7i+1

(e (o)
k=0 k=0

+e|| £} (Siz1 = Sia) |

=<

Oi+l

Oi+l

i-1 + i-1 +
K(a; + 72 —f2(’_1))+ + (Z ax _],2(1—2)) - (Z Ak _fz(l_2)>
k=0 k=0

te ||/.:;1 (Sii1 = Sia)in ||o,-+1

< Clatir1)

i

= Cloti1) | K (a + i —fz(H))+ I

< Claz)(laillo, + [, + 1A, ) + KeCla) Clai )N

, T€ ”EZ)I(Si—l - Si‘Z)I:ll ||0L‘+1

0,

X (IMlloyy + 1h2lloy ) + €Cla) N 1l (4.78)
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In what follows, we estimate the term Ilfg(H) lls,_, and Hﬁ,(FD llo,_, - By (4.59), (4.63), (4.68)—
(4.71), it follows that

1A, + 1B

Oi-1

k k+1
<2lall?, , +2Ck,y,0,6 sz 2l ke -aindl g 20
k=2

+Tl-(_1;+T 1+T(?’1+'Y“zL

-

+Re, (4.79)

where

~ i—2
1) = Ce,y,0,5)[12 x 2% Co(i, v, 0,0) (JA], + 1AV, )T

i-3
_pi-2 - k(5 £l 3V_a; ~ ~ 242k
T2 = e Co,y,0,6) Y 22 G 1K e CO (|1t llop + allog) ]
k=2
2 =3 k 2k
3 _pi~ P
T = ey 2Ok [6e C2 i, y, 0, 6) (o + 12ll) ]
k=2

5

i-2
o ~ Lk . ,
T,(fi e lC2(/c,)/,a,a) E (121(C2(/<,y,<r,<r))2 x 2=k D)~4irdlk
k=1

R = 26K 1;C(eti-1) C(eti-2) Cti-s)N. 5> (171 lloy_y + 121107 5)

+ €7 ZC(al 1) —Ot, 2(”hl”U, 1t ”hZ"a, 1) +4'771 QC(Ol, I)C(at 2)I<2'
Combining (4.78) with (4.79), we get

|2 — ui—1||6j+1

< Clai1)Crla) I1Ei 1"0, 1 +2C(ai1)Clai-1) IEi- 2”

0j-2

+2C(k,y,0, G)Z (Clery,0,5)p)” 222 k02 2

Oi-k-1

+ Clae) (Y + Y2 + 08 + 1) + Re) + Ry, (4.80)
where

p =12C%«k, y,a,&)Cf(/c, y,0,0),
Ry = KeC(ic,y,0,5) 227 e (|l ||, + [Fallo,)

+eClic,y,0,5)20e 0 @0 1, llo;-

By (4.77), for V1 < k </, it follows that

i—k-1

2
IEitllo, . < (2*Cilk,y,0,5)E) Ok, (4.81)
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where

N i1
©; <2KO?, + p*Cl(k,y,0,5)8Y ©F, + p¥ (2%Cilk,y,0,6)E)" 7,
i-1 —2i-1
+ (224KCf(K, y,a,6)8pb2)2 + (4 X 28kcf(x,y,a,5)) 2 oF

<1

Inserting (4.81) into (4.80), we derive

y 22
llog; — u; 1”0”1 = C(al+1)cl(a1)(28 CZ(K V0, O—)D) ©;1

i-2

. 2
+2C(0i41)Clei-1) (2% Ci (k, v,0,6)E)” ©F,

i-1

+2C2(K,y,o,&)(28"Cf(K,y,o,6)E)2
=2 ok ke2 k

XZ(C(K,J/,G,6)/)) 22 (z—k+1)72,®lg_2
k=2

+ C(o:,'+1)(Ti(ﬂ + Tl.(ﬂ + 18

-

1 + T(41 +R6) + R7.
By (4.52)—(4.53), the above estimate implies that i — oo as j — oco. Then
lloti = i1 llg; — O.

Therefore, by the relation [lu;lo; = lluo + Ziﬂ(”i i)l < Z’;:l llu; — ti_1lls;, we find
that lim;_, o ll4)ll6; exists.
Thus, the solution of system (4.1)—(4.2) is

fioo = L) |:K<Z ar - f2<°°’) + ) (mpg)i + 6/711:|, (4.82)

k=1 k=1

Woo = |:—K<Z —f2(°°)> + Z(mcg)k + Gilz:|, (4.83)

k=1

where

K - s =
(o) o * Lol +ho). (4.84)
0

Lemma 4.8 (Local uniqueness of solution) System (4.1)—(4.2) has a unique solution
(ttoo, Woo) € X5 X Y5, which is obtained in (4.82)—(4.83).

