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Abstract

In this paper, we consider a class of fractional Langevin equations with integral and
anti-periodic boundary conditions. By using some fixed point theorems and the
Leray-Schauder degree theory, several new existence results of solutions are
obtained.
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1 Introduction
In this paper, we consider the existence of solutions for the following fractional Langevin
equation with integral and anti-periodic conditions:

DL, (“DS. + M)x(t) = f(t,x(8)), O<t<1,

x(0)=0,  x(1)=pf x(s)ds,  D%Lx(0) +° DL x(1) =0, .
where0<a <1,1<p <2,1>0,and p > 0 are real numbers, °Dj§, x(t) and CD§+x(t) are the
Caputo fractional derivatives, and f € C([0,1] x R, R).

Theory of fractional differential equations has important application in many areas. It
has become a new research field in differential equations [1-3]. There are a lot of good
research results on boundary value problems of fractional differential equations [4—24].
Recently fractional Langevin equations have been studied by some scholars (see, for ex-
ample, [25-27]).

In [28], via fixed point theorems, Ahmad et al. discussed the existence of solutions for
fractional Langevin equations with three-point nonlocal boundary value conditions.

In [29], Li et al. investigated the infinite-point boundary value problem of fractional
Langevin equations. By means of the nonlinear alternative and Leray—Schauder degree
theory, they got some existence results for the boundary value problem.

To our knowledge, for fractional Langevin equation, the boundary value problem with
integral and anti-periodic boundary conditions is rarely studied, so the research of this
paper is new.
© The Author(s) 2018. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-

vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


https://doi.org/10.1186/s13661-018-1070-3
http://crossmark.crossref.org/dialog/?doi=10.1186/s13661-018-1070-3&domain=pdf
mailto:zhouzf12@126.com

Zhou and Qiao Boundary Value Problems (2018) 2018:152 Page 2 of 10

The rest of this paper is organized as follows. In Sect. 2, we present some preliminaries
and lemmas. In Sect. 3, we adopt some fixed point theorems and the Leray—Schauder
degree theory to obtain the existence of solutions for boundary value problem (1).

2 Relevantlemmas
Some necessary definitions from fractional calculus theory can be found in [2, 3]. We omit
them here.

Lemma 2.1 Lethe C(0,1)NL(0,1),0<a <1, 1< B <2, then the following problem

DB, (D%, + 2)x(t) = h(t), te€(0,1)
x(0)=0,  x(1)=p [, x(s)ds,  DLx(0) +° D% x(1) =0

has a solution x(t) satisfying

wifl t*(2t—a —1) 1

#(®) F(a+ﬁ)/ 9 hls)ds - 1-a)T(@+8) Jo
M2t — o — 1)
(1-a)l(a)

(1 —¢) 41
_(l—a Mo+ 1) ﬂ)/ L=y his

Apt®(1—1t) 1
Az a)F(a+1/ #(s) ds

,ua (-a-1) / ) ds - / (¢ - 5" a(s) ds.

Proof From the relevant lemma in [23], it follows that

(1 —5)*PLh(s)ds

/ (1-35)*"1x(s)ds

(CDg+ + A)x(t) = I@h(t) +co + 1t
1 t
‘Dy.x(t) = I[;h(t) +co+cit—Ax(t) = Tﬂ) / (t = )P h(s) ds + co + c1t — Ax(t),
0

x(t) = P (D) + I co + I8 crt — I8 Ax(E) + ¢

(4]

_ 1 ¢ _ a+p-1 Co o a+1
- F(a+ﬁ)/0 (E=9" RS ds + o T )

A ! a—1
- m/{; (t —8)* " x(s)ds + c,.

By the boundary value conditions x(0) = 0, x(1) = fol x(s) ds, and D, x(0)+ °Dg, x(1) =
0, we can get
Cy = 0;

a1 o 2
F(a+/3)/0 =" ) ds + T * Tas2)  T@)

1
=u /0 x(s) ds,

/ (1-35)*"n(s)ds
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and

Co +

! 1
F(IIB)/O (1_5)ﬁ71h(5)ds+60+61—)»#j0‘ x(s) ds = 0.

By direct computation, we have

(o +2) wif1 Ara(l+a) wl
Co = m[ (1-5%) h(s)ds - ———= / (1 -5 'x(s)ds
a1 ul (o +2) 1 1 »
+ m A x(s) ds — ﬁ A x(S) ds — 1 )]“(ﬂ) f (1 —S) h(S) ds,
and

1
2)»05(1 + ) / (1-s5)x 1 s)ds l+a a —S)ﬁ_lh(s) ds

T a-0re) J
—LL(LHX)/ x(s)ds
0

l-«

2ul(@+2) (1 Mo +2) s
+ﬁ/0x(s)ds D@ +ﬂ)/(1 $)* P h(s) ds

Thus, the solution of (2) satisfies

I (f— gerhe1 AT VN L
x(t) = F(a+ﬁ)/0 (t—3s) h(s)ds d_aT@sh) s 1-9) h(s)ds
o PV 1
t”‘(l £) o

(1 o)+ 1I(B) Jo L) his

Aut®(1-¢) w2t —a —1)
+7(1—a)r‘(a+l)/ (s)ds+71_ /0 x(s) ds
F( )/ (¢ — $)*Lx(s) ds.
This completes the proof. O

3 Mainresults
Let E = C[0, 1]. Obviously, the space E is a Banach space if it is endowed with the norm as

follows:
[l¢]| = max |x(t)|.
tel0,1]

Define an operator T : E — E as

_ 1 ! _aa+p-l _M
(B0 = gy J, -9 o) o= O

1 ~ A2t —a—1) (! _
_ jatp-1 _ el
X ‘/0 1-s) f(s,x(s)) ds + —(1 ~ T @) /o (1-9)""x(s)ds
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t*(1-t¢) / (1-s) ﬁ 1f(s x(s))ds+ %))/lx(s)ds

- 1-a)(x+ 1) (1 (e +1

It is easy to see that the solution for (1) is equivalent to the fixed point of T

Lemma 3.1

(1) maxseio |2t — o — 1)] = max{(2),1 - )

(il) maxeepo,1)t*(1—1) = #
Proof (i) Letg(t) =t*(2t —a —1),0 <t < 1,then g’(¢) = (o + 1)t*}(2¢t — ), g(0) = 0, g(1) =
l-a>0.

When 0 <t < 7, g(t) <0; when § <t <1, g'(t) = 0. In conclusion, |g(¢)|max =
max{|g(2)],g(1))} = max{(£), 1 - a}.

(ii) Let g(¢) = t*(1 —£), 0 < t < 1, then g'(t) = £* [ — (o + 1)¢].

When 0 <t< -, g'(t) > 0; when = <t <1, ¢'(¢) < 0. So g(t)max = 8(155) = #)W

The proof is completed. O

o

Let = & max{(%$)*,1-a}.
Lemma 3.2 T:E — E is completely continuous.

Proof Since the continuity of f, T : E — E is continuous. For any bounded set D C E,
there exists K > 0 such that Vx € D, ||x|| < K. There exists a constant L; > 0 such that
If(t,x)| <L, forany ¢ € [0,1] and x € [-K, K]. Then Vx € D, it follows that

[(Tx)(8)] < e 1 /3)./ (t - 9" |f(s,x(s)) | ds

a+f-1
T+ ,3) —) [f s, x(s))‘ds

e
F(oc)_/o 1-s) |x(s)|ds

aD(

1
_q)p-1
+ 1+ o)1 -a)(a+ l)F(ﬂ)/O (I-5s) [f(s,x(s))|ds

Apa® 1 1
+ 1+a) (1 —a)(a+1) /0 |%(s)| ds + un/o |x(s)| ds

I AP
+F(a)/0(t $)*Hx(s)| ds

L ' a+f-1 Ll;” ! a+f-1
< I’(oz+,3)/<t_s) ds+r‘(a+ﬁ)/0 (1-5s) ds
nkllxII/ (1ol ds

I'(a)
Ll f(l s)flds

+
1+a)**(1—a)(a+1)I
Apo x|l
1+a)* (1 —a)(a +1)
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Al [* o
+77M||x||+—/(t—s) Lds

C(a) Jo
Ltk
T T(a+p+1) nl@+p+1) T(a+1)
OlaLl
T+ (- @+ DB +1)
. Apa® |||l alxl + Allxlle®
(1 +a)* (1 —a)(a + 1) IMNo+1)
(1 +n)Ly s 1+ )l . a®Ly
“T(a+B+1) Mo +1) I+a)**(1-—a)T(a+ 1B +1)
A |||l A
A+a)<(l-a)l(@+1) ™
(1+n)L; 1+nAK a®Ly
ST@+B+1)  T@+1)  (d+a)*(-a)(a+DI(B+1)
Ao K

K,
At -a)(@+1) ™

which implies that 7D is uniformly bounded.