Proof Suppose that there exist two solutions (#,w) and (u',w’) of system (4.1)—(4.2).
Then we denote by a and a the corresponding solutions of Eq. (4.26), respectively. Let
WV, h?) = (u—u/,w—w) and 1® = a — a. Then, by (4.26), we have

M(H®), (mpg) - (myg))
= AR® + K(W9)" +K(@-f) -K@-f)" -K(h9)" - (mpg) + (mpg)’
=W (h?) + W, (h?) = 0, (4.85)
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where f; is defined in (4.84), and

Wy (h9) = AR®) + K(H9),

U, (K =K(@-f)" -K@-f)" -KH)" - (mpg) + (mpg) .
Take (mg) = (mpg)'. Then, by the definition of Wy (4®), we derive

[w2(k®) ], = |K@=f)" = K@—f) = K(D)" = (msg) + (mug) |,
< |[K(H®) +K@-f)* -K@-f)" - K(H)"],

SOI

which means W,(4®) = 0. Then, from (4.85), we get W (4®)) = Ah® + K(h®)* = 0. There-
fore, by Lemma 4.2, a = a. Then, from the definition (&, w) and (¢, w’) in (4.82)—(4.83), we
obtain u = u’ and w = w'. This completes the proof. d

Appendix

The following result shows the regular dependence on the parameter w.

Lemma A.1 Let w € X(v). Assume (4.52)—(4.53) hold. Then all the maps

0

=Upi— Ui ZDV — WI(Q’

}"EZ) =W —WwWig ZDy — W2(27

are differentiable w.rt. .

Proof Based on the classical implicit function theorem, Lemma 4.6 and Lemma 4.8, it is

easy to prove this result. So we omit it. O

Lemma A.2 (Measure estimate) There exists a constant C(Q, EI) such that

M >1-C(Q,ED)y, Vvelv,ul.

wy — W1
Furthermore,
D, N
'Y'le' > 1-C(QENy,

where VY = (v1,13) X (w1, @2) C{(v,w) € [V',v"] x [y,00): 2 < Cy?).

Proof Define
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where
S_ZES): w:|w«/mb+mcl—\/EIj4+Qj2| < |Z|Z+1}’
Q;y: w:|w\’mcl_\/6j2|§ |l|):+1}’
QE?: a):|a)«/mbl—\/6j| < |l|]':+1 },
o®_ 1y |1 1 1
I =@t + K — + -
20)\/ Wlbl(a),\/ mbl - \/@) 20)«/ mcl(w\/ chl - «/EJZ)

< Y .
- |l|K+1}

We now prove the set Qy;) being a small measure. Because the method of the measure
estimate of sets Qg;), k =0,1,2,3 are the same, we only estimate Ul 21 5_253). It is obvious

that

(/1 + mel = EI* + Q) = /my + mcl, VI>1. (A.1)

If the set Qgg) is nonempty, then we must have

2
j> EI | oy /my + m I - v +Q—2 —gzzA
= [I<+1) " 4EI| ™ 2EI

and

2
Jj= EIFY | won/mp + mcl + AN I <@ —g::B,
B |f]<+1 4FI | 2EI

By the above inequality, it follows that

fj}<B-A
j JEF @ /a5 + 7o) + ] =B (o /i ¥ 70 = or)? + 2]
- A+B
_ B w2 o) iy il + gl l(@s + 1) /iy ) a2
- (A+B)(D+F) ’ ’
where

2
_ Y Q
DZZ\/EI 1|:<w2~/mh+mcl+ W) +E:|’

2
_ Y Q
F:= \/EI 1|:<a)1ml— |l|K+1) +mi|
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Note that w./my + m, > w./m; > CL)/Z > 1. Then, for suitably big %, we have
A+B>B>El1 (A.3)
and

D+F2E1’%(a)2+co1)«/mb+mcl. (A.4)

Hence, by (A.2)—(A .4), for sufficiently small y, we get

i} < EI |:(a)2 — )My + mel + |ZT’3/+1]

< 2EI 1 (wy — wy ) /71 + 112l (A.5)

Combining (A.1)—(A.5), we obtain

Uy

o0
< 2E i (o, — w)/my ey ||
=1

Lj>1
1 =1
<2E[ % (wy —an)y Z T
=1
< 2CEM (- 01y, (A.6)
where C’ denotes a constant. This completes the proof. g
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