In addition, forx € D, 0 < t; < t5 < 1, we have

|(T)(82) — (T) (1)
T _B@n-a-1)
"r<a+ﬁ)/o (=9 52 ds = - et )

1 ~ A (2t — — 1)
_aa+p-l T2 T 7
X /(; (1-9) S (s,2()) ds + 1-0)T(@) Jo
t5(1—ty)
C(1-a)(a+1) F(ﬁ)
+ W 0 x(s) dS B ﬁ /(; Z(tz _S)a_lx(s) dS

_ 1 “ _ a+p-1
71_‘(01_”3)/0‘ (t1 —s) f(s,x(s)) ds

t“(2t1 o — 1)
T 1-ar@+p) Jo

Ata(ztl - 1)/‘ (1— 5% 1x(s

t“(l—tl -
Ta- oz)l*(oc+1)r(;3)/(1 8)P 7 f (s, %(s)) ds

At (1 -1) !
T -+l /0 #(s)ds

ey (2t — o - 1) " w-1
B pp— A x(s)d5+m/ (t1 —8)* " x(s) ds

o (s, x(s)) e it 2 fsx) e
/o F(a+ﬂ)[(t2_s) —(t1 —9) ]ds+ , 1"(01+,8)(t2_s) ds

1(1 —8)% L x(s) ds

ats(l-t) 1

-l Jy "0

/ (1-s)f 1f(s,x(s)) ds +

( - s)“*ﬁ_lf(s,x(s)) ds
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o o a+l a+l 1
(o + 1)(8 :2));( j‘fﬂ) —4") fo (15" (s,2(5)) ds

Mo+ 1)(E — £2) + 20(£3+1 — 1) /1 o

n (1 -s)*"x(s)ds
(1-a)l(a) 0

(5t — ) 4 (2 — 18

) ! 41
(1-a)T(a+ DI (p) /0(1-s) 'f (s,x(s)) ds

A — 65 + apu(es 1) [
(1-a)(a+1) /0 ws)ds

2 tot+1 _ toz+1 1)(2% — ¢ 1
+ w(ts 1)+ e+ 1) - 25) / x(s) ds
l-« 0

; /0 1 Ar’zfj)) [ = (12— )] ds /t ?’ZS)) (125" ds

Lilty” ~ 5771 Lille + 1) — ) + 205" — 5|
Foa+B+1) 1-)Mx+B+1)

Mo+ 1) — £2) + 22 (5 — 241 |||

+
1-a)(x+1)
Lyl =) + (6 — )] (A = £840) + an(es — )] lx]
A-al@+ DB +1) (- (a+1)
. 1202571 = 68 1) + (o + 1)@ — )l Allxell 25 — 25
l-«o F(Ol + 1)

It S P11 Ay 2L1 20K
“T@+p+ 1)(t2 6 + |:(1—a)F(oz+,3+1) T Ao (@+1)
Ll )"/)LI( 2/’LK a+l a+l
T A @+)FB+1)  A-a)l(@+1) 1—a}(t2 -4

Li@+1) MK (o +1) L
" [(1 —al(@+B+1)  (-a)l@+l)  (I-a)l(@+ DB +1)
AK uK(a +1) AK
A+ 1-a F(a+1)i|(

5 - 1),

which implies that 7D is equicontinuous. Thus, by the Arzel a—Ascoli theorem, T : E — E
is completely continuous.
The proof is completed. d

Theorem 3.1 Suppose that f satisfies the Lipschitz condition

lf(t>x) _f(t’y)| <Llx-y|, Vte [0;1],%)’ ER,

and
L+l 1 +n)A oL
"T@+B+1) T@+l)  (l+ra)e(-a)l @+ )I(B+1)
Ao

1.
TAra) - (@+1) S

Then (1) has a unique solution.
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2Q a“Q

T + Trar (1
Proof Define Q = maxeo,1) [f(£,0)| and select r > o) (ee) Ol MG - efine a

I-A
closed ball as B, = {x € E : ||x|| < r}, then for x € B,, we have

’(Tx)(t)| < F(%—I—,B)/O (¢ —s)*+PL [f(s,x(s))’ds

+

n ! _ a+p-1
F(oz+,3)/o 1-s) [f(s,x(s))|ds

)\T] ! a-1
+m/0(l—s) |x(s)|ds

a[}(

1
_g)P1
+ 1 +a) (1 —a)(a + 1)F(/3)/0 (1 -8 f(s,x(s))| ds

Apa® 1 1
T At (o) (a+ 1)/0 |x(s)|ds+;m/0 |x(s)| ds

A e
+F(a)/(;(t s) |x(s)|ds

; ! _ a+p-1 _
= F(a+,3)/0 (& =5)" P71 (|f (5:2(5) =f(5,0)] + [f (s, 0[) ds

n
I'x +B)

+

1
/0 1- s)“*ﬂ_l([f(s,x(s)) —f(s, 0)| + [f(s, 0)|) ds

aOt

(1 +a)l**(1-a)l(a+1)T(B)

1
+ % /0 ¢! —s)“’1|x(s)| ds +

1
X /(; ¢! —s)ﬁ_l([f(s,x(s)) —f(s,0)| + [f(s,O)‘)ds

Apa® 1 1
+ A+a)(l-a)(a+ 1)/0 |x(s)|ds+;m/0 |%(s)| ds

A ! a1
+mf0(t—s) |x(s)|ds

Lr+Qt™?  nLr+Q) Arn
ST@+B+1) T@+B+1) T+l
a*(Lr + Q)
T lra) (- @+ DB +1)
rpar Art*
At -l @+ ™ T a1
_ 1+n)Lr+Q) . 1 +n)Ar . a*(Lr + Q)
T Ta+B+1) Fa+1) (A+a)le@-a)l(a+1)I(B+1)
rpar

+ + 7'<7’,
A+a)(l-a)(@+1) ™=

which implies that || 7x|| < r, that is, T(B,) C B,. In what follows, for x,y € E, for each
t € [0,1], we can get that

|(Tx) (1) - (Ty)(2)|

; ' _ atp-1 _
< F(a+/3)/0 (t-s) If (s,%(5)) = (s, %(5)) | ds
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U M )
+F(a+ﬂ)/o (1-s) If (s,%(5)) = f (s, %(5)) | ds

)‘n ! a—1
+m/0 1-9) |x(s)—y(s)|ds

aO(

T+ (- (a+DI(B)

1
/0 1 =97 f(s,x(5)) —f(s:7(5))| s

Apo®
Tt (- (@+1)

1 1
[ 15656l ds v sen [ 1) -6 ds
0 0

e s -
+1"(oz)/0(t s) |x(s) y(s)|ds

(1 +n)Lllx-yll . (1 +nAllx—yll s a®Lllx -yl
MNo+pB+1) MNa+1) (I+a)l**(1-a)l(a+1)T(B+1)
Apa|lx =yl

—yl=Alx—9vl,
(1+a)1+a(1_a)r(a+1)+7]M||x y” [l J/||

which implies T is a contraction. Thus, by Banach fixed point theorem [30], T has a unique

fixed point, that is, (1) has a unique solution.

The proof is completed. O
Theorem 3.2 Suppose there exist M > 0 and ¢ > 0 with F((;:Z)fl) 1(}(;’%
a%c Apa®
G T @D T ooy T TH < 1 such that |f(¢,x)| < clx| + M fort € [0,1]

and x € R, then (1) has at least one solution.

Proof First we analyze the a priori bound of solutions of the equation x = o Tx for some
o €[0,1].

If x = 0 Tx for some o [0, 1], x € E, then we get

vee[0,1], |x(8)] = |oTx(8)| < | Tx(e)| < - (a1+ B /0 (t - 9" |f(s,x(5)) | ds

n ! _ ya+p-1
+F(a+ﬂ)/0‘ (1-5s) [f(s,x(s))’ds

)»77 ! a-1
+m A (1-9)*x(s)| ds
o 1 41
" (1+a)1+a(1-a)r(a+1)r(ﬁ)/0 (1= f (5,(s)) | ds
Ao 1 1
+ (1 +a)1+o[(1_a)r(a + 1)/(; |x(S)|dS+ MT}‘/(; |x(s)|dS

e
+F(a)/o(t s) |x(s)|ds

(1 +n)2(cllx|| + M) . (1 +n)Allxll
Fa+pB+1) Ma+1)
. a(cllx|| + M)
1+a)* (1 -a)l(a+1)I(B+1)
A |lx||
A +a)**(1 —a)T(a+1)

=

+nulxll.
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So

(1 +n)(cllxll + M) N (1 + Al N a®(cllx|l + M)
Moa+pB+1) Mo +1) I+a)**(1—a)(a+1)I(B+1)
A x|
1+a)**(1 - o) (a+1)

llxll <

+nulxll.

This implies

2M + a*M
T(e+p+1) ' (1+a)H¥(1-a)T(a+1)T(B+1)
(1+n)c (1+n)A a%c Apa®
L= (Favpen * T T Tra 0@ GeD T Moy (@ T 1

llxll <

:=B.

Lety=B+1.SetP, ={xcE:|x|[<y}, thenVx € dP,, || x ||= y > B. Now, we consider
T : P, — E. By the above analysis, it follows that x # o Tx for Vx € P,, Vo € [0,1].
Define operators H, : E — E (Vo € [0,1]), as Hy(x) = x — 0 Tx. It is easy to see that

Vo €[0,1],Vx € 0P,, H,(x)=x-0Tx#O0.

According to Lemma 3.2, T is completely continuous. This yields that Vo € [0,1], H, is a
completely continuous field.

Hence by the homotopy invariance of Leray—Schauder degree, we know that
deg(H,, P,,0) = deg(H,, Py, 0) = deg(Hy, P,,0) = deg(,P,,0) =1 #0.

By the nonzero property of Leray—Schauder degree, the equation H;(x) = x — Tx = 0 has
at least one solution in P,, that is, problem (1) has at least one solution. The proof is
completed. d
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